PORTUGALIAE MATHEMATICA

Vol. 54 Fasc. 3 – 1997

A NEW APPROACH TO THE L^2-REGULARITY THEOREMS FOR LINEAR STATIONARY NONHOMOGENEOUS STOKES SYSTEMS

H. Beirão da Veiga

Presented by J.P. Carvalho Dias

Abstract: We give a very simplified version of the L^2-regularity theorem for solutions of a nonhomogeneous system of the Stokes type (see (1.3)_λ) which coincides with the Stokes system when λ = 0 (see Theorem 1.1). We also give a corresponding approximation theorem (see Theorem 1.2).

1 – Introduction

Let Ω be an open, bounded, connected subset of R^n , n ≥ 2, locally located on one side of its boundary Γ, a manifold of class C^{k,1}. ν denotes the unit external vector normal to Γ. In this paper we consider, in particular, the Stokes system

(1.1)

−μ Δu + ∇p = f in Ω, ∇ · u = g in Ω, u = φ on Γ ,

where u and f are n-vector fields and p and g scalar fields, over Ω. φ is a vector field defined on Γ. f, g and φ are given. We assume that the compatibility condition

(1.2) ∫ Ω g dx = ∫ Γ φ · ν dΓ holds. We denote by H^k ≡ H^k(Ω), k integer, the Sobolev space consisting of (vector or scalar) functions that belong to L^2 ≡ L^2(Ω) together with the partial

Received: March 22, 1996.

derivatives of order less or equal to k. H^{−1} ≡ H^{−1}(Ω) denotes the dual space of H^1_0 (Ω), the closure of C^∞_0 (Ω) in H^1(Ω). For convenience we set^∘H^2 ≡ H^2 ∩ H^1_0 . We define L^2_# ≡ { g ∈ L^2 : m(g) = 0 } , m(g) ≡ ∫ Ω g dx , and also H^k_# ≡ H^k ∩ L^2_#. The canonical norm in H^k is denoted by ‖ · ‖_k and that in L^2 simply by ‖ · ‖.

In the sequel we also consider the system

(1.3)_λ

−μ Δu + ∇p = f in Ω, λp + ∇ · u = g in Ω, u = φ on Γ ,

where λ ≥ 0 is a real parameter. When λ = 0 this system is just the usual (nonhomogeneous) Stokes system (1.1). We give here a very simple proof of the following result.

Theorem 1.1. Let k be a nonnegative integer and λ be a nonnegative real parameter. Assume that Γ is a manifold of class C^{k,1}, that f ∈ H^{k−1}, g ∈ H^k, φ ∈ H^{k+1/2}(Γ), and that (1.2) holds. Then, there is a unique solution (u_λ, p_λ) in the space H^{k+1} × H^k_# of problem (l.3)_λ. Moreover

(1.4)_λ μ‖u_λ‖_{k+1} + (1 + μλ) ‖p_λ‖_k ≤ c ( ‖f‖_{k−1} + μ‖g‖_k + μ‖φ‖_{k+1/2,Γ} ) .

Here, and in the sequel, we denote by c constants that depend at most on Ω and k. The same symbol c is used to indicate distinct constants, even in the same formula.

We remark that one easily reduces the nonhomogeneous boundary condition u = φ on Γ to the homogeneous one u = 0 on Γ. In fact it is well known that there is a linear continuous map γ^{−1} from H^{k+1/2}(Γ) into H^{k+1}(Ω) such that (γ ∘ γ^{−1}) φ = φ (see [Pr], [Ne2]). Here γ denotes the usual trace operator. In view of this fact we assume in the sequel that φ = 0. The term “homogeneous” means here that g = 0. Note, by the way, that for the Stokes system (1.1) under the canonical assumption g = 0 the construction of the map γ^{−1} is quite involved (even in the case n = 3) due to the constraint on the divergence of u.

Let us now made some comments on our results. If k = 0 and λ > 0 the system (1.3)_λ is well known in numerical analysis. In this context, the main point is the approximation of the solution (u_0, p_0) of the Stokes system with the solution (u_λ, p_λ) of (1.3)_λ as λ goes to zero (penalty method). It is well known that ‖u_λ − u_0‖_1 ≤ cλ‖f‖_{−1} (for details see [G.R.], Ch. II, §2.4. See also [T], Ch. I, §6). Theorem 1.1 provides an easy proof of this estimate in the general case. More precisely one has the following result.

Theorem 1.2. Under the assumptions of Theorem 1.1 one has (1.5) μ‖u_λ −u_0‖_{k+1} +(1+μλ) ‖p_λ −p_0‖_k ≤ cμλ ( ‖f‖_{k−1} +μ‖g‖_k +μ‖φ‖_{k+1/2,Γ} ) . In particular (1.6) ‖∇ · u_λ − g‖_k ≤ cλ ( ‖f‖_{k−1} + μ‖g‖_k + μ‖φ‖_{k+1/2,Γ} ) .

Proof: By applying the estimate (1.4)_λ to the system −μ Δ(u_λ −u_0)+∇(p_λ − p_0) = 0 in Ω, λ(p_λ − p_0) + ∇ · (u_λ − u_0) = λ p_0 in Ω, u_λ − u_0 = 0 on Γ, it follows that the left hand side of (1.5) is bounded by cμλ‖p_0‖_k. This last quantity is bounded by the right hand side of (1.5), by Theorem 1.1 for λ = 0. This proves (1.5).

When λ = 0 many distinct proofs of Theorem 1.1 are available in the literature. However our very elementary proof turns out to be simpler than the current ones (and, in any case, interesting by itself). Let us made some comments on this point.

It is well known that L^2-regularity theorems for elliptic equations present special features with respect to the general L^p-case, p ≠ 2. Usually, the proofs of the regularity of the solution for the Stokes system follow the potential theoretical approach (see [Ca], [So], [La]), as for general elliptic systems (see, for instance [ADN]). However, in the particular (but central) case p = 2 it is sometimes possible to apply the elementary method of the differential quotients, introduced in reference [Ni]. For the homogeneous (g = 0) Stokes system (1.1) this gap was filled up in [C.F.]. See theorem 3.11 in this last reference. A previous proof, independent of potential theory, is given in reference [SS], where n = 3. Below we give a proof of the L^2-regularity for the system (1.3)_λ without resort to potential theory as well. However, we do not apply the differential quotients method to the Stokes system. The following are some of the advantages of this choice. If the differential quotients method is applied directly to the Stokes system one has to prove the H^2-estimate in the framework of the integral (variational) formulation of the problem. In our proof this formulation is used only for establishing the existence of the weak solution (Theorem 2.1 below). On the other hand (see [C.F.]) the differential quotients method is applied to a system of equations more involved than the original Stokes system. In our approach, the central part of the proof of the H^2-estimate is done by working directly with the original system (l.3)_λ (moreover, part of these estimates are just obtained as an immediate consequence of the H^1-estimates).

It is worth noting that our proof do not entirely avoid the differential quotients method since we will assume the estimate (1.9) below, concerning the solution of the scalar Poisson equation, a result obtained (not necessarily, however) by the differential quotients method. But for this elementary problem the (very familiar) proof is particularly simple. Moreover this result is not used in order to prove the main estimate (1.8)_λ (i.e., the Theorem 4.1 below) but only in order to prove the effective existence of the solution (a point, sometimes, more or less passed over). In fact, we show that the existence of a regular solution to the above Poisson’s equation together with the a priori estimate for the system (1.3)_λ allow an elegant and simple proof of the existence of the regular solution to this last problem (see section 4).

Finally we recall that the common approaches to the Stokes problem require (with respect to the theory of second order elliptic scalar equations) an additional set of non trivial results, connected to particular functional spaces, which are specific to that problem. This fact leaves the Stokes system outside the elementary theory of elliptic partial differential equations. Our proof does not require any of these particular results. In this same regard, note that the non-homogeneous Stokes system (1.1) can be reduced, as well, to the homogeneous one (h = 0). Also this reduction, however, requires further specific technical devices due to the constraint ∇ · u = 0.

Lastly, we note the little regularity assumed here for the boundary Γ. For convenience we concentrate our attention in the H^2-regularity (k = 1) since H^{k+1}-regularity for k ≥ 2 follows then by more or less standard devices. Summarizing, in the sequel we give a simple proof of the following result.

Theorem 1.3. Let Ω be an open bounded set of class C^{1,1} and assume that f ∈ L^2 and g ∈ H^1_#. Then, there is a unique solution (u, p) ∈ H^2 × H^1_# of the problem

(1.7)_λ

−μ Δu + ∇p = f in Ω, λp + ∇ · u = g in Ω, u = 0 on Γ ,

for each λ ≥ 0. Moreover,

(1.8)_λ μ‖u‖_2 + (1 + μλ) ‖p‖_1 ≤ c ( ‖f‖ + μ‖g‖_1 ) .

Note that the system (1.7)_λ admits a unique solution for each g ∈ L^2(Ω). However the solution blows up as λ goes to zero, if m(g) ≠ 0.

Below, we give a self-contained proof of Theorem 1.3. We assume just the classical theorem establishing that if Ω is as in that theorem and if f ∈ L^2 then the (unique) solution u ∈ H^1_0 of the scalar Poisson’s equation −Δu = f belongs to H^2 and satisfies the estimate (1.9) ‖u‖_2 ≤ c_0 ‖f‖ .

2 – Existence of the variational solution

It is advisable to begin by proving the existence theorem in the space H^1_0 ×L^2_# for the solution (u, p) of problem (1.7)_λ. We begin by assuming that λ > 0. For convenience we set Y ≡ H^{−1} × L^2_# , X_1 ≡ H^1_0 × L^2_# .

We denote by (·, ·) the scalar product in L^2 (for scalar and for vector fields). Set U = (u, p), V = (φ, ψ) and consider the bilinear continuous form over X_1 (2.1) a_λ(U, V ) ≡ μ(∇u, ∇φ) − (p, ∇ · φ) + λ(p, ψ) + (∇ · u, ψ) . This form is coercive over X_1 since a_λ(U, U) ≥ μ‖u‖^2_1 + λ‖p‖^2 . On the other hand, by setting ⟨L, V ⟩ ≡ ⟨f, φ⟩_H−1_{,H}1_0 + (g, ψ) , the element L ≡ (f, g) ∈ Y defines a linear continuous functional over X_1. Hence, the Lax–Milgram lemma shows the existence of a (unique) solution U = (u, p) ∈ X_1 of the problem (2.2) a_λ(U, V ) = ⟨L, V ⟩ , ∀ V ∈ X_1 . By choosing V = U (2.2) yields (2.3) μ‖∇u‖^2 + λ‖p‖^2 ≤ ‖f‖_{−1} ‖u‖_1 + ‖g‖ ‖p‖ .

In particular,

(2.4) μ‖u‖^2_1 + λ‖p‖^2 ≤ c μ ‖f‖^2_{−1} + 1 λ ‖g‖^2 . By setting ψ = 0, equation (2.2) shows that the first equation (l.7)_λ holds in H^{−1}. On the other hand, by setting φ = 0, it follows that (λp + ∇ · u, ψ) = (g, ψ) for each ψ ∈ L^2_#. Since the functions p, ∇ · u, and g belong to L^2_# it follows that the second equation (l.7)_λ is satisfied. This shows that (2.2) is a variational formulation of problem (l.4)_λ.

The estimate (2.4) is not useful for passing to the limit as λ goes to zero. Note, in particular, that the right hand side tends to +∞ if g ≢ 0. However, having in hand the existence of the solution in the space X_1, it is not difficult to get the sharp estimate. In fact, we have shown that ∇p = μ Δu + f belongs to H^{−1}. Hence ‖∇p‖_{−1} ≤ μ‖u‖_1 + ‖f‖_{−1}. On the other hand, since p ∈ L^2_# and ∇p ∈ H^{−1}, one has ‖p‖ ≤ c‖∇p‖_{−1} (see Lemma 2.1 below). Consequently ‖p‖ ≤ c ( μ‖u‖_1 + ‖f‖_{−1} ) . Next, by replacing in the right hand side of equation (2.3) ‖p‖ by the right hand side of the above inequality it readily follows μ‖u‖^2_1 ≤ c ( 1 μ ‖f‖^2_{−1} + μ‖g‖^2 ) . Hence for each λ > 0, μ‖u‖_1 ≤ c(‖f‖_{−1} + μ‖g‖). By using the above estimate for ‖p‖ one gets (see remark below) (2.5) μ‖u‖_1 + ‖p‖ ≤ c ( ‖f‖_{−1} + μ‖g‖ ) . If λ = 0 the proof follows from the estimate (2.5) since this estimate shows that the solution (u_λ, p_λ) of problem (l.7)_λ, λ > 0, is weakly convergent in H^1_0 × L^2_# to some (u, p), as λ → 0. Note that the problem (1.7)_λ, for each λ ≥ 0, has a unique solution in H^1_0 × L^2_#, in the sense of distributions, since if f = 0 and g = 0 the solution must vanish. The proof is trivial. Thus we have proved the following result.

Theorem 2.1. Let (f, g) ∈ H^{−1} × L^2_#. Then, the problem (1.7)_λ, λ ≥ 0, has a unique solution (u, p) in the space H^1_0 × L^2_#. Moreover, (2.5) holds.

Remark. By using (in particular) the estimate (2.3) one easily shows that ‖p‖ can be replaced by (1 + μλ)‖p‖ in the estimate (2.5).

Lemma 2.1. There exists a positive constant c such that ‖p‖ ≤ c‖∇p‖_{−1} for each p ∈ L^2_# verifying ∇p ∈ H^{−1}.

Proof: Assume that Γ ∈ C^{1,1}. By defining

X(Ω) = { p ∈ H^{−1} : ∇p ∈ H^{−1} }

one has X = L^2 as sets. A very elementary, self contained, proof of this result is given in reference [D.L.] Chap. 3, Theorem 3.2. Here n = 3, however the proof does not depend on this assumption as remarked in the footnote (9); see also [T], page 28, Lemma 5. Let us show further the equivalence of the norms in X and in L^2.

It is obvious that |‖p‖| ≡ ‖p‖_{−1} + ‖∇p‖_{−1} ≤ c‖p‖ for each p ∈ L^2. Moreover |‖ · ‖| is a norm in L^2. Hence the norms |‖ · ‖| and ‖ · ‖ are equivalent in L^2 if {L^2, |‖ · ‖|} is complete. Let {u_n} be a Cauchy sequence in this space. Then u_n → u in H^{−1} and ∇u_n → ∇u in H^{−1}, for some u ∈ X = L^2. Hence {L^2, |‖ · ‖|} is complete. In particular (2.6) ‖p‖ ≤ c ( ‖p‖_{−1} + ‖∇p‖_{−1} ) , ∀ p ∈ L^2_# .

In order to prove the estimate claimed in the lemma it is sufficient to show that to each ε > 0 there corresponds a c_ε > 0 such that ‖p‖_{−1} ≤ ε‖p‖+c_ε‖∇p‖_{−1}, for each p ∈ L^2_#. If this were false, it would follow that there exist some ε_0 > 0 and a sequence p_n in L^2_# for which ‖p_n‖_{−1} ≥ ε_0‖p_n‖ + n‖∇p‖_{−1} , ∀ n ∈ N , where ‖p_n‖_{−1} = 1. It readily follows that (for a subsequence) p_n converges to some p in H^{−1} (since H^{−1} → L^2 is compact) and weakly in L^2 (hence p ∈ L^2_#). Moreover ∇p_n converges to 0 in H^{−1}, hence ∇p = 0. Consequently p = 0, which contradicts ‖p‖_{−1} = 1.

Finally, we note that the above lemma holds even if Γ belongs only to the class C^{1,1}. For a proof see [Nel].

3 – The local a priori estimate

In this section we prove (1.8)_λ as an a priori estimate in the “half space” (see (3.2)) when λ > 0. The simplicity of the proof seems remarkable. For convenience we set x = (x^′, x_n), where x^′ = (x_1, ..., x_{n−1}). Moreover Q ≡ { x: |x^′| < 1, |x_n| < 1 } , Q^+ ≡ { x ∈ Q: 0 < x_n } , Λ ≡ { x: |x^′| < 1, x_n = 0 } .

Theorem 3.1. Let be Ω = Q^+, and assume that u ∈^∘H^2, p ∈ H^1, f ∈ L^2, and g ∈ H^1 are functions with compact support in Q^+ ∪ Λ. Moreover, assume that these functions solve the system of equations (1.7)_λ, i.e.,

(3.1)

−μ Δu + ∇p = f in Q^+, λp + ∇ · u = g in Q^+, u = 0 on Λ .

Then, the following estimate holds (3.2) μ‖u‖_2 + (1 + μλ)‖∇p‖ ≤ c ( ‖f‖ + μ‖∇g‖ ) .

Proof: By differentiation with respect to x_j , j = 1, ..., n − 1, one gets

(3.3) −μ Δ ∂u ∂x_j + ∇ ∂p ∂x_j =^{∂f}_{∂xj} in Q^+, λ ∂p ∂x_j + ∇ · ∂u ∂x_j = ∂g ∂x_j in Q^+, ∂u ∂x_j = 0 on Γ .

Moreover ∂u/∂x_j ∈ H^1_0 and ∂p/∂x_j ∈ L^2_#, since p vanishes near the lateral boundary of the cylinder Q^+. Similarly, ∂g/∂x_j ∈ L^2_#. Clearly, ∂f/∂x_j ∈ H^{−1}. Hence, by the uniqueness of the solution of problem (1.7)_λ in the above class and by (2.5), the solution (∂u/∂x_j , ∂p/∂x_j ) of (3.3) satisfies the estimate (3.4) μ‖D^2_∗u‖ + ‖∇_∗p‖ ≤ c ( ‖f‖ + μ‖∇g‖ ) . Here, D^2_∗ denotes second order partial derivatives except for ∂^2/∂x^2_n, and ∇_∗ denotes first order derivatives except for ∂/∂x_n. Next, consider the linear system consisting of the n^{th} equation (3.1) and of the equation obtained by differentiation of the (n + 1)^{th} equation (3.1) with respect to x_n namely

(3.5) − μ ∂^2u_n ∂x^2_n + ∂p ∂x_n = f_n + μ Δ_∗u_n ,

∂^2u ∂x^2_n + λ ∂p ∂x_n = ∂g ∂x_n − ∂ ∂x_n (∇_∗ · u_∗) ,

where ∇_∗ · u_∗ = (∂u_1/∂x_1) + ... + (∂u_{n−1}/∂x_{n−1}) and Δ_∗ is the Laplace operator with respect to x^′. By solving this algebraic system for ∂^2u_n/∂x^2_n and ∂p/∂x_n, and by using (3.4), it readily follows that

(3.6) μ ‖ ‖ ‖ ‖ ∂^2u ∂x^2_n ‖ ‖ ‖ ‖ + (1 + μλ) ‖ ‖ ‖ ‖ ∂p ∂x_n ‖ ‖ ‖ ‖ ≤ c ( ‖f‖ + μ‖∇g‖ ) . Finally, from the first n − 1 equations (3.1) one gets

(3.7) μ

∂^2u_j ∂x^2_n = f_j − μ Δ_∗u_j − ∂p ∂x_j , for each j ≠ n. The estimates (3.4) and (3.6) show that the L^2-norm of each term in the right hand side of (3.7) is bounded by the right hand side of (3.6). It readily follows (3.2).

Note that ‖∇^2u‖ can be replaced by ‖u‖_2, and similarly for ‖∇p‖ and ‖∇g‖, since these functions vanish near the lateral boundary (and the top) of the cylinder Q^+.

Obviously, the above estimate holds, in particular, if the functions u, p, f and g have compact support contained in Q^+. In this case (3.3) also holds for j = n, and this ends the proof. This last case corresponds to the “interior regularity”.

4 – Proof of Theorem 1.3

In the sequel Ω ⊂ R^n is an open bounded set of class C^{1,1}. This means here that the open bounded set Ω is connected and locally situated on one side of its boundary Γ, a manifold of class C^{1,1}. More precisely, given a point P ∈ Γ there are positive numbers a and b, an orthonormalized system of cartesian coordinates (x_1, ..., x_n) = (x^′, x_n) with origin at P , and a function ψ(x^′) defined and Lipschitz continuous on the sphere {x^′ : |x^′| ≤ b} together with its first order derivatives, such that: the points x for which x_n = ψ(x^′) belong to Γ; the points x for which ψ(x^′) < x_n < a + ψ(x^′) belong to Ω; the points x for which −a + ψ(x^′) < x_n < ψ(x^′) belong to R^n /Ω. Moreover, the tangent plane to Γ at P coincides with the x^′-plane. Without loss of generality, we assume that a ≤ 1 and b ≤ 1.

We define here the sets σ ≡ { x: |x^′| < b, −a + ψ(x^′) < x_n < a + ψ(x^′) } , σ^+ ≡ { x ∈ σ : x_n > ψ(x^′) } , σ̇ = { x ∈ σ : x_n = ψ(x^′) } . These sets will be used only in the appendix.

One has the following a priori estimate.

Theorem 4.1. Let Ω be an open, bounded set of class C^{1,1} and let (f, g) ∈ L^2 × H^1_#. Assume that the variational solution (u, p) ∈ H^1_0 × L^2_# of problem (1.7)_λ, λ > 0, belongs to H^2 × H^1_#. Then

(4.1) μ‖u‖_2 + (1 + μλ)‖p‖_1 ≤ c ( ‖f‖ + μ‖g‖_1 ) , where c depends only on Ω.

Note that this result does not include the existence of the regular solution. The proof of Theorem 4.1 is done by the standard method of localization followed by flattening the boundary. These devices reduce the global problem to a finite number of problems like that treated in section 3, for which estimates similar to (3.2) apply. By mapping back, we get the desired a priori estimate (4.1). For the reader’s convenience we present a detailed proof of Theorem 4.1 in the appendix.

Next we prove the Theorem 1.3, for λ > 0, by using the a priori estimate (4.1). Let t ∈ [0, 1] and consider the problem

(4.2)_t

−μ Δu + t ∇p = f in Ω, λp + t ∇ · u = g in Ω, u = 0 on Γ ,

where (f, g) ∈ L^2 × H^1_#. Assume that (u, p) ∈^∘H^2 × H^1_#. For t > 0, by dividing the equations (4.2)_t by t and by applying the estimate (4.1) one obtains

(4.3) μ‖u‖_2 + ( t + μλ t ) ‖p‖_1 ≤ c ( ‖f‖ + μ t ‖g‖_1 ) . It is worth noting that this estimate is not sufficient to our aim, since it is not uniform near t = 0. We overcome this obstacle as follows. The limit problem

(4.2)_t for t = 0 splits into two independent problems

(4.4)

−μ Δu = f in Ω, λp = g in Ω, u = 0 on Γ .

Note the crucial rôle of the positive parameter λ. Clearly, the problem (4.4) has a unique solution u ∈^∘H^2, p ∈ H^1_#. Moreover, μ‖u‖_2 ≤ c_0‖f‖ and λ‖p‖_1 ≤ ‖g‖_1. Next we show that there is a δ_0 > 0 such that the problem (4.2)_t admits a unique solution (u, p) ∈^∘H^2 × H^1_#, for each t ∈ [0, δ_0]. Moreover,

(4.5) ‖u‖_2 + ‖p‖_1 ≤ c_0 μ ‖f‖ + 1 λ ‖g‖_1 . This result follows by considering the problem

(4.6) −μ Δu = f − t ∇q in Ω, λp = g − t ∇ · v in Ω, u = 0 on Γ ,

where (v, q) ∈^∘H^2 × H^1_#. Note that ∇ · v = H^1_#. This problem admits (by the above result for the system (4.4)) a unique solution (u, p) ∈^∘H^2 × H^1_#. Let (u, p) be the solution corresponding to a datum (q, v). By taking the difference, side by side, between the equations (4.6) and the corresponding equations for the labelled variables, one shows at once that ‖u − u‖_2 + ‖p − p‖_1 ≤ δ_0 ( 1 λ ‖v − v‖_2 + c_0 μ ‖q − q‖_1 ) . In particular, by choosing δ_0 =^1_2 min{λ, μ/c_0}, the map (v, q) → (u, p) is a strict contraction. Hence, for each t ∈ [0, δ_0], there is a unique solution of problem (4.2)_t in the space^∘H^2 × H^1_#. Moreover, from (4.2)_t and (1.9) it readily follows that 1 2 ( ‖u‖_2 + ‖p‖_1 ) ≤ c_0 μ ‖f‖ + 1 λ ‖g‖_1 (note that this estimate blows up if λ → 0). In particular, the problem (4.2)_t has a unique solution (u, p) ∈^∘H^2 × H^1_#, for t = δ_0. Next, we show that this problem has a unique solution in the desired functional space, for each t ∈ [δ_0, 1]. Since this result holds for t = δ_0, it is sufficient to show that there is a fixed δ_1 > 0 such that if our thesis holds for some t_0 ∈ [δ_0, 1] then it also holds for each t = t_0 + Δt, where 0 ≤ Δt ≤ δ_1. Let us prove this last assertion. Consider the system −μ Δu + t_0 ∇p = f − (Δt) ∇q in Ω, λp + t_0 ∇ · u = g − (Δt) ∇ · v in Ω, u = 0 on Γ ,

where (v, q) ∈^∘H^2 × H^1_#. By the assumption on t_0 there is a unique solution (u, p) ∈^∘H^2 × H^1_#. Let (u, p) be a second solution, corresponding to a datum (v, q), and take the difference between the above equations and the corresponding equations for the labelled variables (in the system obtained in that way it is convenient to consider t_0(p − q) as the “pressure” and to divide the second equation by t_0). By applying (4.1) to this system it readily follows that μ‖u − u‖_2 + (t_0 + μλ)‖p − p‖_1 ≤ c Δt(‖q − q‖_1 + (μ/t_0)‖v − v‖_2). By choosing Δt ≤ δ_1 ≡ δ_0/2c one gets μ‖u − u‖_2 + δ_0‖p − p‖_1 ≤ 1 2 ( μ‖v − v‖_2 + δ_0‖q − q‖_1 ) . Hence the map (q, v) → (p, u) has a (unique) fixed point, the solution of (4.2)_t. Step by step we arrive to the value t = 1. Consequently (l.7)_λ has a unique solution in the space^∘H^2 × H^1_#. Since this solution satisfies (4.1), it also satisfies (1.8)_λ. As this last estimate is uniform with respect to λ, the solution (u_λ, p_λ) of (l.7)_λ is weakly convergent in^∘H^2 × H^1_# to the solution (u, p) of (l.7)_λ for λ = 0. Clearly, the limit (u, p) satisfies (1.8)_λ for λ = 0.

5 – Appendix

Here, we prove the Theorem 4.1. The proof follows the well known technique of localization and flattening the boundary. Let P ∈ Γ and consider the neighbourhood σ of P and the set σ^+ introduced at the beginning of section 4. Eventually by choosing a smaller σ, we assume that the size parameters a and b are less or equal to 1. Let ϑ be a fixed C^∞_0 (R^n ) function, 0 ≤ ϑ ≤ 1, with compact support contained in the set σ. In the sequel we will use the cartesian coordinates with origin at P , introduced in section 4 (note that the equations (1.7)_λ are invariant to orthonormal changes of coordinates, since so are the Laplacian, the gradient and the divergence). Localization is done by multiplication by ϑ. We define (5.1) v = ϑ u , q = ϑp .

For convenience, in the sequel vectors u = (u_1, ..., u_n) are regarded as column vectors. Δu = (Δu_1, ..., Δu_n). Moreover, ∇u ≡ [∇u_1, ..., ∇u_n] is the square matrix whose i^{th} row is ∇u_i. A dot denotes the usual matrix multiplication. One has Δ(ϑu) = ϑ(Δu) + 2∇u · ∇ϑ + (Δϑ)u. It readily follows from equations (l.4)_λ that

(5.2) −μ Δv + ∇q = ϑf − 2μ ∇u · ∇ϑ − μ(Δϑ) u + p ∇ϑ, in σ^+, λq + ∇ · v = ϑg + ∇ϑ · u, in σ^+, v = 0, on σ̇ .

Note that the functions v and q, as well as each single term in the above equations, have compact support in σ^+ ∪ σ̇. The above equations hold almost everywhere (and in the L^2 sense) due to the regularity assumptions on u and p.

Next, we make a change of independent variables y = Ψ(x), in order to get a flat boundary. Consider the function ψ(x^′), section 4, concerning the Cartesian equation of the boundary Γ near the new origin P . We define a map y = Ψ(x) given by y_j = ψ_j (x) = x_j if j = 1, ..., n − 1, y_n = ψ_n(x) = x_n − ψ(x^′). Note that the inverse map x = Ψ^{−1}(y) is simply given by x_j = y_j if j ≠ n, x_n = y_n + ψ(y^′). Also note that ∂y_j /∂x_i = δ_{ij} − δ_{nj} (∂ψ(x^′)/∂x_i). One has

Ψ(σ^+) = ^Q^+ ≡ { x: |x^′| < a, 0 < x_n < b } , Ψ(σ̇) = ^Λ ≡ { x: |x^′| < a, x_n = 0 } . In the sequel, if h is a function defined on σ^+ we denote by ~h, or by (h)^∼, the function h(x) written with respect to the y-coordinates, i.e. ~h(y) ≡ h(Ψ^{−1}(y)).

Now, we write the equations (5.2) with respect to the y_i variables, y ∈ ^Q^+. Since each term in equations (5.2) has compact support in ^Q^+ ∪ ^Λ we assume that they are defined on Q^+, by setting them equal to zero outside ^Q^+.

From now on the symbols Δ and ∇ concern the y variables. Otherwise, we use symbols Δ_x and ∇_x. One has (summation with respect to repeated indices is assumed)

(5.3) ~Δ_xv = a_{kℓ} ∂^2 ~v ∂_{yk} ∂_{yℓ} − ( ~Δ_x′ ψ) ∂~v ∂y_n , where Δ_x′ denotes the Laplacian with respect to the variables x_1, ..., x_{n−1} and a_{kℓ} ≡ ( ∂ψ_k ∂x_j ∂ψ_ℓ ∂x_j )_∼ = δ_{kℓ} + b_{kℓ} , where b_{kℓ} = b_{ℓk} is given by b_{kℓ} = 0 if k, ℓ ≤ n − 1; b_{kn} = b_{nk} = −∂ψ(x^′)/∂x_k if k ≤ n − 1; b_{nn} = |∇_x′ ψ(x^′)|^2.

By using this notation, the equation (5.3) becomes

~Δ_xv = Δ~v + b_{kℓ} ∂^2 ~v ∂y_k ∂_{yℓ} − ( ~Δ_x′ ψ) ∂~v ∂y_n . Similarly, ( ~∇_xq) = ∇~q −( ~∇_x′ ψ) (∂ ~q/∂y_n) and ( ~∇_x · v) = ∇· ~v −( ~∇_x′ ψ)·(∂~v/∂y_n). By convention, the n^{th} component of the vector field ∇_x′ ψ(x^′) vanishes identically. Hence, the equations (5.2) became (5.4) −μ Δ~v + ∇~q = μ b_{kℓ} ∂^2 ~v ∂y_k ∂_{yℓ} − μ( ~Δ_x′ ψ) ∂~v ∂y_n + ( ~∇_x′ ψ) ∂ ~q ∂y_n + ∇ ~F , in Q^+, λ~q + ∇ · ~v = ( ~∇_x′ ψ) · ∂~v ∂y_n + (ϑg + ∇ϑ · u)^∼, in Q^+,

~v = 0, on Λ , where F ≡ ϑf − 2μ ∇u · ∇ϑ − μ(Δϑ)u + p ∇ϑ. Next, note that in the above argument we can choose the size parameters a and b as small as we want. Since ∇_x′ ψ(0) = 0 it follows that, given L > 0 there is a b > 0 (the radius of the cylinder σ) such that |∇_x′ ψ(x^′)| ≤ L for |x^′| ≤ b. By the regularity C^{1,1} of ψ, there is also a real positive M such that |(D^2_x′ ψ)^∼| ≤ M for |x^′| ≤ b. L will be fixed below. However, for convenience, we assume from now on that b is such that L ≤ 1. Also note that an upper bound for M depends only on Γ, hence on Ω. In other words, L ≤ 1 and M can be replaced by constants c that depend only on Ω.

Now, note that the solutions ~v and ~q of the problem (5.4) are just in the situation described in section 3. They belong to the spaces^∘H^2 and H^1 (since y = Ψ(x) and x = Ψ^{−1}(y) preserve H^2-regularity) and they have compact support on Q^+ ∪ Λ (note that in section 3 this last assumption replaces the requirement m(~q) = 0). Hence, the estimate (3.2) together with the above remarks about L and M show that (5.5) μ‖~v‖_2 + (1 + μλ)‖∇~q‖ ≤ c [ μ(L + L^2) ‖~v‖_2 + μ‖~v‖_1 + L‖∇~q‖ ] + ^c‖ ~f‖ + ^cμ‖~u‖_1 + ^c‖p‖ + cμL‖~v‖_2 + ^cμ [ ‖~g‖_1 + ‖~u‖_1 ] , where norms concern the domain Q^+. The constants ^c depend on ϑ. We are careful about this point just to avoid misunderstandings. Next, we choose b “so small” that 2cμ(L + L^2) ≤ μ/2 and cL ≤ 1/2. Hence, we drop from the right hand side of (5.5) the terms with L and take one half of the left hand side. We denote the equation obtained by this way by (5.5bis).

The above construction is done in correspondence to each point P ∈ Γ. Next, we fix a finite covering {σ_α} of Γ by sets of the above type. We add to this covering of Γ a finite family {σ_β} of cylinders, σ_β ⊂ Ω, such that ( ⋃ σ_α) ∪ ( ⋃ σ_β) covers Ω.

Next, we fix a partition of unity {ϑ_α} ∪ {ϑ_β} subordinate to the above covering of Ω. Now, each ϑ_α (or ϑ_β) is fixed, hence the corresponding ^c that appear in equation (5.5bis) are fixed (and, in fact, depend only on Ω). Clearly, we are using here the fact that estimates like (5.5bis) also hold in correspondence to the cylinders σ_β (interior regularity). By taking into account that (with obvious notations) u = Σ ϑ_αu + Σ ϑ_βu ≡ Σ v_α + Σ v_β ,

and that p = Σ ϑ_αp + Σ ϑ_βp = Σ q_α + Σ q_β ,

by using the local estimates (5.5bis) in order to bound ‖~v_α‖_2, ‖∇~q_α‖, ‖~v_β ‖_2, ‖∇~q_β‖, by mapping back from Q^+ to each σ^+_α (or σ_β) and by collecting all these estimates, one gets μ‖u‖_2 + (1 + λμ)‖∇p‖ ≤ c ( ‖f‖ + μ‖g‖_1 ) + c ( μ‖u‖_1 + ‖p‖ ) . This estimate together with (2.5) yields (4.1).

REFERENCES

[A.D.N.] Agmon, S., Douglis, A. and Nirenberg, L. – Estimates near the boundary for solutions of elliptic partial differential equations satisfying general boundary conditions II, Comm. Pure Appl. Math., 17 (1964), 35–92.

[Ca] Cattabriga, L. – Su un problema al contorno relativo al sistema di equazioni di Stokes, Rend. Sem. Mat. Univ. Padova, 31 (1961), 308–340.

[C.F.] Constantin, P. and Foias, C. – Navier–Stokes equations, The University of Chicago Press, Chicago, 1988.

[D.L.] Duvaut, G. and Lions, J.L. – Les inéquations en mécanique et en physique, Dunod, Paris 1972.

[G.R.] Girault, V. and Raviart, P.-A. – Finite element approximation of the Navier–Stokes equations, Lecture Notes in Mathematics, 749, Springer-Verlag, Berlin–Heidelberg, 1979.

[La] Ladyzenskaya, O.A. – The mathematical theory of viscous incompressible flow, Gordon and Breach, New-York, 1969.

[Ne1] Nečas, J. – Equations aux derivées partielles, Presse de l’Université de Montréal, Montréal, 1965.

[Ne2] Nečas, J. – Les méthodes directs en théorie des équations elliptiques, Academia, Prague, 1967.

286 H. BEIR^~AO DA VEIGA

[Ni] Nirenberg, L. – On elliptic partial differential equations, Ann. Sc. Norm.

Sup. Pisa, 13 (1959), 116–162.

[Pr] Prodi, G. – Tracce sulla frontiera delle funzioni di Beppo Levi, Rend. Sem.

Mat. Padova, 26 (1956), 36–60.

[So] Solonnikov, V.A. – On estimates of Green tensors for certain boundary problems, Dokl. Akad. Nauk. SSSR, 29 (1960), 988–991.

[SS] Solonnikov, V.A. and Ščadilov, V.E. – On a boundary value problem for a stationary system of Navier–Stokes equations, Proc. Steklov Inst. Math., 125 (1973), 186–199.

[T] Tartar, L. – Nonlinear partial differential equations using compactness method, University of Wisconsin-Madison, Mathematics Research Center, Technical Summary Report #1584, Feb. 1976.

[Te] Temam, R. – Navier–Stokes equations, North-Holland, Amsterdam, 1984.

H. Beirão da Veiga, Department of Applied Mathematics “U. Dini”, Pisa University, 56126 Pisa – ITALY