PORTUGALIAE MATHEMATICA

Vol. 54 Fasc. 4 – 1997

TOPOLOGICAL PROPERTIES OF SOLUTION SETS FOR SWEEPING PROCESSES WITH DELAY

C. Castaing and M.D.P. Monteiro Marques

Abstract: Let r > 0 be a finite delay and C_0 = C([−r, 0], H) the Banach space of continuous vector-valued functions defined on [−r, 0] taking values in a real separable Hilbert space H. This paper is concerned with topological properties of solution sets for the functional differential inclusion of sweeping process type: du dt ∈ −N_{K(t)}(u(t)) + F (t, u_t) , where K is a γ-Lipschitzean multifunction from [0, T ] to the set of nonempty compact convex subsets of H, N_{K(t)}(u(t)) is the normal cone to K(t) at u(t) and F: [0, T ]×C_0 →H is an upper semicontinuous convex weakly compact valued multifunction. As an application, we obtain periodic solutions to such functional differential inclusions, when K is T -periodic, i.e. when K(0) = K(T ) with T ≥ r.

Introduction

The existence of solutions for functional differential equations (FDE) governed by nonlinear operators in Banach spaces has been studied extensively (see, for example, [17], [24], [25], [26], [29], [31]). The basic source of reference for general FDE is [23]. Functional differential inclusions (FDI) have been studied e.g. in [18], [20], [21], [22]. Topological properties of the solution sets of differential inclusions have been considered by many authors, for example, [4], [14], [21] and the references therein. However, not much study has been done for topological properties of solution sets for the functional differential inclusions governed by sweeping process [27] (another type of FDI is considered in [21] and [22]). The

Received: September 19, 1996; Revised: December 16, 1996. Mathematics Subject Classifications (1991): 35K22, 34A60.

Keywords: Functional differential inclusion, Normal cone, Lipschitzean mapping, Sweeping process, Perturbation, Delay.

purpose of this paper is to prove existence of solutions and to study uniqueness (section 2) and also to characterize topological properties of solution sets for this class of FDI (section 3). As an application, we present in section 4 a new result of existence of periodic solutions to such FDI that is a continuation of our recent work on periodic solutions for perturbations of sweeping process associated to a periodic closed convex moving set (see [9], [10]). This sheds a new light on the study of FDI governed by subdifferential operators or accretive operators since we deal with the normal cone to a closed convex moving set in a Hilbert space H.

1 – Notations and preliminary results

We will use the following notations:

– H is a real separable Hilbert space, ⟨x, y⟩ the scalar product in H. – c(H) (resp. cc(H)) (resp. ck(H)) (resp. cwk(H)) the set of all nonempty closed (resp. convex closed) (resp. convex compact) (resp. convex weakly compact) subsets of H.

– ψ_A(·) the indicator function of a subset A of H (it takes value 0 on A, +∞ elsewhere).

– δ^∗(·, A) is the support function of a subset A of H. – N_A(y) is the normal cone to A ∈ cc(H) at y ∈ A. One has n ∈ N_A(y) ⇐⇒ y ∈ A and ⟨n, y⟩ = δ^∗(n, A) ⇐⇒ y ∈ A, n ∈ ∂ψ_A(y) , where ∂ψ_A is the subdifferential in the sense of convex analysis of ψ_A.

– If A and B are nonempty subsets of H, the excess of A over B is

e(A, B) = sup { d(a, B): a ∈ A } , where d(a, B) : = inf{d(a, b) : b ∈ B} and their Hausdorff distance is h(A, B) = max(e(A, B), e(B, A)). For every nonempty subset A of H we denote by |A| : = h(A, {0}).

– A multifunction K from a topological space X to a topological space Y is said to be upper semicontinuous (usc) at x_0 if, for any open subset U of Y , {x ∈ Ω: K(x) ⊂ U} is a neighborhood of x_0 or is an empty set.

– A multifunction K : X → cwk(H) is upper semicontinuous for the weak topology σ(H, H) iff, for every e ∈ H, the scalar function δ^∗(e, K(·)) is upper semicontinuous on X (shortly K is scalarly upper semicontinuous). (See [13], Theorem II-20).

– If (Ω, A) is a measurable space and if Γ : (Ω, A) → cwk(H) is a scalarly measurable multifunction, that is, for every e ∈ H, the scalar function δ^∗(e, Γ(·)) is A-measurable, then Γ admits an A-measurable selection. (See [13]).

– A multifunction K : [0, T ] → c(H) is γ-Lipschitzean (γ > 0) if for any s, t in [0,T], we have h(K(t), K(s)) ≤ γ|t − s|.

– If X is a topological space, B(X) is the Borel tribe of X.

We will deal with a finite delay r > 0. If u : [−r, T ] → H with T > 0, then for every t ∈ [0, T ], we introduce the function u_t(τ) = u(t + τ) , τ ∈ [−r, 0] . Clearly, if u ∈ C_T := C([−r, T ], H) then u_t ∈ C_0 := C([−r, 0], H) and the mapping u → u_t is continuous from C_T onto C_0 in the sense of uniform convergence.

We refer to Barbu [1] and Brézis [5] for the concepts and results on nonlinear evolution equations. See Castaing–Valadier [13] for the theory of measurable multifunctions, Castaing–Duc Ha–Valadier [6], Castaing–Marques ([7], [8]), Duc Ha–Marques [15] for the differential inclusions governed by the sweeping process. We give a useful result.

Lemma 1.1. Let K : [0, T ] → cc(H) be a γ-Lipschitzean multifunction and h ∈ L^∞_H ([0, T ], dt) with ‖h(t)‖ ≤ m, dt-a.e. Then any absolutely continuous solution u of the differential inclusion − u^′(t) ∈ N_{K(t)}(u(t)) + h(t) dt-a.e. t ∈ [0, T ] u(t) ∈ K(t) , ∀ t ∈ [0, T ] u(0) = a ∈ K(0) is λ-Lipschitzean with λ = γ + 2m.

Proof: Let us define, for t ∈ [0, T ] v(t) : = u(t) − ∫_t 0 h(s) ds , K̂(t) = K(t) − ∫_t 0 h(s) ds .

Then v is a solution of the sweeping process − v^′(t) ∈ N_{K̂(t)}(v(t)) dt-a.e. t ∈ [0, T ] v(t) ∈ K̂(t), ∀ t ∈ [0, T ] v(0) = a ∈ K̂(0) = K(0) .

Since K̂ is easily shown to be (γ + m)-Lipschitzean, it follows from [27] that the solution v is necessarily (γ + m)-Lipschitzean. The conclusion is obvious.

2 – Existence and uniqueness

We consider first the problem of existence of solutions to the following functional differential inclusion of sweeping process type: u^′(t) ∈ −N_{K(t)}(u(t)) + F (t, u_t) a.e. t ∈ [0, T ] .

Our existence theorem is stated under the following assumptions: (H1) K : [0, T ] → ck(H) is γ-Lipschitzean.

(H2) F : [0, T ] × C_0 → cwk(H) is scalarly upper semicontinuous on C_0 for each t ∈ [0, T ], scalarly L([0, T ])⊗B(C_0)-measurable on [0, T ]×C_0, where L([0, T ]) is the σ-algebra of Lebesgue measurable sets of [0, T ] and B(C_0) is the Borel tribe of C_0 and |F (t, u)| ≤ m for all (t, u) ∈ [0, T ] × C_0 for some positive constant m > 0.

Now we are able to state the main result on the existence of solutions of the above mentioned FDI.

Theorem 2.1. If K : [0, T ] → ck(H) satisfies (H1) and F : [0, T ] × C_0 → cwk(H) satisfies (H2), then, for any φ ∈ C_0 with φ(0) ∈ K(0), there exists a continuous mapping u: [−r, T ] → H such that u is Lipschitzean on [0, T ] and

(2.1.1) u^′(t) ∈ −N_{K(t)}(u(t)) + F (t, u_t) a.e. t ∈ [0, T ] u(t) ∈ K(t) , ∀ t ∈ [0, T ] u_0 = φ in [−r, 0] .

Proof: 1. We first assume that F is scalarly upper semicontinuous on [0, T ] × C_0 and we proceed by approximation: a sequence of continuous mappings (x_n) in C_T := C([−r, T ], H) will be defined such that a subsequence of it converges uniformly in [−r, T ] to a solution of (2.1.1). The sequence is defined via discretization. We put (2.1.2) x_n(t) = φ(t) , t ∈ [−r, 0] . We partition [0, T ] by points t^n_i = i T n (i = 0, ..., n) and define x_n by linear interpolation, where x_n(t^n_i ) = x^n_i are obtained by induction starting with (2.1.3) x^n_0 = x_n(0) : = φ(0) ∈ K(0) .

If the x^n_j with 0 ≤ j ≤ i are known, then x_n(t) is known for t ≤ t^n_i and (x_n)_tn_i (τ) = x_n(t^n_i + τ) is well defined in [−r, 0]; we shall also write T (t^n_i ) x_n = (x_n)_tn_i for notational clarity. As a special element in F (t, φ), we can pick the minimal norm element f_0(t, φ), so that by (H2) (2.1.4) ‖f_0(t, φ)‖ = min { ‖y‖: y ∈ F (t, φ) } ≤ m . An implicit discrete version of (2.1.1) gives, (2.1.5) 1 h_n (x^n_{i+1} − x^n_i ) ∈ −N_{K(t}n_{i+1)}(x^n_{i+1}) + f_0(t^n_i , T (t^n_i )x_n) , where h_n =^T_n . Equivalently, because we deal with a cone: x^n_{i+1} − x^n_i − h_n f_0(t^n_i , T (t^n_i )x_n) ∈ −N_{K(t}n_{i+1)}(x^n_{i+1}) , or, by a standard property of projections onto closed convex sets: (2.1.6) x^n_{i+1} := proj ( x^n_i + h_nf_0(t^n_i , T (t^n_i )x_n), K(t^n_{i+1}) ) . Thus, by construction (2.1.7) x^n_i ∈ K(t^n_i ) , 0 ≤ i ≤ n .

Since x_n is defined by linear interpolation, we have ‖x^′_n(t)‖ ≤ sup_i ‖x^n_{i+1} − x^n_i ‖ t^n_{i+1} − t^n_i = 1 h_n sup_i ‖x^n_{i+1} − x^n_i ‖ ,

for a.e. t ∈ [0, T ]. Since projections are non-expansive, then ‖ ‖ ‖x^n_{i+1} − proj(x^n_i , K(t^n_{i+1})) ‖ ‖ ‖ ≤ ‖ ‖ ‖h_nf_0(t^n_i , T (t^n_i )x_n) ‖ ‖ ‖ ≤ h_n m ; while by (2.1.7) ‖ ‖ ‖proj(x^n_i , K(t^n_{i+1})) − x^n_i ‖ ‖ ‖ ≤ h(K(t^n_{i+1}), K(t^n_i )) ≤ γ|t^n_{i+1} − t^n_i | = γ h_n . Thus, ‖x^n_{i+1} − x^n_i ‖ ≤ (m + γ)h_n and (2.1.8) ‖x^′_n(t)‖ ≤ m + γ , ∀ n, a.e. t ∈ [0, T ] . Let t ∈ [0, T ]. For each n, t ∈ [t^n_i , t^n_{i+1}[ for some i (for t = T consider this interval to be {T }). By (2.1.7), (2.1.8) we have the estimate

(2.1.9) d(x_n(t), K(t)) ≤ ‖x_n(t) − x_n(t^n_i )‖ + h(K(t^n_i ), K(t)) ≤ (2γ + m) |t − t^n_i | ≤ T n (2γ + m) .

Since K(t) is compact, (2.1.9) implies that the sequence (x_n(t))_n is relatively compact in H. Thus by (2.1.2), (2.1.8), (2.1.9) and Arzelà–Ascoli’s theorem, we conclude that there is a subsequence of (x_n), still denoted (x_n) for simplicity, which converges uniformly on [−r, T ] to a continuous function x which clearly satisfies x_0 = φ. By letting n → ∞ in (2.1.9), we obtain (2.1.10) x(t) ∈ K(t) , ∀ t ∈ [0, T ] . It remains to prove that (2.1.1) holds a.e. in [0, T ]. For t ∈ [0, T [ and n ≥ 1, let us define σ_n(t) = t^n_i , θ_n(t) = t^n_{i+1} if t ∈ [t^n_i , t^n_{i+1}[ .

Then, by (2.1.5) we have

(2.1.11) x^′_n(t) ∈ −N_{K(θn(t))}(x_n(θ_n(t))) + f_0(σ_n(t), T (σ_n(t))x_n) ,

a.e. in [0, T ]. Since |θ_n(t) − t| ≤^T_n and |σ_n(t) − t| ≤^T_n , then

(2.1.12) θ_n(t) → t, σ_n(t) → t uniformly on [0, T [ .

It follows that (2.1.13) h(K(θ_n(t)), K(t)) ≤ γ|θ_n(t) − t| → 0, as n → ∞ ; and, by (2.1.8) and (2.1.12)

(2.1.14) lim_n ‖x_n(θ_n(t)) − x(t)‖ = lim_n ‖x_n(θ_n(t)) − x_n(t)‖

≤ lim_n (m + γ) |θ_n(t) − t| = 0 .

The study of the perturbation term is a little bit more involved. Let us denote the modulus of continuity of a function ψ defined on an interval I of R by ω(ψ, I, ε) : = sup { ‖ψ(t) − ψ(s)‖: s, t ∈ I, |s − t| ≤ ε } . Then

‖T (σ_n(t))x_n − T (t)x_n‖ = sup {‖ ‖x_n(τ + σ_n(t)) − x_n(τ + t) ‖ ‖ ‖ : τ ∈ [−r, 0] }

≤ ω ( x_n, [−r, T ], T n )

≤ ω ( φ, [−r, 0], T n ) + ω ( x_n, [0, T ], T n )

≤ ω ( φ, [−r, 0], T n ) + (m + γ) T n . Thus, by continuity of φ: ‖T (σ_n(t))x_n − T (t)x_n‖ → 0, as n → ∞ ; and since the uniform convergence of x_n to x on [−r, T ] implies T (t)x_n → T (t)x uniformly on [−r, 0], we deduce that

(2.1.15) T (σ_n(t))x_n → T (t)x = x_t in C_0 := C([−r, 0], H) .

Let us denote f_n(t) : = f_0(σ_n(t), T (σ_n(t))x_n); hence (f_n) is a bounded sequence in L^∞_H ([0, T ], dt). Since by (2.1.8) (x^′_n) is also bounded in L^∞_H ([0, T ], dt), by extracting subsequences we may suppose that f_n → f and x^′_n → x^′ weakly-∗ in L^∞_H ([0, T ], dt). Therefore, from f_n(t) ∈ F ( σ_n(t), T (σ_n(t))x_n ) , (2.1.12) and (2.1.15), we can classically (see [13], Theorem V-14) conclude that

(2.1.16) f(t) ∈ F (t, x_t) a.e. t ∈ [0, T ] , because by hypothesis F is scalarly upper semicontinuous with convex weakly compact values. It is now clear that (2.1.1) will follow from (2.1.16) and

(2.1.17) x^′(t) ∈ −N_{K(t)}(x(t)) + f(t) a.e. t ∈ [0, T ] ,

which in turn is a consequence of taking limits in (2.1.11), by standard procedure. We rewrite (2.1.11) as

(2.1.18) ∫_T 0 δ^∗ ( −x^′_n(t) + f_n(t), K(θ_n(t)) ) dt ≤ ≤ ∫_T 0 ⟨ −x^′_n(t) + f_n(t), x_n(θ_n(t)) ⟩ dt . Now set ψ(t, x) : = δ^∗(x, K(t)) for all (t, x) ∈ [0, T ]×H and using (2.1.12)–(2.1.14) and a well known lower semicontinuity result (see e.g. [30]) for convex integral functionals, we obtain

lim inf_n ∫_T 0 ψ ( θ_n(t), −x^′_n(t) + f_n(t) ) dt ≥ ∫_T 0 ψ ( t, −x^′(t) + f(t) ) dt . Since the second integral in (2.1.18) obviously converges to ∫_T 0 ⟨−x^′(t)+f(t), x(t))⟩ dt we have

(2.1.19) ∫_T 0 δ^∗ ( −x^′(t) + f(t), K(t) ) dt ≤ ∫_T 0 ⟨ −x^′(t) + f(t), x(t) ⟩ dt . So the desired inclusion follows from (2.1.10), (2.1.16) and (2.1.19).

2. Now we go to the general case, namely F satisfies (H2).

We will proceed again by approximation which allows to use the global upper semicontinuity in the first step via a convergence result. Let (r_n) be a sequence of strictly positive numbers such that lim_{n→∞} r_n = 0. For each n ≥ 1, put

G_n(t, u) : = 1 r_n ∫ I_{t,rn} F (s, u) ds for all (t, u) ∈ [0, T ] × C_0, where I_{t,rn} :=[t, t + r_n] ∩ [0, T ]. By (H2) it easy to check that each multifunction G_n is globally scalarly upper semicontinuous on [0, T ] × C_0 with |G_n(t, u)| ≤ m for all n ≥ 1 and for all (t, u) ∈ [0, T ] × C_0, so that we can apply the result of the first step. For each n ≥ 1, there exists a continuous mapping x_n ∈ C_T := C([−r, T ], H) satisfying the FDI

(2.1.20) x^′_n(t) ∈ −N_{K(t)}(x_n(t)) + G_n(t, (x_n)_t) a.e. t ∈ [0, T ] x_n(t) ∈ K(t) , ∀ t ∈ [0, T ] (x_n)_0 = φ in [−r, 0] .

It is not difficult to check that the sequence (x_n)_n is relatively compact in C_T . By (2.1.20), for each n ≥ 1, there is a measurable mapping h_n : [0, T ] → H such that h_n(t) ∈ G_n(t, (x_n)_t) a.e. and that

(2.1.21) x^′_n(t) ∈ −N_{K(t)}(x_n(t)) + h_n(t) a.e. t ∈ [0, T ] x_n(t) ∈ K(t) , ∀ t ∈ [0, T ] (x_n)_0 = φ in [−r, 0] .

By extracting a subsequence we may suppose that x_n → u ∈ C_T uniformly, hence

(2.1.22) u(t) ∈ K(t), ∀ t ∈ [0, T ] and u_0 = φ in [−r, 0] .

On the other hand, it is obvious that the sequences (x^′_n) and (h_n) are relatively σ(L^1, L^∞) compact in L^1_H ([0, T ], dt). By extracting subsequences, we may suppose that x^′_n → u^′ and h_n → h weakly in L^1_H ([0, T ], dt). Since (x_n)_t → u_t in C_0 for each t ∈ [0, T ] and h_n → h for σ(L^1, L^∞) with h_n(t) ∈ G_n(t, (x_n)_t) a.e., by ([12], Lemma 6.5) we conclude that

(2.1.23) h(t) ∈ F (t, u_t) a.e. .

By rewriting the first inclusion in (2.1.20) as

(2.1.24) ∫_T 0 δ^∗ ( −x^′_n(t) + h_n(t), K(t) ) dt ≤ ∫_T 0 ⟨ −x^′_n(t) + h_n(t), x_n(t) ⟩ dt and using a well known lower semicontinuity result for convex integral functionals (see e.g. [13], Theorem VII-7), we obtain

(2.1.25) lim inf_n ∫_T 0 δ^∗ ( −x^′_n(t) + h_n(t), K(t) ) dt ≥ ∫_T 0 δ^∗ ( −u^′(t) + h(t), K(t) ) dt . Since the second integral in (2.1.24) tends to ∫_T 0 ⟨−u^′(t) + h(t), u(t)⟩ dt, we con- clude that

(2.1.26) ∫_T 0 δ^∗ ( −u^′(t) + h(t), K(t) ) dt ≤ ∫_T 0 ⟨ −u^′(t) + h(t), u(t) ⟩ dt . Then (2.1.22), (2.1.23) and (2.1.26) yield

u^′(t) ∈ −N_{K(t)}(u(t)) + h(t) ⊂ −N_{K(t)}(u(t)) + F (t, u_t) a.e. t ∈ [0, T ]

thus completing the proof.

It is possible to prove the result in step 2 by invoking a recent extension of the multivalued Scorza Dragoni’s theorem [11], which allows to reduce to the globally upper semicontinuous assumption in the first step. We do not emphasize this fact and details are left to the reader.

Now we present a useful corollary of Theorem 2.1 concerning uniqueness of solution for (2.1.1) when the perturbation is single-valued.

Proposition 2.2. Assume that K satisfies (H1). Let g : [0, T ] × C_0 → H be a bounded mapping satisfying:

a) There exists c > 0 such that ‖g(t, u) − g(t, v)‖ ≤ c‖u − v‖_0, for all u, v in C_0, where ‖ · ‖_0 is the sup-norm in C_0.

b) For each u ∈ C_0, g(·, u) is Lebesgue measurable on [0, T ]. Let φ ∈ C_0 with φ(0) ∈ K(0). Then there exists a unique continuous mapping u: [−r, T ] → H such that

(2.2.1) u^′(t) ∈ −N_{K(t)}(u(t)) + g(t, u_t) a.e. t ∈ [0, T ] u(t) ∈ K(t) , ∀ t ∈ [0, T ] u_0 = φ in [−r, 0] .

Proof: Existence follows from Theorem 2.1.

Uniqueness. Let us assume that x and y are two solutions of (2.2.1). Then from −(x^′(t) − g(t, x_t)) ∈ N_{K(t)}(x(t)) , −(y^′(t) − g(t, y_t)) ∈ N_{K(t)}(y(t)) we obtain that, for a.e. t ∈ [0, T ] ⟨ [x^′(t) − g(t, x_t)] − [y^′(t) − g(t, y_t)], x(t) − y(t) ⟩ ≤ 0 by monotonicity. Integrating on [0, s] 1 2 ‖x(s) − y(s)‖^2 − 1 2 ‖x(0) − y(0)‖^2 ≤ ∫_s 0 ⟨ g(t, x_t) − g(t, y_t), x(t) − y(t) ⟩ dt . Since x(0) = y(0) = φ(0) and g is c-Lipschitzean, then 1 2 ‖x(s) − y(s)‖^2 ≤ c ∫_s 0 ‖x_τ − y_τ ‖_0 ‖x(τ) − y(τ)‖ dτ .

So 1 2 ‖x(s) − y(s)‖^2 ≤ c ∫_t 0 ‖x_τ − y_τ ‖_0 ‖x(τ) − y(τ)‖ dτ , 0≤s≤t . Since x = φ = y in [−r, 0], we have, in the norm ‖ · ‖_t of C_t = C([−r, t], H), 1 2 ‖x − y‖^2_t ≤ c ∫_t 0 ‖x_τ − y_τ ‖_0 ‖x_τ − y_τ ‖_0 dτ ≤ c ∫_t 0 ‖x − y‖^2_τ dτ . Because t → ‖x − y‖_t is continuous, by applying Gronwall’s lemma we conclude that ‖x − y‖_t = 0 , ∀ t ∈ [0, T ] . Hence x = y in [−r, T ].

3 – Solution sets

Let K be a nonempty compact subset of C_0 such that φ(0) ∈ K(0) for all φ ∈ K. For each φ ∈ K we denote by S_F (φ) the set of all continuous mappings u: [−r, T ] → H such that

(2.1.1) u^′(t) ∈ −N_{K(t)}(u(t)) + F (t, u_t) a.e. t ∈ [0, T ] u(t) ∈ K(t) , ∀ t ∈ [0, T ] u_0 = φ in [−r, 0] .

Remark 3.1. By using Lemma 1.1 it is easily seen that each u ∈ S_F (φ) is necessarily (γ+2m)-Lipschitzean on [0, T ]. Indeed by (2.1.1) there is a measurable mapping h: [0, T ] → H such that h(t) ∈ F (t, u_t) a.e. and that u^′(t) ∈ −N_{K(t)}(u(t)) + h(t) a.e. t ∈ [0, T ] u(t) ∈ K(t) , ∀ t ∈ [0, T ] u_0 = φ in [−r, 0] .

Since ‖h(t)‖ ≤ m by (H2), then Lemma 1.1 implies that u is (γ+2m)-Lipschitzean on [0, T ].

Proposition 3.2. Assume that (H1) and (H2) are satisfied. Then S_F (K) : = ⋃ φ∈K S_F (φ) is relatively compact in C_T := C([−r, T ], H).

Proof: By Remark 3.1 each u ∈ S_F (φ) is (γ + 2m)-Lipschitzean on [0, T ]. Moreover, for every t ∈ [0, T ], u(t) ∈ K(t), which is a compact subset of H by hypothesis. It follows from Arzelà–Ascoli’s theorem that the restrictions of S_F (K) to [0, T ] form a relatively compact subset of C([0, T ], H). Since the restriction of S_F (K) to [−r, 0] coincides with K, the result follows.

Proposition 3.3. Assume that (H1) and (H2) are satisfied. Then the multifunction S_F has closed graph in K × C_T .

Proof: Let us consider sequences (φ_n) and (x_n) with φ_n ∈ K, φ_n → φ ∈ K uniformly, x_n ∈ S_F (φ_n) and x_n → x ∈ C_T uniformly. By Remark 3.1, x is λ- Lipschitzean on [0, T ] where λ = γ + 2m. Obviously x_n(t) ∈ K(t) implies that x(t) ∈ K(t) for all t ∈ [0, T ]. Similarly (x_n)_0 = φ_n implies that x_0 = φ. It remains to prove that x satisfies

(3.3.1) x^′(t) ∈ −N_{K(t)}(x(t)) + F (t, x_t) a.e. t ∈ [0, T ] .

For every n, there exists a measurable selection h_n such that

(3.3.2) h_n(t) ∈ F (t, (x_n)_t) a.e. t ∈ [0, T ]

and that

(3.3.3) −x^′_n(t) + h_n(t) ∈ N_{K(t)}(x_n(t)) a.e. t ∈ [0, T ] .

Since ‖x^′_n(t)‖ ≤ λ and ‖h_n(t)‖ ≤ m a.e., we may assume w.l.o.g. that x_n → x^′ and h_n → h weakly in L^1_H ([0, T ], dt). Since F (t, ·) is scalarly upper semicontinuous with convex weakly compact values, it follows from (3.3.2) and a classical closure theorem (see [13], Theorem VI-4) that

(3.3.4) h(t) ∈ F (t, x_t) a.e.

Next, we notice that (3.3.3) is equivalent to

(3.3.5) ∫_T 0 δ^∗ ( −x^′_n(t) + h_n(t), K(t) ) dt + ∫_T 0 ⟨ x^′_n(t) − h_n(t), x_n(t) ⟩ dt ≤ 0 . It is obvious that

(3.3.6) lim_{n→∞} ∫_T 0 ⟨ x^′_n(t) − h_n(t), x_n(t) ⟩ dt = ∫_T 0 ⟨ x^′(t) − h(t), x(t) ⟩ dt .

Set f(t, x) : = δ^∗(x, K(t)) for all (t, x) ∈ [0, T ] × H and

I_f (u) = ∫_T 0 f(t, u(t)) dt , ∀ u ∈ L^1_H ([0, T ], dt) . Then it is easily checked that f is a convex normal integrand satisfying the conditions of Theorem VII-7 in [13] so that (3.3.7) lim inf_{n→∞} I_f (−x^′_n + h_n) ≥ I_f (−x^′ + h) ,

because −x^′_n + h_n → −x^′ + h weakly in L^1_H ([0, T ], dt). So (3.3.5) and (3.3.6) yield ∫_T 0 [ δ^∗ ( −x^′(t) + h(t), K(t) ) + ⟨ x^′(t) − h(t), x(t) ⟩] dt ≤ 0 which is equivalent to −x^′(t) + h(t) ∈ N_{K(t)}(x(t)) a.e. t ∈ [0, T ] because x(t) ∈ K(t).

If H is R^d equipped with its euclidean norm and if F is Lipschitzean, then the multifunction S_F defined above enjoys a remarkable property. Namely we have the following:

Proposition 3.4. Let F : [0, T ]×C_0 → ck(R^d ) be a multifunction satisfying: (1) There exists c > 0 such that h(F (t, u), F (t, v)) ≤ c‖u − v‖_0 , ∀ (t, u, v) ∈ [0, T ] × C_0 × C_0 , where ‖ · ‖_0 is the sup-norm in C_0.

(2) For every u ∈ C_0 the multifunction F (·, u) is measurable. (3) There is m > 0 such that |F (t, u)| ≤ m, ∀ (t, u) ∈ [0, T ] × C_0. Then there exists a mapping s : [0, T ] × C_0 → R^d which enjoys the following properties: a) ∀ (t, u) ∈ [0, T ] × C_0, s(t, u) ∈ F (t, u). b) ‖s(t, u) − s(t, v)‖ ≤ c √ d ‖u − v‖_0, ∀ (t, u, v) ∈ [0, T ]×C_0 ×C_0. c) For every u ∈ C_0, s(·, u) is measurable.

d) The single valued mapping φ → S_{{s}}(φ) from K into C_T is a continuous selection of S_F .

Proof: For each (t, u) ∈ [0, T ] × C_0, we associate the Steiner point s(t, u) of the convex compact set F (t, u) (see [28], for example). By classical properties of Steiner point, it is easy to check that the mapping s : (t, u) → s(t, u) from [0, T ] × C_0 into R^d satisfies (a), (b) and (c). Whereas (d) follows directly from Proposition 2.2 so that S_{{s}} is a continuous selection of S_F .

In order to study topological properties of solution sets to the FDI (2.1.1) we introduce the following definition.

Let (X, d) be a Polish space. A multifunction F : [0, T ] × X → cwk(H) is Lipschitzean approximable if there exists a sequence F_n : [0, T ] × X → cwk(H) (n ≥ 1) satisfying the following properties:

a) Each F_n is λ_n-Lipschitzean, that is ∀ t ∈ [0, T ], ∀ (x, y) ∈ X ×X , h ( F_n(t, x), F_n(t, y) ) ≤ λ_n d(x, y) . b) For every fixed x ∈ X, F (·, x) is measurable on [0, T ]. c) ∀ t ∈ [0, T ], ∀ x ∈ X, lim_{n→∞} h(F_n(t, x), F (t, x)) = 0. d) ∀ n ≥ 1, ∀ t ∈ [0, T ], ∀ x ∈ X, F_{n+1}(t, x) ⊂ F_n(t, x). e) ∀ t ∈ [0, T ], ∀ x ∈ X, F (t, x) = ⋂ n≥1 F_n(t, x). Remarks 1. Each F_n has measurable graph, that is the graph of F_n belongs to L([0, T ]) ⊗ B(X) ⊗ B(H) where L([0, T ]) is the σ-algebra of Lebesgue measurable sets in [0, T ], B(X) and B(H) are the Borel tribe of X and H respectively. Hence, by (e) F also has measurable graph. Since for every fixed t ∈ [0, T ], each F_n(t, ·) has closed graph in X ×H, F (t, ·) also has closed graph in X ×H.

2. Conversely, every upper semicontinuous multifunction F defined on a metric space M with convex weakly compact values in a reflexive Banach space satisfying some growth condition can be approximated by means of a decreasing sequence of multifunctions which are Lipschitzean with respect to the Hausdorff distance (see, for example, Gavioli [19]). Recently Benassi and Gavioli ([2], [3]) state some analogous Lipschitzean approximation results for upper semicontinuous multifunctions defined on a metric space M taking compact connected values in R^d .

3. If X is a compact metric space, F : [0, T ] × X → ck(R^d ) is a bounded multifunction such that the graph of F is a borelian subset of [0, T ] × X × R^d and for every fixed t ∈ [0, T ], the multifunction F (t, ·) is upper semicontinuous, then

F is Lipschitzean-approximable by the F_n with (F_n) equibounded and satisfying (a), (b), (c), (d), (e) in the preceding definition (see, for example, El Arni [16]).

Using the Lipschitzean approximation we have the following: Proposition 3.5. Let F : [0, T ] × C_0 → cwk(H) be such that for every t in [0, T ], F (t, ·) is upper semicontinuous on C_0. Assume that F is Lipschitzean approximable by an equibounded sequence (F_n)_{n≥1}. Then (3.5.1) ∀ φ ∈ K , S_F (φ) = ⋂ n≥1 S_{Fn} (φ) .

Proof: Clearly F (·, u) is measurable on [0, T ] for every fixed u ∈ C_0 and we have (3.5.2) ∀ n ≥ 1, ∀φ ∈ K , S_F (φ) ⊂ S_{Fn} (φ) . Now let x: [−r, T ] → H be a Lipschitzean mapping such that x_0 = φ and x^′(t) ∈ −N_{K(t)}(x(t)) + F_n(t, x_t) a.e.

for every n ≥ 1. Then, there exists h_n ∈ L^∞_H ([0, T ], dt) such that h_n(t) ∈ F_n(t, x_t) a.e. and (3.5.3) x^′(t) − h_n(t) ∈ −N_{K(t)}(x(t)) a.e.

By extracting a subsequence with h_n → h, σ(L^∞, L^1), and by using the convexity of the right hand side of (3.5.3), we conclude classically that (3.5.4) −x^′(t) + h(t) ∈ N_{K(t)}(x(t)) a.e. Since ε_n(t) : = h(F_n(t, x_t), F (t, x_t)) → 0 and h_n(t) ∈ F (t, x_t) + ε_n(t) B_H a.e.

where B_H is the closed unit ball in H, by passing to convex combinations of (h_n(t)), denoted by ~h_n(t), we further have ~h_n(t) → h(t) a.e. in H and ~h_n(t) ∈ ∑ m≥n α_m(t) [ F (t, x_t) + ε_m(t) B_H ] a.e. ,

where ∑ m≥n α_m(t) = 1, α_m(t) ≥ 0. Since F takes convex values, we have

~h_n(t) ∈ F (t, x_t) + ( sup m≥n ε_m(t)) B_H so that in the limit (3.5.5) h(t) ∈ F (t, x_t) a.e. since F (t, x_t) is closed. By (3.5.4) and (3.5.5), x ∈ S_F .

The following result provides the convergence of the sequence S_{Fn} (φ) towards S_F (φ) for the Hausdorff distance Δ associated to the sup-norm ‖ · ‖_T in C_T .

Proposition 3.6. Let F : [0, T ]×C_0 → cwk(H) such that for every t in [0, T ], F (t, ·) is continuous on C_0 with respect to the Hausdorff distance h on cwk(H). If F is Lipschitzean approximable by an equibounded sequence (F_n)_{n≥1}, then, for all φ ∈ K:

(3.6.1) lim_{n→∞} Δ(S_{Fn} (φ), S_F (φ)) = 0 .

Proof: Since S_F (φ) ⊂ S_{Fn} (φ), we only need to show that (3.6.2) lim_{n→∞} sup_{u∈S} Fn (φ) d(u, S_F (φ)) = 0 .

Since S_{Fn} (φ) is compact and the function d(·, S_F (φ)) is continuous, there is u_n ∈ S_{Fn} (φ) such that (3.6.3) d(u_n, S_F (φ)) = sup_{u∈S} Fn (φ) d(u, S_F (φ)) . Recall that u_n : [−r, T ] → H is a Lipschitzean mapping on [0, T ] such that u_{n,0} = φ and that

(3.6.4) u^′_n(t) ∈ −N_{K(t)}(u_n(t)) + F_n(t, (u_n)_t) a.e. t ∈ [0, T ] u_n(t) ∈ K(t) , ∀ t ∈ [0, T ] . Then, there exists h_n ∈ L^∞_H ([0, T ], dt) such that (3.6.5) h_n(t) ∈ F_n(t, (u_n)_t) a.e. t ∈ [0, T ] and that (3.6.6) −u^′_n(t) + h_n(t) ∈ N_{K(t)}(u_n(t)) a.e. t ∈ [0, T ] . Since (u_n)_n is relatively compact in C_T and (u^′_n)_n is relatively σ(L^1, L^∞) compact, by extracting subsequences, we may ensure that u_n → u ∈ C_T for the uniform convergence with u_0 = φ and u^′_n → u^′ ∈ L^1_H ([0, T ], dt) for σ(L^1, L^∞).

Now we claim that u ∈ S_F (φ). Fact 1:

(3.6.7) −u^′(t) + h(t) ∈ N_{K(t)}(u(t)) a.e. t ∈ [0, T ] .

Note that by (3.6.4) and (3.6.6) we have

(3.6.8) u_n(t) ∈ K(t) , ∀ t ∈ [0, T ] ∫_T 0 [ δ^∗ ( −u^′_n(t) + h_n(t), K(t) ) + ⟨ u^′_n(t) − h_n(t), u_n(t) ⟩] dt ≤ 0 . Since u_n → u ∈ C_T , by repeating the arguments of the proof of Proposition 3.3 we obtain

(3.6.9) u(t) ∈ K(t) , ∀ t ∈ [0, T ] ∫_T 0 [ δ^∗ ( −u^′(t) + h(t), K(t) ) + ⟨ u^′(t) − h(t), u(t) ⟩] dt ≤ 0 , by which Fact 1 follows.

Fact 2:

(3.6.10) h(t) ∈ F (t, u_t) a.e. t ∈ [0, T ] .

Let (e_k)_{k≥1} be a sequence in H which separates the points of H. Observe that for every k ≥ 1 and every (t, u) ∈ [0, T ] × C_0, we have

(3.6.11) ↓ lim_{n→∞} δ^∗(e_k, F_n(t, u)) = δ^∗(e_k, F (t, u))

and since F (t, ·) is continuous, by (3.6.11) for every fixed t ∈ [0, T ], and every fixed k ≥ 1, we have

(3.6.12) ↓ lim_{n→∞} δ^∗(e_k, F_n(t, u)) = δ^∗(e_k, F (t, u))

uniformly on {(u_n)_t : n ≥ 1} ∪ {u_t} by virtue of Dini’s theorem. Now (3.6.5) obviously is equivalent to

(3.6.13) ⟨e_k, h_n(t)⟩ ≤ δ^∗(e_k, F_n(t, (u_n)_t)) a.e. t ∈ [0, T ]

for all k ≥ 1 and all n ≥ 1. By (3.6.12), it is not difficult to see that for every k ≥ 1 and every t ∈ [0, T ]

(3.6.14) lim_{n→∞} δ^∗(e_k, F_n(t, (u_n)_t)) = δ^∗(e_k, F (t, u_t)) because (u_n)_t → u_t in C_0 and F (t, ·) is continuous. Using (3.6.13) and integrating, we have

(3.6.15) ∫ A ⟨e_k, h_n(t)⟩ dt ≤ ∫ A δ^∗(e_k, F_n(t, (u_n)_t)) dt

for all k ≥ 1 and for all Lebesgue measurable sets A ⊂ [0, T ]. Since h_n → h weakly in L^1_H ([0, T ], dt), (3.6.13), (3.6.14), (3.6.15) and Lebesgue dominated convergence yield

(3.6.16) ∫ A ⟨e_k, h(t)⟩ dt ≤ ∫ A δ^∗(e_k, F (t, u_t)) dt . Since (3.6.16) holds for all Lebesgue measurable sets A ⊂ [0, T ] and for all k ≥ 1, we get (3.6.10). Hence we conclude that u ∈ S_F (φ) and consequently S_{Fn} (φ) converges towards S_F (φ) for the Hausdorff distance associated to the sup-norm in C_T .

Let us focus our attention to the special case when H is R^d and F is bounded and Carathéodory-Lipschitzean, i.e. F (·, u) is measurable on [0, T ] for every u ∈ C_0 and ∀ t ∈ [0, T ], ∀ (x, y) ∈ C_0 ×C_0 , h(F (t, x), F (t, y)) ≤ c‖x − y‖_0 , with c > 0 and ‖·‖_0 denotes the sup-norm in the Banach space C_0 := C([−r, 0], R^d ) and K(t) = K, ∀ t ∈ [0, T ], where K is a fixed non empty convex compact subset of R^d . We establish a topological property for solution sets of FDI (2.1.1) which follows easily from Propositions 2.2, 3.3 and 3.4.

Proposition 3.7. For every fixed φ_0 ∈ K, S_F (φ_0) is contractible, that is, there exists a continuous map H : [0, 1] × S_F (φ_0) → S_F (φ_0) such that a) H(1, u) = u for every u ∈ S_F (φ_0);

b) There exists ~u ∈ S_F (φ_0) such that H(0, u) = ~u for every u ∈ S_F (φ_0).

Proof: Let g be a Carathéodory–Lipschitzean selection of F which is ensured by the properties of Steiner points of convex compact sets in R^d . For each s ∈ [0, T ] and each φ ∈ K we denote by z(·; s, φ): [s, T ] → R^d the unique solution of the FDI (see Proposition 2.2)

(3.7.1) z^′(t) ∈ −N_K (z(t)) + g(t, z_t) a.e. t ∈ [s, T ] z(t) ∈ K , ∀ t ∈ [s, T ] z_s = φ .

For each (τ, u) ∈ [0, 1] × S_F (φ_0), we set H(τ, u)(t) = { u(t) if t ∈ [0, τT ] z(t; τT, u_{τ T} ) if t ∈ ]τT, T ] . Hence we get a continuous mapping H : [0, 1] × S_F (φ_0) → S_F (φ_0) because of the continuous dependence of the solutions of (3.7.1) upon the data (see Proposition 3.3 and 3.4) with H(1, u) = u and H(0, u) = z(·; 0, φ_0) ∈ S_F (φ_0).

Comments. If H = R^d , if the perturbation F : [0, T ] × C_0 → ck(R^d ) is a bounded Carathéodory multifunction and if the multifunction K is constant, then the previous results show that the solution sets multifunction

S_F : K → C_T : [φ → S_F (φ)]

is the intersection of a decreasing sequence (S_{Fn} )_{n≥1} of contractible compact valued upper semicontinuous multifunctions, namely (∗) ∀ φ ∈ K , S_F (φ) = ⋂ n≥1 S_{Fn} (φ)

and (∗∗) ∀ φ ∈ K , lim_{n→∞} Δ(S_{Fn} (φ), S_F (φ)) = 0 .

Unfortunately we are unable to prove property (∗∗) when F is only measurable in t ∈ [0, T ] and upper semicontinuous in u ∈ C_0. This is an open problem.

4 – Periodic solutions

To end this paper we would like to mention an interesting application to the existence of periodic solutions of the FDI (2.1.1) when K(0) = K(T ) and T ≥ r. This result is a continuation of our recent work on the existence of absolutely continuous and BV periodic solutions for differential inclusions governed by the sweeping process (see [9], [10]).

Proposition 4.1. Let T ≥ r. Let K : [0, T ] → ck(R^d ) be a γ-Lipschitzean multifunction with K(0) = K(T ). Let F : [0, T ] × C([−r, 0], R^d ) → ck(R^d ). Assume that F is Lipschitzean-approximable by an equibounded sequence (F_n)_{n≥1} of measurable Lipschitzean convex compact valued multifunctions (|F_n(t, u)| ≤ m < ∞, ∀ n ≥ 1, ∀ (t, u) ∈ [0, T ] × C([−r, 0], R^d )). Then there exists a (γ + 2m)- Lipschitzean function u: [−r, T ] → R^d such that u^′(t) ∈ −N_{K(t)}(u(t)) + F (t, u_t) a.e. t ∈ [0, T ] u(t) ∈ K(t) , ∀ t ∈ [0, T ] u_0 = u_T .

Proof: Since T ≥ r, then by taking (4.1.1) ~K(τ) = K(T + τ) , τ ∈ [−r, 0] , we define an extension of K to the whole interval [−r, T ]. Moreover, ~K is γ-Lipschitzean (the assumption K(0) = K(T ) implies its continuity at zero). We introduce a subset of the Banach space C_0 := C([−r, 0], R^d ):

K_λ : = { φ ∈ C_0 : φ(τ)∈ ~K(τ), ‖φ(τ) − φ(τ )‖ ≤ λ|τ − τ|, ∀ τ, τ ∈ [−r, 0] } , where λ = γ + 2m; K_λ is convex compact and nonempty; in fact, any solution of the sweeping process by ~K is an element of K_λ.

The outline of the proof is the following. For notational convenience, we set F_∞ = F .

For each n ∈ N^∗ ∪ {∞} and each φ ∈ K_λ, we denote by S_{Fn} (φ) the set of all absolutely continuous mappings u: [−r, T ] → R^d such that

(4.1.2)_n u^′(t) ∈ −N_{K(t)}(u(t)) + F_n(t, u_t) a.e. t ∈ [0, T ] u(t) ∈ K(t) , ∀ t ∈ [0, T ] u_0 = φ in [−r, 0] .

By Lemma 2.1, Theorem 2.2 and the definition of K_λ, any solution u ∈ S_{Fn} (φ) is λ-Lipschitzean. Now we introduce the set (4.1.3)_n S_{Fn,T} (φ) : = { u_T ∈ C_0 : u ∈ S_{Fn} (φ) }

and we consider the multifunction (4.1.4)_n S_{Fn,T} : φ → S_{Fn} (φ) .

Since every u ∈ S_{Fn} (φ) satisfies u(t) ∈ K(t), ∀ t ∈ [0, T ], by (4.1.1) we have ∀ τ ∈ [−r, 0] , u_T (τ) : = u(T + τ) ∈ K(T + τ) = ~K(τ) . Hence S_{Fn,T} (φ) ⊂ K_λ for all φ ∈ K_λ.

By Proposition 3.3, the multifunctions S_{Fn} : K_λ → K_λ (n ∈ N^∗ ∪ {∞}) have compact graph and satisfy (see Proposition 3.5) ∀ φ ∈ K_λ , S_{F∞} (φ) = ⋂ n≥1 S_{Fn} (φ) . Moreover, by Proposition 3.4 each S_{Fn} (n ∈ N^∗ ) admits a continuous selection. Hence it is not difficult to see that the multifunctions S_{Fn,T} enjoy the same properties. Namely,

a) S_{Fn,T} : K_λ → K_λ (n ∈ N^∗ ∪ {∞}) has compact graph. b) ∀ φ ∈ K_λ, S_{F∞,T} (φ) = ⋂ n≥1 S_{Fn,T} (φ). c) S_{Fn,T} (n ∈ N^∗ ) admits a continuous selection.

Hence (a), (b), (c) imply that the multifunction S_{F∞,T} admits a fixed point φ ∈ S_{F∞,T} (φ) (see [22], Theorem A.III.1). Whence there is u ∈ S_{F∞} (φ) such that φ = u_T . So we conclude that u solves u^′(t) ∈ −N_{K(t)}(u(t)) + F (t, u_t) a.e. t ∈ [0, T ] u(t) ∈ K(t) , ∀ t ∈ [0, T ] u_0 = u_T .

ACKNOWLEDGEMENT – This work was partially supported by FEDER, project PRAXIS/2/2.1/MAT/125/94 “Análise local e global das equações diferenciais. Fundamentos e aplicações”.

REFERENCES [1] Barbu, V. – Nonlinear semigroups and differential equations in Banach spaces, Editura Academiei, 1976.

[2] Benassi, C. and Gavioli, A. – Approximation from the exterior of a multifunction with connected values defined on an interval, Atti Sem. Mat. Fis. Univ. Modena, 42 (1994), 237–252.

506 C. CASTAING and M.D.P. MONTEIRO MARQUES

[3] Benassi, C. and Gavioli, A. – Approximation from the exterior of multifunctions with connected values, Set-Valued Anal., 2 (1994), 487–503.

[4] De Blasi, F.S. and Pianigiani, G. – On the solution sets of nonconvex differential inclusions, Centro Vito Volterra, Università Degli Studi Di Roma II, Preprint 73, 1991, 18 pages.

[5] Brézis, H. – Opérateurs maximaux monotones, North-Holland, Amsterdam, 1973. [6] Castaing, C., Duc Ha, T.X. and Valadier, M. – Evolution equations governed by the sweeping process, Set-Valued Analysis, 1 (1993), 109–139.

[7] Castaing, C. and Monteiro Marques, M.D.P. – Evolution problems associated with nonconvex closed moving sets with bounded variation, Portug. Mathem., 53 (1996), 73–87.

[8] Castaing, C. and Monteiro Marques, M.D.P. – Sweeping process by nonconvex closed moving sets with perturbation, C.R. Acad. Sci. I, 319 (1994), 127–132.

[9] Castaing, C. and Monteiro Marques, M.D.P. – Periodic solutions of evolution problem associated with moving convex sets, Discussiones Mathematicae- Differential Inclusions, 15 (1995), 99–127.

[10] Castaing, C. and Monteiro Marques, M.D.P. – BV periodic solutions of evolution problem associated with continuous moving convex sets, Set-Valued Analysis, 3 (1995), 381–389.

[11] Castaing, C. and Monteiro Marques, M.D.P. – A multivalued version of Scorza–Dragoni theorem with an application to normal integrands, Bull. Pol. Acad. Math., 42 (1994), 133–140.

[12] Castaing, C., Moussaoui, M. and Syam, A. – Multivalued differential equations on closed convex sets in Banach spaces, Set-Valued Analysis, 1 (1994), 329–353.

[13] Castaing, C. and Valadier, M. – Convex analysis and measurable multifunctions, Lecture Notes in Math. 580, Springer Verlag, Berlin, 1977.

[14] Deimling, K. – Multivalued differential equations, Walter de Gruyter, Berlin, New York, 1992.

[15] Duc Ha., TX. and Monteiro Marques, M.D.P. – Nonconvex second-order differential inclusions with memory, Set-Valued Analysis, 3 (1995), 71–86.

[16] El Arni, A. – Multifonctions séparément mesurables et séparément equi-semicon-tinues inférieurement, Approximation lipschitzienne, Thèse, Université Montpellier II, 1986.

[17] Fitzgibbon, W.E. – Semilinear functional equations in Banach space, J. Diff.

Equations, 29 (1978), 1–14.

[18] Fryszkowski, A. – Existence of solutions of functional-differential inclusion in nonconvex case, Ann. Polon. Math., 45 (1985), 121–124.

[19] Gavioli, A. – Approximation from the exterior of a multifunction and its application to the sweeping process, J. Diff. Equations, 92 (1991), 373–383.

[20] Haddad, G. – Monotone viable trajectories for functional differential inclusions, J. Diff. Equations, 42 (1981), 1–24.

[21] Haddad, G. – Topological properties of the sets of solutions for functional differential inclusions, Nonlinear Anal., 5 (1981), 1349–1366.

[22] Haddad, G. and Lasry, J.M. – Periodic solutions of functional differential inclusions and fixed points of σ-selectionable correspondences, J. Math. Anal. Appl., 96 (1983), 295–312.

[23] Hale, J.K. and Lunel, S.M.V. – Introduction to functional differential equations, Springer Verlag, 1993.

[24] Kato, S. – Existence, uniqueness and continuous dependence of solutions of delaydifferential equations with infinite delays in Banach space, J. Math. Anal. Appl., 195 (1995), 82–91.

[25] Mitidieri, E. and Vrabie, I.I. – Existence for nonlinear functional differential equations, Hiroshima Math. J., 17 (1987), 627–649.

[26] Mitidieri, E. and Vrabie, I.I. – A class of strongly nonlinear functional differential equations, Università degli Studi di Trieste, Istituto di Matematica, Quaderni Matematici II Serie, 122 (1986), 1–29.

[27] Moreau, J.J. – Evolution problem associated with a moving convex set in a Hilbert space, J. Diff. Equations, 26 (1977), 347–374.

[28] Saint Pierre, J. – Points de Steiner et sections lipschitziennes, Séminaire Analyse Convexe Montpellier, 15 (1985), 7.1–7.42.

[29] Travis, C.C. and Webb, G.F. – Existence, stability and compactness in the α-norm for partial functional differential equations, Trans. Amer. Math. Soc., 240 (1978), 129–143.

[30] Valadier, M. – Applications des mesures de Young aux suites uniformément intégrables dans un espace de Banach, Séminaire Analyse Convexe Montpellier, 20 (1990), 3.1–3.14.

[31] Vrabie, I.I. – Compactness methods for nonlinear evolutions, Pitman Monographs and Surveys in Pure and Applied Mathematics, J. Wiley, New York, 1987.

Charles Castaing, Département de Mathématiques, Université Montpellier II, case 051, Place Eugène Bataillon, F-34095 Montpellier cedex 05 – FRANCE and Manuel D.P. Monteiro Marques, C.M.A.F. and Faculdade de Ciências da Universidade de Lisboa, Av. Prof. Gama Pinto, 2, 1699 Lisboa Codex – PORTUGAL