PORTUGALIAE MATHEMATICA

Vol. 55 Fasc. 1 – 1998

A NEW EXTENSION OF KOMLÓS’ THEOREM IN INFINITE DIMENSIONS.

APPLICATION: WEAK COMPACTNESS IN L^1_X

M. Saadoune *

Abstract: A new version of Komlós’ theorem in infinite dimensions is presented. It gives a different approach to well-known theorems (C. Castaing [11], A. Ülger [30] and J. Diestel–W.M. Ruess–W. Schachermayer [17]).

1 – Introduction

The purpose of this paper is to prove Komlós’ theorem for bounded sequences in L^1_X (X being a separable Banach space) that satisfy a tightness condition formulated in the manner of A. Ülger [30]. We obtain our result (Theorems 1 and 2) by combining truncation arguments and the diagonal process based on successively applying the scalar version of Komlós’ theorem, via the biting lemma. Corollaries 3–6 are special cases of Theorems 1–2 and include results of E.J. Balder [5].

As applications, we recover directly from Corollary 3, by using the Lebesgue– Vitali theorem, a relative weak compactness criterion of C. Castaing [[11], Th. 4.1, p. 2.14]: (Theorem 7). More generally, we obtain, from Theorem 1, a general weak compactness criterion (Theorem 8): the relative weak compactness in L^1_X is characterized by the uniform integrability and the tightness condition used in Theorem 1. This result involves recent criterions obtained by A. Ülger [30] and J. Diestel–W.M. Ruess–W. Schachermayer [17].

Received: September 9, 1996; Revised: June 11, 1997.

Keywords: Bounded sequences in L^1_X , Biting lemma, Uniform integrability, Tightness, Komlós’ theorem, Weak compactness.

* This paper was partially written while the author was visiting the University of Montpellier II. He gratefully acknowledges the support of (Action Intégrée No 95/0849).

2 – Notations, definitions and background

Throughout this paper the triple (Ω, F, μ) is a finite measure space. Without loss of generality we assume μ(Ω) = 1. (X, | · |) is a separable Banach space. The norm topology on X will be referred to by the symbol s. The weak topology σ(X, X^∗) on X will be indicated similarly by the symbol w. Here X^∗ stands for the topological dual of X, the duality between X and X^∗ is denoted by ⟨ , ⟩. The (prequotient) space of all X-valued Bochner-integrable functions will be denoted by L^1_X .

Recall (see [23]) that the dual of L^1_X is the (quotient) space L^∞_X∗ [X] of scalarly measurable bounded functions from Ω into X^∗. We denote by L^0_X∗ [X] the (prequotient) space of scalarly measurable functions from Ω into X^∗.

Also recall that a subset H of L^1_X is uniformly integrable (briefly UI) if

lim_{t→∞} sup_{u∈H} ∫ [|u|>t] |u| dμ = 0 . It is well known that H is UI if it is bounded (i.e. sup_{u∈H} ∫ Ω |u| dμ < +∞) and lim μ(A)→0 sup_{u∈H} ∫ A |u| dμ = 0 .

Definition. A set H of measurable functions is w-tight (resp. s-tight) if ∀ϵ>0, there exists a measurable multifunction (for measurability of multifunctions see [13]) with w-compact (resp. s-compact) values K_ϵ such that ∀ u ∈ H, μ ({ ω ∈ Ω: u(ω) /∈ K_ϵ(ω) }) ≤ ϵ .

The following equivalent formulation of tightness is given in [4].

Definition. A set H of measurable functions is w-tight (resp. s-tight) if there exists an F ⊗B-measurable integrand h: Ω×X → [0, +∞] which is w-inf-compact (resp. s-inf-compact) and such that (‡) sup_{u∈H} ∫ Ω h(ω, u(ω)) dμ < +∞ .

This notion of tightness goes back to 1979 (see C. Castaing [10] and K.T. Andrews [2]). For more on tightness see [1], [7], [24], [27]. Note that every bounded subset of L^1_X is w-tight whenever X is reflexive.

Remark. In the first formulation of tightness the multifunctions K_ϵ can be assumed to be convex valued but in the second formulation its not always possible to replace h by a convex inf-compact function: the following is due to M. Valadier. Let dω be the Lebesgue measure on [0, 1].

Proposition. Let X be a Banach space containing a bounded sequence (e_n)_{n∈N}∗ which does not admit any w-convergent subsequence. Then there exists a bounded set H in L^1_X ([0, 1], dω) which is s-tight and such that there exists no measurable integrand h: [0, 1]×X → [0, +∞] which is convex and w-inf-compact in x and which satisfies (‡).

Proof: We may suppose without loss of generality that m ≠ n ⇒ me_m ≠ ne_n ≠ 0. Let us consider H :={ne_n1_A : n ∈ N^∗ , μ(A) = 1/n} ∪ {0}. Then H is bounded in L^1_X . Let h_0 be defined by h_0(0) = 0, h_0(ne_n) = n for n ≥ 1 and h_0(x) = +∞ elsewhere. Thus h_0 is s-inf-compact and satisfies sup_{u∈H} ∫ [0,1] (h_0 ∘ u)(ω) dω ≤ 1 , hence H is s-tight.

Now suppose that h : [0, 1] × X → [0, +∞] is any convex weakly inf-compact integrand satisfying (‡). Then h(ω, e_n) → +∞ because otherwise there would exist M < +∞ and a subsequence (e_{nk} )_k such that sup_k h(ω, e_{nk} ) ≤ M and the sequence (e_{nk} )_k would admit a w-convergent further subsequence. If u_n = ne_n1_{An} ∈ H, ∫ [0,1] h(ω, u_n(ω)) dω ≥ ∫ A_n h(ω, ne_n) dω . It is possible to choose A_n such that ∫ [0,1] h(ω, un(ω)) dω → +∞. Indeed, since

0 ∈ H, one has h(ω, 0) < +∞ a.e. By convexity h(ω, ne_n) ≥ n[h(ω, e_n) − (1 −^1_n ) h(ω, 0)] ≥ n[h(ω, e_n) − h(ω, 0)]. Then by Egorov’s theorem, there exists a Borel subset B of [0, 1] such that μ(B) ≥ 1/2 and such that the sequence (h(., e_n) − h(., 0))_n converges uniformly to +∞ on B. It remains to choose, for n ≥ 2, A_n contained in B.

Let us introduce the following notion of convergence [7].

Definition. Let (u_n)_{n∈N}∗_{∪{∞}} be a sequence of measurable functions from Ω into X and Y be a subset of X^∗.

– (u_n)_n is said to K-converge (resp. σ(X, Y )-K-converge) almost everywhere on Ω to u_∞, if for every subsequence (u_{ni} )_i of (u_n)_n there exists a null set

N ∈ F such that for every ω ∈ Ω\N, 1 n n∑ i=1 u_{ni} (ω) → u_∞(ω) ( resp. ∀ x^∗ ∈ Y, ⟨ x^∗, 1 n n∑ i=1 u_{ni} (ω) ⟩ → ⟨x^∗, u_∞(ω)⟩ ) ; – (u_n)_n is said to K-converge in measure to u_∞, if for every subsequence (u_{ni} )_i of (u_n)_n 1 n n∑ i=1 u_{ni} → u_∞ in measure .

Remark. Let (a_n)_{n∈N}∗ be a sequence in R and a ∈ R. Then, (a_n)_n K-converges to a (consider each a_n as a constant function from Ω into R in the definition above) is equivalent to a_n → a.

A celebrated discovery of Komlós [25] is as follows:

Theorem. Let (u_n)_n be a bounded sequence of integrable functions from Ω into R. Then (u_n)_n has a subsequence which K-converges a.e. to an integrable function.

This result has received a new proof by S.D. Chatterji [14], (see also [29] for a short proof).

3 – Generalized Komlós’ theorem

The main result of this paper is the following theorem under a w-tightness assumption.

Theorem 1. Let (u_n)_n be a bounded sequence in L^1_X such that the following tightness condition holds

T_1: Given any subsequence (u_{ki} )_i of (u_n)_n, there exists a w-tight sequence (v_n)_n with v_n ∈ co{u_{ki} : i ≥ n}. Let D be a countable σ(X^∗, X)-dense subset of the unit ball B^∗ of X^∗. Then there exist a function u_∞ in L^1_X and a subsequence (u^′_n)_n of (u_n)_n such that (a) (u^′_n)_n σ(X, D)-K-converges a.e. to u_∞;

(b_1) every w-tight sequence (v_n)_n, with v_n ∈ co{u^′_i : i ≥ n} has a subsequence (v^′_n)_n such that

(v^′_n)_n σ(X, D)-K-converges a.e. to u_∞ , ∀ h ∈ L^0_X∗ [X] , (⟨h, v^′_n⟩)_n K-converges in measure to ⟨h, u_∞⟩ .

Proof: The proof will be given in three steps.

Step 1 – Existence of (u^′_n)_n: by the biting lemma (see [18], a proof of the biting lemma is reproduced in [26]), there exist an increasing sequence of measurable sets A_p with lim_{p→∞} μ(A_p) = 1 and a subsequence (u^′_n)_n of (u_n)_n such that

(1) ∀ p, the sequence (1_{Ap} u^′_n)_n is UI .

On the other hand, using Komlós’ theorem and the diagonal sequence process, we obtain the existence of integrable functions α_x∗ , (x^∗ ∈ D), from Ω into R, and of a subsequence of (u^′_n)_n, which we may still denote by (u^′_n)_n, such that for every further subsequence (u^′_{ni} )_i of (u^′_n)_n (2) ∀ x^∗ ∈ D , 1 n n∑ i=1 ⟨x^∗, u^′_{ni} (ω)⟩ → α_x∗ (ω) a.e. Let (v_n)_n be an arbitrary fixed and w-tight sequence, with v_n ∈ co{u^′_i : i ≥ n}. Then, for each q ∈ N^∗ , there exists a measurable multifunction with w-compact values K_q such that (3) ∀ n , μ(Ω\B_{n,q}) ≤ 1 q , where B_{n,q} : = { ω ∈ Ω: v_n(ω) ∈ K_q(ω) } . The same diagonal process used above gives for the sequences (⟨x^∗, v_n⟩)_n and (⟨x^∗, 1_{Bn,q} v_n⟩)_n, the existence of integrable functions β_x∗ and β_x∗_{,q} (x^∗ ∈ D, q ∈ N^∗ ), and of a subsequence (v^′_n)_n of (v_n)_n such that for every further subsequence (v^′_{ni} )_i of (v^′_n)_n ∀ x^∗ ∈ D , 1 n n∑ i=1 ⟨x^∗, v^′_{ni} (ω)⟩ → β_x∗ (ω) a.e. , (4) ∀ x^∗ ∈ D, ∀ q ∈ N^∗ , 1 n n∑ i=1 ⟨x^∗, 1_B′_{ni,q} v^′_{ni} (ω)⟩ → β_x∗_{,q}(ω) a.e. , (5) where for each q ∈ N^∗ , (B^′_{n,q})_n is the subsequence of (B_{n,q})_n corresponding to (v^′_n)_n.

By (1), (2), (4) and Vitali’s theorem we have, for every x^∗ ∈ D, every p, every A ∈ A_p ∩ F, every subsequence (u^′_{ni} )_i of (u^′_n)_n and every subsequence (v^′_{ni} )_i of (v^′_n)_n lim_{n→∞} 1 n n∑ i=1 ∫ A ⟨x^∗, u^′_{ni} ⟩ dμ = ∫ A α_x∗ dμ and lim_{n→∞} 1 n n∑ i=1 ∫ A ⟨x^∗, v^′_{ni} ⟩ dμ = ∫ A β_x∗ dμ . Hence, by using the remark given in section 2, we get, for every x^∗ ∈ D, every p and every A ∈ A_p ∩ F, lim_{n→∞} ∫ A ⟨x^∗, u^′_n⟩ dμ = ∫ A α_x∗ dμ , (6) lim_{n→∞} ∫ A ⟨x^∗, v^′_n⟩ dμ = ∫ A β_x∗ dμ . (7) Each v^′_n is of the form

v^′_n = ∑ i≤J_n λ_i u^′_{i+n}, with λ_i ≥ 0 and ∑ i≤J_n λ_i = 1 .

Using (6), (7) and this expression of v^′_n, one can easily see that for every x^∗ ∈ D, every p and every A ∈ A_p ∩ F, ∫ A α_x∗ dμ = ∫ A β_x∗ dμ . Therefore, since D is countable and lim_{p→∞} μ(A_p) = 1, we deduce that for every x^∗ ∈ D (8) α_x∗ (ω) = β_x∗ (ω) a.e.

Step 2 – Existence of u_∞: we define for all n ∈ N^∗ and q ∈ N^∗ the following partial sums

S^′_n := 1 n n∑ i=1 v^′_i and S^′_{n,q} : = 1 n n∑ i=1 1_B′_{i,q} v^′_i .

1) Let q ∈ N^∗ . We may assume that K_q(ω) is convex and contains 0 for each ω ∈ Ω by considering the corresponding multifunction co(K_q(.) ∪ {0}), thanks to Krein and Eberlein–Šmulian’s theorem [[22], Th. 19 E]. The measurability of this new map follows from [[13], Th. III.40] and [[21], Remark (1), p. 163].

Since S^′_{n,q}(ω) belongs to the w-compact set K_q(ω) for all n ∈ N^∗ and all ω ∈ Ω, there exists a subsequence (S^′_{ni,q}(ω))_i of (S^′_{n,q}(ω))_n (possibly depending upon ω), which w-converges to some limit point x_{q,ω}. But, because of (5) the entire sequence (S^′_{n,q}(ω))_n w-converges to the same limit point whenever ω is outside some negligible set N. Thus, we obtain (9) ∀ x^∗ ∈ D, ∀ ω ∈ Ω\N , β_x∗_{,q}(ω) = ⟨x^∗, x_{q,ω}⟩ a.e. Define u^∞_q (ω) : = x_{q,ω} for ω ∈ Ω\N and u^∞_q (ω) : = 0 for ω ∈ N. Then it is easily seen by the Pettis measurability theorem [[16], Th. 2, II] that u^∞_q is measurable.

2) Let h ∈ L^∞_X∗ [X]. Since the sequence (⟨h, 1_{Ap} S^′_{n,q}⟩)_n is UI and converges a.e. to ⟨h, 1_{Ap} u^∞_q ⟩ for all p and all q ∈ N^∗ , the Lebesgue–Vitali theorem gives

(10) ∫ A_p | | |⟨h, S^′_{n,q}⟩ − ⟨h, u^∞_q ⟩ | | | dμ → 0 , hence ∀ p, ∀ q ∈ N^∗ , 1_{Ap} S^′_{n,q} → 1_{Ap} u^∞_q weakly in L^1_X .

Furthermore, ∀ p, ∀ q ∈ N^∗ ,

sup_n ∫ A_p |S^′_n − S^′_{n,q}| dμ ≤ sup_n 1 n n∑ i=1 ∫ A_p∩(Ω\B^′_{i,q} ) |v^′_i| dμ ≤ sup_n ∫ A_p∩(Ω\B^′_{n,q} ) |v^′_n| dμ ≤ sup_n sup_m ∫ A_p∩(Ω\B^′_{n,q} ) |u^′_m| dμ .

As (1) and (3) ensure

∀ p , lim_{q→∞} sup_n sup_m ∫ A_p∩(Ω\B^′_{n,q} ) |u^′_m| dμ = 0 , we obtain

(11) ∀ p , lim_{q→∞} sup_n ∫ A_p |S^′_n − S^′_{n,q}| dμ = 0 . Consequently, by Grothendieck’s weak relative compactness lemma [[20], ch. 5, 4, n^∘ 1], for each p, the sequence (1_{Ap} S^′_n)_n is relatively weakly compact in L^1_X .

3) For each p choose a weak limit point u_{∞,p} of the sequence (1_{Ap} S^′_n)_n. Then, by (7), we obtain ∀ x^∗ ∈ D, ∀ A ∈ A_p ∩ F, ∫ A β_x∗ dμ = lim_{n→∞} ∫ A ⟨x^∗, v^′_n⟩ dμ = lim_{n→∞} ∫ A ⟨x^∗, S^′_n⟩ dμ = ∫ A ⟨x^∗, u_{∞,p}⟩ dμ , hence ∀ x^∗ ∈ D , β_x∗ (ω) = ⟨x^∗, u_{∞,p}(ω)⟩ a.e. in A_p . Since lim_{p→∞} μ(A_p) = 1, there exists a measurable function u_∞ defined on all Ω such that (12) ∀ x^∗ ∈ D , β_x∗ (ω) = ⟨x^∗, u_∞(ω)⟩ a.e. Moreover, by (4) and (12), we have ∀ x^∗ ∈ D , ⟨x^∗, S^′_n(ω)⟩ → ⟨x^∗, u_∞(ω)⟩ a.e. which implies |u_∞(ω)| ≤ lim inf_{n→∞} |S^′_n(ω)| a.e.

and hence ∫ Ω |u_∞| dμ ≤ ∫ Ω lim inf n→∞ |S^′_n| dμ . By Fatou’s lemma we get ∫ Ω |u_∞| dμ ≤ sup_n ∫ Ω |S^′_n| dμ ≤ sup_n ∫ Ω |u_n| dμ < +∞ and hence u_∞ ∈ L^1_X .

Step 3 – (u^′_n)_n and u_∞ have the required properties. 1) By combining (2), (4), (8) and (12), we obtain (13) (u^′_n)_n and (v^′_n)_n σ(X, D)-K-converge a.e. to u_∞ . Furthermore, from (5) and (9) we deduce that (14) ∀ q ∈ N^∗ , (1_B′_{n,q} v^′_n)_n σ(X, X^∗)-K-converges a.e. to u^∞_q .

Fix h in L^0_X∗ [X]. We shall show that (⟨h, v^′_n⟩)_n K-converges in measure to ⟨h, u_∞⟩.

By considering the function h/(1+|h|), we may suppose that |h|_∞ < 1. Let (v^′_{ni} )_i

be a subsequence of (v^′_n)_n. By (13) and (14), we have ∀ x^∗ ∈ D , ⟨x^∗, S^{′′}_n(ω)⟩ → ⟨x^∗, u_∞(ω)⟩ a.e. and ∀ x^∗ ∈ D, ∀ q ∈ N^∗ , ⟨x^∗, S^{′′}_{n,q}(ω)⟩ → ⟨x^∗, u^∞_q (ω)⟩ a.e. where

S^{′′}_n := 1 n n∑ i=1 v^′_{ni} and S^{′′}_{n,q} : = 1 n n∑ i=1 1_B′_{ni ,q} v^′_{ni} (n ∈ N^∗ ) . Then ∀ x^∗ ∈D, ∀ q ∈N^∗ , | | | ⟨ x^∗, S^{′′}_n(ω) − S^{′′}_{n,q}(ω) ⟩| | → | | | ⟨ x^∗, u_∞(ω) − u^∞_q (ω) ⟩| | a.e.

Hence for all q ∈ N^∗ and for a.e. ω we have | | |u_∞(ω) − u^∞_q (ω) | | | = sup_{x∗∈D} | | | ⟨ x^∗, u_∞(ω) − u^∞_q (ω) ⟩| | ≤ lim inf_n | | |S^{′′}_n(ω) − S^{′′}_{n,q}(ω) | | | . This inequality implies that ∀ n ∈ N^∗ , ∀ p and ∀ q ∈ N^∗ ∫ A_p | | |⟨h, S^{′′}_n⟩−⟨h, u_∞⟩ | | | dμ ≤ ∫ A_p | | |⟨h, S^{′′}_n⟩−⟨h, S^{′′}_{n,q}⟩ | | | dμ + ∫ A_p | | |⟨h, S^{′′}_{n,q}⟩−⟨h, u^∞_q ⟩ | | | dμ + ∫ A_p | | |⟨h, u^∞_q ⟩ − ⟨h, u_∞⟩ | | | dμ ≤ ∫ A_p |S^{′′}_n − S^{′′}_{n,q}| dμ + ∫ A_p | | |⟨h, S^{′′}_{n,q}⟩ − ⟨h, u^∞_q ⟩ | | | dμ + ∫ A_p lim inf_n |S^{′′}_n − S^{′′}_{n,q}| dμ . Then by Fatou’s lemma, ∀ n ∈ N^∗ , ∀ p and ∀ q ∈ N^∗ , ∫ A_p | |⟨h, S_{′′n}⟩−⟨h, u_∞⟩ | | dμ ≤ 2 sup n ∫ A_p |S^{′′}_n − S^{′′}_{n,q}| dμ + ∫ A_p | |⟨h, S_{′′n,q}⟩−⟨h, u_{∞q} ⟩ | | dμ .

Using similar arguments to those used to prove (10) and (11), we obtain ∀ p, ∀ q ∈ N^∗ , lim_{n→∞} ∫ A_p | |⟨h, S^{′′}_{n,q}⟩ − ⟨h, u^∞_q ⟩ | | dμ = 0 and ∀ p , lim_{q→∞} sup_n ∫ A_p |S^{′′}_n − S^{′′}_{n,q}| dμ = 0 hence ∀ p , lim_{n→∞} ∫ A_p | | |⟨h, S^{′′}_n⟩ − ⟨h, u_∞⟩ | | | dμ = 0 . Let ϵ > 0. For p and n sufficiently large, we have μ(Ω\A_p) < ϵ 2 and ∫ A_p | | |⟨h, S^{′′}_n⟩ − ⟨h, u_∞⟩ | | | dμ ≤ ϵ^2 2 . Therefore, by Markov’s inequality, we get μ ({ ω ∈ A_p : | |⟨h(ω), S^{′′}_n(ω)⟩ − ⟨h(ω), u_∞(ω)⟩ | | > ϵ }) ≤ ϵ 2 then μ ({ ω ∈ Ω: | |⟨h(ω), S^{′′}_n(ω)⟩ − ⟨h(ω), u_∞(ω)⟩ | | > ϵ }) ≤ μ(Ω\A_p) + ϵ 2 < ϵ . Thus ⟨h, S^{′′}_n⟩ → ⟨h, u_∞⟩ in measure.

2) Finally, if (w_n)_n is any other w-tight sequence, with w_n ∈ co{u^′_i : i ≥ n}, then the same method applied to (v_n)_n gives for (w_n)_n the existence of a subsequence (w^′_n)_n of (w_n)_n and of a function v_∞ ∈ L^1_X such that

(u^′_n)_n and (w^′_n)_n σ(X, D)-K-converge a.e. to v_∞

∀ h ∈ L^0_X∗ [X] , (⟨h, w^′_n⟩)_n K-converges in measure to ⟨h, v_∞⟩ .

Since (u^′_n)_n σ(X, D)-K-converges a.e. to u_∞, we get v_∞ = u_∞ a.e., so the proof is complete.

Now we give the version of Theorem 1 relative to the s-tightness assumption.

Theorem 2. Let (u_n)_n be a bounded sequence in L^1_X such that the following tightness condition holds

T_2: Given any subsequence (u_{ki} )_i of (u_n)_n, there exists a s-tight sequence (v_n)_n with v_n ∈ co{u_{ki} : i ≥ n}. Let D be a countable σ(X^∗, X)-dense subset of the unit ball, B^∗, of X^∗. Then there exist a function u_∞ in L^1_X and a subsequence (u^′_n)_n of (u_n)_n such that (a) (u^′_n)_n σ(X, D)-K-converges a.e. to u_∞;

(b_2) Every s-tight sequence (v_n)_n, with v_n ∈ co{u^′_i : i ≥ n} has a subsequence (v^′_n)_n such that

(v^′_n)_n σ(X, D)-K-converges a.e. to u_∞ , (v^′_n)_n K-converges in measure to u_∞ .

Proof: The proof is almost the same as the one given above. We will only consider the points which need to be modified. Since each multifunction K_q has s-compact values, the sequence (S^′_{n,q})_n s-converges a.e. to u^∞_q . Therefore, by Lebesgue–Vitali’s theorem, ∀ p, ∀ q , ∫ A_p |S^′_{n,q} − u^∞_q | dμ → 0 . Consequently, by virtue of (11), for each p the sequence (1_{Ap} S^′_n)_n is relatively strongly compact in L^1_X . Hence, (S^′_n)_n is precompact in measure. If u_∞ is a limit point of (S^′_n)_n with respect to the topology of convergence in measure, then by (4), ∀ x^∗ ∈ D , β_x∗ (ω) = ⟨x^∗, u_∞(ω)⟩ a.e. Therefore (S^′_n)_n converges in measure to u_∞. The remainder of the proof follows easily from the proof of Theorem 1.

Every w-tight (resp. s-tight) sequence satisfies T_1 (resp. T_2). So we have the following

Corollary 3. Let (u_n)_n be a bounded sequence in L^1_X and D a countable σ(X^∗, X)-dense subset of B^∗. If (u_n)_n is w-tight (resp. s-tight), then there exist a function u_∞ in L^1_X and a subsequence (u^′_n)_n of (u_n)_n for which (a) and (b^′_1) (resp. (a) and (b^′_2)) hold, where

(b^′_1) ∀ h ∈ L^0_X∗ [X], (⟨h, u^′_n⟩)_n K-converge in measure to ⟨h, u_∞⟩;

(b^′_2) (u^′_n)_n K-converges in measure to u_∞.

The following result is due to E.J. Balder [[5], Th. B].

Corollary 4. Assume that X is not necessarily separable. Let (u_n)_n be a bounded sequence in L^1_X such that {u_n(ω) : n ∈ N} is a.e. relatively w-compact. Then there exist a subsequence of (u_n)_n that w-K-converges a.e. to a Bochner integrable function.

Proof: By the Pettis measurability theorem, we may assume that X is separable. So by Corollary 3, there exist a subsequence of (u_n)_n and a function in L^1_X for which (a) holds. Since {u_n(ω): n ∈ N} is a.e. relatively w-compact, we conclude, by Krein and Eberlein–Šmulian’s theorem, that the convergence in (a) extends to all x^∗ ∈ X^∗.

Corollary 5. Assume that X^∗ is strongly separable. Let (u_n)_n be a bounded sequence in L^1_X such that the condition T_1 holds. Then there exist a subsequence of (u_n)_n that w-K-converges a.e. to a Bochner integrable function.

Proof: Let D be a countable strongly dense subset of B^∗. Let (u^′_n)_n and u_∞ be as obtained in Theorem 1. By Komlós’ theorem and by extracting a subsequence if necessary, we may suppose that the sequence (|u^′_n|)_n K-converges a.e. to an integrable function from Ω into R^+ . Hence, for every further subsequence (u^′_{ni} )_i of (u^′_n)_n, the sequence (^1_n ∑_n i=1 u^′_{ni} (ω))_n is a.e. bounded. Therefore, since (u^′_n)_n σ(X, D)-K-converges a.e. to u_∞ and D is dense, the sequence (u^′_n)_n w-K-converges a.e. to u_∞.

From Corollary 5 we deduce the following result, which is due to E.J. Balder [[5], Th. A].

Corollary 6. Assume that X is a reflexive Banach space (not necessarily separable). Let (u_n)_n be a bounded sequence in L^1_X . Then there exist a subsequence of (u_n)_n that w-K-converges a.e. to a Bochner integrable function.

Proof: By the Pettis measurability theorem, we may assume that X is separable. Furthermore, since X is reflexive, X^∗ is strongly separable. And, by the boundedness assumption and reflexivity of X, the sequence (u_n)_n is w-tight. Thus we return to the situation of Corollary 5.

4 – Applications

As an immediate application of our results we have the following theorem, which is due to C. Castaing [[11], Th. 4.1, p. 2. 14], see also [[1], Th. 6].

Theorem 7. Let H be a w-tight uniformly integrable subset of L^1_X . Then H is sequentially relatively weakly compact (and hence relatively weakly compact) in L^1_X .

Proof: Let (u_n)_n be a sequence in H. Let (u^′_n)_n and u_∞ be as obtained in Corollary 3. By UI and (b^′_1), it follows from Lebesgue–Vitali’s theorem that ∀ h ∈ L^∞_X∗ [X] , (∫ Ω ⟨h, u^′_n⟩ dμ ) n K-converges to ∫ Ω ⟨h, u_∞⟩ dμ . Hence, by using the remark given in section 2, we get

u^′_n → u_∞ weakly in L^1_X .

Thus H is sequentially relatively weakly compact. Then, by Eberlein–Šmulian’s theorem [[22], Th. 18, A], H is relatively weakly compact in L^1_X .

Now we give a very general criterion for relative weak compactness in L^1_X .

Theorem 8. Let H be a bounded subset of L^1_X . Then the following statements are equivalent:

(i) H is relatively weakly compact in L^1_X .

(ii) H is UI and every sequence in H satisfies T_1.

(iii) H is UI and every sequence in H satisfies T_2.

Proof: Suppose (i) holds. Then H is UI (see [16], [9]). Let (u_n)_n be a sequence in H. There exists a subsequence (u^′_n)_n of (u_n)_n that converges weakly to some u ∈ L^1_X . Then, by Mazur’s theorem, there exists a sequence (v_n)_n, with v_n ∈ co{u^′_i : i ≥ n} such that |v_n − u|_L1_X → 0. Hence, there exists a subsequence (v^′_n)_n of (v_n)_n that converges a.e. to u. Therefore (v^′_n)_n is s-tight. This proves (iii). The implication (iii)⇒(ii) is obvious. Now let us prove the main implication of the theorem (ii)⇒(i). Suppose (ii) holds. By Eberlein–Šmulian’s theorem, it is enough to show that H is sequentially relatively weakly compact. Let (u_n)_n be a sequence in H. Since (u_n)_n is bounded and satisfies T_1, by Theorem 1, there exist a subsequence (u^′_n)_n of (u_n)_n and a function u_∞ ∈ L^1_X for which (b_1) holds. For a fixed h in L^∞_X∗ [X], choose a subsequence (u^′_{ki} )_i of (u^′_n)_n such that lim i→+∞ ∫ Ω ⟨h, u^′_{ki} ⟩ dμ = lim sup_n ∫ Ω ⟨h, u^′_n⟩ dμ . By T_1, there exists a w-tight sequence (v_n)_n, with v_n ∈ co{u^′_{ki} : i ≥ n} ⊂ co{u^′_i : i ≥ n}. So, by (b_1), every subsequence of (v_n)_n has a further subsequence (v^′_n)_n such that (⟨h, v^′_n⟩)_n K-converges in measure to ⟨h, u_∞⟩ then (∫ Ω ⟨h, v^′_n⟩ dμ ) n K-converges to ∫ Ω ⟨h, u_∞⟩ dμ . This is equivalent to ∫ Ω ⟨h, v^′_n⟩ dμ → ∫ Ω ⟨h, u_∞⟩ dμ . Consequently, ∫ Ω ⟨h, v_n⟩ dμ → ∫ Ω ⟨h, u_∞⟩ dμ . Since each v_n is of the form v_n = ∑ i≤k_n λ_i u^′_{ki+n} , with λ_i ≥ 0 and ∑ i≤k_n λ_i = 1 ,

we have ∫ Ω ⟨h, u_∞⟩ dμ = lim_{n→+∞} ∑ i≤k_n λ_i ∫ Ω ⟨h, u^′_{ki+n} ⟩ dμ = lim_{i→+∞} ∫ Ω ⟨h, u^′_{ki} ⟩ dμ . Then lim sup_n ∫ Ω ⟨h, u^′_n⟩ dμ = ∫ Ω ⟨h, u_∞⟩ dμ . Similarly, we obtain lim inf_n ∫ Ω ⟨h, u^′_n⟩ dμ = ∫ Ω ⟨h, u_∞⟩ dμ . Hence lim n→+∞ ∫ Ω ⟨h, u^′_n⟩ dμ = ∫ Ω ⟨h, u_∞⟩ dμ . This proves (i).

Remark 1. Theorem 8 allows to recover a recent criterion for relative weak compactness, which is due to A. Ülger [30] and J. Diestel–W.M. Ruess– W. Schachermayer [17] (by the Pettis measurability theorem, the hypothesis “X is separable” can be relaxed). In [17] the proof is based on the characterization of the weak compactness by the iterated limit condition (see [[22], Lemma 1, 19 A]).

Remark 2. Considering constant functions in X, we recover also A. Ülger’s lemma [[30], Lemma 2.1]. Recall that this author proved his result by using James’s characterization of weak compactness via norm-attaining functionals.

ACKNOWLEDGEMENT – The author thanks C. Castaing, M. Valadier and L. Thibault for helpful comments.

REFERENCES

[1] Amrani, A., Castaing, C. and Valadier, M. – Méthodes de troncatures appliquées à des problèmes de convergences faible ou forte dans L^1, Arch. Rational Mech. Anal., 117 (1992), 167–191.

[2] Andrews, K.T. – Dunford–Pettis sets in the space of Bochner integrable functions, Math. Ann., 241 (1979), 35–41.

[3] Assani, I. and Klei, H.A. – Parties décomposables compactes de L^1_E , C.R. Acad.

Sci. Paris, Série I, 294 (1982), 533–536.

[4] Balder, E.J. – A general approach to lower semicontinuity and lower closure in optimal control theory, SIAM J. Control Optim., 22 (1984), 570–598.

[5] Balder, E.J. – Infinite-Dimensional Extension of a theorem of Komlós, Probab.

Th. Rel. Fields, 81 (1989), 185–188.

[6] Balder, E.J. – Short Proof of an existence result of V.L. Levin, Bull. Polish Acad. Sci. Math., 37 (1989), 655–658.

[7] Balder, E.J. – Lectures on Young Measures, Cahiers de Mathématiques de la Décision, CEREMADE (URA CNRS 749), No 9517, 23/03/95.

[8] Benabdellah, H. – Compacité, convergences et équations d’évolutions, Thèse de Doctorat d’Etat, Université Mohamed V, Rabat, 1995.

[9] Brooks, J.K. and Chacon, R.V. – Continuity and compactness of measures, Adv. Math., 37 (1980), 16–26.

[10] Castaing, C. – Un résultat de compacité lié à la propriété des ensembles Dunford– Pettis dans L^1_E(Ω, A, p), Sém. Anal. Conv., 9 (1979), 17.1–17.7.

[11] Castaing, C. – Quelques résultats de convergences des suites adaptées, Sém.

Anal. Conv., 2 (1987), (24 pages).

[12] Castaing, C. – Méthodes de compacité et de décomposition, Applications: Minimisation, convergences des martingales, lemme de Fatou multivoque, Ann. Math. Pura Appl., 164 (1993), 51–75.

[13] Castaing, C. and Valadier, M. – Convex Analysis and Measurable multifunctions, Lecture Notes in Mathematics, vol. 580, Springer, 1977.

[14] Chatterji, S.D. – A subsequence principle theory, Jber d. Dt. Math., Verein 87 (1985), 91–107.

[15] Diestel, J. – Remarks on weak compactness in L_1(μ, X), Glasgow Math. J., 18 (1977), 87–91.

[16] Diestel, J. and Uhl, J.J. – Vector measures, Math. Surv., 15, Providence, R.I.:

Amer. Math. Soc., Providence, 1977.

[17] Diestel, J., Ruess, W.M. and Schachermayer, W. – Weak compactness in L^1(μ, X), Proc. Amer. Math. Soc., 118(2) (June 1993), 447–453.

[18] Gaposhkin, V.F. – Convergence and limit theorems for sequences of random variables, Theory Prob. and Appl., 17 (1972), 379–400.

128 M. SAADOUNE

[19] Garling, D.J.H. – Subsequences principles for vector-valued random variables, Math. Proc. Camb. Phil. Soc., 86 (1979), 301–311.

[20] Grothendieck, A. – Espaces vectoriels topologiques, Publ. de la Soc. Math. de São Paulo, 1954.

[21] Hiai, F. and Umegaki, H. – Integrals, conditional expectations, and martingales of multivalued functions, J. Multivariate functions Anal., 7 (1977), 149–182.

[22] Holmes, R.B. – Geometric functional analysis and its applications, Berlin, Heidelberg, New York: Spring 1975.

[23] Ionescu-Tulcea, A. and C. – Topics in the Theory of Lifting, Spring-Verlag, Berlin, 1969.

[24] Jawhar, A. – Mesures de transition et applications, Sém. Anal. Conv., 14 (1984), 13.1–13.62.

[25] Komlós, J.A. – A Generalisation of a problem of Steinhaus, Acta Math. Acad.

Sci. Hungar., 18 (1967), 217–229.

[26] Saadoune, M. and Valadier, M. – Extraction of a “good” subsequence from a bounded sequence of integrable functions, Journal of convex Analysis, 2(1) (1995), 1–14, (Heldermann Verlag 1995).

[27] Saadoune, M. and Valadier, M. – Convergence in measure. Local formulation of the Fréchet criterion, C.R. Acad. Sci. Paris, Série I, 320 (1995), 423–428.

[28] Talagrand, M. – Weak Cauchy sequences in L^1(E), Amer. J. Math., 106 (1984), 703–724.

[29] Trautner, R. – A new proof of the Komlós–Révesz-theorem, Prob. Th. Rel.

Fields, 84 (1990), 281–287.

[30] Ülger, A. – Weak compactness in L^1(μ, X), Proc. Amer. Math. Soc., 113 (1991), 143–149.

Mohammed Saadoune, Département de Mathématiques, Université Ibnou Zohr, Lot. Addakhla B.P. 28-S, Agadir – MAROC