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A NOTE ON MATRIX TRANSFORMATIONS
OF HOLOMORPHIC DIRICHLET SERIES (*)

LE Ha1r KHO1

Abstract: The aim of this note is to study matrix transformations of holomorphic
Dirichlet series in bounded convex domains of C"™. The problem considered here is
motivated by the paper [1] of Borwein and Jakimovski for power series of one variable.

1 — Introduction

As is well-known the matrix transformation is one of the methods for summing
series and sequences using an infinite matrix. Namely, having a matrix [u ] k=17
a given series

(1.1) i Ck
k=1

is transformed into the sequence (0;)32; with

[e.9]
(1.2) oj = Z Uj, Cl -
k=1
The series (1.1) is said to be summable to the sum o if, for all j = 1,2, ..., the
series on the right-hand side in (1.2) converges and
lim oj =0 .
j—00

The similar notion is also defined for functional series.
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Matrix transformations of power series of one complex variable has been stud-
ied previously by several authors. Most of papers dealed with Norlund matrices,
i.e; triangular matrices of a special form (see, e.g., [13, 14]). For the general
case of the matrices there seem to be very few articles. Recently Borwein and
Jakimovski [1] considered matrix transformations of power series in the complex
plane C and obtained some results on this direction.

In our previous article [12] we studied matrix transformations of the class of
multiple Dirichlet series with complex frequencies that define entire functions in
cn.

The present paper continues [12]. We shall be concerned with matrix trans-
formations of holomorphic Dirichlet series in a bounded convex domain of C".

It should be noted that the techniques used in [1] do not work for Dirichlet
series considered in our article [12] as well as in this paper, because they are
essentially one-dimensional and moreover, of power series.

Also, since every entire function as well as every holomorphic function in a
convex domain can be represented in the form of Dirichlet series with complex
frequencies (see, e.g., [6, 9]) a study of Dirichlet series attracts a great attention.
Some problems for these series have already been studied [3, 4, 5, 10, 11].

2 — Holomorphic Dirichlet series in a domain

We recall some basic notation which will be used in this paper.

O(92) (2 being a domain in C") denotes the space of holomorphic functions
in €, with the topology of uniform convergence on compact subsets of ).

If 2, € C" then |z| = (2121 + -+ + ZnZn)l/Q; (z,0) = z21C1 + -+ - + znCa.

Let € be a bounded convex domain in C", with the supporting function
defined as follows

Ho(¢) =supRe(z,¢), (eC".
z€Q

Let further (A\*)72; be a sequence of complex vectors in C™.
For a Dirichlet series

(2.1) Z e zeq,
k=1

there is the following characterization of the coefficients of this series when it
converges for the topology of O(Q2) [10] which is important and necessary for
further study.
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Theorem 2.1. Ifthe multiple Dirichlet series (2.1) converges for the topology
of O(Q) and |N\¥| — oo as k — oo, then

1 Ho (M
(2.2) lim sup 0g|ck||—>i\—k‘ (X)) <
k—oo

Conversely, if the coefficients of (2.1) satisfy condition (2.2) and if

(2.3) lim 28K

2V _
k—o0 ’Ak‘ ’

then the series (2.1) converges absolutely for the topology of O(£2).

From this theorem it follows that if (2.3) holds, then the series (2.1) converges
for the topology of O(£?) if and only if it converges absolutely for the topology of

0(9Q).

From now on a bounded convex domain 2 in C™ with the supporting function
Hgq(¢) and a sequence (A\¥)72, of complex vectors in C™ satisfying condition (2.3)
are considered to be given.

By virtue of Theorem 2.1, without loss of generality, we can assume that
0 € Q. Then it is clear that

0<a= inf Ho(¢) <= sup Ha(¢) < oo,
= I¢l=1
and, therefore

al¢| < Ho(¢) < BI¢|, V¢eC™.

Also, to the sequence ()\k)zozl we can associate the following sequence space
Eq = {c = (ex); (2.2) satisﬁes} .

Note that for any ¢ = (¢;) € Eq and t € (0,1)

o
(2.4) 3 Jer] 00N < foo
k=1

This inequality will be used very often in the sequel.

Several properties of the space Eq were studied in [10], in particular, the
characterization of its Kothe dual was obtained. We recall this result that is
needed in the next section.
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Denote by EgG the Kothe dual of Eq, i.e.

o
E§ = {(uk), Z ¢k u converges absolutely for all (¢) € EQ} :
k=1

Lemma 2.2 ([10, Corollary 3.2]). The Kéthe dual of the space Eq can be
defined as follows

. log |dy|
E2 = { (dg); limsu <1%.

Also we have the following result.

Lemma 2.3. Let (ax) be a sequence of real numbers. Suppose that

Re (\F
(2.5) limsup{ak—i-#/\’k;)}<z4<+oo, Vze.
k—o00 Q

Then
limsupa, < A—1.

k—o0

Proof: As the function Re (\*, z) is plurisubharmonic in  and we already
have condition (2.5), it is desirable to apply Hartogs’ lemma for the sequence

Re(\¥, 2)

—_—" Q k=1,2,...
HQ()\k)? ZE ) =

pr(z) = a +
In this case we have only to prove the local boundedness of the sequence
(pr(2)). Indeed, it is clear that pr(z) < ar +1, Vz € Q. Moreover, from (2.5) it
follows, in particular for z = 0, that limsup,_,., ar < A < +0c0. These last two
inequalities show that for each compact subset K C €2 there exists Mg > 0 such
that
orp(z) <ap+1< Mg, VzeK, Vk>1.

Now applying Hartogs’ lemma (see, e.g. [7]) we obtain that if K is a compact
in Q and € > 0 then for large k

Re(\F, 2)

€
——— <A+ = Vze K
Ho(M) = —1-2, ze K,

or(2) = ax +
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which implies that for large k

(2.6) sup pr(z) < A+ =
z€K 2

Furthermore, for such an € > 0 we can choose K so large that

Re(\F, 2)
sup @i (2z) = ai + sup HoOw)
27) zeK zekk Ho(AF)
=aq +HK()\k) >a -l—l—E
T Ho(Wk) TR 2

Combining (2.6)—(2.7) gives that for each € > 0 there exists ko such that
ag <A—-1+4e, Vk>ko,

which means that limsup;_,,, ar < A — 1. The proof is complete. n

3 — Matrix transformations of holomorphic Dirichlet series

Denote by Eq(U) the class of all matrices [Ujk]ﬂzl having the property that
whenever the sequence ¢ = (cx) € Eq the sequence of functions (f;(2));2, given
by

oo
(3.1) Fi(2) =S upep e j=12,

k=1
converges locally uniformly in €, each Dirichlet series > 72 ; wujk ci e(A*:2) being
convergent in €2, j = 1,2, ....

We shall study conditions for a given matrix [ujk];’okzl to belong to the class
EqU).

Theorem 3.1. If the following conditions hold:

(3.2) 3 lim wjp =ur, k=1,2,...,
j—oo
and
: log ||
3.3 limsup | sup ——2= | <0,
(3:3) ko0 <j21 Hq(\F)

then the matrix [u;] belongs to Eq(U).
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Proof: Assume that conditions (3.2) and (3.3) hold. Let ¢ = (c¢x) € Eq.
Take an arbitrary compact subset K of 2. Then K C s for some s € (0, 1).

Due to condition (3.2), for every k € N the sequence (u]k) ~; is bounded and
therefore,

Qr ==suplog |uji| < 400, VE>1.
i>1

Hence,
lujp| <9, VE>1, Vji>1.

Furthermore, by condition (3.3), for s; = (1—s)/2, there exists N(s) such that

1 .
%581, VE>N(s), Vji>1,
or equivalently,

(3.4) ujp] < e Ho) Vg S N(s), Vi>1.

Then we have for all j > 1

o0

sup Zuﬂk cp e < Z |ujk, ci| sup lef (¥ 2|
ZEKk 1 k=1 z€8Q
N(s) .
= > lugrexl 2D 4 Z [uji cx| 12
k=1 k=N(s)+1
< Z |Ck’6Qk+SHQ()\k) + Z |Ck|6(81+S)HQ(>\k) < 400,
k=N(s)+1
due to (2.4).

Thus, each series 77 | ujk cx e<’\k’z>, j=1,2,..., converges absolutely for the
topology of the space O(2) and therefore, represents a holomorphic function f;(2)
in €.

We now prove that the sequence (f;) converges uniformly on K.

Let € be any positive number. We choose N1 > N(s) so that

> €
(3.5) Z ]ck|e(51+s)HQo‘k) <
k=N1+1
Denote

Ni+1

(3.6) C(N) = 3 o] Mo
k=1
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Consider the first N7 columns of the matrix [uj;]. From condition (3.2) it follows
that there exists Ny such that

£
. — —_— k=1,2,...N No .
(3 7) |up]€ qu’ < 2C(N1) ) v 5 &y eey 4V ], vpvq > N2

Then, for all p,q > No, we get

o
sup’fp(Z) - fq(z)‘ < Z‘(Upk — ugr) ck esHa(\F)
zeK m1
Ny
= Z (upk — ugk) ck | e esHo%) | Z ‘ Upk — Ugk) Ck| €
k=1 k=N7+1
N

Hqo(\F Hao(\*
< seam N1 Z\ck!es ol >+k %;H(yupkmuqky) x| 3 (A)

sHQ(,\k)

o

+ 3 (lupk] + fuge]) lex| o,
k=N1+1

N ™

due to (3.6)-(3.7).
Concerning the last series, by virtue of (3.4)—(3.5) we have

[e.9] [e.9]
S (lupel + lugel) [ex 2 < 2 37 ey elr+)Halh) < % :
k=N1+1 k=N1+1

The theorem is proved. n

Theorem 3.2. If the matrix [uji] belongs to Eq(U), then the condition (3.2)
and the following condition

: loglu'k|> ,
3.8 limsup( —-22 1) <0, Vji=12..,
(3.8) k—»oop<HQ(/\k) - J

must necessarily hold.

This theorem is a consequence of two results given below. Namely, the first
part of the theorem follows from Proposition 3.3, while the second one is a con-
sequence of Proposition 3.4 applying for x, = uj;, j =1,2,....

Proposition 3.3. Suppose that for all “unit vectors” a™, m = 1,2, ..., in
FEq with
a; = .
0, otherwise
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the sequence (f](m)(z));il defined by
(3.9) A @) =Y wpal™ e =12,
k=1

converges at the point z = 0. Then condition (3.2) is satisfied.

Proposition 3.4. Let (x1) be a given sequence of complex numbers. Suppose
that whenever (c,) € Eq the series > j2, T Ck, "2 converges in ). Then

: log ||
lim su <0.
kﬁoop Ho(\F) —

Proof of Proposition 3.3: Obviously, for each “unit vector” (™ of the
space Fq the sequence (3.9) is well defined. Furthermore, from a convergence of
the sequence (fj(m) (0));’11, which in this case has a form (ujm)]o-il, it follows that
Uy, = liMj_00 Ujm, m € N, exists. Thus condition (3.2) is satisfied. u

Proof of Proposition 3.4: From the assumption in the Proposition it
follows that (xg e</\k’z>)z°:1 € EG§,VzeQ,Vj>1 By Lemma 2.2 we have

b log |zx| + Re(A\¥, 2)

lim su <1l, VzeQ.
k—oo HQ()‘k)
Applying Lemma 2.3 gives
lim sup log || <0
k—o0 HQ(Ak) N

The proof is completed. n
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