PORTUGALIAE MATHEMATICA

Vol. 57 Fasc. 1 – 2000

ASYMPTOTIC BEHAVIOR OF SOLUTIONS OF SECOND ORDER NONLINEAR DIFFERENTIAL EQUATIONS

Svitlana P. Rogovchenko and Yuri V. Rogovchenko

Abstract: We study asymptotic properties of solutions for certain classes of second order nonlinear differential equations. The main purpose is to investigate when all continuable solutions or just a part of them with initial data satisfying an additional condition behave at infinity like nontrivial linear functions. Making use of Bihari’s inequality and its derivatives due to Dannan, we obtain results which extend and complement those known in the literature. Examples illustrating the relevance of the theorems are discussed.

1 – Introduction

In this paper, we study asymptotic properties of solutions of the second order nonlinear differential equation

(1) u^{′′} + f(t, u, u^′) = 0 .

More precisely, our aim is to establish conditions under which all continuable solutions of equation (1) approach those of equation u^{′′} = 0. In other words, we are interested in the case when continuable solutions of (1) behave like nontrivial linear functions at + b as t → ∞. The origin of this studies goes back at least to the results of Bellman [1], Fubini [8], and Sansone [13] related to some specific, mainly linear, cases of equation (1). Asymptotic behavior of solutions of the equation

(2) u^{′′} + f(t, u) = 0

Received: April 20, 1998; Revised: June 16, 1998.

AMS Subject Classification: Primary 34D05; Secondary 34A34, 34C05. Keywords and Phrases: Second order; Nonlinear differential equation; Continuable solutions;

Asymptotic behavior; Bihari’s inequality.

was discussed for the nonlinear case by Cohen [3] and Tong [15] (see Corollaries 2 and 3 below), and the linear case was studied by Trench [16]. All the results cited have been obtained by using the Gronwall–Bellman inequality [1] or its generalization due to Bihari [2]. For yet another ideas involving the phase plane analysis used for the study of asymptotic behavior of solutions for a particular case of equation (1), the autonomous differential equation

u^{′′} + f(u, u^′) = 0 ,

we refer the reader to the paper by Rogovchenko and Villari [12].

Dannan [6] introduced a class of functions H (see definition below) and obtained some derivatives of the well-known Bihari’s inequality [2].

Definition ([6]). A function w : [0, ∞) → [0, ∞) is said to belong to the class H if

(H_1) w(u) is nondecreasing and continuous for u ≥ 0 and positive for u > 0. (H_2) There exists a function ϕ, continuous on [0, ∞) with w(αu) ≤ ϕ(α) w(u) for α > 0, u ≥ 0.

Making use of Bihari’s type inequality (see [6, Theorem 1]), Dannan proved the following result on asymptotic behavior of solutions of equation (1).

Theorem A ([6]). Assume the following hypotheses:

(i) The function f(t, u, v) is continuous on D = {(t, u, v): t ≥ 1, u, v ∈ R}. (ii) |f(t, u, v)| ≤ ϕ(t) g(|u|/t) + ψ(t) |v| for (t, u, u^′) ∈ D, where ϕ(t) and ψ(t) are nonnegative continuous functions on [0, ∞).

(iii) g(u) is a nonnegative, continuous, nondecreasing function on [0, ∞), and satisfies g(αu) ≤ ϕ_1(α) g(u) for α ≥ 1, u ≥ 0, where ϕ_1(α) > 0 is continuous for α ≥ 1.

(iv) ∫_∞ 1 ψ(t) dt = k_1 < ∞, ∫_∞ 1 ϕ(t) dt = k_2 < ∞.

We also assume that there exists K ≥ 1 such that E(t) ∫_∞ 1 ϕ(s) ϕ_1(KE(s)) E^2(s) ds ≤ K ∫_∞ 1 ds g(s) , where E(s) ≡ exp( ∫_s 1 ψ(r) dr). Then for any solution u(t) of (1) with initial conditions u(1) = c_1, u^′(1) = c_2 such that |c_1| + |c_2| ≤ K, lim_{t→∞} ∫_t 1 f(s, u(s), u^′(s)) ds = α(c_1, c_2) < ∞ always exists, and if we set a = c_2 − α(c_1, c_2), then u(t) = b + at + o(t) as t → ∞, for any constant b.

We note that Theorem A establishes sufficient conditions for the desired asymptotic behavior not for all, but only for a part of solutions with initial data satisfying a certain condition.

Recently, Constantin [4] obtained the following result on asymptotic behavior of solutions of equation (1).

Theorem B ([4]). Suppose that the function f(t, u, v) satisfies the following conditions: (i) f(t, u, v) is continuous in D = {(t, u, v): t ∈ [1, +∞), u, v ∈ R}; (ii) there exist continuous functions h_1, h_2, h_3, g : R_+ → R_+ such that |f(t, u, v)| ≤ h_1(t) g ( |u| t ) + h_2(t) |v| + h_3(t) , or |f(t, u, v)| ≤ h_1(t) |u| t + h_2(t) g(|v|) + h_3(t) ,

where for s > 0 the function g(s) is nondecreasing, ∫_{+∞} 1 h_i(s) ds = H_i < +∞ , i = 1, 2, 3 , and if we denote G(x) = ∫_x 1 ds g(s) , then G(+∞) = +∞.

Then for every solution u(t) of (1) we have that u(t) = at + b + o(t) as t → ∞, where a, b are real constants.

We point out that both Theorem A and Theorem B assume linear growth of the function f(t, u, u^′) either with respect to u or with respect to u^′, and this assumption has been essential for the technique used in the proofs of the main results both in [4] and [6]. Furthermore, this condition guarantees that all solutions of equation (1) exist for all t ≥ 1. However, it will be demonstrated below that this hypothesis can be relaxed while speaking only about continuable solutions as it is usual for most part of oscillatory criteria known in the literature (see, for example, [10], [14], and [17], as well as the references cited therein). We obtain results which extend and complement those known in the literature and apply to new classes of equations. Examples are inserted in the text to illustrate the relevance of the theorems, and we point out that the recent results due to Constantin [4] and Dannan [6] fail to apply to equations (10), (17), (20) and (25).

Finally, we note that some of results presented in this paper (namely, Theorems 5 and 6) have been reported at the International Conference “Topological Methods in Differential Equations and Dynamical Systems” (Krakòw, 17–20 July 1996) and have been announced in [9]. For the detailed discussion of results related to particular cases of Theorem 4, we refer the reader to [11].

2 – Main results

We recall that a function u : [t_0, t_1) → (−∞, ∞), t_1 > t_0 is called a solution of equation (1) if u(t) satisfies equation (1) for all t ∈ [t_0, t_1). A solution u(t) of equation (1) is called continuable if u(t) exists for all t ≥ t_0. We say that a solution u(t) of equation (1) possesses the property (L) if u(t) = at + b + o(t) as t → ∞, where a, b are real constants.

In what follows it is assumed that the function f(t, u, v) is continuous in D = {(t, u, v): t ∈ [1, ∞), u, v ∈ R}. Theorem 1. Suppose that there exist continuous functions h_1, h_2, h_3, g_1, g_2 :

R_+ → R_+ such that |f(t, u, v)| ≤ h_1(t) g_1 ( |u| t ) + h_2(t) g_2(|v|) + h_3(t) ,

where for s > 0 the functions g_1(s), g_2(s) are nondecreasing, ∫_∞ 1 h_i(s) ds = H_i < +∞ , i = 1, 2, 3 , and if we denote G(x) = ∫_x 1 ds g_1(s) + g_2(s) , then G(+∞) = +∞.

Then any continuable solution of equation (1) possesses the property (L).

Proof: By the standard existence results (see, for example, [5, Existence Theorem 3]), it follows from the continuity of the function f that equation (1) has solution u(t) corresponding to the initial data u(1) = c_1, u^′(1) = c_2. Two times integrating (1) from 1 to t, we obtain for t ≥ 1

u^′(t) = c_2 − ∫_t 1 f(s, u(s), u^′(s)) ds , (3) u(t) = c_2(t − 1) + c_1 − ∫_t 1 (t − s) f(s, u(s), u^′(s)) ds . (4) It follows from (3) and (4) that for t ≥ 1 |u^′(t)| ≤ |c_2| + ∫_t 1 | |f(s, u(s), u_′(s)) | | ds , |u(t)| ≤ ( |c_1| + |c_2| ) t + t ∫_t 1 | | |f(s, u(s), u^′(s)) | | | ds . Making use of the assumptions of the theorem, we have for t ≥ 1 |u^′(t)| ≤ |c_2| + ∫_t 1 h_1(s) g_1 ( |u(s)| s ) ds + ∫_t 1 h_2(s) g_2 ( |u^′(s)| ) ds + ∫_t 1 h_3(s) ds , (5)

|u(t)| t ≤ |c_1| + |c_2| + ∫_t 1 h_1(s) g_1 ( |u(s)| s ) ds + ∫_t 1 h_2(s) g_2 ( |u^′(s)| ) ds + ∫_t 1 h_3(s) ds . (6)

Denote by z(t) the right-hand side of inequality (6),

z(t) = |c_1| + |c_2| + ∫_t 1 h_1(s) g_1 ( |u(s)| s ) ds + ∫_t 1 h_2(s) g_2 ( |u^′(s)| ) ds + ∫_t 1 h_3(s) ds , then (5) and (6) yield (7) |u^′(t)| ≤ z(t) , |u(t)| t ≤ z(t) . Since the functions g_1(s), g_2(s) are nondecreasing for s > 0, we obtain by (7)

g_1 ( |u(t)| t ) ≤ g_1(z(t)) , g_2 ( |u^′(t)| ) ≤ g_2(z(t)) .

Thus, for t ≥ 1

(8) z(t) ≤ 1 + |c_1| + |c_2| + H_3 + ∫_t 1 h_1(s) g_1(z(s)) ds + ∫_t 1 h_2(s) g_2(z(s)) ds .

Furthermore, due to evident inequality

h_1(s) g_1(z(s)) + h_2(s) g_2(z(s)) ≤ ( h_1(s) + h_2(s) ) ( g_1(z(s)) + g_2(z(s)) ) , we have by (8)

(9) z(t) ≤ 1 + |c_1| + |c_2| + H_3 + ∫_t 1 ( h_1(s) + h_2(s) ) ( g_1(z(s)) + g_2(z(s)) ) ds . Applying Bihari’s inequality [2] to (9), we obtain for t ≥ 1 z(t) ≤ G^{−1} ( G ( 1 + |c_1| + |c_2| + H_3 ) + ∫_t 1 ( h_1(s) + h_2(s) ) ds ) , where G(w) = ∫_w 1 ds g_1(s) + g_2(s) , and G^{−1}(w) is the inverse function for G(w) defined for w ∈ (G(+0), +∞). Note that G(+0) < 0, and G^{−1}(w) is increasing. Now, let K = G ( 1 + |c_1| + |c_2| + H_3 ) + H_1 + H_2 < +∞ .

Since G^{−1}(w) is increasing, we have z(t) ≤ G^{−1}(K) < +∞ , so (7) yields |u(t)| t ≤ G^{−1}(K) and |u^′(t)| ≤ G^{−1}(K) .

Using assumptions of the theorem, we have ∫_t 1 | | |f(s, u(s), u^′(s)) | | | ds ≤ ≤ |c_1| + |c_2| + ∫_t 1 h_1(s) g_1 ( |u(s)| s ) ds + ∫_t 1 h_2(s) g_2 ( |u^′(s)| ) ds + ∫_t 1 h_3(s) ds = = z(t) ≤ G^{−1}(K) .

Therefore, the integral ∫_{+∞} 1 | |f(s, u(s), u_′(s)) | | ds converges, and there exists an a ∈ R such that lim t→+∞ u ′(t) = a . In the same way as it has been done in [3, 13], we can ensure that there exists a solution u(t) of equation (1) such that lim t→+∞ u^′(t) ≠ 0 .

Further, by the l’Hospital’s rule, we conclude that lim t→+∞ |u(t)| t = lim_{t→+∞} u^′(t) = a ,

and the proof is now complete.

Corollary 1 ([4]). Suppose that the function f(t, u, u^′) satisfies the following conditions: (i) f(t, u, v) is continuous in D = {(t, u, v): t ∈ [1, +∞), u, v ∈ R}; (ii) there are exist continuous functions h_1, h_2, h_3, g : R_+ → R_+ such that |f(t, u, v)| ≤ h_1(t) g ( |u| t ) + h_2(t) |v| + h_3(t) , or |f(t, u, v)| ≤ h_1(t) |u| t + h_2(t) g(|v|) + h_3(t) ,

where for s > 0 the function g(s) is nondecreasing, ∫_{+∞} 1 h_i(s) ds = H_i < +∞ , i = 1, 2, 3 , and if we denote G(x) = ∫_x 1 ds s + g(s) , then G(+∞) = +∞. Then any solution of equation (1) possesses the property (L).

Proof: We note first that by (ii) and by standard extension theorems (see, for example, [5, Extension Theorem 3]), all solutions of equation (1) are continuable.

In order to show that the conclusion of the corollary follows from Theorem 1, we need to prove that if for any nondecreasing function g(s): R_+ → R_+ the integral ∫_∞ 1 ds g(s) diverges, so does the integral ∫_∞ 1 ds s + g(s) , or, equivalently, to prove that the divergence of the series ∞∑ k=1 1 g(k) implies the divergence of the series ∞∑ k=1 1 k + g(k) . By the Cauchy theorem, it suffices to show that ∞∑ k=1 2^k g(2^k) = ∞ =⇒ ∞∑ k=1 2^k 2^k + g(2^k) = ∞ , or_∞ ∑ k=1 1 g(2^k ) 2^k = ∞ =⇒ ∞∑ k=1 1 1 + g(2^k) 2^k = ∞ ,

but the latter implication is clear. Now the conclusion of the corollary follows from Theorem 1.

Remark 1. We point out that actually it has been proved that Theorem B is a consequence of our Theorem 1.

Corollary 2 ([3]). Suppose that f(t, u) satisfies the following conditions: (i) f(t, u) is continuous in D : t ≥ 1, u ∈ R;

(ii) the derivative f_u exists on D and satisfies f_u(t, u) > 0 on D; (iii) |f(t, u(t))| ≤ f_u(t, 0) |u(t)| on D; (iv) ∫_{+∞} 1 t f_u(t, 0) dt < +∞. Then equation (2) has solutions which are asymptotic to a + bt as t → +∞.

Proof: Let

h_1(t) = t f_u(t, 0), h_2(t) ≡ 0, h_3(t) ≡ 0, g_1(s) = s, g_2(s) ≡ 0 . Then the conclusion of corollary follows from Theorem 1.

Corollary 3 ([15]). Let f(t, u) be continuous in D: t ≥ 1, u ∈ R. Assume that there are nonnegative continuous functions v(t) and ϕ(t) defined for t ≥ 0, and a continuous function g(u) defined for u ≥ 0 such that (i) ∫_{+∞} 1 v(t) ϕ(t) dt < +∞; (ii) g(u) is positive and nondecreasing for u > 0; (iii) ∫_{+∞} 1 dt g(t) = +∞; (iv) |f(t, u(t))| ≤ v(t) ϕ(t) g(^{|u|}_t ) in D. Then equation (2) has solutions which are asymptotic to a + bt, where a, b are constants.

Proof: Let

h_1(t) = v(t) ϕ(t), h_2(t) ≡ 0, h_3(t) ≡ 0, g_1(s) = s, g_2(s) ≡ 0 . The conclusion of corollary follows from Theorem 1.

Remark 2. We note that Corollary 2 without assumption (iii) becomes false as it has been pointed out by Fan Wei Meng [7]. This assumption, crucial for the application of Bihari’s inequality [2], has been added later by Constantin [4].

Example 1. Consider the nonlinear differential equation (10) u^{′′} + t^{− 32} u^′ ln(u^′) + t^{− 52} u ln(u) = 0 .

By Theorem 1, all continuable solutions of equation (10) are asymptotic to at + b as t → +∞.

An important feature of Theorem 1 is that all continuable solutions of equation (1) are asymptotic to at + b as t → +∞, and this type of behavior requires corresponding restrictions on the growth of the function f(t, u, u^′) with respect to u and u^′. The following result (cf. Theorem A) relaxes them for a certain class of functions, but one has desired asymptotic behavior only for a part of continuable solutions with initial data satisfying an additional condition.

Theorem 2. Suppose that the following assumptions hold: (i) there exist nonnegative continuous functions h_1, h_2, g_1, g_2 : R_+ → R_+ such that |f(t, u, v)| ≤ h_1(t) g_1 ( |u| t ) + h_2(t) g_2(|v|) ;

(ii) for s > 0 the functions g_1(s), g_2(s) are nondecreasing, and

g_1(αu) ≤ ψ_1(α) g_1(u) , g_2(αu) ≤ ψ_2(α) g_2(u)

for α ≥ 1, u ≥ 0, where the functions ψ_1(α), ψ_2(α) are continuous for α ≥ 1; (iii) ∫_{+∞} 1 h_i(s) ds = H_i < +∞, i = 1, 2.

Assume that there exists a constant K ≥ 1 such that

(11) K^{−1} ( ψ_1(K) + ψ_2(K) ) (H_1 + H_2) ≤ ∫_{+∞} 1 ds g_1(s) + g_2(s) . Then any continuable solution u(t) of equation (1) with initial data u(1) = c_1, u^′(1) = c_2 such that |c_1| + |c_2| ≤ K possesses the property (L).

Proof: Arguing in the same way as in Theorem 1, we obtain by (i) |u^′(t)| ≤ |c_2| + ∫_t 1 h_1(s) g_1 ( |u(s)| s ) ds + ∫_t 1 h_2(s) g_2 ( |u^′(s)| ) ds , (12) |u(t)| t ≤ K + ∫_t 1 h_1(s) g_1 ( |u(s)| s ) ds + ∫_t 1 h_2(s) g_2 ( |u^′(s)| ) ds , (13)

where t ≥ 1. Denoting by z(t) the right-hand side of inequality (13), we have by (12) and (13) (14) |u^′(t)| ≤ z(t) , |u(t)| t ≤ z(t) . Since the functions g_1(s), g_2(s) are nondecreasing for s > 0, (14) yields for t ≥ 1

(15) z(t) ≤ K + ∫_t 1 ( h_1(s) + h_2(s) ) ( g_1(z(s)) + g_2(z(s)) ) ds . By assumption (ii), the functions g_1(u), g_2(u) belong to the class H . Furthermore, it follows from [6, Lemma 1] that if g_1(u) and g_2(u) belong to the class H with the corresponding multiplier functions ψ_1(α) and ψ_2(α) respectively, then the sum g_1(u)+g_2(u) also belongs to H , and the corresponding multiplier function is ψ_1(α) + ψ_2(α). Applying [6, Theorem 1] to (15), we have for t ≥ 1

(16) z(t) ≤ K W^{−1} ( K^{−1} ( ψ_1(K) + ψ_2(K) ) ∫ t 1 ( h_1(s) + h_2(s) ) ds ) , where W (u) = ∫_u 1 ds g_1(s) + g_2(s) , and W^{−1}(u) is the inverse function for W (u). Inequality (16) holds for all t ≥ 1 because K^{−1} ( ψ_1(K) + ψ_2(K) ) ∫ t 1 ( h_1(s) + h_2(s) ) ds ∈ Dom(W^{−1})

for all t ≥ 1 due to assumption (11). Let K^{−1} ( ψ_1(K) + ψ_2(K) ) (H_1 + H_2) = L < +∞ .

Since W^{−1}(u) is increasing, we get z(t) ≤ K W^{−1}(L) < +∞ , so it follows from (14) that |u(t)| t ≤ KW^{−1}(L) and |u^′(t)| ≤ KW^{−1}(L) . The rest of the proof is similar to that of Theorem 1 and thus is omitted.

Example 2. Consider the nonlinear differential equation

(17) u^{′′} + (2 t)^{−4} u^2 cos u + (4 t)^{−2} (u^′)^2 sin^3 u = 0 .

For equation (17), we have

g_1(u) = g_2(u) = u^2, h_1(t) = h_2(t) = (4t)^{−2}, ψ_1(α) = ψ_2(α) = α^2 .

After a straightforward computation, we conclude by Theorem 2 that all continuable solutions of equation (17) with initial data satisfying |c_1| + |c_2| ≤ 2 are asymptotic to at + b as t → +∞.

Theorem 3. Suppose that assumptions (i) and (iii) of Theorem 2 hold, while (ii) is replaced by

(ii^′) for s > 0 the functions g_1(s), g_2(s) are nonnegative, continuous and nondecreasing, g_1(0) = g_2(0) = 0, and satisfy a Lipschitz condition | | |g_1(u + v) − g_1(u) | | | ≤ λ_1 v , | | |g_2(u + v) − g_2(u) | | | ≤ λ_2 v , where λ_1, λ_2 are positive constants.

Then any continuable solution u(t) of equation (1) with initial data u(1) = c_1, u^′(1) = c_2 such that |c_1| + |c_2| ≤ K possesses the property (L).

Proof: Applying [6, Corollary 2] to (15), we have for t ≥ 1 z(t) ≤ K + ∫_t 1 ( h_1(s) + h_2(s) ) ( g_1(K) + g_2(K) ) · · exp (∫_t 1 (λ_1 + λ_2) ( h_1(τ) + h_2(τ) ) dτ ) ds ≤ K + (H_1 + H_2) ( g_1(K) + g_2(K) ) exp ( (λ_1 + λ_2) (H_1 + H_2) ) < +∞ . The proof can be completed with the same argument as in Theorem 1.

In what follows, we present results analogous to Theorems 1–3 for another class of equations (cf. [11]).

Theorem 4. Suppose that there exist continuous functions h, g_1, g_2 : R_+→R_+ such that |f(t, u, v)| ≤ h(t) g_1 ( |u| t ) g_2(|v|) , where for s > 0 the functions g_1(s), g_2(s) are nondecreasing, ∫_∞ 1 h(s) ds < ∞ , and if we denote G(x) = ∫_x 1 ds g_1(s) g_2(s) , then G(+∞) = +∞.

Then any continuable solution of equation (1) possesses the property (L).

Proof: Arguing as in the proof of Theorem 1, we obtain for t ≥ 1 |u^′(t)| ≤ |c_2| + ∫_t 1 h(s) g_1 ( |u(s)| s ) g_2 ( |u^′(s)| ) ds , |u(t)| t ≤ |c_1| + |c_2| + ∫_t 1 h(s) g_1 ( |u(s)| s ) g_2 ( |u^′(s)| ) ds . (18)

Denoting by z(t) the right-hand side of inequality (18) and using the assumptions of the theorem, we have for t ≥ 1

(19) z(t) ≤ 1 + |c_1| + |c_2| + ∫_t 1 h(s) g_1(z(s)) g_2(z(s)) ds .

Applying Bihari’s inequality [2] to (19), we obtain for t ≥ 1 z(t) ≤ G^{−1} ( G ( 1 + |c_1| + |c_2| ) + ∫_t 1 h(s) ds ) ≤ G^{−1}(K) , where G(w) = ∫_w 1 ds g_1(s) g_2(s) , and G^{−1}(w) is the inverse function for G(w). The function G^{−1}(w) is defined for w ∈ (G(+0), +∞), where G(+0) < 0, it is increasing, and K = G ( 1 + |c_1| + |c_2| ) + ∫_∞ 1 h(s) ds < ∞ . The rest of the proof is similar to that of Theorem 1 and thus is omitted.

Example 3. Consider the nonlinear differential equation

(20) u^{′′} + h(t) ( u^2 u^2 + t^2

)_{3/4} (

(u^′)^2 (u^′)^2 + 1 )_{1/4} = 0 , t > 1 ,

where h(t) = 2 t^3 ( 2 t^4 − 2 t^2 + 1 (t^2 − 1)^2

)_{3/4} (

2 t^4 + 2 t^2 + 1 (t^2 + 1)^2 )_{1/4} . The functions

g_1(t) = ( t^2 t^2 + 1 )_{3/4} , g_2(t) = ( t^2 t^2 + 1 )_{1/4}

are continuous and nondecreasing for t > 1, ∫_{+∞} t_0 h(s) ds < +∞ , and G(+∞) = ∫_{+∞} t_0 ds ( s^2 s^2 + 1

)_{3/4} (

s^2 s^2 + 1

)_{1/4} = ∫_{+∞} t_0

s^2 + 1 s^2 ds = +∞ ,

for any t_0 > 0. Thus, by Theorem 4, for any continuable solution u(t) of equation (20) there exist real numbers a, b such that u(t) = at + b + o(t) as t → ∞.

Observe that u(t) = t − 1/t is the solution of equation (20) satisfying the initial data u(2) = 3/2, u^′(2) = 5/4, which is asymptotic to t as t → ∞.

Theorem 5. Suppose that the following conditions hold: (i) there exist nonnegative continuous functions h, g_1, g_2 : R_+ → R_+ such that |f(t, u, v)| ≤ h(t) g_1 ( |u| t ) g_2(|v|) ;

(ii) for s > 0 the functions g_1(s), g_2(s) are nondecreasing, and

g_1(αu) ≤ ψ_1(α) g_1(u) , g_2(αu) ≤ ψ_2(α) g_2(u)

for α ≥ 1, u ≥ 0, where the functions ψ_1(α), ψ_2(α) are continuous for α ≥ 1; (iii) ∫_{+∞} 1 h(s) ds = H < +∞. Assume also that there exists a constant K ≥ 1 such that

(21) K^{−1}H ψ_1(K) ψ_2(K) ≤ ∫_{+∞} 1 ds g_1(s) g_2(s) . Then any continuable solution u(t) of equation (1) with initial data u(1) = c_1, u^′(1) = c_2 such that |c_1| + |c_2| ≤ K possesses the property (L).

Proof: With the same argument as in Theorem 2, we have for t ≥ 1 |u^′(t)| ≤ |c_2| + ∫_t 1 h(s) g_1 ( |u(s)| s ) g_2 ( |u^′(s)| ) ds , |u(t)| t ≤ |c_1| + |c_2| + ∫_t 1 h(s) g_1 ( |u(s)| s ) g_2 ( |u^′(s)| ) ds . (22)

Denoting by z(t) the right-hand side of inequality (22), we obtain for t ≥ 1

(23) z(t) ≤ K + ∫_t 1 h(s) g_1(z(s)) g_2(z(s)) ds .

Assumption (ii) implies that the functions g_1(u), g_2(u) belong to the class H . Furthermore, it follows from [6, Lemma 1] that if g_1(u) and g_2(u) belong to the class H with the corresponding multiplier functions ψ_1(α) and ψ_2(α) respectively, then the product g_1(u) g_2(u) also belongs to H and the corresponding multiplier function is ψ_1(α) ψ_2(α). Thus, applying [6, Theorem 1] to (23), we have for t ≥ 1 (24) z(t) ≤ K W^{−1} ( K^{−1} ψ_1(K) ψ_2(K) ∫_t 1 h(s) ds ) , where W (u) = ∫_u 1 ds g_1(s) g_2(s) , and W^{−1}(u) is the inverse function for W (u). Evidently, inequality (24) holds for all t ≥ 1 since by (21) K^{−1} ψ_1(K) ψ_2(K) ∫_t 1 h(s) ds ∈ Dom(W^{−1}) for all t ≥ 1. The rest of the proof is analogous to that of Theorem 2 and is omitted.

Example 4. Consider the nonlinear differential equation (25) u^{′′} + (3 t)^{−4}(u u^′)^2 sin^3 u = 0 . For equation (25), we have

g_1(u) = g_2(u) = u^2 , h(t) = (9 t)^{−2} , ψ_1(α) = ψ_2(α) = α^2 . After a straightforward computation, we conclude by Theorem 5 that all continuable solutions of equation (25) with initial data |c_1| + |c_2| ≤ 3 are asymptotic to at + b as t → +∞.

Note that we may also apply to equation (25) Theorem 2. Indeed, making use of the elementary inequality, we obtain the following estimate |f(t, u, u^′)| ≤ 2^{−1} 3^{−4} t^{−2} ( (t^{−1} u)^4 + (u^′)^4 ) . Keeping the same notation as in Theorem 2, we have

g_1(u) = g_2(u) = u^4 , h_1(t) = h_2(t) = 2^{−1}(9 t)^{−2} , ψ_1(α) = ψ_2(α) = α^4 .

32 SVITLANA P. ROGOVCHENKO and YURI V. ROGOVCHENKO

After a simple computation, we conclude by Theorem 2 that all continuable solutions of equation (25) with initial data |c_1| + |c_2| ≤ 3 4^{1/3} are asymptotic to at + b as t → +∞, but we point out that the domain of the initial data for the solutions with desired asymptotic behavior is reduced in comparison with that obtained by Theorem 5.

Theorem 6. Suppose that assumptions (i) and (iii) of Theorem 5 hold, while (ii) is replaced by

(ii^′) for s > 0 the functions g_1(s), g_2(s) are continuous and nondecreasing, g_1(0) = g_2(0) = 0, and satisfy a Lipschitz condition | | |g_1(u + v) − g_1(u) | | | ≤ λ_1 v , | | |g_2(u + v) − g_2(u) | | | ≤ λ_2 v , where λ_1, λ_2 are positive constants.

Then any continuable solution u(t) of equation (1) with initial data u(1) = c_1, u^′(1) = c_2 such that |c_1| + |c_2| ≤ K possesses the property (L).

Proof: Applying [6, Corollary 2] to (23), we have for t ≥ 1

z(t) ≤ K + g_1(K) g_2(K) ∫_t 1 h(s) exp ( λ_1 λ_2 ∫_t 1 h(τ) dτ ) ds ≤ K + H g_1(K) g_2(K) exp(λ_1 λ_2 H) < +∞ .

The proof can be completed with the same argument as in Theorem 1.

ACKNOWLEDGEMENTS – This paper has been written while both authors were visiting the Department of Mathematics of the University of Florence which they thank for its warm hospitality with special gratitude to Professors Roberto Conti and Gabriele Villari for the interest to the work and permanent support. Research of the second author was supported by a fellowship of the Italian Consiglio Nazionale delle Ricerche.

REFERENCES

[1] Bellman, R. – Stability Theory of Differential Equations, McGraw-Hill, London 1953.

[2] Bihari, I. – A generalization of a lemma of Bellman and its application to uniqueness problems of differential equations, Acta. Math. Acad. Sci. Hung., 7 (1956), 83–94.

[3] Cohen, D.S. – The asymptotic behavior of a class of nonlinear differential equations, Proc. Amer. Math. Soc., 18 (1967), 607–609.

[4] Constantin, A. – On the asymptotic behavior of second order nonlinear differential equations, Rend. Mat. Appl., 13(7), (1993), 627–634.

[5] Cronin, J. – Differential Equations, Introduction and Qualitative Theory, Dekker, New York, 1980.

[6] Dannan, F.M. – Integral inequalities of Gronwall-Bellman-Bihari type and asymptotic behavior of certain second order nonlinear differential equations, J. Math. Analysis Appl., 108 (1985), 151–164.

[7] Fan Wei Meng – A note on Tong paper: The asymptotic behavior of a class of nonlinear differential equations of second order, Proc. Amer. Math. Soc., 108 (1990), 383–386.

[8] Fubini, G. – Studi asintotici per alcune equazioni differenziali, Rend. Reale Accad.

Lincei, 25 (1937), 253–259.

[9] Rogovchenko, S.P. and Rogovchenko, Yu.V. – Asymptotics of solutions for a class of second order nonlinear differential equations, Univ. Iagel. Acta Math., 38 (1998), 155–162.

[10] Rogovchenko, Yu.V. – Oscillation criteria for second order nonlinear perturbed differential equations, J. Math. Anal. Appl., 215 (1997), 334–357.

[11] Rogovchenko, Yu.V. – On the asymptotic behavior of solutions for a class of second order nonlinear differential equations, Collect. Math., 49 (1998), 113–120.

[12] Rogovchenko, Yu.V. and Villari, Gab. – Asymptotic behavior of solutions for second order nonlinear autonomous differential equations, NoDEA – Nonlinear Differ. Equ. Appl., 4 (1997), 271–282.

[13] Sansone, G. – Equazioni Differenziali nel Campo Reale, Nicola Zanichelli, Bologna, 1948.

[14] Swanson, C.A. – Comparison and Oscillation Theory of Linear Differential Equations, Academic Press, New York, 1968.

[15] Tong, J. – The asymptotic behavior of a class of nonlinear differential equations of second order, Proc. Amer. Math. Soc., 84 (1982), 235–236.

[16] Trench, W.F. – On the asymptotic behavior of solutions of second order linear differential equations, Proc. Amer. Math. Soc., 16 (1963), 12–16.

[17] Wong, J.S.W. – On second order nonlinear oscillation, Funkcial. Ekvac., 11 (1968), 207–234.

Svitlana P. Rogovchenko, Department of Mathematics, Eastern Mediterranean University, Famagusta, TRNC, Mersin 10 – TURKEY E–mail: svitlana.as@mozart.emu.edu.tr and Yuri V. Rogovchenko, Department of Mathematics, Eastern Mediterranean University, Famagusta, TRNC, Mersin 10 – TURKEY and Institute of Mathematics, National Academy of Sciences, 252601 Kyiv, UKRAINE E–mail: yuri@mozart.emu.edu.tr, yuri@imat.gluk.apc.org