PORTUGALIAE MATHEMATICA

Vol. 57 Fasc. 3 – 2000

FORBIDDEN PERIODS IN DELAY DIFFERENTIAL EQUATIONS

L.A.V. Carvalho *, L.A.C. Ladeira ** and M. Martelli

Abstract: We study the one-parameter family of scalar differential-difference equations x^′(t) = f ( α, x(t), x(t−1) ) , and establish some results on the period of periodic solutions and its relations with the parameter α.

1 – Introduction

The primary goal of this article is to establish conditions for the non-existence of certain nonconstant periodic orbits of scalar differential-delay equations of the form x^′(t) = f ( α, x(t), x(t−1) ) , (1) where f : R^3 → R is a continuous map and α is a real parameter. The solution of the initial value problem associated with the above equation, which requires that x(t) = ϕ(t) , −1 ≤ t ≤ 0 , (2) where ϕ is given in C, the Banach space of continuous maps ϕ : [−1, 0] → R equipped with the uniform convergence norm, will be denoted by x(·, ϕ). It is said to be periodic (of period T ) if x(t, ϕ) = x(t + T, ϕ) for all t ∈ R. Thus, periodic solutions of Eq. (1) are of class C^1. When f(α, a, a) = 0, x(t) ≡ a is a

Received: October 29, 1998; Revised: January 26, 1999. AMS Subject Classification: 34K15, 34K20.

Keywords: Functional differential equations; Wright’s equation; Periodic solutions; Period; Lipschitz constant.

* Partially supported by FAPESP, Proc. 95/6569-5 and CNPQ Proc. 304041/85-4. ** Partially supported by FAPESP, Proc. 95/6922-7.

constant solution, said to be an “equilibrium” or a “trivial solution” of Eq. (1) (observe that trivial solutions are periodic of any period T ). When this happens for a = 0, the corresponding equilibrium is the null equilibrium or null solution. The shorter locution “T -periodic” is often used to abbreviate “periodic of period T ”. We assume, from now on, that f(α, 0, 0) = 0. Note, incidentally, that if x(t) is T -periodic for some T > 0, then, automatically, it is also n T -periodic for any n ∈ Z, where Z denotes the set of integers. In particular, a T -periodic map is also (−T )-periodic. The subject of this work has been frequently investigated ([1]–[4], [6]–[14]), due to its importance both in pure and applied mathematics.

2 – Notations and definitions

Given a solution x(·, ϕ) of (1)–(2), we define x_t(·, ϕ)∈C by x_t(θ, ϕ)=x(t+θ, ϕ). Then, Γ = {x_t(·, ϕ), t ≥ 0} is a continuous curve in C and is called the positive orbit of ϕ. This curve is closed (in C) if and only if x(·, ϕ) is a periodic solution ([4]). Observe that in terms of x_t(·, ϕ), Eqs. (1)–(2) can be written as

x^′_t(θ) = f ( α, x_t(θ), x_{t−1}(θ) ) , θ ∈ [−1, 0], t+θ ≥ 0 , (3) x_0 = ϕ . (4) The orbit of ϕ identifies in a natural way the sequence of maps in C, {x_n(·, ϕ)}^∞_0 . Since ϕ = x_0(·, ϕ) it is simpler to think of ϕ as fixed and denote the solution x(·, ϕ) simply by x, and thus identify it with the sequence {x_n}^∞_0 . It is clear that a solution x is k-periodic (where k is a positive integer) iff {x_n} is k-periodic, i.e., iff x_k = x_0. Note, incidentally, that x satisfies the family of integral equations

x_n(θ) = x_n(0) + ∫_θ 0 f ( α, x_n(s), x_{n−1}(s) ) ds , n = 1, 2, ... . (5) In view of the above, we can also say that a k-periodic solution of Eq. (1) is a finite sequence {x_n}^{k−1}_o satisfying (5), or else, satisfying the ODE system

x^′_1(θ) = f ( α, x_1(θ), x_0(θ) )

x^′_2(θ) = f ( α, x_2(θ), x_1(θ) ) . . x^′_{k−1}(θ) = f ( α, x_{k−1}(θ), x_{k−2}(θ) )

x^′_0(θ) = f ( α, x_0(θ), x_{k−1}(θ) ) , θ ∈ [−1, 0] ,

(6) subject to the boundary conditions

x_n(−1) = x_{n−1}(0), n = 1, 2, ..., k−1 , x_0(−1) = x_{k−1}(0) . (7) Equations of this kind are known as “cyclic ordinary differential equations”. They are often studied ([3], [9]–[12]). It is important to observe that (6) allows us to study solutions with integral periods in a k-dimensional space, instead of the natural infinite dimensional phase space C, mentioned in Section 1. Observe, nevertheless, that the boundary conditions (7) are not the usual ones for ODE’s (namely, the pointwise initial value problem (IVP)):

x_o(0) = ξ_o , x_1(0) = ξ_1 , ..., x_{k−1}(0) = ξ_{k−1} , ξ_j ∈ R, j = 0, 1, ..., k−1 . (8) However, if f(α, x, y) is locally Lipschitz (see [5]), then, once a solution of (6)–(7) is found, it is the unique solution through this found functional initial condition x_o (=ϕ, if we recall our previous notation convention). It is also the unique solution of the corresponding IVP (6)–(8). This property shows that the uniqueness of the functional initial value problem (3)–(4) corresponds to uniqueness of solution of either the related boundary conditions (7) or the related ordinary IVP (8), and conversely.

An analysis of the above arguments shows that the restriction θ ∈ [−1, 0] is superfluous if we let x_n(t) =: x(t + n), t ∈ R. In this case, x_n is just a phase shift of x(t), thus just another solution of Eq. (1), which shares the same orbit as x(t). We shall freely make use of this dual interpretation.

3 – Results

In this section we shall use (6)–(7) and (6)–(8) in order to establish some important features of the phenomenon of existence of k-periodic solutions of Eq. (1).

The following theorem is immediate and is included here just for reference.

Theorem 1. Equation (1) has no nontrivial 1-periodic solution.

Proof: If it had one, then there would exist a nonconstant solution of the autonomous scalar ODE x^′(t)=f(α, x(t), x(t)) satisfying the corresponding boundary condition x(−1)=x(0), an obvious impossiblity (unless f were trivial).

The next theorem has been proved before (see [12], [14]). We offer here a simple proof of it, whose extension to the general k-periodic case furnishes a useful characterization of trivial solutions of Eq. (1) (Theorem 5).

Theorem 2. If the IVP (6)–(8) has a unique solution when k = 2, then Eq. (1) cannot have a nontrivial 2-periodic solution.

Proof: Suppose k = 2. If it had one such solution, say x, then we would have a corresponding, nontrivial, solution pair (x_0, x_1) of (6)–(7). By the intermediate value theorem of calculus there would exist b∈[−1, 0] such that x_o(b)=x_1(b)=: ξ. But then, (x_o, x_1) would also satisfy the IVP

x_0(b) = ξ , x_1(b) = ξ (9) attached to (6). Let y be the solution of the ODE y^′(t)=f(α, y(t), y(t)) such that y(b) = ξ. Then, (y, y) is a solution of (6)–(9). The uniqueness of this solution implies that x_0 = x_1 = y. As a consequence, x(t) is in fact a nonconstant 1-periodic solution of Eq. (1), an impossibility by Theorem 1.

The above argument can be easily adapted to the general case of k-periodic solutions:

Theorem 3. Suppose the solution of (6)–(8) is unique. Then, a necessary and sufficient condition for a k-periodic solution x(t) of Eq. (1) to be trivial is the existence for it of a point x(t^∗) of period 1, that is, x(t^∗) = x(t^∗ − i), i = 1, 2, ..., k−1. Proof: In a similar way as in the proof of the above theorem, it is enough to see that the unique solution of the IVP y^′(t) = f(α, y(t), y(t)), y(t^∗) = x(t^∗) yields that x_i(t) = y(t), t^∗ − 1 ≤ t ≤ t^∗ , i = 0, 1, ..., k −1 as the unique possible solution of the corresponding problem (6)–(8).

As a consequence of Theorem 3 we obtain the following.

Corollary 1. Under the hypothesis of the theorem, a necessary and sufficient condition for a k-periodic solution x(t) of Eq. (1) to be trivial is the existence of an m-periodic point t^∗ such that k and m are relatively prime.

Proof: If k and m are relatively prime, then x(t^∗) being at the same time k- and m-periodic implies that it is indeed 1-periodic, and the result follows.

The following lemma is obvious and will be used repeatedly in the sequel.

Lemma 1. Let x(t) be a k-periodic map. Then g(t) =: x(t) + x(t−1) + · · · + x(t−k+1) is 1-periodic.

It is interesting to note that g describes, in a certain sense, important features of the map x, as is the case g = 0. When x(t) + x(t − 1) + ... + x(t − k + 1) = g(t), we say that x is g-harmonic. If g = 0, we simply say that x is harmonic. Other sums of x(t − i)^′s may lead to various interesting results, like the one in the next theorem. We say a T -periodic map x(t) is odd-harmonic if x(t) = −x(t −^T_2 ).

Theorem 4. Suppose x(t) is a 4-periodic solution of Eq. (1) in its linear form,

(∗) x^′(t) = α x(t) + β x(t − 1) ,

where β ≠ 0. Then, x is odd-harmonic.

Proof: If we take y(t)=:x(t)+x(t−2), it easily follows that y is a 2-periodic solution of (∗). But, the unique such solution is x(t) ≡ 0, so that x(t) = −x(t−2) and x is odd-harmonic, as we wished to prove.

Likewise, if x(t) is k-periodic, j_1 < j_2 < ... < j_m ≤ k, {x_{j1+p}, x_{j2+p}, ..., x_{jm+p}} = {x_{j1} , x_{j2} , ..., x_{jm} }, p < k, then y(t) =: x(t−j_1) + x(t−j_2) + ... + x(t−j_m) is p-periodic. In particular, if f is linear and x(t) is a solution of Eq. (1), then y(t) is a p-periodic solution of it as well.

In the case of an equation of the form

x^′(t) = f ( α, x(t−1) ) , (10)

we can provide an alternative proof of Theorem 2, without the uniqueness of solution hypothesis, a proof that gives geometrical insight into the impossibility of existence of 2-periodic solutions. Indeed, let F be a primitive of f with respect to x and put Φ(u, v) =: F (u)−F (v). For every c ∈ R the level curve γ = {(u, v): Φ(u, v) = c} defines v as a function of u and conversely. We take x_0 as the solution of the ODE y^′(t) = f(α, v(y(t))) (or of y^′(t) = f(α, u(y(t)))) and put x_1(t) =: v(x_0(t)) (x_1(t) =: u(x_0(t))). It follows that {x_i}^1_0 is a solution of (6) (with k = 2) since x^′_0(t) = f(α, x_1(t)) and x^′_1(t) =^d_{du} v(x_0(t)) x^′_0(t) =^{f(α,xo(t))}_{f(α,v(xo(t))} .f(α, v(x_0(t)) = f(α, x_0(t)) (the converse situation is similar). This shows that Eq. (10) has a nontrivial 2-periodic solution only if Φ(u, v) has a nonsingular closed level curve γ. Thus, if Eq. (10) had a 2-periodic solution x(t), this solution would just be a parametrization of γ, 0 ≤ t ≤ 2. Note, however, that Φ(u, u) = 0, so that γ cannot cross the diagonal of R^2 unless c = 0, a case which leads to a constant solution x = a, where a is a zero of f. As a consequence, x(t) ≠ x(t + 1) for any t ∈ R, which precludes the existence of any nontrivial 2-periodic solution for Eq. (10). Note that γ is a projection into R^2 of the orbit Γ of x.

We can also use the (uniqueness) argument of the above remark in order to prove that Eq. 10 cannot have nontrivial 3-periodic solutions of certain specific types. Recall that a map x is said to be even when x(t) = x(−t) and odd when x(t) = −x(−t).

Theorem 5. Suppose that the solution of (6)–(8) when k = 3 is unique in the case of Eq. (10). Then, this equation cannot have a nontrivial 3-periodic solution which is either even or odd.

Proof: Let x be an even 3-periodic solution of Eq. (10) and let {x_n}^2_0 be the corresponding solution of (6)–(8) with k = 3. Then, as it is easy to check, we must have: x_0(t) = x_2(−1 − t) and x_1(t) = x_1(−1 − t) for t in [−1, 0]. The boundary conditions (7) automatically become

x_0(−1) = x_2(0) , x_1(−1) = x_0(0) , x_2(−1) = x_1(0) .

(11)

It also follows that:

x^′_0(t) = −x^′_2(−1 − t) = −f(α, x_1(−1 − t)) = −f(α, x_1(t)) = −x^′_2(t) ,

x^′_1(t) = −x^′_1(−1 − t) = −f(α, x_0(−1 − t)) = −f(α, x_2(t)) = −x^′_0(t) .

Hence, x_0(t) + x_2(t) = c , x_1(t) + x_0(t) = d

(12)

where c and d are constants. Let x_0(−1) = a and x_0(0) = b. Then, using (11) and (12) at t = −1 and at t = 0 we get a + b = c , 2 b = d , a + b = d , which readily implies that c = d and a = b. Hence, {x_0, x_1, x_2} satisfies the initial condition x_0(0) = x_1(0) = x_2(0) = a .

Let y be the solution of the ODE y^′(t) = f(α, y(t)) such that y(0) = a. Since (y, y, y) is a solution of (6)–(8) that satisfies the above initial condition, and f(α, ·) is locally Lipschitz, we must have x_0 = x_1 = x_2 = y as long as these maps are defined, due to the uniqueness of the solution. But then, x(t) is 1-periodic, and, by Theorem 1, it must be constant.

Suppose now that x(t) is an odd 3-periodic solution of Eq. (10). It is easily seen that x_0(t)=−x_2(−1 − t) and x_1(t)=−x_1(−1 − t), t ∈ [−1, 0]. The boundary conditions (7) combined with the constraint of glueing together the three parts x_0(θ), x_1(θ), x_2(θ), θ ∈ [−1, 0] to get the odd solution x(t) imply

x_0(0)=−x_1(−1)=x_1(−1)= −x_1(0)= −x_0(0) , x_0(−1) = −x_2(0) = x_2(0) .

From these equalities we derive x_0(0) = x_1(0) = x_2(0) = 0. The result follows just as above, with a = 0, and this finishes the proof of the theorem.

We have:

Theorem 6. If the map f(α, ·) is not odd, then Eq. (10) cannot have nontrivial 3-periodic solutions, which are odd-harmonic.

Proof: Suppose that there exists one such solution x(t). Then, the sequence {x_k}^2_0 would satisfy:

x_0(t) = −x_1(t +^1_2 ), x_1(t) = −x_2(t +^1_2 ), x_2(t) = −x_0(t +^1_2 ) , t ∈ [−1,−^1_2 ] ,

x_0(t) = −x_2(t −^1_2 ), x_1(t) = −x_0(t −^1_2 ), x_2(t) = −x_1(t −^1_2 ) , t ∈ [−^1_2 , 0] .

As a consequence of this, we have (using Eqs. (6) with k = 3):

x^′_0(t) = −x^′_1(t +^1_2 ) = f(α, x_0(t +^1_2 )) = −f(α, −x_2(t)) = f(α, x_2(t)), for t ∈ [−1, −^1_2 ]

x^′_0(t) = −x^′_2(t −^1_2 ) = −f(α, x_1(t −^1_2 )) = −f(α, −x_2(t)) = f(α, x_2(t)), for t ∈ [−^1_2 , 0] .

Hence, f(α, −x_2(t)) = −f(α, x_2(t)) for t ∈ [−1, 0]. In a similar way, one can show that f(α, −x_0(t)) = −f(α, x_0(t)) and f(α, −x_1(t)) = −f(α, x_1(t)) for t ∈ [−1, 0], which indicates that f(α, ·) is odd in the range of x(t), in contradiction to the other hypothesis of the theorem.

Let us now give some information about the distribution (as a function of the parameter α) of the period of periodic orbits of the following form of Eq. (1): x^′(t) = α f ( x(t), x(t−1) ) . (13)

Theorem 7. Suppose that Eq. (13) has at α = α_0 a (T −1)-periodic solution. Then, it has at α = α_n =: [n(T −1) + 1] α_0, n = 0, 1, 2, ..., a (^{T −1}_{n(T −1)+1} )-periodic solution. And, conversely, if Eq. (13) has at α a^{T −1}_{n(T −1)+1} -periodic solution, then it has at β =:^{(n−1)(T −1)+1}

n(T −1)+1 α a T −1 (n−1)(T −1)+1 -periodic solution, n = 1, 2, ... .

Moreover, if one of these periods is minimum, so is the other one.

Proof: Let y(t) be a (T −1)-periodic solution of Eq. (13) when α = α_0. Put x(t) = y(T t). Then,

x^′(t) = T y^′(T t) = α_0 T f ( y(tT ), y(tT −1) ) = α_0 T f ( y(tT ), y(T t−1−T +1) ) = α_0 T f ( y(T t), y(T (t−1)) ) = α_0 T f ( x(t), x(t−1) ) , so that x is a solution of (13) at α = α_0 T . Moreover, we have: x(t +^{T −1}_T ) = y(T (t +^{T −1}_T )) = y(T t + T − 1)) = y(T t) = x(t), so that x is^{T −1}_T -periodic. Thus, the result of the theorem holds when n = 1. Put now S − 1 =:^{T −1}_T . Then, repeating the above argument with T replaced by S, we obtain that Eq. (13) has an (^{S−1}_S )-periodic solution when α = S T α_0. But, since^{S−1}_S =^{T −1T}_{T −1T +1} =^{T −1}_{2 T −1} we obtain that S T α_0 = (^{T −1}_T + 1) T α_0 = (2 T − 1) α_0, which is the result of the theorem when n = 2. An induction argument easily finishes this part of the proof. The converse part of the theorem can be proved in a similar way if one takes x(t) = y

(_{(n−1)(T −1)+1} n(T −1)+1 t ) . The statement concerning the minimality of the periods is transparent from the technique used in the above proof.

The idea of this proof was known to Cooke (see [10]) who used it in the case of the equation x^′(t) = −α f(x(t −1)) to show that the existence of slowly (see also [2]) oscillating solutions implies the existence of rapidly oscillating (resonant) ones.

Theorem 8. If the solution of (6)–(8) is unique, then Eq. (13) cannot have nontrivial periodic solutions of period^2_{2 n−1} for any integer n ∈ Z.

Proof: The cases n = 0 and n = 1 are straightforward translations of the results of Theorem 2. For the other values of n, if we use Theorem 7 in conjunction with Theorem 2, we see that Eq. (13) cannot have any nontrivial (T −1)-periodic solution such that^{T −1}_{n(T −1)+1} = 2 for some n ∈ Z^+, since this would imply the existence of a nontrivial 1-periodic orbit of this equation. But,^{T −1}_{n(T −1)+1} = 2 iff T −1 = −^2_{2n−1} . The result follows now from the property that an orbit which is S-periodic is automatically (−S)-periodic.

The theorem below is a simple corollary of Theorem 1, since the^1_n -periodic maps are automatically 1-periodic. It is also a corollary of Theorem 7, since we clearly see that Eq. (13) cannot have a nontrivial (T −1)-periodic solution such that n(T −1) + 1 = 0, i.e., when T −1 =^1_n , n ∈ Z.

Theorem 9. Eq. (13) cannot have^1_n -periodic solution for any n ∈ Z.

As an application, let’s consider the scalar case of Wright’s equation,

x^′(t) = −α x(t−1) [1 + x(t)] , α ≠ 0 .

(14)

We already know (as shown above) that this equation cannot have 1- and 2-periodic solutions. It also cannot have nontrivial 3- and 4-periodic solutions as shown in [6] by Carvalho and Ladeira (see also Nussbaum [9], for the case of nonexistence of 4-periodic solutions). In Nussbaum [8] it is shown that it has a nonconstant T -periodic solution for each T > 4 (at a corresponding convenient value of the parameter α). Hence, the above results imply, in particular, that the range of periods of Wright’s equation is dense in R and every interval (^4_{2n+1} ,^4_{2n} ), n = 1, 2, ... is in the range of periods of this equation.

An interesting bound relating the period and the Lipschitz constant is given by the following theorem.

Theorem 10. Let x(t) be a nontrivial T -periodic solution of the scalar delay differential equation x^′(t) = f(x(t − 1)). Assume that f is Lipschitz with constant L on the interval [min x(t), max x(t)]. Then, T L ≥ 2 π.

Proof: Recall that for every ϕ(t) such that ϕ, ϕ^′ ∈ L^2[0, T ] and ∫_T 0 ϕ(t) dt = 0 (ϕ has mean value 0) we have (Wirtinger’s inequality) ∫_T 0 ϕ^2(t) dt ≤ ( T 2 π )_2 ∫_T 0 ϕ^{′2}(t) dt . Let ϕ(t) = x(t) − x(t−h) where h ∈ (0, T ). Then ϕ has mean value 0 and we can write: ∫_T 0 ( x(t) − x(t − h) )_2 dt ≤ ( T 2π )_2∫_T 0 ( x^′(t) − x^′(t − h) )_2 dt ≤ ( T 2π )_2∫_T 0 [ f ( x(t − 1) ) − f ( x(t − h − 1) )]_2 dt ≤ ( T 2π )_2∫_T 0 [ f ( x(t) ) − f ( x(t − h) )]_2 dt ≤ ( L T 2π )_2∫_T 0 ( x(t) − x(t − h) )_2 dt , so that the result follows immediately.

Of course, if f depends on α as is the case of Eq. (10), then L = L(α). Note, moreover, that this result may also cover equations of the form x^′(t) = g(x(t)) h(x(t − 1)) , (15)

as is the case of Eq. (13), since they can, sometimes, be written in the form x^′(t) = f(x(t − 1)). In fact, if z(t) is a nontrivial solution of z^′(t) = g(z(t)), then, for each solution y(t) of Eq. (15) we can implicitly define x(t) by means of the equality z(x(t)) =: y(t). It follows that

y^′(t) = z^′(x(t)) x^′(t) = g(z(x(t))) x^′(t) = g(y(t)) h(y(t−1)) = g(z(x(t))) h(z(x(t−1))) , from where we obtain x^′(t) = h(z(x(t − 1))), i.e., x(t) is a solution of an equation of the type of Eq. (10) with f = h ∘ z. Clearly, x is T -periodic if, and only if, y is T -periodic. For instance, in the case of Eq. (13), we have that z^′(t) = 1 + z(t) = g(z(t)) has z(t) = e^t −1 as nonconstant solution, so that Eq. (14) becomes x^′(t) = −α ( e^{x(t−1)} − 1 ) (=: f(x(t − 1)) .

(16)

As we mentioned previously, this scalar case of Wright’s equation has a T -periodic solution for each T > 4 and a suitable value of α. As a consequence of Theorem 10, we see that a solution pair (α, x(t)) satisfies a particular constraint. By selecting h very small we can see that |f(x(t)) − f(x(t − h))| ≤ α e^η|x(t) − x(t−h)|, where η ∈ [min x(t), max x(t)] is given by the Mean Value Theorem of calculus. Hence, if |x(t)| ≤ a we may take, in particular, L = α e^a and write T L = |α| T e^a ≥ 2 π , which shows that as α → 0 we must have either T → ∞ or a → ∞. In the particular case described by Theorem 7, if we let, say, α_n = (nT +1)α and T_n =^T_{nT +1} , the product α_nT_n = α T is constant. Clearly, the amplitude of these T_n-periodic solutions is also constant.

As another example, consider the following simple linear equation: x^′(t) = α x(t − 1) , (17)

Here, f(α, x) = α x, α ≠ 0, has Lipschitz constant L = L(α) = |α|, and the next theorem holds (see [7]):

Theorem 11. Eq. (17) has nonzero periodic solutions with integer period if and only if α ∈ {^{4m−1}_2 π : m ∈ Z}. In this case the minimum period is^4_{4m−1} (hence, the minimum integer period is 4) and the periodic solutions are given by x(t) = γ cos α t + δ sin α t , γ, δ ∈ R . If we apply Theorem 11 with T = 4 (this implies m = 0 is the tightest choice in the corresponding formula for α) and α = −^π_2 (thus L =^π_2 ), we see that we have T α = 4^π_2 = 2 π, and the theorem is satisfied in this case.

Note that the reasoning of Theorem 10 remains unchanged if x is a vector in R^n or in a infinite dimensional Hilbert space H. In case of a Banach space E setting for the equations discussed in this paper, we have the following result, adapted from the one given by Busenberg, Fisher and Martelli in [13].

Theorem 12. If f is Lipschitz with constant L in the range of a nontrivial T -periodic solution x(t) of x^′(t) = f(x(t)), where f maps a Banach space E into itself, then LT ≥ 6.

Their proof is based on the fact that for any T -periodic differentiable map y(t) ∈ E (let the norm of E be denoted by ‖·‖) such that ‖y^′(t)‖ is integrable, we have ∫_T 0 ∫_T 0 ‖y(t) − y(s)‖ ds dt ≤ T 6 ∫_T 0 ∫_T 0 ‖y^′(t) − y^′(s)‖ ds dt . We can easily adapt the above property to an equation of the form (10). In fact, assume that x(t) is a T -periodic solution of Eq. (9) and that f(α, ·) is Lipschitz with constant L = L(α) in the interval [m, M], where m = min{x(t), t ∈ [0, T ]}, M = max{x(t), t ∈ [0, T ]}. Then, ∫_T 0 ∫_T 0 ‖x(t) − x(s)‖ ds dt ≤ T 6 ∫_T 0 ∫_T 0 ‖x^′(t) − x^′(s)‖ ds dt = T 6 ∫_T 0 ∫_T 0 ‖ ‖ ‖f ( α, x(t − r) ) − f ( α, x(s − r) )‖ ‖ ds dt

≤ T L 6 ∫_T 0 ∫_T 0 ‖ ‖ ‖x(t − r) − x(s − r) ‖ ‖ ‖ ds dt = T L 6 ∫_T 0 ∫_T 0 ‖x(t) − x(s)‖ ds dt . Thus:

Theorem 13. Suppose f(α, ·) : R → R is Lipschitz with constant L(α). Then if x(t) is a nontrivial T -periodic solution of x^′(t) = f(α, x(t−1)), we must have T L(α) ≥ 6.

A little trick will allow us to use this result also in the case of Wright’s equation in its form (14), instead of (16) as done above, and compare the results. In fact, let x(t) be a T -periodic solution of Eq. (14), with amplitude a. Observe that | | |x(t) [ 1 + x(t−1) ] − x(t−s) [ 1 + x(t−s−1) ]| | | ≤ ≤ (a+1) | | |x(t) − x(t−s) | | | + a | | |x(t−1) − x(t−s−1) | | | , (18)

270 L.A.V. CARVALHO, L.A.C. LADEIRA and M. MARTELLI

a bound that is easily obtained by inserting x(t−s) [1−x(t−1)]−x(t−s) [1−x(t−1)]

into the left hand side of (18), and then using the triangle inequality and

|x(t−s)| ≤ a and |1 + x(t−1)| ≤ a + 1. Adapting the argument of the proof

of Theorem 13 to the present situation, we get ∫_T 0 ∫_T 0 | | |x(t) − x(t−s) | | | ds dt ≤ T 6 ∫_T 0 ∫_T 0 | | |x^′(t) − x^′(t−s) | | | ds dt

≤ T 6 |α| (1+a) ∫_T 0 ∫_T 0 | |x(t) − x(t−s) | | ds dt

+ T 6 |α| a ∫_T 0 ∫_T 0 | | |x(t−1) − x(t−1−s) | | | ds dt

= T 6 |α| (2 a + 1) ∫_T 0 ∫_T 0 | | |x(t) − x(t−s) | | | ds dt , from where we obtain the estimate T |α| (2 a + 1) ≥ 6. As before, as α → 0 we

must have either T → ∞ or a → ∞. The graph in Fig. 1 shows that the bound

e^a |α| T ≥ 2 π is better than the bound (2 a + 1) |α| T ≥ 6 for a < 1.35966..., but

is worse after that.

2a+1 6

e^a

a 1.6 1.4 1.2 1 .8 .6 .4 .2

5

4

3

2

1

Fig. 1: Comparison between the bounds e^a |α| T ≥ 2π and (2a + 1) |α| T ≥ 6 .

REFERENCES

[1] Lasota, A. and Yorke, J.A. – Bounds for periodic solutions of differential

equations in Banach spaces, J. Differential Equations, 10, (1971), 83–91.

[2] Walther, H.-O. – Density of slowly oscillating solutions of x^′(t) = −f(x(t−1)), J. Math. Anal. Appl., 79 (1981), 127–140.

[3] Kaplan, J. and Yorke, J.A. – Ordinary differential equations that yield periodic solutions of differential delay equations, J. Math. Anal. Appl., 48 (1978), 317–324.

[4] Hale, J.K. – Theory of Functional Differential Equations, Springer-Verlag, 1977. [5] Hale, J.K. – Ordinary Differential Equations, John Wiley & Sons, 1969. [6] Carvalho, L.A.V. and Ladeira, L.A.C. – On periodic orbits of autonomous differential-difference equations, in “Differential Equations and Applications to Biology and Industry”, (M. Martelli, K. Cooke, E. Cumberbatch, B. Tang and H. Thieme, Eds.), Proceedings of the June 1–4, 1994 Claremont International Conference dedicated to the memory of Stavros Busenberg, 57-64, World Scientific Publishing Co., 1996.

[7] Carvalho, L.A.V.; Cooke, K.L. and Ladeira, L.A.C. – On periodic solutions for a class of linear scaled differential equations – part I, Technical Report, Department of Mathematics, Pomona College, Claremont CA (1996), to appear in Comm. Appl. Analysis.

[8] Nussbaum, R.D. – On the range of periods of periodic solutions of x^′(t) = −α f(x(t−1)), J. Math. Anal. Appl., 58 (1977), 280–292.

[9] Nussbaum, R.D. – Wright’s equation has no solutions of period 4, in “New Directions in Differential Equations and Dynamical Systems” (A collection of papers dedicated to J.K. Hale on the occasion of his 60th birthday), Published by the Royal Society of Edinburgh, p. 445–452, 1991.

[10] Nussbaum, R.D. – Uniqueness and nonuniqueness for periodic solutions of x^′(t) = −g(x(t−1)), J. Differential Equations, 34 (1979), 25–54.

[11] Nussbaum, R.D. – Circulant matrices and differential equations, J. Differential Equations, 60 (1985), 201–217.

[12] Nussbaum, R.D. and Potter, A.J.B. – Cyclic differential equations and period three solutions of differential delay equations, J. Differential Equations, 46 (1982), 379–408.

[13] Busenberg, S.N.; Fisher, D.C. and Martelli, M. – Better bounds for periodic solutions of differential equations in Banach spaces, Proceedings of the American Mathematical Society, 98(2) (1986), 376–378.

[14] Chow, S-N. and Mallet-Paret, J. – The fuller index and global Hopf bifurcation, J. Differential Equations, 29 (1978), 66–85.

L.A.V. Carvalho, Departamento de Matemática, UEM, PR – BRAZIL and L.A.C. Ladeira, Instituto de Ciências Matemáticas de São Carlos, USP, SP – BRAZIL and M. Martelli, Harvey Mudd College, California State University-Fullerton, Pomona College – USA