PORTUGALIAE MATHEMATICA

Vol. 57 Fasc. 3 – 2000

MULTIPLE SEMICLASSICAL SOLUTIONS OF THE SCHRÖDINGER EQUATION INVOLVING A CRITICAL SOBOLEV EXPONENT

J. Chabrowski and Jianfu Yang

Abstract: We prove the existence of multiple solutions of the Schrödinger equation involving a critical Sobolev exponent. We use the Lusternik–Schnirelman theory of critical points.

1 – Introduction

The main purpose of this work is to investigate the existence of multiple solutions of the equation

(1_ϵ) −ϵ^2Δu + a(x) u = |u|^{2∗−2} u in R^N

for ϵ > 0 small, where 2^∗ =^{2N}_{N−2} , N ≥ 3.

Solutions of equation (1_ϵ) corresponding to a small parameter ϵ > 0 are referred to in the existing literature as semiclassical solutions [1], [2], [11], [13], [14], [15], [16]. Problem (1_ϵ) arises in the search for standing waves for the nonlinear Schrödinger equation i h ∂ψ ∂t = −h^2Δψ + U(x) ψ − |ψ|^{p−2} ψ in R^N , where h is the Planck constant, p > 2 if N =1, 2 and 2 < p ≤ 2^∗ if N ≥3. Standing waves of this equation are solutions of the form ψ(t, x) = exp(−i λ h^{−1} t) u(x),

Received: October 29, 1998; Revised: January 7, 1999. AMS Subject Classification: 35J65.

Keywords: Schrödinger equation; Sobolev exponent; Critical points.

λ ∈ R, where u is a real-valued function satisfying (1_ϵ) with a(x) = U(x) + λ and h = ϵ^2. Obviously, the equation (1_ϵ) corresponds to the case p = 2^∗. The first result on the existence of semiclassical solutions was obtained by Floer–Weinstein in [11] via the Lyapunov–Schmidt method in the case N = 1. This result was extended by Oh [14], [15] to higher dimensions, in the subcritical case 2 < p < 2^∗. Some related results can be found in the papers [19], [20], [9] and [11]. It is well known that the existence of multiple solutions for the Dirichlet problem for (1) on bounded domains depends on the topology of this domain (see for example [4], [6]). In the case of problem (1_ϵ) a similar role is played by the graph topology of coefficient a. This phenomenon also occurs for the Dirichlet problem on bounded domains [6]. The effect of the graph topology of the coefficients on the existence of multiple solutions in the subcritical case was investigated in the papers [9] and [13] and in [18] for the Dirichlet problem in bounded domains. The aim of this paper is to relate the number of solutions of problem (1_ϵ) with cat a^{−1}(0). It is well known that if a(x) = Constant ≠ 0, problem (1_ϵ) has no solution by the Pohozaev identity. A similar situation occurs also for the Dirichlet problem for (1_ϵ) on bounded starshaped domains if a(x) = Constant ≥ 0. However, in the case a(x) ≠ Constant there are existence results for (1_ϵ), with ϵ = 1, (see for example [3]) and for the Dirichlet problem on bounded domains [18] under some structural assumptions on a(x). For further bibligraphical references on the effect of the coefficient a(x) on the existence and nonexistence of solutions, we refer to the papers [3] and [18].

Throughout this paper we use standard notation and terminology. In a given Banach space X, we denote by “ → ” a strong convergence and by “ ⇀ ” a weak convergence. Let F ∈ C^1(X, R). A sequence {u_n} is said to be the Palais– Smale sequence for F at a level c ((P S)_c-sequence for short) if F (u_n) → c and F^′(u_n) → 0 in X^∗ as n → ∞. We say that F satisfies the Palais–Smale condition at level c ((P S)_c condition for short) if every (P S)_c sequence is relatively compact in X.

By D^{1,2}(R^N ) we denote the Sobolev space obtained as the closure of C^∞_∘ (R^N ) with respect to the norm

‖u‖^2 = ∫ R^N |∇u(x)|^2 dx .

By B(y, R) we always denote an open ball in R^N centered at y of radius R.

2 – Preliminaries

Throughout this paper we assume that the potential a(x) satisfies the following two conditions:

(A_1) a(x) ≥ 0 on R^N and the set M = {x ∈ R^N ; a(x) = 0} is nonempty and bounded.

(A_2) There exist two constants p_1 <^N_2 and p_2 >^N_2 (with p_2 < 3 if N = 3) such that a ∈ L^p(R^N ) for each p ∈ [p_1, p_2].

Benci–Cerami [3] established the existence of a positive solution of the equation (1_ϵ), with ϵ = 1, and with a satisfying (A_2) and ‖a‖ N_2 ≤ S(2^N2 − 1). Here S denotes the best Sobolev constant for a continuous embedding of D^{1,2}(R^N ) into L^{2∗} (R^N ), that is,

S = inf {∫ R^N |∇u(x)|^2 dx; ‖u‖_2∗ = 1 } . In this paper we examine the effect of topology of the set M on the number of solutions of (1_ϵ).

We set for δ > 0 small

M_δ = { x ∈ R^N ; dist(x, M) ≤ δ }

and Σ = { u ∈ D^{1,2}(R^N ); ∫ R^N |u(x)|^{2∗} dx = 1 } . It is well known that the positive solutions which are radially symmetric about some point in R^N of the equation

(2) −Δu = |u|^{2∗−2} u in R^N

have form U_{λ,y}(x) = [ N (N −2) λ ] N−2_4 ( λ + |x−y|^2 ) N−2_2 , λ > 0, y ∈ R^N , with ‖U_{λ,y}‖_2∗ = S^{N−24} and ‖∇U_{λ,y}‖^2 = S^{N2} .

Let Ū_{λ,y}(x) = S^{− N−2}4 U_{λ,y}(x). Then

‖Ū_{λ,y}‖_2∗ = 1 and ‖∇Ū_{λ,y}‖_2 = S .

We define the following functionals on D^{1,2}(R^N ):

J_ϵ(u) = ϵ^2 ∫ R^N ( |∇u|^2 + a(x) u^2 ) dx , I_ϵ(u) = 1 2 ∫ R^N ( ϵ^2 |∇u|^2 + a(x) u^2 ) dx − 1 2^∗ ∫ R^N |u|^{2∗} dx and I^∞_ϵ (u) = ϵ^2 2 ∫ R^N |∇u|^2 dx − 1 2^∗ ∫ R^N |u|^{2∗} dx . To determine the energy levels of the functional I_ϵ for which the Palais–Smale condition holds, we need the following result due to Benci–Cerami [3].

Theorem 1. Let {u_n} be a (P S)_c-sequence for the functional I_ϵ. Then there exist a number k ∈ N, k sequences of points {y^j_n} ⊂ R^N , j = 1, ..., k, k sequences of positive numbers {σ^j_n}, j =1, ..., k and k + 1 sequences of functions {u^j_n} ⊂ D^{1,2}(R^N ), j = 0, 1, ..., k, such that, up to a subsequence,

u_n(x) = u^∘_n(x) + k∑ j=1 1 (σ^j_n)^{N−2}2 u^j_n ( x − y^j_n σ^jn ) , (3) u^j_n(x) → u^j (x) in D^{1,2}(R^N ), j = 0, ..., k , (4) as n → ∞, where u^∘ is a solution of equation (1_ϵ), u^j, j =1, ..., k are solutions of the equation

(5) −ϵ^2Δu = |u|^{2∗−2} u in R^N ,

and if y^j_n → ȳ^j as n → ∞, then either σ^j_n → ∞ or σ^j_n → 0 as n → ∞. Furthermore, we have ‖u_n‖^2 −→ k∑ j=0 ‖u^j ‖^2 and I_ϵ(u_n) −→ I_ϵ(u^∘) + k∑ j=1 I^∞_ϵ (u^j ) as n → ∞. Since for every nontrivial solution u of (1_ϵ), I_ϵ(u) >^{ϵN}_N S^N2 , for every positive solution u of (2), I^∞_ϵ (u) >^{ϵN}_N S^N2 and for every solution u of (5) which changes sign we have I^∞_ϵ (u) ≥^{2 ϵN}_N S^N2 , we deduce from Theorem 1:

Corollary 1. Let {u_n}⊂ D^{1,2}(R^N ) be a (P S)_c-sequence for I_ϵ with^{ϵN}_N S^N2 < c <^{2 ϵN}_N S^N2 . Then {u_n} is relatively compact in D^{1,2}(R^N ).

Corollary 2. The functional J_ϵ|_Σ satisfies the (P S)_c-condition for c ∈ (ϵ^2S, 2^2N ϵ^2S).

The proof of the following lemma can be found in [3] (see formulae (3.7), (3.9) and (3.19) there).

Lemma 1. We have

lim_{λ→0} ∫ R^N a(x) Ū_{λ,y} (x)^2 dx = 0 for every y ∈ R^N , (i) lim_{λ→∞} ∫ R^N a(x) Ū_{λ,y}(x)^2 dx = 0 for every y ∈ R^N ,

(ii) and lim |y|→∞ ∫ R^N a(x) Ū_{λ,y}(x)^2 dx = 0 for every λ > 0 .

(iii)

We choose ρ > 0 such that M_δ ⊂ B(0,^ρ_2 ), ρ = ρ(δ). Let

χ(x) = x for |x| ≤ ρ, ρ x |x| for |x| ≥ ρ . We define a “barycenter” β : Σ → R^N by β(u) = ∫ R^N χ(x) |u(x)|^{2∗} dx and set γ(u) = ∫ R^N | |χ(x) − β(u) | | |u(x)|_2^∗ dx . The functional γ measures the concentration of a function u near its barycenter.

With the aid of Ū_{λ,y} we define a mapping Φ_{λ,y} : R^N → Σ by Φ_{λ,y}(·)=Ū_{λ,y}(·). We note that

(6) β(Φ_{λ,y}) = ∫ R^N χ(x) Φ_{λ,y}(x)^{2∗} dx = y + ∫ R^N ( χ(λ z + y) − y ) Ū_{1,0}(z)^{2∗} dz

= y + o(1)

278 J. CHABROWSKI and JIANFU YANG

as λ → 0. Let

V = V (λ_1, λ_2, ρ) = { (y, λ) ∈ R^N× R; |y|< ρ 2 , λ_1 < λ < λ_2 } . It follows from Lemma 1 that for every ϵ > 0 there exist λ_1 = λ_1(ϵ) and λ_2 = λ_2(ϵ), with λ_1 < λ_2, such that

(7) sup { ϵ^2 ∫ R^N |∇Φ_{λ,y}|^2 dx + ∫ R^N a(x) Φ^2_{λ,y} dx; (y, λ) ∈ V } < ϵ^2(S + h(ϵ)) ,

where h(ϵ) → 0 as ϵ → 0.

To examine the behaviour of γ ∘Φ_{λ,y} as λ→0 we need the following estimate.

Lemma 2. Let 0 < 2ϵ < ρ and x ∈ B(y, ϵ). Then |χ(x) − χ(y)| ≤ 2 |x − y| + 2 ϵ . Proof: We distinguish three cases: (i) |y| ≥ ρ + ϵ, (ii) |y| ≤ ρ − ϵ and (iii) ρ − ϵ ≤ |y| ≤ ρ + ϵ. Case (i). Since |x| ≥ |y| − |x−y| ≥ ρ, we have |χ(x) − χ(y)| = ρ | | | x |x| − y |y| | | | = ρ | |x|y| − y|x| | | |x| |y| = ρ | |x|y| − y|y| + y|y| − y|x| | | |x| |y| ≤ ≤ ρ |x| ( |x − y| + | | ||y| − |x| | | | ) ≤ 2 |x − y| . Case (ii). We have |x| ≤ |x−y|+|y| ≤ ρ−ϵ+ϵ = ρ and |χ(x)−χ(y)| = |x−y|. Case (iii). In this case ρ − 2 ϵ ≤ |x| ≤ ρ + 2 ϵ. If |x| ≤ ρ and |y| ≤ ρ, then |χ(x) − χ(y)| = |x − y|. If |x| ≥ ρ and |y| ≥ ρ, we show as in the case (i) that |χ(x) − χ(y)| ≤ 2 |x − y|. If |x| ≤ ρ and |y| ≥ ρ, then |χ(x) − χ(y)| = | | |x − ρ y |y| | | | = | | |x|y| − ρ y | | | |y| ≤ | | |x|y| − y|y| + |y|y − ρ y | | | |y| ≤ ≤ |x − y| + | ||y| − ρ | | ≤ |x − y| + ϵ . Finally, if |x| ≥ ρ and |y| ≤ ρ, then |χ(x) − χ(y)| = | | |ρ x |x| − y | | | = | | |xρ − y|x| | | | |x| ≤ |xρ − ρ y| + | | |ρ y − y|x| | | | |x| ≤ ≤ ρ |x − y| |x| + |y| |x| (|x| − ρ) ≤ |x − y| + 2 ϵ .

Lemma 3. We have lim_{λ→0} γ ∘ Φ_{λ,y} = 0 uniformly for |y| ≤^ρ_2 .

Proof: Let 0 < 2ϵ < ρ. We commence by observing that

(8) ∫ R^N −B(0,ϵ) Φ^{2∗}_{λ,0}(x) dx = C_N ∫ R^N −B(0,ϵ) λ^N2

(λ + |x|^2)^N dx = C_N ∫ |x|≥^ϵ√_λ 1 (1 + |x|^2)^N dx −→ 0 as λ→ 0. We write ∫ R^N | | |χ(x) − β ∘ Φ_{λ,y} | | | Φ_{λ,y}(x)^{2∗} dx = = ∫ B(y,ϵ) | | |χ(x)−β ∘Φ_{λ,y} | | | Φ_{λ,y}(x)^{2∗} dx + ∫ R^N −B(y,ϵ) | | |χ(x)−β ∘Φ_{λ,y} | | | Φ_{λ,y}(x)^{2∗} dx . We deduce from (8) that

lim_{λ→0} ∫ R^N −B(y,ϵ) | |χ(x) − β ∘ Φ_{λ,y} | | Φ_{λ,y}(x)_2^∗ dx = 0 .

The integral over B(y, ϵ) can be estimated using Lemma 2 and (6) as follows ∫ B(y,ϵ) | | |χ(x) − β ∘ Φ_{λ,y} | | | Φ_{λ,y}(x)^{2∗} dx ≤ ≤ ∫ B(y,ϵ) | | |χ(x) − χ(y) | | | Φ_{λ,y}(x)^{2∗} dx + ∫ B(y,ϵ) | | |χ(y) − β ∘ Φ_{λ,y} | | | Φ_{λ,y}(x)^{2∗} dx ≤ 2 ∫ B(y,ϵ) |x − y| Φ_{λ,y}(x)^{2∗} dx + 2 ϵ S + o(1) . Since ϵ > 0 is arbitrary, lim_{λ→0} γ(Φ_{λ,y}) = 0. Due to the compactness of

{y : |y| ≤^ρ_2 } this convergence can be made uniform on this set.

We now define a set Σ_ϵ ⊂ Σ by

Σ_ϵ = { u ∈ Σ; S < ϵ^{−2}J_ϵ(u) < S + h(ϵ), (β(u), γ(u)) ∈ V } , where V has been chosen so that (7) holds. According to Lemma 3 we can modify

λ_1(ϵ) and λ_2(ϵ) so that Σ_ϵ ≠ ∅ for each ϵ > 0 small.

Proposition 3. We have

(9) lim_{ϵ→0} sup_{u∈Σϵ} inf_{y∈Mδ} [ β(u) − β(Φ_{λ,y}) ] = 0 .

Proof: Let {ϵ_n} be a sequence of positive numbers such that ϵ_n → 0. For every n there exists u_n ∈ Σ_{ϵn} such that inf_{y∈Mδ} [ β(u_n) − β(Φ_{ϵn,y}) ] = sup_{u∈Σϵ} n inf_{y∈Mδ} [ β(u) − β(Φ_{ϵn,y}) ] + o(1) .

In order to prove (9) it is sufficient to find a sequence {y_n} ⊂ M_δ such that (10) lim_{n→∞} [ β(u_n) − β(Φ_{ϵn,yn} ) ] = 0 .

Since {u_n} ⊂ Σ_{ϵn} we have ϵ^2_nS ≤ ϵ^2_n ∫ R^N |∇u_n|^2 dx ≤ ϵ^2_n ∫ R^N |∇u_n|^2 dx + ∫ R^N a(x) u^2_n dx ≤ ϵ^2_n(S + h(ϵ_n)) .

Hence (11) lim_{n→∞} ∫ R^N |∇u_n|^2 dx = S and lim_{n→∞} ∫ R^N a(x) u^2_n dx = 0 .

It then follows from Corollary 2.11 in [3] that there exist a sequence of points {y_n}⊂R^N , a sequence {δ_n}⊂(0, ∞) and a sequence of functions {w_n}⊂ D^{1,2}(R^N ) such that w_n → 0 as n → ∞ and u_n(x) = w_n(x) + Φ_{δn,yn} (x) on R^N .

We claim that (i) δ_n → 0 and (ii) {y_n} is bounded. We begin by showing that {δ_n} is bounded. In the contrary case we may assume that δ_n → ∞ as n → ∞. Since w_n → 0 in D^{1,2}(R^N ), we have (12) β(u_n) = β(Φ_{δn,yn} ) + o(1) . Indeed, (12) follows from the following relation

β(u_n) = ∫ R^N χ(x) |u_n|^{2∗} dx = ∫ R^N χ(x) |w_n + Φ_{δn,yn} |^{2∗} dx = ∫ R^N χ(x) Φ^{2∗}_{δn,yn} dx + O (∫ R^N |w_n|^{2∗−1} Φ_{δn,yn} dx )

= ∫ R^N χ(x) Φ^{2∗}_{δn,yn} dx + O ( ‖w_n‖^{2∗−1}_2∗ ‖Φ_{δn,yn} ‖_2∗ )

= ∫ R^N χ(x) Φ^{2∗}_{δn,yn} dx + o(1) .

Therefore we may assume that (13) β(Φ_{δn,yn} ) ⊂ B ( 0, ρ 2 ) . We now observe that for each R > 0 we have lim_{n→∞} ∫ B(0,R) Φ^{2∗}_{δn,yn} dx = 0 , since lim_{n→∞} δ_n = ∞. Using this and (13) we can write the following inequalities

(14) γ ∘ Φ_{δn,yn} = ∫ R^N | | |χ(x) − β ∘ Φ_{δn,yn} | | | Φ_{δn,yn} (x)^{2∗} dx ≥ ∫ R^N |χ(x)| Φ_{δn ,yn} (x)^{2∗} dx − |β ∘ Φ_{δn,yn} | ≥ ∫ R^N |χ(x)| Φ_{δn ,yn} (x)^{2∗} dx − ρ 2 ≥ ρ ∫ R^N −B(0,ρ) Φ^{2∗}_{δn,yn} dx − ρ 2 + o(1) = ρ ∫ R^N Φ^{2∗}_{δn,yn} dx − ρ 2 + o(1) = ρ 2 + o(1) .

On the other hand we have

γ(u_n) = γ(Φ_{δn,yn} ) + o(1) ,

because w_n → 0 in D^{1,2}(R^N ). Since u_n ∈ Σ_{ϵn} we have that

(15) λ_1(ϵ_n) < γ(u_n) < λ_2(ϵ_n)

with λ_i(ϵ_n) → 0, i = 1, 2, as ϵ_n → ∞. This contradicts the estimate (14) and therefore {δ_n} is bounded. It remains to show that δ_n → 0. In the contrary case we may assume that δ_n → δ̄ > 0 as n → ∞. Then we must have that |y_n| → ∞ as n → ∞, since otherwise Φ_{δn,yn} would converge strongly in D^{1,2}(R^N ) and so would u_n. Consequently J_ϵ subject to the constraint Σ would have minimizer which is impossible by Proposition 2.2 in [3]. We now observe that for every R > 0, the fact that lim_{n→∞} |y_n| = ∞, implies that lim_{n→∞} ∫ B(0,R) Φ 2^∗ δ_n,y_n dx = 0. Consequently one can easily show that the estimate (14) must be valid giving the contradiction with the fact that u_n satisfies (15). The proof of the claim (ii) is similar and it is omitted. We now choose subsequences of {δ_n} and {ϵ_n} so that

δ_{ni} ϵ_{ni} = o(1) as ni → ∞. So we may replace δn^i by ϵn^i . The new sequence {ϵn^i } is

relabelled again by {ϵ_n}. Suppose that y_n → ȳ. Let

v_n(x) = ϵ^{N−22}n u_n(ϵ_n x + y_n) .

Then v_n → U_{1,0} in D^{1,2}(R^N ). Since ∫ R^N |∇vn| 2 dx → S and ϵ^2_nS < ϵ^2_n ∫ R^N |∇u_n|^2 dx + ∫ R^N a(x) u^2_n dx ϵ^2_n [∫ R^N ( |∇v_n|^2 + a(ϵ_n x + y_n) v^2_n ) dx ]

< ϵ^2_n(S + h(ϵ_n)) ,

we deduce that lim_{n→∞} ∫ R^N a(ϵ_n x + y_n) v^2_n dx = 0 .

This implies that ∫ R^N a(ȳ) U1,0 dx = 0 and so a(ȳ) = 0. This means that ȳ ∈ M.

Therefore y_n ∈ M_δ for large n. The relation (10) follows from the fact that w_n → 0 in D^{1,2}(R^N ).

3 – Main result

We are now in a position to formulate our main result on the existence of multiple solutions in terms of cat_{Mδ} M.

Theorem 2. For small ϵ > 0 the problem (1_ϵ) has cat_{Mδ} M solutions.

Proof: We fix an ϵ>0 small. Then Φ_{λ,y} : [λ_1, λ_2] × M → Σ_ϵ and by virtue of (6) and Proposition 3, β(Σ_ϵ)⊂M_δ. Therefore β∘Φ_{λ,y} : [λ_1, λ_2]×M → [λ_1, λ_2]×M_δ and it is easy to check that β ∘ Φ_{λ,y} : [λ_1, λ_2] × M → [λ_1, λ_2] × M_δ is homotopic to the inclusion map id: [λ_1, λ_2]×M → [λ_1, λ_2]×M_δ. The functional J_ϵ satisfies the (P S)_c-condition for c ∈ (ϵ^2S, ϵ^2(S +h(ϵ)). Hence by the Lusternik–Schnirelman theory of critical points (see [3], [4], [5])

cat(Σ_ϵ) ≥ cat_{[λ1,λ2]×Mδ} ([λ_1, λ_2] × M) = cat_{Mδ} M .

Remark. Using the argument of Lemma 2.7 in [18] one can show that solutions obtained in Theorem 2 are positive.

In the next result we show that solutions u_ϵ obtained in Theorem 2 concentrate on M as ϵ → 0.

Theorem 3. Let {u_ϵ} be solutions from Theorem 2. Then u_ϵ → Ū_{0,ȳ} in D^{1,2}(R^N ) as ϵ → 0 and ȳ ∈ M.

Proof: It follows from (11), that

lim_{ϵ→0} ∫ R^N |∇u_ϵ|^2 dx = S and lim_{ϵ→0} ∫ R^N a(x) u^2_ϵ dx = 0 .

Thus u_ϵ = w_ϵ + Φ_{δϵ,yϵ} . As in Proposition 3 we show that δ_ϵ → 0 and y_ϵ → ȳ ∈ M as ϵ → 0.

ACKNOWLEDGEMENT – The second author was supported by Science program of Nanchang University, NSFJ, and 21 century science program of Jiangxi province, P.R. of China. The first author was supported by ARC Small Grant.

REFERENCES

[1] Ambrosetti, A.; Badiale, M. and Cingolani, S. – Semiclassical states of nonlinear Schrödinger equations, Arch. Rat. Mech. Anal., 140 (1997), 285–300.

[2] Bartsch, T. and Wang, Q.Z. – Multiple positive solutions for a nonlinear Schrödinger equation, preprint.

[3] Benci, V. and Cerami, G. – Existence of positive solutions of the equation −Δu + a(x) u = u^{N +2N −2} in R^N , J. Func. Anal., 88 (1990), 90–117.

[4] Benci, V. and Cerami, G. – The effect of the domain topology on the number of positive solutions, Arch. Rat. Mech. Anal., 114 (1991), 79–93.

[5] Benci, V.; Cerami, G. and Passaseo, D. – On the number of the positive solutions of some nonlinear elliptic problems, Scuola Normale Sup. Pisa (a tribute in honour of G. Prodi), (1991), 93–107.

[6] Brézis, H. – Elliptic equations with limiting Sobolev exponent, the impact of topology, Comm. Pure Appl. Math., 39 (1986), 517–539.

[7] Brézis, H. and Nirenberg, L. – Positive solutions of nonlinear elliptic equations involving critical Sobolev exponents, Comm. Pure Appl. Math., 36 (1983), 437–477.

[8] Chabrowski, J. and Yang Jianfu – Existence theorems for the Schrödinger equation involving a critical Sobolev exponent, Z. Angew. Math. Phys., 49 (1998), 276–293.

[9] Cingolani, S. and Lazzo, M. – Multiple semiclassical standing waves for a class of nonlinear Schrödinger equations, Top. Meth. Nonlin. Anal., 10 (1997), 1–13.

[10] Del Pino, M. and Felmer, P. – Local mountain passes for semilinear elliptic problems in unbounded domains, Calc. Var., 4 (1996), 121–137.

284 J. CHABROWSKI and JIANFU YANG

[11] Floer, A. and Weinstein, A. – Nonspreading wave packets for the cubic Schrödinger equation with bounded potential, J. Func. Anal., 69 (1986), 397–408.

[12] Lions, P.L. – The concentration–compactness principle: the limit case, Rev. Mat.

Iberoamer., 1 (1985), 45–121, 145–201.

[13] Musina, R. – Multiple positive solutions of a scalar field equation in R^n , Top.

Meth. Nonlin. Anal., 7 (1996), 171–185.

[14] Oh, Y.J. – Existence of semi-classical bound states of nonlinear Schrödinger equation with potential on the class (V )_a, Commun. P.D.E., 13 (1988), 1499–1519.

[15] Oh, Y.J. – On positive multi-lump bound states for nonlinear Schrödinger equations under multiple well potential, Commun. Math. Phys., 131 (1990), 223–253.

[16] Oh, Y.J. – Stability of semi-classical bound states of nonlinear Schrödinger equations with potential, Commun. Math. Phys., 121 (1989), 11–33.

[17] Oh, Y.J. – Corrections to “Existence of semiclassical bound states of nonlinear Schrödinger equations with potential in the class (V )_a”, Commun. P.D.E., 14 (1989), 833–835.

[18] Passaseo, D. – Some sufficient conditions for the existence of positive solutions to the equation −Δu + a(x) u = u^{2∗−1} in bounded domains, Ann. Inst. H. Poincaré Anal. Nonlin., 13(2) (1996), 185–227.

[19] Rabinowitz, P. – On a class of nonlinear Schrödinger equations, Z. Angew. Math.

Phys., 43 (1992), 271–291.

[20] Wang, X. – On concentration of positive bound states of nonlinear Schrödinger equations, Commun. Math. Phys., 153 (1993), 223–243.

J. Chabrowski, Department of Mathematics, The University of Queensland, St. Lucia 4072, Qld – AUSTRALIA and Jianfu Yang, Department of Mathematics, Nanchang University, Nanchang, Jiangxi 330047 – P.R. OF CHINA