PORTUGALIAE MATHEMATICA

Vol. 59 Fasc. 1 – 2002 Nova Série

GLOBAL SOLVABILITY TO THE KIRCHHOFF EQUATION FOR A NEW CLASS OF INITIAL DATA

R. Manfrin

Presented by E. Zuazua

Abstract: Introducing a new simple energy estimate, we prove the global solvability of the classical Kirchhoff equation for initial data u(0, x), u_t(0, x) in a suitable subset of the Sobolev class H^2×H^1.

Introduction

In this paper we investigate the question of the global solvability of the Kirchhoff equation (1.1) u_{tt} − m (∫ Ω |∇u(x, t)|^2 dx ) Δu = 0 in Ω × [0, ∞) ,

where m(s) is a C^2-function such that m(s) ≥ δ_0 > 0, ∀ s ≥ 0. We shall consider the following cases:

(1) the Cauchy problem, when Ω = R^n ;

(2) the periodic initial value problem, when Ω = ]0, 2π[^n; (3) the initial-boundary value problem, if Ω ⊂ R^n is a bounded domain with C^2 boundary.

Our results will be proved introducing a particular class of initial data in which we are able to show that the derivative of the nonlinear term s(t)^{def}= ∫ Ω|∇u(x, t)|^2dx is a a-priori bounded in every bounded interval [0, T ).

Received: October 15, 2000; Revised: February 6, 2001. AMS Subject Classification: 35L70.

Keywords: Global Solvability; Kirchhoff Equation.

1 – Formulation of the problem and main results

(1) In the case Ω = R^n , we consider the Cauchy problem

(1.2) u_{tt} − m (∫ R^n |∇u(x, t)|^2 dx ) Δu = 0,

u(x, 0) = u_0(x) , u_t(x, 0) = u_1(x), in R^n ×[0, ∞) ,

and we say that u(x, t) is a strong solution of (1.2) in R^n × [0, T ) if

(1.3) u(x, t) ∈ C^k([0, T ); H^{2−k} (R^n )) for 0 ≤ k ≤ 2 ,

(analogously we define the strong periodic solutions if Ω = ]0, 2π[^n). Besides, we introduce the following class of functions:

Definition 1.1. Let {ρ_j}_{j≥0} be a given sequence of positive numbers such that ρ_j → +∞. We say that a L^2-function f(x) belongs to B^k_{{ρj }}(R^n ) if there exists η > 0 such that

(1.4) lim sup_{j→+∞} ∫ |ξ|>ρ_j |ξ|^{2k} |f̂(ξ)|^2 exp ( η ρ^2_j /|ξ| ) dξ < +∞ .

Then we have:

Theorem 1. Let us suppose that the initial data satisfy

(1.5) u_0(x) ∈ B^2_{{ρj }}(R^n ) , u_1(x) ∈ B^1_{{ρj }}(R^n ) .

Then the Cauchy problem (1.2) has a unique global strong solution in R^n × [0, ∞).

(2) By the same arguments, we may consider the periodic initial value problem. Namely, we assume that Ω = ]0, 2π[^n and that the unknown u(x, t) is 2π-periodic in the space variables.

Denoting with c_ξ(f), for ξ ∈ Z^n, the Fourier coefficients of f(x), with respect to the orthonormal system e_ξ(x) = (2π)^{−n/2} exp{i ξ x}, we say that:

Definition 1.2. Let {ρ_j }_{j≥0} be a given sequence of positive numbers such that ρ_j → +∞. A L^2 locally integrable 2π-periodic function f(x) belongs to B^k_{{ρj }}(]0, 2π[^n) if there exists a constant η > 0 such that

(1.6) lim sup_{j→+∞} ∑ ξ∈Z^n, |ξ|>ρ_j |ξ|^{2k} |c_ξ (f)|^2 exp ( η ρ^2_j /|ξ| ) < +∞ .

Then, we have the following:

Corollary 2. Let Ω = ]0, 2π[^n and suppose that the initial data are 2π-periodic functions such that u_0(x) ∈ B^2_{{ρj }}(]0, 2π[^n), u_1(x) ∈ B^1_{{ρj }}(]0, 2π[^n). Then the initial value problem

(1.7) u_{tt} − m (∫ ]0,2π[^n |∇u(x, t)|^2 dx ) Δu = 0,

u(x, 0) = u_0(x) , u_t(x, 0) = u_1(x), in R^n × [0, ∞) ,

has a unique global strong periodic solution in R^n ×[0, ∞).

(3) Finally, in the case of a bounded C^2 domain Ω ⊂ R^n , we consider the initial-boundary value problem:

(1.8) u_{tt} − m (∫ Ω |∇u(x, t)|^2 dx ) Δu = 0,

u(x, 0) = u_0(x) , u_1(x, 0) = u_1(x), u(x, t) = 0 on ∂Ω × [0, ∞), in Ω × [0, ∞) ,

and we say that u(x, t) is a strong solution of (1.8) in Ω×[0, T ) if

(1.9) u(x, t) ∈ C^0([0, T ); H^2(Ω)) ∩ C^1([0, T ); H^1_0 (Ω)) ∩ C^2([0, T ); L^2(Ω)) .

As it is well known, we can find an orthonormal basis {v_i}_{i≥0} of L^2(Ω) such that

−Δv_i = λ^2_i v_i , v_i ∈ H^1_0 (Ω) ,

where λ_i > 0, λ_i → +∞. Following the same lines, we say that f(x) ∈ B^k_{{ρj }}(Ω) if for some constant η > 0 we have

(1.10) lim sup_{j→+∞} ∑ λ_i>ρ_j |λ_i|^{2k} |c_i(f)|^2 exp ( η ρ^2_j /λ_i ) < +∞ ,

where c_i(f) are the Fourier coefficients with respect to the basis {v_i}_{i≥0}. Then, we have:

Corollary 3. Let Ω⊂R^n be a bounded C^2 domain and assume that u_0(x) ∈ B^2_{{ρj }}(Ω) and u_1(x) ∈ B^1_{{ρj }}(Ω). Then the initial-boundary value problem (1.8) has a unique global strong solution u(x, t) in Ω×[0, ∞).

Remark 1.3. If the sequence {ρ_j }_{j≥0} does not increase too fast, then B^k_{{ρj }}(R^n ) = A_L2 (R^n ) and B^k_{{ρj }}(]0, 2π[^n) coincide with the space A_{2π}(R^n ) of the analytic, 2π-periodic functions in R^n . On the other hand, if ρ_j → + ∞ and satisfies (for example) a condition like

(1.11) ρ_{j+1} ≥ 2 ρ^2_j ,

it is easy to see that A_L2 (R^n ) B^k_{{ρj }}(R^n ), A_{2π}(R^n ) B^k_{{ρj }}(]0, 2π[^n) and that the spaces B^k_{{ρj }}(R^n ) and B^k_{{ρj }}(]0, 2π[^n) contain non-smooth functions. Unfortunately, it is also possible to prove that B^k_{{ρj }}(R^n ) does not contain compactly supported functions (see the appendix). This means that the class B^k_{{ρj }}(R^n ) is (in some sense) relatively small.

In the case of a bounded C^2-domain Ω, if the sequence {ρ_j }_{j≥0} increase sufficiently fast, we have A_0(Ω) B^k_{{ρj }}(Ω) where A_0(Ω) denotes the space of all analytic functions in some neighborhood of Ω such that Δ^lu = 0 on ∂Ω for all l ≥ 0. In conclusion Theorem 1 and the Corollaries 1 and 2 extend the known global existence results in the space of real analytic functions.

In this paper we shall give in details only the proof of the global solvability of the Cauchy problem (1.2), that is Theorem 1, because the Corollaries 2 and 3 can be proved following the same arguments.

Moreover, since the local solvability of the Kirchhoff equation (1.1) is well known (see [1], [5], [6], [12], [17], [18]), we shall only prove the basic a-priori estimates.

Finally we mention about the related works. The global solvability of the classical Kirchhoff equation in the space of analytic functions was originally proved by Bernstein [3], in one space dimension, and then extended by Pohožaev [15] to several space dimensions. Later, the result of [15] has been generalized in [2], [4], [9] considering the weakly hyperbolic case and more general second order elliptic operators. For quasi-analytic initial data the first result of global solvability was proved by Nishihara [10] and then generalized in [8], [20].

2 – The Linearized Equation

In this section we study the linearized equation derived from (1.1) setting m( ∫ |∇u(x, t)|^2 dx) = a(t) and v(ξ, t) = F_x u(ξ, t), i.e. applying the Fourier transform in the space variables. We use a technique introduced by Pohožaev [16] to obtain a second order conservation law for the Kirchhoff equation. See also [13], [14]. Let us consider the infinite system of linear oscillating equations of the form

(2.1) v_{tt} + a(t) |ξ|^2 v = 0 for t ∈ [0, T ), ξ ∈ R^n ,

where 0 < T < ∞, v = v(ξ, t); a(t) is a real valued function satisfying the conditions

(2.2) a(t) ∈ C^2([0, T )) , a(t) ≥ δ_0 > 0 ∀ t ≥ 0 .

Multiplying (2.1) by the factor a_1(t) |ξ|^2 v̄_t, we easily obtain that

(2.3) d dt ( a_1(t) |ξ|^2 |v_t|^2 + a(t) a_1(t) |ξ|^4 |v|^2 ) = = a^′_1(t) |ξ|^2 |v_t|^2 + [a(t) a_1(t)]^′ |ξ|^4 |v|^2 .

While, multiplying by the term a_2(t) |ξ|^2 v̄ we find

(2.4) d dt ( a_2(t) |ξ|^2 ℜ{v̄ v_t} ) = = −a(t) a_2(t) |ξ|^4 |v|^2 + a_2(t) |ξ|^2 |v_t|^2 + a^′_2(t) |ξ|^2 ℜ{v̄ v_t} ,

where ℜ{z} denotes the real part of z ∈ C . Thus, introducing the quantity

(2.5) E(ξ, t)^{def}= 1 2 a_1(t) |ξ|^2 |v_t|^2 + 1 2 a(t) a_1(t) |ξ|^4 |v|^2 + a_2(t) |ξ|^2 ℜ{v̄ v_t} ,

it follows that

(2.6) d dt E(ξ, t) = [ 1 2 (a(t) a_1(t))^′ − a(t) a_2(t) ] |ξ|^4 |v|^2 + [ 1 2 a_1(t)^′ + a_2(t) ] |ξ|^2 |v_t|^2 + a_2(t)^′ |ξ|^2 ℜ{v̄ v_t} .

Now, let us choose the coefficients a_1(t), a_2(t) such that

(2.7) 1 2 (a(t) a_1(t))^′ − a(t) a_2(t) = 0, 1 2 a_1(t)^′ + a_2(t) = 0 .

A straightforward computation gives

(2.8) a_1(t) = C √ a(t) , a_2(t) = C 4 a(t)^′ a(t)^{3/2} with C ∈ R .

In the following, we fix C =1. Then, taking a_1(t), a_2(t) as in (2.8) we finally have

(2.9) d dt E(ξ, t) = a_2(t)^′ |ξ|^2 ℜ{v̄ v_t} . Defining the energy

(2.10) E(ξ, t)^{def}= 1 2 a_1(t) |ξ|^2 |v_t|^2 + 1 2 a(t) a_1(t) |ξ|^4 |v|^2 ,

we can state the following lemma:

Lemma 2.1. Let us suppose that 0 < T < ∞. Then, for every ε > 0 there exists ρ_ε > 0 such that (2.11) E(ξ, t) ≤ 4 E(ξ, 0) in [0, T − ε] , for every |ξ| ≥ ρ_ε.

Proof: Let us fix K > 0 such that

(2.12) |a_2(t)|, |a_2(t)^′| ≤ K in [0, T − ε] .

Then, having |ξ|^3 |v| |v_t| ≤ 1 2 √ a(t) |ξ|^2 |v_t|^2 + √ a(t) 2 |ξ|^4 |v|^2 ≡ E(ξ, t) , for |ξ| > 0 the equations (2.5)–(2.9) give

(2.13) d dt [ E(ξ, t) + a_2(t) |ξ|^2 ℜ{v̄ v_t} ] ≤ K |ξ|^2 |v̄ v_t| ≤ K E(ξ, t) |ξ| . Now, we can choose ρ_1 > 0 such that

(2.14) |ξ| ≥ ρ_1 =⇒ | | |a_2(t) |ξ|^2 ℜ{v̄ v_t} | | | ≤ E(ξ, t) 2 for 0 ≤ t ≤ T − ε . Namely, we set ρ_1 = 2K. Then, for |ξ| ≥ ρ_1, we have

(2.15) E(ξ, t) ≤ E(ξ, 0) − [ a_2(τ) |ξ|^2 ℜ{v̄ v_t} ]_t 0 + K |ξ| ∫_t 0 E(ξ, τ) dτ ≤ 3 2 E(ξ, 0) + 1 2 E(ξ, t) + K |ξ| ∫_t 0 E(ξ, τ) dτ . Hence, by Gronwall’s Lemma, it follows that

(2.16) E(ξ, t) ≤ 3 E(ξ, 0) exp ( 2K |ξ| t ) .

Thus, it is sufficient to take ρ_ε ≥ ρ_1 such that (2.17) |ξ| ≥ ρ_ε =⇒ 2 K(T − ε) |ξ| ≤ ln ( 4 3 ) .

Remark 2.2. A similar conclusion holds true if T = +∞. Precisely, the estimate (2.11) holds in the interval [0, 1/ε], provided |ξ| ≥ ρ_ε for a suitable ρ_ε > 0.

Moreover, we easily have:

Corollary 2.3. Let T < ∞. Then for every ε > 0 there exists ρ_ε > 0 such that

(2.18) E(ξ, 0) 4 ≤ E(ξ, t) ≤ 4 E(ξ, 0) in [0, T − ε] for all |ξ| ≥ ρ_ε.

3 – A-priori estimates for 0 ≤ t ≤ T − ε

Let us consider the infinite system of nonlinear oscillating equations

(3.1) v_{tt} + m (∫ |ξ|^2 |v(ξ, t)|^2 dξ ) |ξ|^2 v = 0, v(ξ, 0) = v_0(ξ) , v_t(ξ, 0) = v_1(ξ), in R^n_ξ × [0, ∞) ,

where m(s) ∈ C^2([0, ∞)) with m(s) ≥ δ_0 > 0. From now on we assume that the initial data v_0(ξ), v_1(ξ) are L^2 functions such that

(3.2) ∫ ( 1 + |ξ|^4 ) |v_0(ξ)|^2 dξ < ∞ , ∫ ( 1 + |ξ|^2 ) |v_1(ξ)|^2 dξ < ∞ and that v(ξ, t) is the (unique) local strong solution of (3.1) in R^n_ξ ×[0, T ). Namely:

Definition 3.1. We say that v(ξ, t) is a strong solution of (3.1) in R^n_ξ ×[0, T ) if (3.3) ( 1 + |ξ|^{2−j} ) ∂^j_t v(ξ, t) ∈ C^0([0, T ); L^2(R^n_ξ )) ,

for 0 ≤ j ≤ 2 and t → v(·, t) satisfies (3.1) in [0, T ).

Remark 3.2. Condition (3.3) implies that (3.4) t −→ s(t)^{def}= ∫ |ξ|^2 |v(ξ, t)|^2 dξ is a well defined C^2-function on [0, T ). Setting then (3.5) a(t) = m(s(t)) , it follows that a(t) ∈ C^2([0, T )) with a(t) ≥ δ_0 and defining (with C =1)

(3.6) a_1(t) = 1 √ m(s(t)) def= m_1(s(t)) ,

a_2(t) = 1 4 m^′(s(t)) √ m(s(t))^3 s^′(t)^{def}= m_2(s(t)) s^′(t) , we can apply the energy estimates of the previous section.

To continue, let us recall that:

First order conservation law. Assuming v(ξ, t) a local strong solution of (3.1) and multiplying by the factor v̄_t, we find the well known identity: (3.7) H(t)^{def}= ∫ R^n_ξ |v_t(ξ, t)|^2 dξ + Φ (∫ R^n_ξ |ξ|^2 |v(ξ, t)|^2 dξ ) ≡ H(0)^{def}= H_0 ,

where Φ(s)^{def}= ∫_s 0 m(z) dz satisfies Φ(s) ≥ δ_0 s for all s ≥ 0.

Thus, we have the a-priori estimate (3.8) ∫ |v_t(ξ, t)|^2 dξ + δ_0 ∫ |ξ|^2 |v(ξ, t)|^2 dξ ≤ H_0 , uniformly for 0 ≤ t < T . In particular, we have 0 ≤ s(t) ≤ H_0/δ_0 and (3.9) ∫ |ξ|≤ρ |ξ|^2 |v| |v_t| dξ ≤ ρ H_0 2 √ δ_0 , for all ρ ≥ 0. Note also that δ_0 ≤ m(s(t)) ≤ M and |m_2(s(t))|, |m^′_2(s(t))| ≤ M/2 , for a suitable constant M > 0 because m(s) ∈ C^2([0, ∞)).

Applying Lemma 2.1 we can state the following:

Corollary 3.3. For every ε > 0 there exists ρ_ε > 0 such that (3.10) |s^′(t)| ≤ ρ H_0 √ δ_0 + 8 ∫ |ξ|>ρ E(0, ξ) |ξ| dξ for all ρ ≥ ρ_ε and t ∈ [0, T − ε].

Proof: Deriving with respect to t, we have

(3.11) |s^′(t)| ≤ 2 ∫ |ξ|≤ρ |ξ|^2 |v| |v_t| dξ + 2 ∫ |ξ|>ρ |ξ|^2 |v| |v_t| dξ ≤ ρ √ δ_0 ∫ |ξ|≤ρ [ |v_t|^2 + δ_0 |ξ|^2 |v|^2 ] dξ + 2 ∫ |ξ|>ρ |ξ|^2 |v| |v_t| dξ ≤ ρ H_0 √ δ_0 + 2 ∫ |ξ|>ρ E(ξ, t) |ξ| dξ . Now, taking ρ_ε according to Lemma 2.1, namely

(3.12) ρ_ε = 2 K max { 1, T − ε ln(4/3) }

where K > 0 satisfies

(3.13) |m_2 s^′(t)| , |m^′_2 s^′(t)^2 + m_2 s^{′′}(t)| ≤ K in [0, T − ε] ,

we can apply the inequality (2.11), that is E(ξ, t) ≤ 4 E(ξ, 0) for |ξ| ≥ ρ_ε. Clearly, this immediately implies the estimate (3.10).

4 – A-priori estimates for T − ε ≤ t < T

Now, assuming suitable conditions on the initial data v_0(ξ) and v_1(ξ) of problem (3.1), we shall prove that the energy E(ξ, t) is uniformly bounded in the interval [0, T ), if T < +∞.

To begin with, for ρ ≥ 1, let us set

(4.1) E_ρ(t)^{def}= ∫ |ξ|>ρ E(ξ, t) |ξ| dξ . Rewriting the expression of the energy E(ξ, t) with the positions (3.5)–(3.6), we have (4.2) E(ξ, t) = |ξ|^2 |v_t|^2 2 √ m(s(t)) + 1 2 √ m(s(t)) |ξ|^4 |v|^2 .

Besides, taking into account of (3.8) and (3.11), it follows that |s^′(t)| ≤ ρ H_0 √ δ_0

+ 2 E_ρ(t) , (4.3a) |s^{′′}(t)| ≤ 2 ∫ |ξ|^2 |v_t|^2 dξ + 2 m(s(t)) ∫ |ξ|^4 |v|^2 dξ (4.3b) ≤ 2 ρ^2 [1 + M/δ_0] H_0 + 4 √ M ∫ |ξ|>ρ E(ξ, t) dξ . Hence, from (2.4)–(2.9), we have the following estimate

(4.4) E^′(ξ, t) + d dt ( m_2(s(t)) s^′(t) |ξ|^2 ℜ{v̄ v_t} ) ≤ ≤ | |m_{′2}(s(t)) s_′(t)_2 + m_2(s(t)) s_{′′}(t) | | |ξ|_2 |v| |v_t| ≤ C_1 [ (H_0 + H^2_0) ρ^2 + E_ρ(t)^2 + ∫ |ξ|>ρ E(ξ, t) dξ ] E(ξ, t) |ξ| , for a suitable constant C_1 > 0 depending only on M, δ_0. Now, let K_1 ≥ 1 be a given constant (we will fix K_1 and ε in the following). Then, as long as

(4.5) E_ρ(t)^2 + ∫ |ξ|>ρ E(ξ, t) dξ ≤ K_1 , we have

(4.6) E(ξ, t) ≤ E(ξ, T − ε) − [ m_2(s(τ)) s^′(τ) |ξ|^2 ℜ{v̄ v_t} ]_t T −ε + C_1

(H_0 + H^2_0) ρ^2 + K_1 |ξ| ∫_t T −ε E(ξ, τ) dτ where

(4.7) | |m_2(s(t)) s^′(t) |ξ|^2 ℜ{v̄ v_t} | | ≤ |m_2| [ ρ H_0 √ δ_0

+ 2 E_ρ(t) ] E(ξ, t) |ξ| ≤ M |ξ| [ ρ H_0 √ δ_0 + √ K_1 ] E(ξ, t) . Now, if we assume that

(4.8) H_0 ≤ √ δ_0 3 M , then | | |m_2(s(t)) s^′(t) |ξ|^2 ℜ{v̄ v_t} | | | ≤ E(ξ, t) 2 provided |ξ| ≥ max{ρ, 6 M √ K_1} .

This implies that, as long as (4.5) holds and |ξ| ≥ max{ρ, 6 M √ K_1}, we have (4.9) E(ξ, t) ≤ 3 E(ξ, T − ε) + 2 C_1 (H_0 + H^2_0) ρ^2 + K_1 |ξ| ∫_t T −ε E(ξ, τ) dτ . Hence, applying the classical Gronwall’s lemma, (4.10) E(ξ, t) ≤ 3 E(ξ, T − ε) exp { 2 C_1

(H_0 + H^2_0) ρ^2 + K_1 |ξ| (t − T + ε) } . Finally, having ρ, K_1 ≥ 1, in order to verify the condition (4.5), it will be sufficient to require that

(4.11) ∫ |ξ|>ρ E(ξ, t) dξ ≤ √ K_1 2 . To this end, recalling Lemma 2.1 and (3.12), (3.13) we assume that

(4.12) ρ ≥ max { 1, ρ_ε, 6 M √ K_1 } , thus, by the estimate (2.11), we know that E(ξ, T − ε) ≤ 4 E(ξ, 0) in (4.10). Then, condition (4.5) will be verified as long as

(4.13)

I(t)^{def}= ∫ |ξ|>ρ E(ξ, 0) exp { 2 C_1

(H_0 + H^2_0) ρ^2 + K_1 |ξ| (t − T + ε) } dξ ≤ √ K_1 24 . In order to extend the solution v(ξ, t), we require now that (4.13) holds for T − ε ≤ t < T . Clearly, this leads to a sufficient condition for the global solvability of the Cauchy problem (3.1). More precisely, we assume that the initial data v_0(ξ), v_1(ξ) satisfy the following conditions:

Definition 4.1. Let {ρ_j }_{j≥0} be a given sequence of positive numbers such that ρ_j → +∞. We say that a L^2-function f(ξ) belong to B̃^k_{{ρj }}(R^n ) if there exist η > 0 and C ≥ 0 such that

(4.14) ∫ |ξ|>ρ_j |ξ|^{2k} |f(ξ)|^2 exp{η ρ^2_j /|ξ|} dξ ≤ C ∀ j ≥ 0 .

Then, if v_0(ξ) ∈ B̃^2_{{ρj }}{R^n }, v_1(ξ) ∈ B̃^1_{{ρj }}{R^n }, it is easy to see that (4.13) holds true in [T −ε, T ) provided we choose ε > 0 sufficiently small, ρ = ρ_j ≥ 1 and

K_1 ≥ 1 large enough. In fact, since |ξ|^2 v_0(ξ), |ξ| v_1(ξ) ∈ L^2, we have H_0 < ∞ and (4.15) E(ξ, 0) ≤ C_2 ( |ξ|^2 |v_1(ξ)|^2 + |ξ|^4 |v_0(ξ)|^2 ) , with C_2 =^1_2^√_{δ0} + √ M 2 . Hence, for T − ε ≤ t < T , we have I(t) ≤ C_2 ∫ ρ^2≥|ξ|>ρ ( |ξ|^2 |v_1(ξ)|^2 + |ξ|^4 |v_0(ξ)|^2 ) exp { C_3 ρ^2 + 2 C_1 K_1 |ξ| ε } dξ (4.16) + C_2 ∫ |ξ|>ρ^2 ( |ξ|^2 |v_1(ξ)|^2 + |ξ|^4 |v_0(ξ)|^2 ) exp { C_3 ρ^2 + 2 C_1 K_1 |ξ| ε } dξ where C_3 = 2 C_1 (H_0 + H^2_0). Then, since v_0(ξ), v_1(ξ) satisfy the inequality (4.14) (with k = 2 and k = 1 respectively) for suitable constants η_i > 0 and C_i ≥ 0, we choose K_1 large such that

(4.17) √ K_1 48 − 1 ≥ C_2 C_i for i = 0, 1

and ε > 0 small such that, for ρ ≥ 1,

(4.18)

C_3 ρ^2 + 2 C_1 K_1 |ξ| ε < η_i ρ^2 |ξ| in ρ ≤ |ξ| ≤ ρ^2 for i = 0, 1 .

In this way, for all ρ = ρ_j the value of the first integral in (4.16) is less than √ K_1 24 − 2.

Finally, noting that

(4.19) lim_{ρ→+∞} ∫ |ξ|>ρ^2 ( |ξ|^2 |v_1(ξ)|^2 + |ξ|^4 |v_0(ξ)|^2 ) exp { C_3 ρ^2 + 2 C_1 K_1 |ξ| ε } dξ = 0 we take j ≥ 0 large, such that the value of the second integral in (4.16) is less than 2.

Summarizing up, we have proved the following:

Lemma 4.2. Let v(ξ, t) be a local strong solution of the problem (3.1) in the stripe R^n_ξ ×[0, T ) with 0 < T < +∞. Assume that (4.8) holds and that

v_0(ξ) ∈ B̃^2_{{ρj }}(R^n_ξ ) , v_1(ξ) ∈ B̃^1_{{ρj }}(R^n_ξ ) .

Then the integral ∫ R^n E(ξ, t) dξ is uniformly bounded in [0, T ).

Proof: By the previous arguments, see (4.11), we know that

(4.20) ∫ |ξ|>ρ_j E(ξ, t) dξ ≤ √ K_1 2 , ∀ t ∈ [0, T ) , for suitable constants K_1 satisfying (4.17) and ρ_j ≥ max{1, ρ_ε, 6 M √ K_1} such that the value of the second integral in (4.16) is less than 2. On other hand for |ξ| ≤ ρ_j, by (3.8), we have

(4.21) ∫ |ξ|≤ρ_j E(ξ, t) dξ ≤ 1 2 √ δ_0 ( 1 + √ M √ δ_0 ) ρ^2_j H_0 ,

for all t ∈ [0, T ).

5 – Global solvability for small data

From the estimates of the previous sections, it is now straightforward to prove the global solvability provided the initial data (u_0(x), u_1(x)) ∈ B^2_{{ρj }}(R^n )× B^1_{{ρj }}(R^n ) is sufficiently small. Namely, we assume that (4.8) holds true with

H_0 = ∫ R^n |u_1(x)|^2 dx + Φ (∫ R^n |∇u_0(x)|^2 dx ) . In fact, let us consider again problem (1.2)

(1.2) u_{tt} − m (∫ R^n |∇u(x, t)|^2 dx ) Δu = 0,

u(0, x) = u_0(x) , u_t(0, x) = u_1(x), in R^n × [0, ∞) ,

with u_0(x) ∈ B^2_{{qj }}(R^n ), u_1(x) ∈ B^1_{{qj }}(R^n ). Since we know that the Cauchy problem for the Kirchhoff equation (in the space of strong solutions, with u_0(x) ∈ H^2(R^n ) and u_1(x) ∈ H^1(R^n ), see [12], [17], [18]) is well posed, we can define

(5.1) T^{def}= sup { T > 0 | ∃! u(x, t) strong solution in R^n × [0, T ) } . Besides, having u_0(x) ∈ B^2_{{ρj }}(R^n ) and u_1(x) ∈ B^1_{{ρj }}(R^n ), it easily follows that v_0(ξ) = û_0(ξ) and v_1(ξ) = û_1(ξ) satisfy the conditions of Definition 4.1, for a suitable subsequence {ρ̃_j }_{j≥0}. More precisely, we have

v_0(ξ) ∈ B̃^2_{{ρ̃j }}(R^n_ξ ) , v_1(ξ) ∈ B̃^1_{{ρ̃j }}(R^n_ξ ) .

Assume, by contradiction, that T < + ∞. From Lemma 4.2, if (4.8) holds, it follows that the norms ‖u(·, t)‖_H2 , ‖u_t(·, t)‖_H1 are uniformly bounded in the interval [0, T ). Thus, by (4.3), the coefficient m(s(t)) is uniformly bounded in the C^2-norm and there exists a(t) ∈ C^1([0, T ]) such that a(t) = m(s(t)) in [0, T ). Hence, we may consider the linear problem

(5.2) w_{tt} − a(t) Δw = 0 with w(x, 0) = u_0(x), w_t(x, 0) = u_1(x) .

Clearly, this problem has a global strong solution w(x, t) in [0, T ]×R^n and by the uniqueness property we have u(x, t) = w(x, t) in [0, T )×R^n . This means that there exist the limits

(5.3) lim t→T^− u(x, t) = w(x, T ) in H^2, lim t→T^− u_t(x, t) = w_t(x, T ) in H^1 .

Now, using again the local existence theorem for the Kirchhoff equation, with initial data for t = T given by u(x, T ) = w(x, T ) and u_t(x, T ) = w_t(x, T ), we can extend u(x, t) (as strong solution of (1.2)) to a larger stripe R^n ×[0, T_1) with T_1 > T . Clearly, this contradicts the definition of T and concludes the proof of Theorem 1 in the case of small initial data.

Remark 5.1. Observe that for all t ≥ 0 we have (5.4) u(t, ·) ∈ B^2_{{ρj }}(R^n ) , ∂_tu(t, ·) ∈ B^1_{{ρj }}(R^n ) .

6 – Proof of Theorem 1

We shall only see how to perform the energy estimates of Section 4, for t ∈ [T − ε, T ), in the case the condition (4.8) does not hold. We use the fact that the initial data (u_0(x), u_1(x)) belongs to B^2_{{ρj }}(R^n ) × B^1_{{ρj }}(R^n ), but we don’t require that u_0(x), u_1(x) are small. First of all, setting

(6.1) λ = 3 M H_0 √ δ_0

+ 1 , for every ρ ≥ 1 we can write:

(6.2) |s^′(t)| ≤ 2 ∫ |ξ|≤ρ |ξ|^2 |v| |v_t| dξ + 2 ∫ ρ<|ξ|≤λ ρ |ξ|^2 |v| |v_t| dξ + 2 ∫ |ξ|<λ ρ |ξ|^2 |v| |v_t| dξ ≤ ρ H_0 √ δ_0 + 2 ∫ ρ<|ξ|≤λ ρ |ξ|^2 |v| |v_t| dξ + 2 E_{λ ρ}(t) . Now, we use the trivial inequality E(ξ, t)^′ ≤ M^{3/2} |s^′(t)| E(ξ, t) (with M > 0 the constant introduced after (3.9)) to estimate the second term in right hand side of (6.2). Namely, by (2.11), for T − ε ≤ t < T and ρ ≥ ρ_ε we have

(6.3) E(ξ, t) ≤ 4 E(ξ, 0) exp { M^{3/2} ∫_t T −ε |s^′(τ)| dτ } . To continue, let K̃_1, K̃_2 ≥ 1 and let us suppose that ρ ≥ max{1, ρ_ε}. Then, following the argument developed in (4.5)–(4.19) of Section 4, as long as

E_{λ ρ}(t)^2 + ∫ |ξ|>λ ρ E(ξ, t) dξ ≤ K̃_1 , (6.4a) ∫ ρ<|ξ|≤λ ρ E(ξ, t) dξ ≤ K̃_2 , (6.4b) in the interval [T − ε, T ), we have

(6.5) ∫_t T −ε |s^′(τ)| dτ ≤ ε ( ρ H_0 √ δ_0 + 2 K̃_2 ρ + 2 √ K̃_1 ) . By (6.3), this means that the condition (6.4b) holds true if

(6.6)

J(ρ, ε)^{def}= ∫ ρ<|ξ|≤λ ρ E(ξ, 0) exp { ε M^{3/2} [ ρ H_0 √ δ_0 + 2 K̃_2 ρ + 2 √ K̃_1 ]} dξ

≤ K̃_2 4 . To verify (6.6) we use the fact that u_0(x) ∈ B^2_{{ρj }}(R^n ), u_1(x) ∈ B^1_{{ρj }}(R^n ). More precisely, we know that there exist a sequence {ρ_j }_{j≥0}, ρ_j → +∞, and two constants η > 0, C ≥ 0 such that

(6.7) ∫ |ξ|>ρ_j E(ξ, 0) exp { η ρ^2_j /|ξ| } dξ ≤ C for j ≥ 0 sufficiently large. Then, for ε > 0 small enough, namely 0 < ε ≤ η δ^{1/2}_0 3 λ M^{3/2} H_0 , and ρ = ρ_j ≥ max{1, ρ_ε} sufficiently large, we have

(6.8) ε M^{3/2} [ ρ_j H_0 √ δ_0 + 2 K̃_2 ρ_j + 2 √ K̃_1 ] ≤ η ρ_j 2 λ ≤ η ρ^2_j 2 |ξ| for all ξ ∈ R^n_ξ such that ρ_j ≤ |ξ| ≤ λ ρ_j. By (6.7) this implies that

(6.9) J(ρ_j , ε) ≤ C exp { −η ρ_j/2 λ } ≤ K̃_2 4 provided j ≥ 0 is sufficiently large. Summarizing up, for ε > 0 small and ρ = ρ_j with j ≥ 0 large enough, the condition (6.4b) is verified and the estimate (6.5) holds true in the interval [T − ε, T ) as long as (6.4a) holds. Thus, taking in the following ρ = ρ_j , we can substitute (4.3a), (4.3b) with |s^′(t)| ≤ ρ_j H_0 √ δ_0 + 2 K̃_2 ρ_j + 2 E_{λ ρj} (t) ,

(6.10a)

|s^{′′}(t)| ≤ 2 λ^2 ρ^2_j [1 + M/δ_0] H_0 + 4 √ M ∫ |ξ|>λ ρ_j E(ξ, t) dξ . (6.10b)

Then, as long as (6.4a) holds in [T − ε, T ), we can estimate E(ξ, t), for |ξ| > λ ρ_j , using exactly the same arguments of Section 4. In fact, for ρ_j ≥ max{1, ρ_ε} large enough, instead of (4.7) we now have

(6.11) | | |m_2(s(t)) s^′(t) |ξ|^2 ℜ{v̄ v_t} | | | ≤ M |ξ| [ ρ_j H_0 √ δ_0 + K̃_2 ρ_j + √ K̃_1 ] E(ξ, t) ≤ E(ξ, t) 2 , because |ξ| > λ ρ_j and λ satisfies (6.1). This completes the proof of Theorem 1.

Appendix

Here we sketch the proof of the fact that B^k_{{ρj }}(R) does not contain nontrivial compactly supported functions. To begin with, let us recall the following result (see [11], Theorem XII):

Theorem (Paley–Wiener). Let ϕ(ξ) ∈ L^2(R) be a real non-negative function not equivalent to zero. A necessary and sufficient condition that there should exist a complex-valued function f(x) vanishing for x ≥ x_o for some x_o ∈ R, and such that |f̂(ξ)| = ϕ(ξ), is that (a.1) ∫_{+∞} −∞ | ln ϕ(ξ)| 1 + ξ^2 dξ < ∞ .

We shall see that, if f(x)∈B^k_{{ρj }}(R)\{0} has compact support, then the above integral cannot converge.

First of all, observe that f̂(ξ) is a bounded continuous function such that |f̂(ξ)| → 0 when ξ → ±∞. Thus |f̂(ξ)| ≤ 1 for ξ large. Then, it is easy to see that, for ρ = ρ_j large enough, (a.2) ∫_ρ2 ρ | ln |f̂(ξ)|| 1 + |ξ|^2 dξ ≥ ≥ inf { J(y)^{def}= −

∫_ρ2 ρ ln y(t) 1 + t^2 dt | | | | 0 < y(t) ≤ 1, ∫_ρ2 ρ t^{2k} y(t) e^{η ρ2/t} dt = C }

where η > 0 is the constant in Definition 1.1 and C > 0 satisfy

(a.3) lim sup_{j→+∞} ∫ |ξ|>ρ_j |ξ|^{2k} |f̂(ξ)|^2 exp ( η ρ^2_j /|ξ| ) dξ < C .

Let us evaluate the infimum of the functional J(y) for y(t) ∈ D^{def}= C^0([ρ, ρ^2]) ∩ {0 < y(t) ≤ 1} and constrained by

∫_ρ2 ρ t^{2k} y(t) e^{η ρ2/t} dt = C. Since J(y) is strictly convex in D and the constrain is a linear functional, by elementary variational calculus (see [19]) we know that J(y) has an absolute minimum if there exists y_0(t) ∈ D such that

(a.4) δ J̃(y_0) = 0 ,

∫_ρ2 ρ t^{2k} y_0(t) e^{η ρ2/t} dt = C , where J̃(y)^{def}= J(y) + λ

∫_ρ2 ρ t^{2k} y(t) e^{η ρ2/t} dt with λ ∈ R. But the conditions in (a.4) imply that

(a.5) y_0(t) = 1 λ e^{−η ρ2/t} t^{2k} (1 + t^2) with λ ≈ C ρ as ρ → +∞ . Thus, at least for k > −1/2 (if k ≤ −1/2 we must change a little our argument), y_0(t) ∈ D and satisfies − ln y_0(t) ≥ η ρ^2/t + 2(k + 1) ln t − ln ρ + O(1), provided

108 R. MANFRIN

t ∈ [ρ, ρ^2] and ρ > 0 is large enough. Finally, the last inequality gives (a.6) − ∫_ρ2 ρ ln y_0(t) 1 + t^2 dt ≥ η 4 as ρ → +∞ , and (a.6) implies that the integral (a.1) cannot converge if f(x) ∈ B^k_{{ρj }}(R)\{0}.

REFERENCES

[1] Arosio, A. and Panizzi, S. – On the well-posedness of the Kirchhoff string, Trans. Amer. Math. Soc., 348 (1996), 305–330.

[2] Arosio, A. and Spagnolo, S. – Global solutions of the Cauchy problem for a nonlinear hyperbolic equation, in “Res. Notes Math.”, Vol. 109 Pitman, Boston (1984), 1–26.

[3] Bernstein, S. – Sur une classe d’équations fonctionelles aux dérivées partielles, Izv. Akad. Nauk SSSR, Ser. Mat. 4 (1940), 17–26.

[4] D’Ancona, P. and Spagnolo, S. – On an abstract weakly hyperbolic equation modelling the nonlinear vibrating string, in “Developments in PDE and Appl. to Mathematical Physics” (G. Buttazzo, G.P. Galdi & L. Zanghirati, Eds.), Plenum Press, 1993.

[5] Dickey, R.W. – Infinite systems of nonlinear oscillations equations related to the string, Proc. Amer. Math. Soc., 23 (1969), 459–486.

[6] Dickey, R.W. – The initial value problem for a nonlinear semi-infinite string, Proc. Roy. Soc. Edinburgh, A82 (1978), 19–26.

[7] Greenberg, J.M. and Hu, S.C. – The initial value problem for a stretched string, Quart. Appl. Math., 38 (1980), 289–311.

[8] Hirosawa, F. – Global solvability of the degenerate Kirchhoff equation, Ann.

Scuola Norm. Sup. Pisa Cl. Sci., 26(4) (1998), 75–95.

[9] Kajitani, K. and Yamaguti, K. – On global real analytic solutions of the degenerate Kirchhoff equation, Ann. Scuola Norm. Sup. Pisa Cl. Sci., 21(4) (1994), 279–297.

[10] Nishihara, K. – On a global solution of some quasilinear hyperbolic equation, Tokyo J. Math., 7 (1984), 437–459.

[11] Paley, R.E.A.C. and Wiener, N. – Fourier Transform in the Complex Domain, A.M.S. Colloquium Publications, New York, 1934.

[12] Perla Menzala, G. – On classical solutions of a quasilinear hyperbolic equation, Nonlinear Analysis TMA, 3 (1979), 613–627.

[13] Perla Menzala, G. and Pereira, J.M. – On smooth global solutions of a Kirchhoff type equation on unbounded domains, Diff. and Int. Eq., 8 (1995), 1571–1583.

[14] Pohožaev, S.I. – Quasilinear hyperbolic Kirchhoff equations, and conservation laws, Trudy Moskov. Orden. Lenin. Ènerget. Inst., 201 (1974), 118–126.

[15] Pohožaev, S.I. – On a class of quasilinear hyperbolic equations, Math. USSR Sbornik, 25 (1975), 145–158.

[16] Pohožaev, S.I. – The Kirchhoff quasilinear hyperbolic equation, Differentsial’nye Uravneniya, 21 (1985), 101–108 (transl. Differential Equations, 21 (1985), 82–87).

[17] Rivera, P.H. – On local strong solutions of a nonlinear partial differential equation, Applicable Analysis, 10 (1980), 93–104.

[18] Spagnolo, S. – The Cauchy problem for Kirchhoff equations, Proceedings of the Second International Conference on PDE (Milan, 1992), Rend. Sem. Mat. Fis. Milano, 62 (1994), 17–51.

[19] Troutman, J.L. – Variational Calculus and Optimal Control, Springer-Verlag, New York, 1996.

[20] Yamaguti, K. – On global quasi-analytic solution of the degenerate Kirchhoff equation, Tsukuba J. Math., 21 (1997), 541–565.

Renato Manfrin, Dipart. di Construzione dell’ Architettura, Istituto Universitario di Architettura di Venezia, Tolentini S. Croce, 191, 30135 Venezia – ITALY E-mail: manfrin@brezza.iuav.it