PORTUGALIAE MATHEMATICA

Vol. 59 Fasc. 2 – 2002 Nova Série

ON DIVERGENT DIAGRAMS OF FINITE CODIMENSION

S. Mancini, M.A.S. Ruas and M.A. Teixeira

Abstract: We obtain the formal classification of finite codimension singular points of smooth divergent diagrams of the type (f, g): (R, 0)←−(R^n , 0)−→(R, 0), n ≥ 2. We also define a complete set of topological invariants for this classification.

Introduction

Divergent diagrams of smooth mappings on smooth manifolds (f, g): P ←−N−→Q appear in various contexts of applications of singularity theory such as envelope theory, web geometry, singularities of first order differential equations, vision theory. Two divergent diagrams (f_i, g_i) : P_i←−N_i−→Q_i (i = 1, 2) are equivalent if there exist diffeomorphisms h : N_1 → N_2, k : P_1 → P_2 and l : Q_1 → Q_2 such that f_2 ∘ h = k ∘ f_1, g_2 ∘ h = l ∘ g_1.

The stability of such diagrams with respect to this equivalence relation was extensively studied by J.P. Dufour in [4], [5], [6]. Applications of this theory to geometry are given in [7], [8], [9], [10] and [14].

In the present paper, we obtain the formal classification of finite codimension singular points of divergent diagrams of the type (f, g): (R, 0)←−(R^n , 0)−→(R, 0), n ≥ 2. The following theorem summarises our main result.

Theorem 0.1. Let (f, g) : (R^n , 0) → (R^2 , 0) be a divergent diagram, where n ≥ 2. Then (f, g) has formal finite codimension if and only if it is formally equivalent to one of the following normal forms given in the Table 1 below.

Received: August 4, 2000.

180 S. MANCINI, M.A.S. RUAS and M.A. TEIXEIRA

formal Type f = (f1, f2) Formal Normal Form cod(f)

1 submersion (x, y) 0

2 transverse fold ( x^2 + y + q(z), y ) 0 2^′ tangent fold with contact

of order k + 2; ( x^2 ± y^{k+2} + q(z), y ) or ( x, ±x^{k+2} + y^2 + q(z) ) k ± agree for odd k

3 transverse cusp ( x^3 + xy + y + q(z), y ) 0 4 transverse k-lips/beak to beak; ( x^3 ± xy^k + s y^{3k/2} + y + q(z) , y ) k k even

5 transverse k-lips/beak to beak; ( x^3 + xy^k + y + q(z) , y ) k−1 k odd, k > 1 Table 1

where z = (z_1, ..., z_{n−2}) and q(z) = ∑_{n−2} i=1 ±z_i^2.

In the final section, we define a complete set of topological invariants for this classification.

1 – Notations and basic definitions

A divergent diagram (f_1, f_2) : (R^p , 0)←−(R^n , 0)−→(R^q , 0) is a pair of mapgerms f_1 : (R^n , 0) → (R^p , 0) and f_2 : (R^n , 0) → (R^q , 0).

Definition 1.1. Two divergent diagrams (f_1, f_2), (g_1, g_2): (R^p , 0)←−(R^n , 0) −→(R^q , 0) are equivalent if there exist germs of diffeomorphisms h of (R^n , 0), k_1 of (R^p , 0) and k_2 of (R^q , 0) commuting the following diagram:

(R^p , 0)^{f1}←− (R^n , 0)^{f2}−→ (R^q , 0)

k_1 ↓ ↓ h ↓ k_2

(R^p , 0)^{g1}←− (R^n , 0)^{g2}−→ (R^q , 0)

We identify a divergent diagram (f_1, f_2) : (R^p , 0)←−(R^n , 0)−→(R^q , 0) with the map-germ f : (R^n , 0) → (R^p ×R^q , (0, 0)), f(x) = (f_1(x), f_2(x)). With this identification, the equivalence of divergent diagrams corresponds to the action of a subgroup of the group A, consisting of elements such that the germ of diffeomorphism in the target is of product type, i.e., preserves the product structure of R^p ×R^q .

We need some notation to describe the tangent spaces to the orbits associated with these groups.

For any non-negative integer m, let C_m be the local ring of smooth functiongerms at the origin in R^m , and M_m the corresponding maximal ideal. Let C(m, s) be the space of smooth map-germs f : (R^m , 0) → (R^s , 0). Given a map-germ f ∈ C(m, s), let f^∗ : C_s → C_m be the ring homomorphism defined by f^∗(ϕ) = ϕ ∘ f. Let θ_f denote the C_m-module of vector fields along f, and set θ_m = θ_{I(R}m_{,0)}. The C_m-homomorphism tf : θ_m → θ_f is defined by tf(ξ) = df(ξ), and the morphism over f^∗, wf : θ_s → θ_f by wf(η) = η ∘ f. The tangent space and the extended tangent space associated with the group A acting in C(m, s) are defined by T A(f) = tf(M_mθ_m) + wf(M_sθ_s) and T A_e(f) = tf(θ_m) + wf(θ_s). The A_e-codimension of f is defined by cod(A_e, f) = dim_R θ_f /T A_e(f).

Let f = (f_1, f_2) : (R^n , 0) → (R^p ×R^q , (0, 0)) be a divergent diagram. We write θ_f = θ_{f1} ⊕ θ_{f2} and define the tangent space and the extended tangent space associated with the equivalence of divergent diagrams by

T (f) = tf(M_nθ_n) + [ wf_1(M_pθ_p) ⊕ wf_2(M_qθ_q) ]

and T_e(f) = tf(θ_n) + [ wf_1(θ_p) ⊕ wf_2(θ_q) ] . Then, T_e(f) (resp. T (f)) is the set of all σ = (σ_1, σ_2) ∈ θ_f (resp. σ ∈ M_nθ_f ) such that there exist ξ ∈ θ_n (resp. ξ ∈ M_nθ_n), η_1 ∈ θ_p (resp. η_1 ∈ M_pθ_p) and η_2 ∈ θ_q (resp. η_2 ∈ M_qθ_q) satisfying { σ_1 = df_1(ξ) + η_1 ∘f_1 , σ_2 = df_2(ξ) + η_2 ∘f_2 .

The codimension of the diagram f is defined by

cod(f) = dim_R θ_f /T_e(f) .

In the calculations of the codimension, we shall use the following conventions:

1) If (x_1, ..., x_m) indicates the coordinate system in (R^m , 0), C_m will be written C_{(x1,...,xm)}, and analogously for M_m.

2) For a map-germ f : (R^m , 0) → (R^s , 0), θ_f will be identified with (C_m)^s via its free basis {_∂ ∂y_1 ∘ f, ..., ∂ ∂y_s ∘ f } for the given coordinated system (y_1, ..., y_s) in (R^s , 0).

2 – Auxiliary results

Let f = (f_1, f_2): (R^n , 0) → (R^p ×R^q , (0, 0)) be a divergent diagram and T_e(f_1) the set of all vector fields σ_1 ∈ θ_{f1} such that σ = (σ_1, 0) ∈ T_e(f) (0 ∈ θ_{f2} ).

Proposition 2.1. If f_2 is A-finitely determined, then cod(f) is finite if and only if dim_R θ_{f1} /T_e(f_1) is finite, and in this case cod(f) = dim_R θ_{f1} /T_e(f_1) + cod(A_e, f_2) .

Proof: It is enough to observe that the following sequence is exact: 0 −→ θ_{f1} T_e(f_1) i^∗−→ θf T_e(f) π^∗−→ θf_2 T A_e(f_2) −→ 0 where i^∗ and π^∗ are defined by i^∗([σ]) = [(σ, 0)] , π^∗([(σ_1, σ_2)]) = [σ_2] .

Corollary 2.2. If f_2 is A-infinitesimally stable, then cod(f)= dim_R θ_{f1} /T_e(f_1). Proposition 2.3. Let f be the divergent diagram f = (g, π): (R^p , 0)←−(R^n ×R^q , 0)−→(R^q , 0) , where π is the canonical projection π(x, y) = y. Consider the map-germ g_0 : (R^n , 0) → (R^p , 0) given by g_0(x) = g(x, 0). Then, cod(A_e, g_0) ≤ cod(f) + q .

Proof: Let i^∗ : θ_g → θ_{g0} be the surjective R-linear transformation defined by i^∗(σ) = σ ∘ i, where i: (R^n , 0) → (R^n × R^q , 0) is the canonical inclusion. Then i^∗ induces a R-linear isomorphism ~i ∗ : θ^g T_e(g) + M_qθ_g → θ_{g0} T A_e(g_0) + ⟨_{∂g} ∂y_1 | | y=0 , ...,^{∂g}_{∂yq} | | y=0 ⟩ R .

The result follows now from Corollary 2.2.

3 – Classification of divergent diagrams of finite codimension

In this section, we prove Theorem 0.1, in which we obtain formal normal forms for all divergent diagrams f = (f_1, f_2) : (R^n , 0) → (R^2 , 0), n ≥ 2, of finite codimension. For corank one diagrams f, f receives the adjective transverse if the image of df(0) is transversal to both subspaces R×0 and 0×R of R^2 , and tangent, if the image of df(0) coincides with one of them.

The classification of the stable diagrams was obtained by Dufour in [4], [5]. In Proposition 3.1, the finite codimension divergent diagrams of fold type are classified. Diagrams of cusp type or more degenerate are treated in the Propositions 3.2, 3.3, 3.4 and 3.6 below. For corank one diagrams f, we shall assume that the germ f_2 is nonsingular and, hence, A-infinitesimally stable; for the calculation of the codimension of f, we use Corollary 2.2.

Proposition 3.1. Let f = (f_1, f_2): (R^n , 0) → (R^2 , 0), n ≥ 2, be a divergent diagram of fold type and let k ≥ 1. Then, cod(f) = k if and only if f is a tangent fold with contact of order k + 2. In this case, the normal form is: (x, y, z) −→ ( x^2 ± y^{k+2} + q(z), y ) , where z = (z_1, z_2, ..., z_{n−2}) and q(z) = ∑_{n−2} i=1 ±z_i^2.

Proof: We can choose coordinates in the source such that f is of the following form (see[19]) (x, y, z) −→ ( ±x^2 + λ(y) + q(z), y ) , with λ ∈ M_y .

For this divergent diagram, T_e(f_1) is the set of all vector fields σ ∈ θ_{f1} satisfying the equation: σ(x, y, z) = ± 2 x ξ(x, y, z) + λ^′(y) ν(y) + n−2∑ i=1 ± 2 z_i ξ_i(x, y, z) + η ( ±x^2 + λ(y) + q(z) )

where ξ, ξ_i ∈ C_{(x,y,z)} (i = 1, ..., n−2), η ∈ C_u, ν ∈ C_v, ((u, v) denotes the target coordinates).

To solve this equation, it is equivalent to solve the following: σ(y) = λ^′(y) ν(y) + η(λ(y)) . Then, dim_R θ_{f1} /T_e(f_1) = k

if and only if ord(λ) = k + 2. Under this condition, it follows that the divergent diagram f is equivalent to the divergent diagram given by: (x, y, z) −→ ( x^2 ± y^{k+2} + q(z), y ) .

Next, we analyse the divergent diagrams arising from germs f = (f_1, f_2) of the following types: tangent cusp, lips, beak to beak and swallowtail. By choosing coordinates, we can assume that the diagram has the following form: (x, y, z) −→ ( g(x, y) + q(z), y ) , where z and q(z) are as before, g_0 ∈ M^3_x, g_0(x) = g(x, 0).

As in the proof of Proposition 3.1, this classification problem reduces to the classification of the following divergent diagram: f : (x, y) −→ (g(x, y), y) , and to compute the codimension of the diagram, we consider the space T_e(g), given by the set of all vector fields σ ∈ θ_g satisfying the equation: σ(x, y) = ∂g ∂x (x, y) ξ_1(x, y) + ∂g ∂y (x, y) ξ_2(y) + η(g(x, y)) , where ξ_1 ∈ C_{(x,y)}, η ∈ C_u and ξ_2 ∈ C_v.

We denote by ∑ (f) the singular set of f. Then, ∑ (f) is given by the equation ∂g ∂x = 0. When^{∂g}_{∂x} is a submersion defining the germ of a regular curve, transversal to the y-axis, we shall assume that^{∂g}_{∂x} = 0 = y − α(x), and denote by γ a parametrization of its image by f, f( ∑ (f)).

Lemma 3.1. With the above conditions, we have that cod(f) is finite if and only if cod(γ) is finite, and in this case,

cod(f) ≤ cod(γ) ≤ 2 cod(f) + 1 ,

and the codimensions are taken with respect to the equivalence of divergent diagrams.

Proof: Step 1. Let δ : (R, 0) → (R^2 , 0) be the parametrization of Σ(f) given by δ(x) = (x, α(x)). Let δ^∗ : C_{(x,y)} → C_x be the R-linear transformation given by δ^∗(σ) = σ ∘ δ. We have that ker δ^∗ = ⟨^{∂g}_{∂x} ⟩, where ⟨^{∂g}_{∂x} ⟩ is the ideal of C_{(x,y)} generated by^{∂g}_{∂x} . Moreover, δ^∗ is surjective since given μ ∈ C_x, and any h ∈ ker δ^∗, the germ σ ∈ C_{(x,y)}, defined by σ(x, y) = μ(x) + h(x, y), is such that δ^∗(σ) = μ. Since ker δ^∗ ⊂ T_e(g), δ^∗ induces a R-linear isomorphism from^{θg}_{Te(g)} onto^{Cx}_{δ∗(Te(g))} .

Thus, for the calculation of cod(f), it is sufficient to consider the equation: μ(x) = ∂g ∂y (x, α(x)) ξ(α(x)) + η(g(x, α(x))) , where η ∈ C_u and ξ ∈ C_v.

Step 2. We consider the divergent diagram

γ = (γ_1, γ_2): (R, 0) −→ (R^2 , 0) ,

with γ = f ∘ δ. In this case, T_e(γ) is the set of all vector fields σ = (σ_1, σ_2) ∈ θ_γ satisfying to the system:

σ_1(x) = ∂g ∂y (x, α(x)) α^′(x) ξ(x) + η_1(g(x, α(x))) , σ_2(x) = α^′(x) ξ(x) + η_2(α(x)) ,

where ξ ∈ C_x, η_1 ∈ C_u and η_2 ∈ C_v.

Assume that cod(γ)=l <∞. Let us choose p_1 = (p_{11}, p_{21}), ..., p_l = (p_{1l}, p_{2l}) ∈ θ_γ , such that θ_γ = T_e(γ) ⊕ ⟨p_1, ..., p_l⟩_R .

Then, given any σ = (σ_1, σ_2) ∈ θ_γ , there exist ξ ∈ C_x, η_1 ∈ C_u, η_2 ∈ C_v, a_1, ..., a_l ∈ R such that

σ_1(x) = ∂g ∂y (x, α(x)) α^′(x) ξ(x) + η_1(g(x, α(x))) + l∑ i=1 a_i p_{1i}(x) ,

σ_2(x) = α^′(x) ξ(x) + η_2(α(x)) + l∑ i=1 a_i p_{2i}(x) .

Taking σ_2 = 0 in the above system, we conclude that any μ ∈ C_x can be written in the form

(∗) μ(x) = ∂g ∂y (x, α(x)) ξ(α(x)) + η(g(x, α(x))) + l∑ i=1 a_i q_i(x) ,

where q_i(x) = p_{1i}(x) −^{∂g}_{∂y} (x, α(x)) p_{2i}(x) (i = 1, ..., l), η ∈ C_u and ξ ∈ C_v. It follows from step 1 that cod(f) ≤ l = cod(γ).

Now, assume that cod(f)=r <∞. Then, from step 1, there exist q_1, q_2, ..., q_r ∈ C_x, such that any μ ∈ C_x can be written as in (∗).

Moreover, setting s = ord(α), we obtain 2 ≤ s = ord(g_0) − 1. Hence, α(x) = x^sϕ(x), where ϕ ∈ C_x is invertible. Let us write α^′(x) = x^{s−1}ψ(x), ψ invertible. Then, α(x) = x α^′(x)^{ϕ(x)}_{ψ(x)} . Given ξ ∈ C_v, we have

ξ(α(x)) = a + α^′(x) ( x ϕ(x) ψ(x) λ(α(x)) ) = a + α^′(x) ξ̄(x) ,

where ξ̄(x) = x^{ϕ(x)}_{ψ(x)} λ(α(x)), ξ̄ ∈ M_x. Substituting in (∗), we obtain

μ(x) = ∂g ∂y (x, α(x)) α^′(x) ξ̄(x) + η_1(g(x, α(x))) + a ∂g ∂y (x, α(x)) + r∑ i=1 a_i q_i(x) , 0 = α^′(x) ξ̄(x) + η_2(α(x)) ,

where η_2 = a − ξ.

Hence, θ_{γ1} = T_e(γ_1) + ⟨ ∂g ∂y ∘ δ, q_1, ..., q_r ⟩ R . Since dim_R^{θγ1}_{Te(γ1)} ≤ r + 1 = cod(f) + 1 and cod(A_e, α) = s − 2, it follows from Proposition 2.1 that

cod(γ) ≤ cod(f) + s − 1 .

Now, we have that cod(A_e, g_0) = s − 1, hence it follows from Proposition 2.3 that cod(γ) ≤ 2 cod(f) + 1 .

Lemma 3.2 ([3], Part III, Lemma I.1). Let γ = (γ_1, γ_2): (R, 0) → (R^2 , 0) be a divergent diagram such that ord(γ_1) ≥ 3 and ord(γ_2) ≥ 2. Then, cod(γ) = ∞.

Remark 3.2. One can get more precise information on divergent diagrams γ as above. In fact, using the Method of Complete Transversals ([1]), we can show that any γ such that j^3γ = (x^3, x^2), where j^3γ denotes the Taylor polynomial of degree 3 of γ, is formally equivalent to a diagram of the following type: ( x^3 + ε x^4 + ∞∑ i=1 a_i x^{6i+2} + ∞∑ j=1 b_j x^{6j+4}, x^2 ) , ε = 0, 1, a_i, b_j ∈ R .

The least degenerate diagram in this family not only has infinite codimension but also infinite modality, but the codimension of the modular stratum is 2. This example shows that divergent diagrams of infinite codimension form a bigger set than some readers might expect.

Proposition 3.3. Let f = (f_1, f_2): (R^2 , 0) → (R^2 , 0) be a divergent diagram of tangent cusp type. Then, f has infinite codimension.

Proof: We can assume that f is of the following form (x, y) −→ ( x^3 + x y + λ(y), y ) , with λ^′(0) = 0.

In this case, Σ(f) is the curve defined by y + 3 x^2 = 0. Hence, it follows from Lemma 3.2 that the divergent diagram γ = (γ_1, γ_2) obtained from the parametrization of f(Σ(f)) has infinite codimension. Now, the result follows from Lemma 3.1.

Proposition 3.4. Let f(x, y) = (g(x, y), y): (R^2 , 0) → (R^2 , 0) be a divergent diagram with g_0 ∈ M^4_x. Then, f has infinite codimension.

Proof: From the upper semicontinuity of the codimension, it suffices to show that any divergent diagram f(x, y) = (g(x, y), y) with g(x, y) = x^4 + ϕ(x) y + η(x, y) y^2 + ψ(x) + λ(y), where ϕ(0) = 0, ϕ^′(0) ≠ 0, η(0, 0) = 0, ψ ∈ M^5_x, has infinite codimension.

The conditions imply that the singular set Σ(f) is a regular curve given by y = α(x) = a x^3 + h.o.t, and as in the above proposition, the result follows from Lemmas 3.1 and 3.2.

It is a consequence of our previous results and of the upper semicontinuity of the codimension that, if f(x, y) = (g(x, y), y) is a finite codimension divergent diagram, then ord(g_0) = 3, and the origin is a singularity of transverse type.

Proposition 3.5. Let f(x, y) = (g(x, y), y): (R^2 , 0) → (R^2 , 0) be a divergent diagram A-equivalent to (x^3 ±x y^2, y), the origin being a singularity of transverse type. Then f(x, y) is equivalent to (x, y) −→ ( y + x^3 ± x y^2 + s y^3 + λ(x, y), y ) , with λ ∈ M^∞_{(x,y)}. Moreover, cod(f) ≥ 2.

Lemma 3.3. Let g(x, y) = y + x^3 ± x y^2 + λ(x, y), λ ∈ M^4_{(x,y)}. (i) ⟨ x^{r−s}y^s; s = 0, 1, ..., r ⟩ R ⊂ T_e(g) + M^{r+1}_{(x,y)}, for every r ≥ 2, r ≠ 5.

(ii) M^6_{(x,y)} ⊂ T_e(g) + M^∞_{(x,y)}.

(iii) T_e(g)+M^∞_{(x,y)} ⊃ θ_g − ⟨ x, x^2y, y^3, x^5, x^3y^2, xy^4 ⟩ R + ⟨ 3x^2y±y^3, 3x^5 ±x^3y^2, 3x^3y^2 ± xy^4, ±2xy^4 + y^3 ⟩ R . Proof: We recall that T_e(g) is the vector space of all vector fields σ ∈ θ_g given by σ(x, y) = ( 3 x^2 ± y^2 + ∂λ ∂x (x, y) ) ξ_1(x, y) + ( 1 ± 2 x y + ∂λ ∂y (x, y) ) ξ_2(y) + η ( y + x^3 ± x y^2 + λ(x, y) ) , where ξ_1 ∈ C_{(x,y)}, ξ_2 ∈ C_v and η ∈ C_u.

(i) Case 1: r even, r ≥ 2. Taking in the above equation (a) ξ_1(x, y) = x^{r−2j−2} y^{2j} , j = 0, ..., (r−2)/2, ξ_2 = 0, η = 0, (b) ξ_1 = 0, ξ_2(y) = y^r, η = 0, we obtain (1) 3 x^{r−2j} y^{2j} ± x^{r−2j−2} y^{2j+2} ∈ T_e(g) + M^{r+1}_{(x,y)}, j = 0, ..., (r−2)/2, (2) y^r ∈ T_e(g) + M^{r+1}_{(x,y)}.

From (1) and (2), it follows that x^{r−2k} y^{2k} ∈ T_e(g) + M^{r+1}_{(x,y)} , k = 0, ..., r/2 . If r = 2, taking ξ_1 = 0, ξ_2 = ±1/2 and η = ∓1/2, we obtain that xy ∈ T_e(g) + M^3_{(x,y)}, and this completes the analysis in this case.

If r ≥ 4, we take (c) ξ_1(x, y) = x^{r−(2j+1)−2} y^{2j+1}, j = 0, ..., (r−4)/2, ξ_2 = 0, η = 0. (d) ξ_1 = 0, ξ_2(y) = y^{r−2}, η = 0, (e) ξ_1 = 0, ξ_2 = 0, η(u) = u^{r−2}, we get, respectively,

(3) 3 x^{r−(2j+1)} y^{2j+1} ± x^{r−(2j+1)−2} y^{(2j+1)+2} ∈ T_e(g) + M^{r+1}_{(x,y)}, j = 0, ..., (r−4)/2, (4) y^{r−2} ± 2 x y^{r−1} ∈ T_e(g) + M^{r+1}_{(x,y)}, (5) y^{r−2} + (r−2) (x^3 y^{r−3} ± x y^{r−1}) ∈ T_e(g) + M^{r+1}_{(x,y)}.

The relations (3) (with j = (r−4)/2), (4) and (5) give the following system: 3 x^3 y^{r−3} ± x y^{r−1} = 0 (mod T_e(g) + M^{r+1}_{(x,y)}) , ±2 x y^{r−1} + y^{r−2} = 0 (mod T_e(g) + M^{r+1}_{(x,y)}) , (r − 2) x^3 y^{r−3} ± (r − 2) x y^{r−1} + y^{r−2} = 0 (mod T_e(g) + M^{r+1}_{(x,y)}) ,

with the determinant of the matrix of the coefficients equals to ∓(2 r − 10), and non-zero in this case.

Hence, it follows that x^3 y^{r−3}, x y^{r−1} ∈ T_e(g) + M^{r+1}_{(x,y)}, and these together with (3) will give: x^{r−(2k+1)y2k+1} ∈ T_e(g) + M^{r+1}_{(x,y)} , k = 0, ..., (r−2)/2 , concluding this case.

Case 2: r odd, r ≥ 3, and r ≠ 5.

We follow the same method as above, but changing through 2 j by 2 j + 1 and vice-versa.

(ii) and (iii) follow easily from (i). Notice that the Malgrange Preparation Theorem does not hold for divergent diagrams. Hence, in (ii), we only get the formal relation.

Proof of Proposition 3.4: With the hypothesis, we can write g(x, y) = y + x^3 ± x y^2 + λ(x, y), λ ∈ M^4_{(x,y)}.

We can easily change coordinates in source and target to reduce g(x, y) to the form:

g(x, y) = y + x^3 ± x y^2 + t x y^4 + λ(x, y) , λ ∈ M^6_{(x,y)} .

Applying Lemma 3.3 and Mather’s Lemma ([15]), we get that, formally, the diagram (x, y) −→ f(x, y) = (g(x, y), y) is equivalent to (x, y) −→ ( y + x^3 ± x y^2 + t x y^4, y ) . Now, making the following change of coordinates in source { x = X y = Y ∓ (t/2) Y^3

we obtain the desired normal form.

Remark 3.6. When g(x, y) = y + x^3 + x y^2 + s y^3, the space T_e(g) contains the ideal ⟨3 x^2+y^2⟩, which is an elliptic ideal of C_{(x,y)}. Hence, ⟨3 x^2+y^2⟩ ⊃ M^∞_{(x,y)}, (see [18]), and this implies that cod(f) = 2.

Proposition 3.7. Let f(x, y) = (g(x, y), y): (R^2 , 0) → (R^2 , 0) be a divergent diagram A-equivalent to (x^3 ± x y^k, y), k ≥ 3, the origin being a singularity of transverse type. Then f(x, y) is equivalent to (i) ( y + x^3 ± x y^k + s y^{3k/2} + λ(x, y), y ) , with λ ∈ M^∞_{(x,y)}, k even;

(ii) ( y + x^3 + x y^k + λ(x, y), y ) , with λ ∈ M^∞_{(x,y)}, k odd.

Moreover, cod(f) ≥ k in case (i), and cod(f) ≥ k − 1 in case (ii).

As in the previous case, the proof of this proposition will follow directly by computing the corresponding tangent spaces. The calculus are straightforward and we summarize the results in the next lemma.

Lemma 3.4. Let g(x, y) = y + x^3 ± x y^k + λ(x, y), k ≥ 3, λ ∈ M^{k+2}_{(x,y)}. (i) ⟨ x^{r−s} y^s; s = 0, 1, ..., r ⟩ R ⊂ T_e(g) + M^{r+1}_{(x,y)}, for every r ≥k, for all values of k, except when k is even and r = 5 k/2.

(ii) M^l_{(x,y)} ⊂ T_e(g) + M^∞_{(x,y)}, for l = k, if k is odd and l = 5 k/2 + 1, if k is even.

(iii) If k is odd, then T_e(g) + M^∞_{(x,y)} ⊃ θ_g − ⟨ x y^s, s = 0, 1, ..., k−2 ⟩ R . If k is even, then T_e(g) + M^∞_{(x,y)} ⊃ θ_g − ⟨ x y^s, s = 0, 1, ..., k −2 ⟩ R − ⟨ x^2 y^{k/2}, y^{3 k/2}, x^5 y^{(k−2)/2}, x^3 y^{(3 k−2)/2}, x y^{(5 k−2)/2} ⟩ R + ⟨ 3 x^2 y^{k/2} ± y^{3k/2}, 3 x^5 y^{(k−2)/2} ± x^3 y^{(3k−2)/2}, 3 x^3 y^{(3k−2)/2} ± x y^{(5k−2)/2}, ±k x y^{(5k−2)/2} + y^{3k/2} ⟩ R . To complete the classification, we observe that divergent diagrams of corank 2, as map-germs to the plane and with respect to A-classification, are adjacent to the cusp singularity (see [17]). Applying this to our case, it is easy to see that every divergent diagram of corank 2 has infinite codimension, since it is adjacent to the tangent cusp.

Remark 3.8. Dufour proved in [6] that there are no stable singular multigerms of divergent diagrams f = (f_1, f_2): (R^2 , S) → (R^2 , 0), S ≥ 2. One can see that there are no finite codimension singular multigerms of divergent diagrams, either. In fact, direct computations show that, even the case of transverse intersection of two folds, has infinite codimension.

4 – Invariants for divergent diagrams

Let f : (C^2 , 0) → (C^2 , 0) be a finitely A-determined map-germ and f_t be a stable perturbation of f. Then f_t has a finite number of cusps and double-folds, denoted by c(f) and d(f). Formulas to compute these numbers were determined in [12], [16] and [13]. When f has corank one, f(x, y) = (g(x, y), y), we have

c(f) = dim_C O_{(x,y)} ⟨g_x, g_{xx}⟩ and d(f) = 1 2 dim_C O_{(x, x}′_{, y)} ⟨ h, h_x, (h_x − h_x′ )/(x − x^′) ⟩ ,

where O_{(x,y)} and O_{(x, x}′_{, y)} denote the local ring of germs of holomorphic functions at the origin, in C^2 and C^3 respectively, and h(x, x^′, y) =^{g(x,y)−g(x′,y)}_{x−x′} .

192 S. MANCINI, M.A.S. RUAS and M.A. TEIXEIRA

Now, given a finitely A-determined real map-germ f(x, y) = (g(x, y), y), and denoting by f_C its complexification, it follows that the numbers c(f_C ) and d(f_C ) are also invariants for the A-classification of f.

Since every invariant for A-classification is also an invariant for divergent diagrams, c(f) and d(f) are the first invariants we shall consider. However, according to [16], d(f) = 0 for all A-finitely determined map-germs of the plane of multiplicity ≤3, and all our normal forms belong to one of the K-orbits A_1, A_2 or A_3.

The classification of the stable divergent diagrams suggests new invariants: the numbers b_1(f) and b_2(f) of tangent folds with quadratic contact, appearing in a stable perturbation of the complexification of f, with respect to the horizontal and vertical axis, respectively. When f(x, y) = (g(x, y), y), b_2(f) is always zero, and b_1(f) is equal to μ(g), the Milnor number of g.

We see in Table 2 that the invariants cod(f), c(f), b_1(f) distinguish all the germs in Table 1, except for the family 4. In the next proposition, we define an invariant for the family (x^3 ± x y^k + s y^{3k/2} + y, y), k even.

Type f = (f1, f2) Formal Normal Form formal cod(f) c(f) b1(f) 2 ( x^2 + y + q(z), y ) 0 0 0

2^′ ( x^2 ± y^{k+2} + q(z), y ) or ( x, ±x^{k+2} + y^2 + q(z) ) k 0 k+1 3 ( x^3 + x y + y + q(z), y ) 0 1 0 4 ( x^3 ± x y^k + s y^{3k/2} + y + q(z), y ) (k even) k k 0 5 ( x^3 ± x y^k + y + q(z), y ) (k odd, k > 1) k−1 k 0

Table 2

Proposition 4.1. Let f_s be as above.

(a) When k = 0 (mod 4), f_s and f_{s̄} are equivalent if and only if s = ±s̄. (b) When k ≠ 0 (mod 4), f_s and f_{s̄} are equivalent if and only if s = s̄.

Proof: Suppose that H and K are germs of diffeomorphisms in source and target such that K ∘ f_s = f_{s̄} ∘ H, with the target diffeomorphism K of product type, that is, K(u, v) = (K_1(u), K_2(v)). Then, a direct calculation shows that these diffeomorphisms are in fact linear, and, more precisely: if k = 0 (mod 4), (H, K) = (I_R2 , I_R2 ) or (H, K) = (−I_R2 , −I_R2 ), where I_R2 denotes the identity map in R^2 ; if k ≠ 0 (mod 4), the only possibility is (H, K) = (I_R2 , I_R2 ).

ACKNOWLEDGEMENTS – This research was partially supported by FAPESP (grant 97/10735-3) and CNPq (grants 300066/88-0 and 301251/78-9).

REFERENCES

[1] Bruce, J.W.; Kirk, N.P. and du Plessis, A.A. – Complete transversals and the classification of singularities, Nonlinearity, 10 (1997), 253–275.

[2] Chincaro, E.A.E. – Bifurcation of Whitney maps, Notas da Universidade Federal de Minas Gerais, Instituto de Ciências Exatas, Brasil.

[3] Dufour, J.P. – Diagrammes d’applications différentiables, Thèse, Université des Sciences de Montpellier, France, 1979.

[4] Dufour, J.P. – Bi-stabilité des fronces, C.R. Acad. Sci. Paris, 285 (1977), 445–448.

[5] Dufour, J.P. – Sur la stabilité des diagrammes d’applications différentiables, Ann. Scient. École Normal Supérieur, 10 (1977), 153–174.

[6] Dufour, J.P. – Stabilité simultanée des deux fonctions, Ann. Inst. Fourier, 29 (1979), 263–282.

[7] Dufour, J.P. – Familles de courbes planes différentiables, Topology, 22 (1983), 449–474.

[8] Dufour, J.P. – Modules pour les familles de courbes planes, Ann. Inst. Fourier, 39 (1989), 225–238.

[9] Dufour, J.P. and Jean, P. – Rigidity of webs and families of hypersurfaces, in “Singularities and Dynamical Systems” (S.N. Pnevmatikos, Ed.), North-Holland, 1985, pp. 271–283.

[10] Dufour, J.P. and Jean, P. – Families of surfaces differentiables, J. London Math. Soc., 42(2) (1990), 175–192.

[11] Favaro, L.A. and Mendes, C.M. – Global stability for diagrams for differentiable applications, Ann. Inst. Fourier, 36(1) (1986), 133–156.

[12] Fukuda, T. and Ishikawa, G. – On the number of cusps of stable perturbations of a plane-to-plane singularity, Tokyo J. Math., 10(2) (1987), 375–384.

[13] Gaffney, T. and Mond, D.M.Q. – Cusps and double-folds of germs of analytic maps C^2 → C^2 , J. London Math. Soc., 43(2) (1991), 185–192.

[14] Kurokawa, Y. – Divergent diagrams of smooth mappings and its applications, Hokkaido University, preprint, 1996.

[15] Mather, J.N. – Stability of C^∞-mappings IV: Classification of stable map-germs by R-algebras, Publ. Math. IHES, 37 (1970), 223–248.

[16] Rieger, J.H. – Families of maps from the plane to the plane, J. London Math.

Soc., 36(2) (1987), 351–369.

[17] Rieger, J.H. and Ruas, M.A.S. – Classification of A-simple germs from k^n → k^2, Compositio Mathematica, 79 (1991), 99–108.

[18] Wall, C.T.C. – Finite determinacy of smooth map-germs, Bull. London Math.

Soc., 13 (1981), 481–539.

[19] Wan, Y.H. – Morse theory for two functions, Topology, 14(3) (1975), 217–228.

194 S. MANCINI, M.A.S. RUAS and M.A. TEIXEIRA

S. Mancini, Instituto de Geociências e Ciências Exatas, Universidade Estadual Paulista, Departamento de Matemática, 13500-230, Rio Claro, SP – BRASIL E-mail: smancini@rc.unesp.br and M.A.S. Ruas, Instituto de Ciências Matemáticas e de Computação, Universidade de São Paulo, Departamento de Matemática, 13560-970, São Carlos, SP – BRASIL E-mail: maasruas@icmc.sc.usp.br and M.A. Teixeira, Instituto de Matemática, Estatística e Computação Científica, UNICAMP, Departamento de Matemática, 13081-970, Campinas, SP – BRASIL E-mail: teixeira@ime.unicamp.br