PORTUGALIAE MATHEMATICA

Vol. 60 Fasc. 3 – 2003

Nova Série

ON THE NUMBER OF CONTROL SETS ON COMPACT HOMOGENEOUS SPACES

Carlos J. Braga Barros * and Ronan A. Reis^∘

Abstract: This paper gives conditions to determine the number of control sets on compact homogeneous spaces of a Lie group G. We use a Levi decomposition of G to reduce the problem to homogeneous spaces of semi-simple Lie groups and, in particular, to generalized flag manifolds.

1 – Introduction

One of the principal concepts in the study of control systems is the study of the controllability. Many questions related to the controllability depend, in fact, of the semigroup of transformations defined by the flow of the control system, known as the system’s semigroup. Thus, the theory of controllability of control systems can be abstracted to arbitrary semigroup actions and solved in a more general setting. The regions of the state space of the control system where the controllability occurs are called control sets. The control sets for control systems were mainly studied by Colonius and Kliemann in [4], [5] and [6]. The generalization of the concept of a control set for semigroup actions was given by San Martin and Tonelli (see [11] and [12]). One important branch of investigation is the determination of the number of control sets. The study of the number of control sets on generalized flag manifolds (a compact homogeneous space which is the

Received: June 27, 2002; Revised: August 22, 2002. AMS Subject Classification: 22E15, 22E46, 93B05.

Keywords: semigroups; control sets; Lie groups; semi-simple Lie groups; flag manifolds; fiber bundles.

* Research partially supported by CAPES/PROCAD – Teoria de Lie e Aplicações grant n^0 00186/00-7.

∘ Research partially supported by CAPES.

quotient of a semi-simple Lie group by a parabolic subgroup) was exploited by Braga Barros and San Martin (see [2], [3], [11] and [12]). In particular, San Martin [12] had shown that there is only one invariant control set in a flag manifold. The present article follows this line of questioning. It investigates the number of control sets on compact homogeneous spaces of Lie groups.

Let G be a connected and simple-connected Lie group. Suppose that L is a closed subgroup of G. A Levi decomposition of G is given by G = RH where R is the radical of G and H is semi-simple. The main result of the paper says that, under certain conditions, the number of control sets on the homogeneous spaces G/L and H/(H ∩ RL) is the same. In particular, when H ∩ RL is a parabolic subgroup of the semi-simple Lie group H one has that H/(H ∩ RL) is a flag manifold and the number of control sets on flag manifolds were determined in [11] (see Proposition 5 bellow). Now, we give the idea of the proof of this result. First, we construct an associated fiber bundle (see definition bellow) with projection G/L → H/(H ∩ RL) and typical fiber R/(R ∩ L). Since R is solvable it is shown that any semigroup with non-empty interior and generating G acts transitively on the homogeneous space R/(R ∩ L). To conclude the proof we use a result of [1] which says that the transitivity of the semigroup on the fibers over a control set implies that the number of control sets in the base space and in the total space is equal.

2 – Control sets and fiber bundles

In this section we recall the concepts of control sets and fiber bundles. We also relate these two concepts and present the main results that will be used later in the text.

First, we recall the concept of control sets for semigroup actions (see [1], [11] and [12] for results on the control sets for semigroup actions). Denote by Diff(M) the group of diffeomorphisms of the manifold M. We say that S ⊂ Diff(M) is a semigroup in case S is closed under compositions. For a set S ⊂ Diff(M) and x ∈ M, we use the notation Sx = {ϕ (x): ϕ ∈ S} . for the orbit of x under S. From now on, and in the whole paper we assume that S and S^{−1} are semigroups satisfying the accessibility property, that is, int(Sx) ≠ ∅ and int(S^{−1}x) ≠ ∅ for every x ∈ M. A control set for S on M is a subset D ⊂ M which satisfies

1. int(D) ≠ ∅, 2. ∀x ∈ D, D ⊂ cl(Sx) and 3. D is maximal with these properties.

As stated above, the control sets are the subsets where the semigroup is approximately transitive. This approximate transitivity can be improved to exact transitivity inside a dense subset of D. Let

D_0 = { x ∈ D : x ∈ int(Sx) ∩ int(S^{−1}x) } . be the set of transitivity of the control set D. In general, D_0 may be empty. However, in case it is not empty, it is open and dense in D. One also has that for all x, y ∈ D_0 there exists g ∈ S such that gx = y (see [1] Proposition 2.2). The control set D is an effective control set in case D_0 ≠ ∅. We also recall that a control set is called an invariant control set if it is invariant under the action of the semigroup S.

In order to continue our discussion we relate the control sets with fiber bundles. Therefore, it is convenient to recall the concepts of principal bundles and their associated bundles. We refer [8] and [9] for the theory of fiber bundles with details. Let G be a Lie group acting on the right and effectively on a manifold Q. We denote by Q × G → Q (q, g) → q.g the right action of G on Q. We define

Q^∗ = { (q, q.g) ∈ Q×Q: q ∈ Q and g ∈ G } . Then for every (q, q^′) ∈ Q^∗ there exists a function τ : Q^∗ → G such that q τ(q, q^′) = q^′. The function τ is called the translation function and satisfies the following properties:

1. τ(q, q) = e, here e is the identity of the group; 2. τ(q, q^′) τ(q^′, q^{′′}) = τ(q, q^{′′}) for every q, q^′, q^{′′} ∈ Q,; 3. τ(q^′, q) = τ(q, q^′)^{−1} for every q, q^′ ∈ Q.

A right action of G on Q is called principal if it is effective and has a differentiable translation τ : Q^∗ → G.

Let Q and M be manifolds. Suppose that the Lie group G acts on the right on Q and assume that the action is principal. We recall that a principal bundle is a quadruplet (Q, π_Q, M, G) where π_Q : Q → M is differentiable, open and surjective. The space M is the base space, the space Q is the total space, G is the structure group and π_Q is the projection.

Let (Q, π_Q, M, G) be a principal bundle and take x ∈ M. It is known that the fiber π^{−1}_Q (x) is diffeomorphic to the structure group G and the diffeomorphism is given by the bijection u: G → π^{−1}_Q (x) defined by u(g) = q.g. Therefore, π^{−1}_Q (x) = Gq = {gq : g ∈ G} with q ∈ π^{−1}_Q (x) and the group G acts transitively on the fiber. Now, we introduce the concept of a bundle associated to the principal bundle.

Let (Q, π_Q, M, G) be a principal bundle and assume that the Lie group G acts on the left and transitively on a manifold F . Then G acts on the right on Q×F in the following way: for (q, v) ∈ Q×F and g ∈ G we define (q, v)g = (qg, g^{−1}v). Now, we consider a equivalence relation on Q×F defined by

(q_1, v_1) ∼ (q_2, v_2) if and only if ∃ g ∈ G such that q_2 = q_1g and v_2 = g^{−1}v_1 .

Let E be the quotient space of Q×F by the relation ∼. We denote an element of E as qv. We also define the projection π_E : E → M by π_E(qv) = π_Q(q), where π_Q : Q → M is the projection in the principal bundle. The fiber bundle with total space E, base space M and projection π_E is denoted by (E, π_E , M, F, G), and it is called the bundle associated to the principal bundle (Q, π_Q, M, G). We also say that G is the structure group of the associated bundle. The manifold F is called the typical fiber of the associated bundle.

Take q_0 ∈ Q such that π_Q(q_0) = x and let f : F → π^{−1}_E (x) be the bijection defined by f(v) = q_0v. It follows that f is a diffeomorphism. Therefore the fiber of the associated bundle is diffeomorphic to F .

Let S_Q be a semigroup of diffeomorphisms of Q commuting with the right action, that is, ϕ(q.a) = ϕ(q)a, for every a ∈ G if ϕ ∈ S_Q. Then ϕ ∈ S_Q induces the diffeomorphism of E defined by Eϕ(qv) = ϕ(q)v. The semigroup S_Q of diffeomorphisms of Q induces a semigroup S_E of diffeomorphisms of E.

Given q ∈ Q we define the subset

S_q = S_Q(q) ∩ π^{−1}_Q (x) , x = π_Q(q) .

Through the identification of the fiber over x with G via a ∈ G −→ q.a ∈ π^{−1}_Q (x), S_q can be viewed as a subset of G

S_q = { a ∈ G: ∃ ϕ ∈ S_Q, ϕ(q) = q.a } . It follows that S_q is a subsemigroup of G if S_q ≠ ∅. We observe that a ∈ S_q acts on the typical fiber as v.a = qv.a.

In the following, we give examples of the concepts defined above where the total space and the base space of the bundles are homogeneous spaces of a Lie group G. We recall the concept of an equivariant fibration between homogeneous spaces. Let G/L_1 and G/L_2 be homogeneous spaces. A fibration π : G/L_1 → G/L_2 is called equivariant if π(xg) = π(x)g for every x ∈ G/L_1 and g ∈ G. Now, we go to the examples.

Example 1. Let G be a Lie group and L_1 ⊂ L_2 closed subgroups with L_1 normal in L_2. Consider the map π : G/L_1 → G/L_2 gL_1 → gL_2 We have that (G/L_1, π, G/L_2, L_2/L_1) defines a principal bundle. The right action of L_2/L_1 on G/L_1 is defined by

(gL_1)(hL_1) = ghL_1 , g ∈ G, h ∈ L_2

and commutes with the right action of G on G/L_1. One has π(hL_1g) = π(hL_1)g and π is equivariant. If S is a semigroup in G and with int_G(S) ≠ ∅ then S induces a semigroup S_Q of diffeomorphisms of G/L_1

S_Q = {ϕ_s : s ∈ S} and ϕ_s(gL_1) = gsL_1 .

In this case the semigroup S_M is the semigroup of diffeomorphisms of G/L_2 induced by S via the action of G on G/L_2. One also has that S_q = (gS ∩ L_2)/L_1 if q = gL_1 ∈ G/L_1. In particular, S_q = (S ∩ L_2)/L_1 if q is the coset L_1.

Example 2. Let G be a Lie group and L_1 ⊂ L_2 closed subgroups. Define the map π : G → G/L_2 g → gL_2 then (G, π, G/L_2, L_2) defines a principal bundle. The right action of L_2 on G is defined by gh , g ∈ G, h ∈ L_2 . We also define π_E : G/L_1 → G/L_2 gL_1 → gL_2 then (G/L_1, π_E , G/L_2, L_2/L_1, L_2) is a fiber bundle associated to (G, π, G/L_2, L_2). If S is a semigroup in G with int_G(S) ≠ ∅ then S induces a semigroup S_Q of diffeomorphisms of G

S_Q = {ϕ_s : s ∈ S} and ϕ_s(g) = gs .

In this case the semigroup S_M is the semigroup of diffeomorphisms of G/L_2 induced by S via the action of G on G/L_2. One also has that S induces a diffeomorphism S_E on G/L_1 defined

S_E = {Eϕ_s : s ∈ S} and Eϕ_s(gL_1) = gsL_1 .

We have that S_q = gS ∩ L_2 if q = g ∈ G. In particular, S_q = S ∩ L_2 if q = 1 ∈ G.

In the discussion on the number of control sets, a stronger version of accessibility is needed (see Definition 3.1 in [1]). Let D be an effective control set for S_M . We recall that the semigroup S_Q is said to be accessible over D if for some, and hence for all, q ∈ π^{−1}_Q (D_0), int(S_Qq) ∩ π^{−1}_Q (D_0) ≠ ∅. Similarly, S_E is said to be accessible over D if int(S_E u) ∩ π^{−1}_E (D_0) ≠ ∅. Now, we show, for equivariant fibrations, that the accessibility property defined above holds over any effective control set.

Proposition 1. Let S be a subsemigroup of G with non-empty interior. Assume that G/L_1 and G/L_2 are homogeneous spaces of G and π : G/L_1 →G/L_2 is an equivariant fibration. Suppose S induces semigroups S_E and S_M on E = G/L_1 and M = G/L_2, respectively. Then S_E is accessible over any effective control set for S_M .

Proof: Let D be an effective control set for S_M on G/L_2. Take gL_2 ∈ D_0. By the definition of D_0 we have that there exists s ∈ int(S) such that Mϕ_s(gL_2) = (gL_2)s = gL_2. Define ϕ(hL_1) = hsL_1, h ∈ G. Thus ϕ ∈ S_E . Since π is equivariant one has that π(ϕ(gL_1)) = gsL_2 = gL_2 and ϕ(gL_1) ∈ π^{−1}(D_0). It is enough to show that ϕ(gL_1) ∈ int(S_E (gL_1)). This fact is true since ϕ(gL_1) = gsL_1 = gL_1s ∈ gL_1int(S) ⊂ S_E (gL_1). Therefore ϕ(gL_1) ∈ int(S_E(gL_1)).

In the following we present the results on the number of control sets (and invariant control sets) that are used in the text. This results were shown in [1]. We start with a result on the number of invariant control sets.

Proposition 2. Let C ⊂ M be an invariant control set for S_M , and assume that S_Q is accessible over C. Assume also that the fiber F is compact. Then the number of invariant control sets for S_q in F with q ∈ π^{−1}_E (C_0) is the same as the number of invariant control sets for S_E on E.

Proof: Theorem 4.4 in [1].

One also has.

Proposition 3. Assume that S_M is accessible. Suppose that for every effective control set C ⊂ M there exists x ∈ C_0 and q ∈ π^{−1}_Q (x) such that S_q acts transitively on F . Then π^{−1}_E (C) is an effective control set on E if C is an effective control set in M. Therefore the number of effective control sets on E and on M is the same. Moreover, the same result is also true if we consider invariant control sets instead of effective control sets.

Proof: It is Proposition 3.7 in [1] and the fact that invariant control sets projects into invariant control sets.

A consequence of the last proposition is the corollary bellow.

Corollary 1. Let (Q, π_Q, M, G) be a principal bundle such that its structure group G is compact and connected. Assume that S_Q is accessible over any control set on the base space M. Then π^{−1}_Q (C) is an effective control set for S_Q on Q if C is an effective control set in M. Therefore the number of effective control sets on Q is the same as on M. Moreover, the same result is also true if we consider invariant control sets instead of effective control sets.

Proof: Corollary 3.8 in [1].

Remark. In the last corollary we may assume that π^{−1}(C_0) is connected instead of assuming that G is connected.

As an immediate application of the corollary we have.

Proposition 4. Let L_1 ⊂ L_2 be closed subgroups of the connected Lie group G with L_1 normal in L_2. Assume that G/L_1 is compact and that L_2/L_1 is connected. Suppose that the number of control sets on G/L_2 is finite. Then the number of effective control sets on G/L_1 is the same as on G/L_2.

Proof: The fact that G/L_1 is compact implies that G/L_2 and L_2/L_1 are compact. Thus the projection G/L_1 → G/L_2 determines a principal bundle with compact and connected structure group L_2/L_1. To finish the proof we apply Corollary 1.

3 – Flag manifolds

We will be interested on flag manifolds, that is, homogeneous spaces G/H with G a non-compact semi-simple Lie group and H a parabolic subgroup. We refer the reader to [16] and [15] for the detailed theory of parabolic subgroups and flag manifolds. We use the following standard notation and terminology. Let g be the Lie algebra of G. Take a Cartan decomposition g = k ⊕ s with k the compactly embedded subalgebra. Let a be a maximal abelian subalgebra contained in s and denote by Π the set of roots of the pair (g, a). Fix a simple system of roots Σ ⊂ Π. Denote by Π^+ the set of positive roots and by a^+ the Weyl chamber a^+ = { H ∈ a: α(H) > 0 for all α ∈ � } . Let n = ∑ α∈�^+ g_α

be the direct sum of the root spaces corresponding to the positive roots. The notations K, N are used to indicate the connected subgroups whose Lie algebras are k and n respectively. Let W be the Weyl group of G. It is constructed either as the subgroup of reflections generated by the roots of (g, a) or as the quotient W = M^∗/M where M^∗ and M are respectively the normalizer and the centralizer of a in K. A minimal parabolic subalgebra of g is given by

p = m ⊕ a ⊕ n .

Let P be the minimal parabolic subgroup with Lie algebra p and put B = G/P for the maximal flag manifold of G. This flag manifold fibers over the other boundaries of G, which are built from subsets of Σ as follows: Given Θ ⊂ Σ let n_� be the subalgebra generated by the root spaces g_{−α}, α ∈ Θ and put

p_� = n_� ⊕ p .

The normalizer P_Θ of p_� in G is a parabolic subgroup which contains P . The corresponding flag manifold B_Θ = G/P_Θ is the base space for the natural fibration π_Θ : B → B_Θ whose fiber is P_Θ/P . We denote by W_Θ the subgroup of the Weyl group generated by the reflections with respect to the simple roots in Θ. A conjugate Ad(g)H, g ∈ G, H ∈ a^+ is said to be split-regular in g. Similarly, a split-regular element in G is a exponential h = exp(H) with H ∈ g split regular. A split-regular H ∈ g belongs to a unique Weyl chamber in g (a conjugate of a^+). If h_0 ∈ A^+ = exp a^+ then h_0 has a finite number of fixed points in B, namely, the base point P and its orbit under M^∗. The action of M^∗ in its orbit factors through M so that the fixed points are given by wP , w ∈ W = M^∗/M. The same way, the fixed points in B of a split-regular h = gh_0g^{−1} with g ∈ G and h_0 ∈ A^+, are the points gwP . In what follows we say that gwP is the fixed point of type w for h.

We consider now a semigroup S ⊂ G with int(S) ≠ ∅. In [11] the control sets for the action of S on the flag manifolds were described by means of the Weyl group W . In this description we have a mapping w → D_w which associates to w ∈ W a control set D_w in such a way that the set of transitivity (D_w)_0 is the set of the fixed points of type w for the split-regular elements in int(S). There is just one invariant control set D_1 (see [12] Theorem 3.1) whose set of transitivity is the set of attractors for the split-regular elements in int(S). The subset defined by

W (S) = { w ∈ W : D_w = D_1 } is a subgroup of W , and for w_1, w_2 ∈ W , D_{w1}=D_{w2} if and only if w_1w^{−1}_2 ∈W (S) (see [11] Proposition 4.2). As a consequence one has the main result on the number of control sets in flag manifolds.

Proposition 5. The number of control sets in a boundary B_Θ = G/P_Θ is the order of the set of double cosets W (S)\W/W_Θ. In particular, the control sets on the maximal boundary B are in one-to-one correspondence with the cosets in W (S)\W . Proof: See Corollary 5.2 in [11].

4 – The number of control sets

Let G be a Lie Group and L a closed subgroup of G. We assume that Q = G/L is a compact homogeneous space of G. We also suppose that S is a subsemigroup of G with int_G(S) ≠ ∅. Suppose that S acts on Q as a semigroup of diffeomorphisms. In this section we will be interested in determining the number of control sets of S on a compact homogeneous space G/L where L is a closed subgroup of the Lie group G. We start discussing the number of invariant control sets for the action of S on the homogeneous space Q = G/L. Since Q is compact there exist a finite number of invariant control sets for S on Q (see [5] Proposition 3.3.8). We denote the number of invariant control sets for S on Q by ic(Q). We also denote by G_0 the identity component of the Lie group G. We note that since G_0 is an open normal subgroup of G one has that G_0L is open and therefore it is a closed subgroup of G. It is also immediate that G_0 ∩ L is a closed subgroup of G. The homogeneous space G_0/(G_0 ∩ L) is the connected component of G/L and therefore it is compact. Also, the homogeneous space G/G_0L is the finite set of the components of G/L. We reduce the problem of computing the number of invariant control sets on G/L to the case when G is connected. We denote the number of invariant control sets for S on Q by ic(Q).

Proposition 6. Assume that S is a subsemigroup of G with int_G(S) ≠ ∅ and which generates G in the sense that every element of G is a product of elements of the set S ∪S^{−1}. Let G be a Lie group and G/L a compact homogeneous space. Then ic(G/L) = ic(G_0/(G_0 ∩ L) .

Proof: We consider the fiber bundle with projection G/L → G/G_0L and associated to the principal bundle with projection G → G/G_0L. The typical fiber G_0L/L = G_0/G_0 ∩ L of the associated bundle is compact. Since the base space G/G_0L is finite and S generates G we have that S is transitive on G/G_0L. Applying Proposition 2 to this bundle one has that the number of invariant control sets in the total space G/L is equal to the number of invariant control sets in the fiber G_0/G_0 ∩ L.

Although we don’t know a similar result for the number of control sets it is reasonable to assume that the Lie group G is connected. Therefore, let G be a connected Lie group with finite dimensional Lie algebra g. A Levi decomposition of g is g = r + s

where r is the radical of g and s = g/r is semi-simple or {0}. Let R = rad(G) (the radical of G) be the connected Lie subgroup of G whose Lie algebra is r. We know from [10] Proposition 10.12 that R is a closed, solvable and normal Lie subgroup of G. Let H be the semi-simple Lie group generated by exp(ad(s)). It follows from [14] that G decomposes as the semi-direct product G = R × H . It is also shown in [14] Theorem 3.18.13 that if G is simply connected then G is diffeomorphic to the Cartesian product of R with H and decomposes as the direct product G = RH with R ∩ H = {1} where H is closed in G.

From now on, we assume that G is simply connected.

Now, we show that a subsemigroup of a solvable Lie group G with non-empty interior and generating G is transitive on a compact homogeneous space of G.

Lemma 1. Let G be a solvable Lie group and G/L a compact homogeneous space. Suppose that S is a subsemigroup of G generating it and with int_G(S) ≠ ∅. Then S is transitive in G/L.

Proof: We know from [7] Theorem 1.2 that there exists a probability measure μ on G/L which is invariant by the action of G. The result follows from Proposition 6.3 of [13].

Now, we state the main result of the paper.

Theorem 1. Let G be a connected and simply connected Lie Group. Suppose that S is a subsemigroup of G generating it and with int_G(S) ≠ ∅. Take G = RH as a Levi decomposition of G, where R is the radical of G and H is a semi-simple Lie Group. Suppose that RL is closed and that H ∩ RL is a parabolic subgroup of H. Then the number of effective control sets of S on G/L is finite and equals to the number of effective control sets of S on the flag manifold H/(H ∩ RL). In particular, there is only one invariant control set of S on G/L. Proof: Since R is normal in G we have that RL is a closed Lie subgroup of G which contains L. We consider the associated bundle G/L → G/RL with typical fiber RL/L. Since G/L is compact we have that G/RL e RL/L are compact homogeneous spaces. Now, we show that the homogeneous space

370 CARLOS J. BRAGA BARROS and RONAN A. REIS

G/RL = (RH)/(RL) is diffeomorphic to the homogeneous space H/(H ∩ RL) of the semi-simple Lie group H. It follows that (RH)/(RL) = {h(RL) : h ∈ H}. In fact, an element of (RH)/(RL) is written as rh(RL) with r ∈ R and h ∈ H. By the normality of R it follows that rhRL = hRL. The diffeomorphism between G/RL and H/(H ∩ RL) is given by the map G/RL → H/(H ∩ RL) rhRL → h(H ∩ RL) . Since the typical fiber R/(R ∩ L) is a homogeneous space of a solvable Lie group the Lemma 1 implies that S is transitive on R/(R ∩ L). By the Proposition 3 the number of effective control sets on H/(H ∩ RL), which is finite, is equal to the number of effective control sets on G/L. Since there is only one invariant control set on a flag manifold of a semi-simple Lie group the Proposition 3 also implies that there is only one invariant control set on G/L.

REFERENCES

[1] Braga Barros, C.J. and San Martin, L.A.B. – On the action of semigroups in fiber bundles, Matemática Contemporânea, 13 (1997), 1–19.

[2] Braga Barros, C.J. and San Martin, L.A.B. – On the number of control sets on projective spaces, Systems & Control Letters, Elsevier, 29 (1996), 21–26.

[3] Braga Barros, C.J. – On the number of control sets on the real simple Lie groups, Journal of Lie Theory, Heldermann Verlag, 8(2) (1998), 393–397.

[4] Colonius, F. and Kliemann, W. – Linear control semigroups acting on projective spaces, Journal of Dynamics and Differential Equations, 5(3) (1993), 495–528.

[5] Colonius, F. and Kliemann, W. – The Dynamics of Control, Birkhäuser, Boston, 2000.

[6] Colonius, F. and Kliemann, W. – The Lyapunov spectrum of families of timevarying matrices, Transactions of the American Mathematical Society, 348(11) (1996), 4389–4408.

[7] Furstenberg, H. – A Poisson formula for semi-simple Lie groups, Annals of Mathematics, 77(2) (1963), 335–386.

[8] Husemoller, D. – Fibre Bundles, Graduate texts in Mathematics 20. Springer Verlag, New York Heidelberg Berlin, 1975.

[9] Kobayashi, S. and Nomizu, K. – Foundations of Differential Geometry, John Willey & Sons, 1963.

[10] Sagle, A.A. and Walde, R.E. – Introduction to Lie Groups and Lie Algebras, Academic Press, New York and London, 1973.

[11] San Martin, L.A.B. and Tonelli, P.A. – Semigroup actions on homogeneous spaces, Semigroup Forum, 50 (1995), 59–88.

[12] San Martin, L.A.B. – Invariant control sets on flag manifolds, Math. of Control, Signals and Systems, 6 (1993), 41–61.

[13] San Martin, L.A.B. – Homogeneous spaces admitting transitive semigroups, Journal of Lie Theory, 8 (1998), 111–128.

[14] Varadarajan, V.S. – Lie Groups, Lie Algebras, and Their Representations, Prentice Hall, Inc., 1960.

[15] Varadarajan, V.S. – Harmonic Analysis on Real Reductive Groups, LNM-Springer, 576, 1977.

[16] Warner, G. – Harmonic Analysis on Semi-Simple Lie Groups, Springer-Verlag, 1972.

Carlos J. Braga Barros, Departamento de Matemática, Universidade Estadual de Maringá, Cx. Postal 331, 87.020-900, Maringá-Pr – BRASIL and Ronan A. Reis, Departamento de Matemática, Universidade Paulista Júlio de Mesquita Filho, Cx. Postal 467, 19060-900 Presidente Prudente - SP – BRASIL