PORTUGALIAE MATHEMATICA

Vol. 61 Fasc. 1 – 2004

Nova Série

OPTIMAL ENERGY DECAY RATE OF COUPLED WAVE EQUATIONS

Ahmed Benaddi

Abstract: We consider a system of coupled wave equations subject to positive viscous damping. Under the assumption that the damping function is of bounded variations, we give the asymptotic expansion of eigenvalues and eigenfunctions of the infinitesimal generator of the associated semigroup. Moreover, we prove that the eigenfunctions form a Riesz basis in the energy space.

1 – Introduction

In this paper we consider a system of coupled wave equations in the presence of viscous damping :

u_{tt} − u_{xx} + 2 a u_t + α(u − v) = 0 , 0 < x < 1, t > 0 , v_{tt} − v_{xx} + 2 a v_t + α(v − u) = 0 , 0 < x < 1, t > 0 , u(0, t) = u(1, t) = 0 , t > 0 , v(0, t) = v(1, t) = 0 , t > 0 ,

(1.1)

where a, α ∈ L^∞(0, 1) are positive functions.

Let H = H^1_0 (0, 1) × L^2(0, 1) × H^1_0 (0, 1) × L^2(0, 1). We next define the linear unbounded operator A by

A = (u, z, v, w) = ( z, u_{xx} − 2 a z − α(u − v), w, v_{xx} − 2 a w − α(v − u) ) , (1.2)

D(A) = V×H^1_0 (0, 1)×V×H^1_0 (0, 1) ,

(1.3)

Received: March 6, 2002; Revised: January 15, 2003. AMS Subject Classification: 35C20, 35P20, 35P10, 93D15.

Keywords: viscous damping; asymptotic expansion of the eigenvalues; Riesz basis; optimal decay rate.

where we have put V := H^1_0 (0, 1) ∩ H^2(0, 1). Setting U = (u, u_t, v, v_t), we transform the system (1.1) into an evolutionary equation

U_t = AU , U(0) = U_0 ∈ H .

(1.4)

we can prove easily that the operator A generates a C_0-semigroup (see Pazy [16]). Moreover defining the energy of the system by:

E(t) = 1 2 ∫_1 0 u^2_x + u^2_t + v^2_x + v^2_t + α(u − v)^2 dx ,

(1.5)

we find that d dt E(t) = −2

∫_1 0 a(u^2_t + v^2_t ) dt ≤ 0 .

(1.6)

Assume that a is nonnegative and strictly positive on some subinterval we can easily prove (see[1]) that there exist constants C > 0 and ω < 0 such that the following exponential decay rate holds:

E(t) ≤ CE(0) exp(2 ωt) , ∀ t ≥ 0 .

(1.7)

The exponential stability of the system (1.1) has been established by Najafi et al [15] in the case of linear boundary feedback and by Komornik–Rao [10] in the case of nonlinear boundary feedback.

In this work, we will determine the optimal energy decay rate of the system (1.1). More precisely, denoting by ω(a) the supremum of ω satisfying (1.7), and by μ(a) the minimum of the real part of eigenvalues of A, we will establish the relation μ(a) = ω(a) for the coefficient a being of bounded variations. To this end, we will give the asymptotic expansion of the eigenvalues and prove that the system of eigenvectors of the operator A constitutes a Riesz basis in the energy space H.

In section 2 we prove that the spectrum of the system (1.1) is the union of the spectrum of the systems: { u_{xx} − (λ^2 + 2 a λ + 2 α) u = 0 ,

u(0) = u(1) = 0 ,

(1.8)

and { v_{xx} − (μ^2 + 2 a μ) v = 0 ,

v(0) = v(1) = 0 .

(1.9)

Note that the system (1.9) is well studied by Cox and Zuazua in [4]. In this work, we will apply a method used by Rao in [18] to the system (1.8).

This approach consists in constructing, without any a priori ansatz, an explicit approximation of the characteristic equation of the underlying system. In this way, we find the asymptotic form of the eigenvalues of (1.1). In section 3, we construct the root system of the system (1.1) and we prove that root vectors of the operator A constitue a Riesz basis in H, therefore we identify the optimal decay rate of energy ω(a) with the supremum of the real part of the eigenvalues of the system (1.1).

The method that is used in this work can be adapted to the problem of indefinite damping:

u_{tt} − u_{xx} + 2 ε a u_t + α(u − v) = 0 , 0 < x < 1, t > 0 , v_{tt} − v_{xx} + 2 ε b v_t + α(v − u) = 0 , 0 < x < 1, t > 0 , u(0) = u(1) = 0 , v(0) = v(1) = 0 ,

(1.10)

where a, b are functions of indefinite sign and ε > 0 is a small parameter. In fact in the case a = b the determination of the spectrum of (1.10) can be reduced to that one of the following system: { φ_{xx} = φ_{tt} + 2 a ε λ φ_t + 2 α φ = 0 ,

φ(0) = φ(1) = 0 .

(1.11)

In the case where α = 0, it was proved that the system (1.11) is exponentially uniformly stable for ε > 0 small enough if a is of bounded variation and is “more positive then negative” (see Freitas–Zuazua [6]). Recently, this result was improved to the system (1.11) with an arbitrary function α ∈ L^∞(0, 1) by Benaddi–Rao [18] using a new asymptotic expansion of eigenfunction which take into account the potential term α φ.

In Liu et al [12] we can find a general result on the stability of nondissipative semigroups which is based on the perturbation theory (Kato [9]) and the characteristic condition of the uniform stability of semigroups (Huang [8], Prüss, [17]). It seems interesting to adapt their approach to the system (1.10) with a ≠ b.

2 – Asymptotic analysis of the spectrum of A

For any U_1 = (u_1, z_1, v_1, w_1) ∈ H, U_2 = (u_2, z_2, v_2, w_2) ∈ H, we defind the inner product in the space H by setting:

⟨U_1, U_2⟩ =

∫_1 0 u_{1x}ū_{2x} + z_1z̄_2 + v_{1x}v̄_{2x} + w_1w̄_2 + α(u_1− v_1) (ū_2 −v̄_2) dx ,

(2.1) and we consider the following eigenvalue problem λ^2 u − u_{xx} + 2 a λ u + α(u − v) = 0 , λ^2 v − v_{xx} + 2 a λ v + α(v − u) = 0 , u(0) = u(1) = 0 , v(0) = v(1) = 0 .

(2.2)

We first remark that the eigenvalues of (2.2) are the eigenvalues of one of the systems (1.8) or (1.9). More precisely, putting φ = u − v and ϕ = u + v, then we have φ is solution of the problem (1.8), and ϕ is solution of the problem (1.9).

Proposition 2.1. Let α_0, a_1 ≥ 0 and a_2 ≥ 0. Let α and a be two functions in L^∞(0, 1) such that ∀ x ∈ [0, 1], a_1 ≤ a(x) ≤ a_2 < ∞ and α > α_0 > 0. Then the complex part of the spectrum of (1.8) is symetric about the real axis and is contained in C = { λ ∈ C: |λ| ≥ √ π^2 + 2 α_0; −a_2 ≤ Re λ ≤ −a_1 } . (2.3)

A necessary condition for the existence of real eigenvalue is:

a_2 ≥ √ π^2 + 2 α_0 .

(2.4)

In that case the real eigenvalues λ_n are contained in the interval:

− a_2 − √ a^2 − π^2 − 2 α_0 ≤ λ_n ≤ −a_1 + √ a^2 − π^2 − 2 α_0 .

(2.5)

Proof: Let λ_n be an eigenvalue associated to the eigenfunction u_n. Then, we have { u_{nxx} − (λ^2_n + 2 a λ_n + 2 α) u_n = 0 , u_n(0) = u_n(1) = 0 .

(2.6)

Multiplying (2.6) by u_n we obtain:

λ^2_n

∫_1 0 |u_n|^2 dx + 2 λ_n

∫_1 0 a|u_n|^2 dx +

∫_1 0 |u_{nx}|^2 dx + 2

∫_1 0 α|u_n|^2 dx = 0 .

(2.7)

Hence

λ_n = − ∫_1 0 a|u_n|^2 dx ± √( ∫_1 0 a|u_n|^2

)_2

dx −

∫_1 0 |u_n|^2 dx

( ∫_1 0 |u_{nx}|^2 + 2 α

∫_1 0 |u_n|^2 dx ) ∫_1 0 |u_n|^2 dx . (2.8)

If λ_n is a complex eigenvalue then we have:

Re λ_n = −

∫_1 0 a|u_n|^2 dx ∫_1 0 |u_n|^2 dx and − a_2 ≤ Re λ_n ≤ −a_1 .

(2.9)

Furthermore we have

(Re λ_n)^2 + (Im λ_n)^2 =

∫_1 0 |u_{nx}|^2 + 2

∫_1 0 α|u_n|^2 dx ∫_1 0 |u_n|^2 dx . (2.10)

By Poincaré’s inequality, we have:

|λ_n|^2 = (Re λ_n)^2 + (Im λ_n)^2 ≥ π^2 + 2 α_0 .

(2.11)

If λ_n is a real eigenvalue, we have

0 ≤ ∫_1 0 a|u_n|^2 ∫_1 0 |u_n|^2 dx

2 − ∫_1 0 |u_{nx}|^2 dx ∫_1 0 |u_n|^2 dx

− 2 α ≤ a^2 − π^2 − 2 α_0 .

(2.12)

This gives (2.4). The proof is complete.

Now, we carry out the study of the high frequencies of the problem (2.6). We will use a method used in Rao [18]. We denote by BV (0, 1) the set of functions of bounded variations. We consider the following initial value problem { y_{xx} − (λ^2 + 2 a λ + 2 α) y = 0 ,

y(0, λ) = 0 , y_x(0, λ) = 1 .

(2.13)

We have the following result:

Proposition 2.2. Let a ∈ BV (0, 1) and y(x, λ) the solution of the problem (2.13). Then for all λ ∈ C, sufficienly large, we have: | | | | | y(x, λ) − sinh ( λ x +

∫_x 0 a(s) ds )

λ | | | | | ≤ C_0 |λ|^2 , (2.14) | |y_x(x, λ) − cosh ( λ x +

∫_x 0 a(s) ds ) | |≤ C^0 |λ| (2.15)

where C_0 > 0 is a constant independent of λ.

Proof: By the theory of ordinary differential equations (see Naimark [14]), we know that y(x, λ) is analytic with respect to λ. Furthermore λ_n is an eigenvalue of (1.9) if and only if λ_n is a root of y(1, λ) = 0, and its algebraic multiplicity is the nullity order of λ_n as a zero of the function λ → y(1, λ).

Let z(x, λ) = 1 λ sinh λx be the solution of the undamped initial value problem (a ≡ 0). By the variation of constants formula we have:

y(x, λ) = z +

∫_x 0 2 a(s) λ y(s) z(x − s) ds .

(2.16)

Hence y_x(x, λ) = z_x +

∫_x 0 2 a(s) λ y(s) z_x(x − s) ds .

(2.17)

Since |sinh λx| ≤ cosh |a_2| := C_1 and |cosh λx| ≤ C_1, thanks to Gronwall’s inequality, we deduce that

|y(x, λ)| ≤

C_1 |λ| exp ( 2 C_1

∫_1 0 |a(s)| ds ) := C_2 |λ| . (2.18)

Inserting (2.18) into (2.17) we conclude that

|y_x(x, λ)| ≤ C_1 + C_1C_2

∫_1 0 2 |a(s)| ds := C_3 .

(2.19)

Now we construct an approximate solution of the problem (2.13). Using an idea of Rao [18], we consider the case where a is a constant. In that case, the characteristic equation of (2.13) is given by

τ^2 − (λ^2 + 2 a λ + 2 α) = 0 .

Thus we have:

τ_± = ± √ λ^2 + 2 a λ + 2 α = ±λ ( 1 + a λ + O ( 1 |λ| )) . (2.20)

By neglecting the high order term, we set

θ(x) = λ x +

∫_x 0 a(s) ds , v(x) = 1 λ + a(0) sinh θ(x) .

(2.21)

Furthermore, since the functions sinh θ(x) and cosh θ(x) are uniformly bounded for λ ∈ C, we deduce that there exists C_4 > 0 independent of λ, such that

|v| ≤

C_4 |λ| and |v_x| ≤ C_4 .

(2.22)

Let us consider the following problem: { v_{xx} − (λ^2 + 2 a λ + 2 α) v = f ,

v(0) = 0 , v_x(0) = 1 .

(2.23)

where f = 1 λ + a(0) ( (a^2 − 2 α) sinh θ(x) + a^′ cosh θ(x) ) . (2.24)

By the variation of constants formula we have

v(x) − y(x) =

∫_x 0 f(s) y(x − s) ds ,

v_x(x) − y_x(x) =

∫_x 0 f(s) y_x(x − s) ds .

Thanks to (2.18), (2.19) and (2.24) we obtain that

|v(x) − y(x)| ≤

C_1 · C_2 |λ| |λ + a(0)|

∫_1 0 ( |a^2 − 2 α| + |a^′| ) dx ,

(2.25)

|v_x(x) − y_x(x)| ≤

C_1 · C_3 |λ + a(0)|

∫_1 0 ( |a^2 − 2 α| + |a^′| ) dx .

(2.26)

Consequently, we obtain | | | | | y(x) − sinh ( λx +

∫_x 0 a(s) ds )

λ + a(0) | | | | | ≤ C_1 · C_2 · (T_a + ‖a‖^2_∞ + 2 α) |λ| |λ + a(0)| , (2.27) | |y_x(x) − λ+a(x) λ+a(0) cosh ( λx +

∫_x 0 a(s) ds ) | |≤ C^1 ·C^3 ·(T^a +‖a‖^{2∞} + 2 α) |λ + a(0)| , (2.28)

where T_a denotes the total variations of a. Since for λ large enough we have: λ + a(x) λ + a(0)

= 1 + O ( 1 |λ|^2 ) , (2.29) 1 λ + a(0) = 1 λ + O ( 1 |λ|^2 ) . (2.30)

We deduce that there exists a constant C_0 > 0 such that (2.14)–(2.15) hold. This achieves the proof.

Let N be the smallest integer greater than

4 C_0 π . We define the sets

Π_N = { z ; |z + a_0| ≤ Nπ + π 2 } , (2.31)

Π_{±n} = { z ; |z + a_0 ∓ i n π| =

2 C_0 n π } , for n > N ,

(2.32)

where we have put: a_0 =

∫_1 0 a(x) dx .

By Lemma 5.2 in Cox–Zuazua [4], we have |sinh(λ + a_0)| >

C_0 |λ| for all λ ∈ Π_n.

Theorem 2.1. Let a ∈ BV (0, 1). There exists a finite number of eigenvalues λ_n ∈ Π_N and one simple eigenvalue in the region enclosed by Π_n for each n > N.

Proof: Let n > N. By (2.14) we have | |y(1, λ) − sinh(λ + a^0) λ | | ≤ C^0

|λ|^2 < | |sinh(λ + a^0) λ | |, ∀ λ ∈ Π_n .

(2.33)

By Rouché’s theorem, y(1, λ) has the same number of roots as the function λ → sinh(λ + a_0) λ in the region enclosed by Π_n. In particular, we have

λ_{±n} = −a_0 ± i n π + O ( 1 n ) . (2.34)

As the spectrum of (1.8) is discret and Π_N is compact, there exists at most a finite number of eigenvalues λ_n ∈ Π_N . This achieves the proof.

Theorem 2.2. Let a ∈ BV (0, 1). Setting

ξ(x) =

∫_x 0 a(s) ds − x a_0 ,

(2.35)

we have

λ_{±n} · u_{±n} (x) = sinh ( ξ(x) ± i n π x ) + O ( 1 n ) , (2.36)

u_{±nx} (x) = cosh ( ξ(x) ± i n π x ) + O ( 1 n ) . (2.37)

Proof: Using (2.34) and (2.14) we obtain:

λ_{±n} · u_{±n} (x) = λ_{±n} y(x, λ_{±n} )

= sinh ( ξ(x) ± i n π x ) + O ( 1 n ) .

Similarly, using (2.15) and (2.34) we get:

u_{±nx} (x) = y_x(x, λ_{±n} )

= cosh ( ξ(x) ± i n π x ) + O ( 1 n ) . The proof is complete.

Now we consider the eigenvalue problem (1.9) defined by { v_{mxx} − (μ^2_m + 2 a μ_m) v_m = 0 ,

v_m(0) = v_m(1) = 0 .

(2.38)

By applying the same method, we obtain the following developement for all m > M where M is an integer depending only on a(x):

μ_{±m} = −a_0 ± i m π + O ( 1 m ) , (2.39)

μ_{±m} v_{±m} (x) = sinh ( ξ(x) ± i m π x ) + O ( 1 m ) , (2.40)

v_{±mx} (x) = cosh ( ξ(x) ± i m π x ) + O ( 1 m ) . (2.41)

We notice that for |n| > sup(N, M), there exist, in Π_n, two eigenvalues λ_n and μ_n of algebraic multiplicity 1. We will prove that these two eigenvalues are distinct:

Proposition 2.3. Let n be a sufficiently large integer. We have

λ_n ≠ μ_n .

(2.42)

Proof: Assume that λ_n = μ_n. Let u_n and v_n be eigenfunctions associated to λ_n and μ_n. We have { v_{nxx} − (μ^2_n + 2 a μ_n) v_n = 0 ,

v_n(0) = v_n(1) = 0 .

(2.43)

Multiplying (2.43) with u_n and integrating by parts, we obtain that ∫_1 0 v_n · [ ∂_{xx} − (λ^2_n + 2 a λ_n + 2 α) ] u_n dx + 2

∫_1 0 α u_n · v_n dx = 0 .

(2.44)

Since u_n is a solution of (1.8), we have ∫_1 0 α u_n · v_n dx = 0 .

(2.45)

On the other hand by (2.36) and (2.40) we have

∫_1 0 α u_n · v_n dx = 1 n^2 π^2

∫_1 0 α | |sinh(ξ(x) ± i n π x ) | |^2dx + O ( 1 n^3 ) = 0 .

(2.46)

It follows that ∫_1 0 α | |sinh ( ξ(x) ± i n π x )| |^2 dx = O ( 1 n ) . (2.47)

A straight forward computation shows that

∫_1 0 α | |sinh(ξ(x) ± i n π x ) | |^2 dx =

∫_1 0 α ( sinh^2 ξ(x) + sin^2(n π x) ) dx > 1 2 ∫_1 0 α dx > α_0 2 > 0 .

(2.48)

This leads to a contradiction. Thus, we have proved that for each n > sup(N, M), the region enclosed by Π_n contain two distincts eigenvalues μ_n, λ_n.

3 – System of root vectors

Let λ_n and μ_m be two eigenvalues of the operator A. We know that their algebraic multiplicity is equal to one for |n| > N and |m| > M. We index the eigenvalues λ_n et μ_m (|n| > N, |m| > M) of high frequencies following the asymptotic expansions (2.34) and (2.39). We denote by λ̃_k for 1 ≤ k ≤ K and μ̃_l for 1 ≤ l ≤ L the eigenvalues of low frequencies. Hence we write the spectrum of A:

σ(A) = { λ_n : |n|>N } ∪ { λ̃_k : 1≤k ≤K } ∪ { μ_m : |m|>M } ∪ { μ̃_l : 1≤l ≤L } . Let λ_n be an eigenvalue of (1.8) with the corresponding eigenfunction u_n and μ_m be an eigenvalue of (1.9) with the corresponding eigenfunction v_n. Then, λ_n is an eigenvalue of A associated to the eigenvector ϕ^−_n = (u_n, λ_nu_n, −u_n, −λ_nu_n), and μ_m is an eigenvalue of A associated to the eigenfunction ϕ^+_m=(v_n, μ_mv_m, v_m, μ_mv_m). We denote by s_k the algebraic multiplicity of λ̃_k and by {ϕ̃^−_{k,j}}^{sk−1}_0 the associated Jordan chain. Respectively, we denote by q_l the algebraic multiplicity of μ̃_l and by {ϕ̃^+_{l,j}}^{ql−1}_0 the associated Jordan chain. The root vectors of A are given by { ϕ̃^−_{k,j} : 0≤j ≤s_k −1 ; 1≤k ≤K } ∪ { ϕ^−_n : |n| > N } ∪ (3.1) ∪ { ϕ̃^+_{l,j} : 0≤j ≤q_l −1 ; 1≤l ≤L } ∪ { ϕ^+_m : |m| > M } . Our aim is to prove that (3.1) is a Riesz basis in the energy space H by using the following theorem:

Theorem 3.1 (Rao [18]). Let {ϕ_n}^n_0 be a Riesz basis in the Hilbert space X, and let {g_n}^∞_{n0} be a ω-linearly independent system. Assume that ∞∑ n=n_0

‖ϕ_n − g_n‖^2_X < ∞ .

(3.2)

Then {g_n}^∞_{n0} is a Riesz basis in the subspace X_0 spanned by itself in X.

We first prove the following preliminary result:

Proposition 3.1. The system of root vectors (3.1) of A are complete and ω-linearly independent in the energy space H.

Proof: Putting:

L = i

0 I 0 0 ∂_{xx} − αI 0 αI 0 0 0 0 I αI 0 ∂_{xx} − αI 0

, T = i

0 0 0 0 −2a 0 0 0 0 0 0 0 0 0 −2a 0 . (3.3)

Then we have iA = L + T . A straightforward computation show that L is selfadjoint in H. Since T is bounded in the energy space H, then

ρ(L^{−1} T L^{−1} ) ≤ ‖L^{−1} ‖ ‖T ‖ ρ(L^{−1} )

(3.4)

where ρ denotes the order of a linear bounded operator (see [7, p. 27] for definition). On the other hand, L^{−1} is compact, from (2.34) and (2.39) we deduce that the asymptotic form of the eigenvalues of L^{−1} :

λ_n(L^{−1} ) = i ±i n π + O(^1_n ) = 1 n π + O ( 1 n^3 ) . (3.5)

Then, the order ρ of L^{−1} is given by (Gohberg–Krein [7, p. 256]):

ρ = lim_{n→∞} log n log^1_{λ n(L−1 )}

= 1 .

(3.6)

Hence by Theorem V 8.1 (Gohberg–Krein [7, p. 257]), we deduce that the system (3.1) is complete in the energy space H.

On the other hand, one straightforward computation show that A^{−1} is compact in H. Since the operator iA^{−1} has no real eigenvalues, by Theorem I.5.2 (Gohberg–Krein [7, p. 23]), all^i_λ ∈ C\R are normal points of iA^{−1} . Let λ_0 be a point of the operator iA. Following Thorem I 2.1 Gohberg–Krein [7, p. 9], the projector operator P_{λ 0} = − 1 2 i π ∫ |μ−λ_0|=δ

(iA^{−1} − μI)^{−1} dμ .

(3.7) is of finite-dimension and the range of P_{λ 0} is the subspace ker(iA^{−1} − λ_0I)^{ν0} , where ν_0 ≥ 1 is the algebric multiplicity of λ_0. Now we consider a serie: K∑ k=1 s_k−1∑ j=0 |c^−_{k,j}|^2 + ∑ |n|>N

|c^−_n |^2 + L∑ l=1 q_l−1∑

j=0 |c^+_{l,j}|^2 + ∑ |m|>M

|c^+_m|^2 < ∞

(3.8)

such that K∑ k=1 s_k−1∑ j=0 c^−_{k,j} ϕ̃^−_{k,j} + ∑ |n|>N

c^−_n ϕ^−_n + L∑ l=1 q_l−1∑

j=0 c^+_{l,j} ϕ̃^+_{l,j} + ∑ |m|>M

c^+_m ϕ^+_m = 0 .

(3.9)

Applying the projector P_{μ̃ l} , 1 ≤ l ≤ L, to (3.9), we obtain that

q_l−1∑

j=0 c^+_{l,j} ϕ̃^+_{l,j} = 0 for 1 ≤ l ≤ L .

(3.10)

Since {ϕ̃^+_{l,j}}^{ql−1}_0 is a basis of ker(A − μ̃_lI)^{ql−1} for all 1 ≤ l ≤ L, it follows that c^+_{l,j} = 0 , 0 ≤ j ≤ q_l − 1, 1 ≤ l ≤ L .

(3.11) On the other hand, the algebraic multiplicity of the eigenvalue μ_m is equal to 1 for m > M. Applying P_{μ m} for m > M to (3.9) we have: c^+_m = 0 for all |m| > M .

(3.12) Similarly, applying P_{λ̃ n} for 1 ≤ k ≤ K and P_{λ n} for |n| > N to (3.9) we get that c^−_{k,j} = 0 for 0≤ j ≤s_k−1, 1≤k ≤K and c^−_n = 0 for all |n|>N .

(3.13) This achieves the proof.

Now we consider the subspace L of X = L^2(0, 1)×L^2(0, 1)×L^2(0, 1)×L^2(0, 1) defined by L = { (f, g, h, k) ∈ X such that

∫_1 0 f(x) dx =

∫_1 0 g(x) dx = 0 } (3.14) and we define the linear bounded operator from H to L by F(u, z, v, w) = (u_x, z, v_x, w) ∀ (u, z, v, w) ∈ H .

(3.15)

Proposition 3.2. The linear operator F defined by (3.14)–(3.15) is an isomorphism from H onto L.

Proof: Let (u, z, v, w) ∈ H, then

‖F(u, z, v, w)‖^2_X =

∫_1 0 |u_x|^2 + |z|^2 + |v_x|^2 + |w|^2 dx

= ‖u‖^2_H1_{0 (0,1)} + ‖z‖^2_L2_{(0,1)} + ‖v‖^2_H1_{0 (0,1)} + ‖w‖^2_L2_{(0,1)} .

Hence F is a linear bounded operator from H to L. Let (f, g, h, k) ∈ L. We can verify that u = ∫_x 0 f(x) dx ∈ H^1_0 (0, 1) , z = g ∈ L^2(0, 1) ,

(3.16) v = ∫_x 0 h(x) dx ∈ H^1_0 (0, 1) , w = k ∈ L^2(0, 1) ,

(3.17)

satisfy the equation F(u, z, v, w) = (f, g, h, k). We conclude, by Banach’s theorem that F is an isomorphism from H onto L. The proof is complete.

Let ξ ∈ L^∞(0, 1), and set Θ_n defined by Θ_n(x) = ξ(x) + i n π x. We have the following system

Φ^±_n = (cosh Θ_n, sinh Θ_n, ± cosh Θ_n, ± sinh Θ_n) , n ∈ Z .

(3.18)

Proposition 3.3. For all ξ ∈L^∞(0, 1), the system (3.18) is a Riesz basis in X.

Proof: For n ∈ Z, we set:

e^±_n = ( cos nπx, sin nπx, ± cos nπx, ± sin nπx ) ,

M = cosh ξ(x) sinh ξ(x) 0 0 i cosh ξ(x) i sinh ξ(x) 0 0 0 0 cosh ξ(x) sinh ξ(x) 0 0 i cosh ξ(x) i sinh ξ(x) . (3.19)

Then we have Φ^±_n = e^±_n ·M. Since the transformation matrix has a bounded inverse in X and since the system {e^±_n }_{n∈Z} is equivalent to an orthonormal basis in X, it follows that the system (3.18) is a Riesz basis in X. The proof is complete.

Theorem 3.2. Assume that a ∈ BV (0, 1). Then the root system (3.1) forms a Riesz basis in the energy space H.

Proof: We use an idea of Rao in [18]. Since the operator F is an isomorphism from H on to L, it is sufficient to prove that the system { Fϕ̃^−_{j,k} : 0≤j ≤s_k −1, 1≤k ≤K } ∪ { Fϕ^−_n : |n|>N } ∪ (3.20) ∪ { Fϕ̃^+_{j,l} : 0≤j ≤q_l − 1, 1≤l ≤L } ∪ { Fϕ^+ : |m|>M }

is a Riesz basis in L. We distinguish three cases:

Case i:

∑_K

k=1 s_k +

∑_L

l=1 q_l = M + N. From (2.36), (2.37), (2.40) and (2.41) it follows that: K∑ k=0 s_k−1∑ j=0 ‖Fϕ̃^−_{j,k} − Φ̃^−_{j,k}‖^2_X + L∑ l=0 q_l−1∑

j=0 ‖Fϕ̃^+_{j,l} − Φ̃^+_{j,l}‖^2_X +

(3.21) + ∑ |n|>N

‖Fϕ^−_n − Φ^−_n ‖^2_X + ∑ |m|>M

‖Fϕ^+_m − Φ^+_m‖^2_X < ∞ .

Thanks to Bari’s Theorem, we show that the system (3.20) is a Riesz basis in X.

Case ii: If

∑_K

k=1 s_k +

∑_L

l=1 q_l > M +N. From Bari’s theorem, we can find a subsystem of (3.20) which is quadratically close to the Riesz basis {Φ^±_n }_{n∈Z}, and would be also a Riesz basis in X. This contradicts the linear independence of the system (3.20).

Case iii: If

∑_K

k=1 s_k +

∑_L

l=1 q_l ≤ M +N. From Proposition 3.1, the system (3.20) is complete and ω-linearly independent in L. Since the system (3.20) is quadratically close to a subsystem of the Riesz basis {Φ^±_n }_{n∈Z}, applying Theorem 3.1, we conclude that system (3.20) is a Riesz basis of the subspace spanned by itself. But the system (3.20) is complete in L, hence forms a Riesz basis in the whole space L. The proof is thus complete.

Theorem 3.3. If a ∈ BV (0, 1), then have μ(a) = ω(a).

Proof: The proof is similar to the one used in [2], [4] and [13]. For the sake of the complement we give a brief outline of the proof.

We know that μ(a) ≤ ω(a). We will establish the reverse inequality. We expand the initial data into:

(u_0, z_0, v_0, w_0) = ±∞∑ n=0 s_n−1∑ j=0 β^−_{n,j}ϕ^−_{n,j} + ±∞∑ m=0 q_m−1∑

j=0 β^+_{m,j} ϕ^+_{m,j} .

(3.22)

It follows that

‖(u, u_t, v, v_t)‖^2_H = ‖ ‖ ‖ ‖ ±∞∑ n=0 s_n−1∑ j=0 β^−_{n,j} S(t) ϕ^−_{n,j} + ±∞∑ m=0 q_m−1∑

j=0 β^+_{m,j} S(t) ϕ^+_{m,j} ‖ ‖ ‖ ‖ 2 (3.23)

where S(t) is the C_0-semigroup generated by the system (1.1). By the property of Riesz basis there exist positive constants C_1, C_2 such that

C_1 ±∞∑ n=0 s_n−1∑ j=0 |β^−_{n,j}|^2 + ±∞∑ m=0 q_m−1∑

j=0 |β^+_{m,j}|^2

≤ ‖U_0‖^2_H

≤ C_2 ±∞∑ n=0 s_n−1∑ j=0 |β^−_{n,j}|^2 + ±∞∑ m=0 q_m−1∑

j=0 |β^+_{m,j}|^2

for any U_0 = (u_0, z_0, v_0, w_0) ∈ H. Then a straightforward computation gives that

‖(u, u_t, v, v_t)‖^2_H ≤ C_2 ±∞∑ n=0 e^{2μ(a)t}

s_n−1∑ j=0 |β^−_{n,j}|^2 j∑ k=0 ( t^{(j−k)} (j − k)!

)_2 (3.24)

+ ±∞∑ n=0 e^{2μ(a)t}

q_n−1∑

j=0 |β^+_{n,j}|^2 j∑ k=0 ( t^{(j−k)} (j − k)!

)_2 .

Recalling that at most M +N eigenvalues may be of algebraic multiplicity greater then one, we conclude that there exists a positive constant C_3 such that:

‖(u, u_t, v, v_t)‖^2_H ≤ C_3 C_2 e^{2μ(a)t} ±∞∑ n=0 s_n−1∑ j=o |β^−_{n,j}|^2 + ±∞∑ m=0 q_m−1∑

j=o |β^+_{m,j}|^2

(1 + t^{2(m+N)})

≤ C_3 C_2 C_1 e^{2μ(a)t} (1 + t^{2(M+N)}) ‖(u_0, u_{0t}, v_0, v_{0t})‖^2_H .

(3.25)

We have established our main result.

REFERENCES

[1] Bardos, C.; Lebeau, G. and Rauch, J. – Sharp sufficient conditions for the observation, control and stabilization of waves form the boundary, SIAM J. Control Optim., 30 (1992), 1024–1065.

[2] Benaddi, A. and Rao, B. – Energy decay rate of wave equations with indefinite damping, Diff. Equa., 161 (2000), 337–357.

96 AHMED BENADDI

[3] Chen, G.; Fulling, S.A.; Narcowich, F.J. and Sun, S. – Exponential decay of energy of evolution equation with locally distributed damping, SIAM J. Appl. Math., 51 (1991), 266–301.

[4] Cox, S. and Zuazua, E. – The rate at which energy decay in a damped string, Commun. in PDE, 19 (1994), 213–244.

[5] Cox, S. and Zuazua, E. – The rate at which energy decay in a string damped at one end, Indiana Univ. Math. J., 44(95), 545–573.

[6] Freitas, P. and Zuazua, E. – Stability results for wave equation with indefinite damping, Diff. Equa., 132 (1996), 320–335.

[7] Gohberg, I.C. and Krein, M.G. – Introduction to the Theory of Linear Nonselfadjoint Operators, AMS Providence, 1969.

[8] Huang, F.L. – Characteristic condition for exponential stability of linear dynamical systems in Hilbert space, Ann. of Diff. Eqs., 1 (1985), 43–56.

[9] Kato, T. – Perturbation Theory for Linear Operators, 2^{nd} ed., Springer-Verlag, New York, 1984.

[10] Komornik, V. and Rao, B. – Boundary stabilization of compactly coupled wave equations, Asymptotic Analysis, 14 (1997), 339–359.

[11] Komornik, V. and Zuazua, E. – A direct method for the boundary stabilization of the wave equation, J. Math. Pures et Appl., 69(1) (1990), 33–55.

[12] Liu, K.; Liu, Z. and Rao, B. – On an abstract linear conservative system with non-dissipative perturbation, Preprint.

[13] Morgül, O.; Conrad, F. and Rao, B. – On the stabilization of a cable with a tip mass, IEEE Transactions on Automatic Control, 39 (1994), 2140–2145.

[14] Naimark, M.A. – Linear Differential Operators, Vol. I, Ungar, New York, 1967. [15] Najafi, M.; Sarhangi, G.R. and Wang, H. – The study of stability of coupled wave equations under various end conditions, Proceedings of 31^{st} Conferences on Decision and Control, Tucson, Arizona, 1992, 374–379.

[16] Pazy, A. – Semi-groups of Linear Operators and Applications to Partial Equations, Spinger Verlag, New York, 1983.

[17] Prüss, J. – On the spectrum of C_0-semigroup, Trans. Amer. Math. Soc., 284 (1984), 847–857.

[18] Rao, B. – Optimal energy decay rate in a damped Rayleigh Beam, Discrete and Contiunous Dynamical System, 4 (1998), 721–734.

Ahmed Benaddi, Centro de Modelamiento Matemático, UMR 2071 CNRS-Uchile, Casilla 170/3-Correo 3, Santiago – CHILE E-mail: benaddi@dim.uchile.cl