PORTUGALIAE MATHEMATICA

Vol. 61 Fasc. 2 – 2004 Nova Série

POSITIVE PERIODIC SOLUTIONS OF IMPULSIVE DELAY DIFFERENTIAL EQUATIONS WITH SIGN-CHANGING COEFFICIENT *

Yuji Liu, Zhanbing Bai, Zhanjie Gui and Weigao Ge

Abstract: Consider the existence and nonexistence of positive periodic solutions of the non-autonomous delay differential equation

(∗) x^′(t) = −a(t) x(t) + λ h(t) f ( x(t − τ(t)) ) , t ≠ t_k, k ∈ Z ,

where a and h may change sign, with the impulses as follows

(∗∗) x(t_k) = (1 + b_k) x(t^−_k ) , k ∈ Z .

It is shown that the system (∗)–(∗∗) has positive periodic solutions under certain reasonable conditions and no positive periodic solutions under some other conditions. Some applications and examples are given to illustrate our Theorems.

1 – Introduction and definitions

Consider the existence and nonexistence of positive periodic solutions of the following system consisting of the non-autonomous delay differential equation

x^′(t) = −a(t) x(t) + λ h(t) f ( x(t − τ(t)) ) , t ≠ t_k, k ∈ Z (1) and the impulses as follows

x(t_k) = (1 + b_k) x(t^−_k ) , k ∈ Z , (2) Received: September 30, 2002; Revised: March 9, 2003.

Keywords: impulses; functional differential equation; positive periodic solution; cone; fixed point theorem.

* The first author was supported by the Science Foundation of Educational Committee of Hunan Province and the second author by the National Natural Sciences Foundation of P.R. China.

where Z is the set of all integers, {t_k} an increasing sequence with lim_{k→+∞} t_k = +∞ and lim_{k→−∞} t_k = −∞, λ > 0 a parameter. a: R → R, h: R → R, τ : R → R are continuous and T -periodic functions with T > 0, and f : R^+ → R^+ is continuous, R = (−∞, +∞), R^+ = [0, +∞).

Kuang and Smith in [18] studied the existence of periodic solutions of the delay differential equation

x^′(t) = −f ( x(t), x(t − τ(t)) ) . (3) As is pointed in [18,19], there has not many studies for the existence of periodic solutions of delay differential equations. For the more references, we refer to papers [1–9,11] or the monograph [10,12]. Cheng and Zhang [6] studied the existence of positive periodic solutions of the delay differential equation

x^′(t) = −a(t) x(t) + λ h(t) g ( x(t − τ(t)) ) . (4) They proved that (4) has positive periodic solutions for some λ > 0 under the following assumptions

(H_1) a, h and g are non-negative continuous functions and a, h are T -periodic

with

∫_T 0 a(s) ds > 0.

(H_2) lim_{x→0} g(x)/x = l ∈ [0, +∞] and lim_{x→+∞} g(x)/x = L ∈ [0, +∞].

However, the existence and nonexistence problems of positive T -periodic solutions of (4) have not been studied if a and h change sign.

On the other hand, the differential equations with impulses are a basic tool to describe the evolution processes which are subjected to abrupt changes in their state. Many biological, physical and engineering applications exhibit impulsive effects. We refer to [10,11,12] and the references cited therein. The simple case of impulsive differential equations is that in which impulsive effects occur at periodic fixed moment of the time and the impulsive functions that regulate the process are linear. For example, we see Eq. (1) with impulsive conditions (2) which was posed in [10], used and studied in [7,8,9]. (1) is the one dimension version of many interesting ecological models. In particular, (1) can be interpreted as the Malthus Population Model subjected to perturbation with periodic delay. In [7], the oscillatory property of solutions of (1)–(2) was studied, however, the existence of positive solutions is not investigated.

Very recently, Nieto in [17] used a complicated method to study the existence of non-positive solutions of the following periodic boundary value problem u^′(t) + F (t, u(t)) = 0, a.e. t ∈ J^′ , u(t^+_j ) = u(t^−_j ) + I_j(u(t^−_j )), j = 1, 2, ..., p , u(0) = u(T ) .

We will present a different way. To the best of our knowledge, the existence and nonexistence of positive periodic solutions of impulsive delay differential equation (1)–(2) have not been studied.

In this paper, we give the assumptions as follows (A_1) f : R^+ → R^+ is continuous and f(0) > 0.

(A_2) h : R → R is continuous T -periodic function and there is k > 1 such that

∫_{t+T} t G(t, s) h^+(s) ds ≥ k

∫_{t+T} t G(t, s) h^− (s) ds for all t ,

where

G(t, s) = exp ( ∫_s t a(u) du ) ∏ s<t_k≤t+T

(1 + b_k) exp ( ∫_T 0 a(u) du ) − ∏ 0<t_k≤T

(1 + b_k) ,

h^+(t) = max{h(t), 0} and h^− (t) = max{−h(t), 0}. (A_3) a:R→R is a continuous T -periodic function and satisfies exp(

∫_T 0 a(u)du) > ∏ 0≤t_k<T (1 + bk) and ∏ t≤t_k<t+T (1 + bk) = constant and bk > −1 for

all k ∈ Z.

Our aim in this paper is to establish the existence and nonexistence criteria of positive T -periodic solutions of (1) with impulses (2) (system (1)–(2) for short) and to apply the main theorems to the following equations N^′(t) = −μ(t) N(t) + λ p(t) e^{−rN(t−τ(t))} , t ≠ t_k , N(t_k) = (1 + b_k) N(t^−_k ), k ∈ Z , (5) and N^′(t) = −μ(t) N(t) + λ p(t) 1 1 + N^n(t − τ(t))

, t ≠ t_k , N(t_k) = (1 + b_k) N(t^−_k ), k ∈ Z , (6) where μ(t), p(t) and τ(t) are positive continuous functions, n > 0 is real number and λ a parameter. Eq.(5) was called hematopoiesis model (Weng and Liang [13]), where N(t) is the number of red blood cells at time t. This is a generalized model of red blood cell system introduced by Wazewska–Czyzewska and Lasota[14]

N^′(t) = μ N(t) + p e^{−rN(t−τ)} ,

where μ, r, p and τ are positive constants μ ∈ (0, 1). Chow in [15] studied the existence of periodic solution of a class of differential equations similar to (5). Certain equations similar to Eq. (6) was posed and studied in [16]. However, the existence of positive periodic solution of (5) or (6) and has not been studied for the case where the coefficients p and μ change sign.

This paper is organized as follows. In section 2, we give our main results. The applications to (5) and (6) and two examples will be given to illustrate our theorems in section 3.

2 – Main results and proofs

Suppose that y : R → [0, +∞) is continuous function and consider the solution of the equation

x^′(t) = −a(t) x(t) + y(t) , t ≠ t_k, k ∈ Z , (7) with the impulsive effects (2). We find that ( x(t) e

∫_t

0 a(s)ds

)_′ = e ∫_t

0 a(s)dsy(t) , t ≠ t

k, k ∈ Z .

Suppose that t ≤ t_k < t_{k+1} < · · · < t_{k+l} ≤ t + T . After integration from t to t + T , we get

x(t^−_k ) e

∫_{tk}

0 a(u)du − x(t) e

∫_t

0 a(u)du =

∫_{tk} t y(s) e

∫_s

0 a(u)du ds, t < t k , x(t^−_k ) = x(t_k), t = t_k ,

x(t^−_{k+1}) e

∫_{tk+1}

0 a(u)du − x(t

k) e

∫_{tk}

0 a(u)du =

∫_{tk+1}

t_k

y(s) e

∫_s

0 a(u)du ds ,

· · · · · · x(t^−_{k+l}) e

∫_{tk+l}

0 a(u)du − x(t k+l−1 ) e

∫_{tk+l−1}

0 a(u)du =

∫_{tk+l}

t_{k+l−1}

y(s) e

∫_s

0 a(u)du ds ,

x(t+T ) e

∫_{t+T}

0 a(u)du − x(t

k+l) e

∫_{tk+l}

0 a(u)du =

∫_{t+T}

t_{k+l}

y(s) e

∫_s

0 a(u)du ds, t

k+l < t+T ,

x(t_{k+l}) = (1 + b_k) x(t^−_{k+l}), t_{k+l} = t+T .

Combining (2), it follows that

x(t) =

∫_{t+T} t G(t, s) y(s) ds , t ∈ R , (8) where

G(t, s) = exp ( ∫_s t a(u) du ) ∏ s<t_k≤t+T

(1 + b_k) exp ( ∫_T 0 a(u) du ) − ∏ 0<t_k≤T

(1 + b_k) . (9)

Let I^t = [t, t + T ], b^+_k = max{0, b_k}, b^−_k = max{0, −b_k},

I^t_1 = { t ∈ I^t : a(t) ≥ 0 } , I^t_2 = { t ∈ I^t : a(t) < 0 }

and a^+(t) = max{0, a(t)} , a^− (t) = min{0, a(t)} .

Since

G(t, s) = exp ( ∫_s t a(u) du ) ∏ s<t_k≤t+T

(1 + b_k) exp ( ∫_T 0 a(u) du ) − ∏ 0<t_k≤T

(1 + b_k)

≤ exp ( [∫ [t,s] ∩ I^t_1

a(τ) dτ + ∫ [t,s] ∩ I^t_2

a(τ) dτ ]) ∏ t<t_k≤t+T

(1 + b^+_k ) exp ( ∫_T 0 a(τ) dτ ) − ∏ 0<t_k≤T

(1 + b_k)

≤ exp ( ∫ [t,t+T ] ∩ I^t_1

a(τ) dτ ) ∏ 0<t_k≤T

(1 + b^+_k ) exp ( ∫_T 0 a(τ) dτ ) − ∏ 0<t_k≤T

(1 + b_k)

≤ exp ( ∫_T 0 a^+(τ) dτ ) ∏ 0<t_k≤T

(1 + b^+_k ) exp ( ∫_T 0 a(τ) dτ ) − ∏ 0<t_k≤T

(1 + b_k)

= M , and

G(t, s) = exp ( ∫_s t a(u) du ) ∏ s<t_k≤t+T

(1 + b_k) exp ( ∫_T 0 a(u) du ) − ∏ 0<t_k≤T

(1 + b_k)

≥ exp ( ∫ [t,t+T ] ∩ I^t_2

a(τ) dτ ) ∏ 0<t_k≤T

(1 − b^−_k ) exp ( ∫_T 0 a(τ) dτ ) − ∏ 0<t_k≤T

(1 + b_k)

≥ exp ( ∫_T 0 a^− (τ) dτ ) ∏ 0<t_k≤T

(1 − b^−_k ) exp ( ∫_T 0 a(τ) dτ ) − ∏ 0<t_k≤T

(1 + b_k)

= N ,

we have the following Lemma.

Lemma 1. Suppose that y(t) is a non-negative T -periodic solution and x(t) is a solution of system (2) and (7). Then x(t) ≥ σ‖x‖, for t ∈ R, where σ = N/M and ‖x‖= sup{|x(t)|: t ∈ [0, T ]}.

Proof: It is easy to see that

x(t) =

∫_{t+T} t G(t, s) y(s) ds ≥ N

∫_{t+T} t y(s) ds = N

∫_T 0 y(s) ds , and M ∫_T 0 y(s) ds = M

∫_{t+T} t y(s) ds ≥

∫_{t+T} t G(t, s) y(s) ds .

The proof is obvious and is omitted.

Now, let X be the set of all real piecewise continuous T -periodic functions with finite discontinuities of the first type on [0,T] and endowed with the usual linear structure as well as the norm ‖x‖= sup_{t∈[0,T ]} |x(t)|. i.e. X = { x: R→R is T -periodic and continuous in (t_k, t_{k+1}) with x(t^−_k ) = x(t_k), x(t^+_{k+1}) exist for all k } . Then X is a Banach space. Let K = { x ∈ X : x(t) ≥ σ‖x‖, t ∈ [0, T ] } . Then K is a cone of space X. The main results of this paper are as follows.

Theorem 1. Suppose that (A_1)–(A_3) hold. Then there is a positive number λ^∗ such that the system (1)–(2) has at least one positive T -periodic solution for λ ∈ (0, λ^∗).

Theorem 2. Suppose that (A_1)–(A_3) hold and for any a > 0, there is μ > 0 such that k μ ≥ f(x) − σ a ≥ μ for x ∈ [σa, a] .

Then (1)–(2) has no positive T -periodic solution for

λ > σ ( 1− 1 k ) exp

( ∫_T 0 a^− (u) du ) ∏ 0<t_k≤T

(1 − b_k) exp ( ∫_T 0 a(u) du ) − ∏ 0<t_k≤T

(1 + b_k)

∫_T 0 h^+(s) ds −1 .

In order prove Theorems 1 and 2, we need the following Lemma.

Lemma 2. Suppose (A_1)–(A_3) hold. Then for every 0 < δ < 1, there exists a positive number λ such that, for λ ∈ (0, λ), the equation

x^′(t) = −a(t) x(t) + λ h^+(t) f ( x(t − τ(t)) ) , t ≠ t_k ,

x(t_k) = (1 + b_k) x(t^−_k ), k ∈ Z ,

(10)

has a positive T -periodic solution x_λ with ‖x_λ ‖ → 0 as λ → 0 and

x_λ ≥ λ δ f(0) ‖p(t)‖ ,

(11)

where p(t) =

∫_{t+T} t G(t, s) h^+(s) ds .

Proof: We know that p(t) ≥ 0 for t ∈ R and (10) is equivalent to the integral equation

x(t) = λ

∫_{t+T} t G(t, s) h^+(s) f ( x(s − τ(s)) ) ds := T x(t) ,

(12)

where x ∈ X. It is easy to prove that T is completely continuous, T K ⊂ K and the fixed point of T is solution of (1)–(2). We shall apply the Leray–Schauder degree theory to prove T has at least one fixed point for small λ.

Let ϵ > 0 be such that f(t) ≥ δf(0) for 0 ≤ t ≤ ϵ .

(13) Suppose that 0 < λ < ϵ 2 ‖p‖ f(ϵ)

:= λ ,

where f(t) = max_{0≤s≤t} f(s). Since

lim_{t→0+} f(t) t = +∞ and f(ϵ)/ϵ < 1/(2 ‖p‖ λ) ,

there is r_λ ∈ (0, ϵ) such that f(r_λ ) r_λ = 1 2 λ ‖p‖ , which implies r_λ → 0 as λ → 0.

Now, consider the homotopy equation u = θ T u , θ ∈ (0, 1) .

Let u ∈ X and θ ∈ (0, 1) be such that u = θ T u. We claim that ‖u‖≠ r_λ . In fact, if u(t) = θλ

∫_{t+T} t G(t, s) h^+(s) f ( u(s − τ(s)) ) ds , set w(t) = θλ

∫_{t+T} t G(t, s) h^+(s) f(‖u‖) ds ≤ θ λ f(‖u‖) p(t) ,

then by f(u) ≤ f(‖u‖), we know that u(t) ≤ w(t) for all t ∈ R. Moreover, we have ‖u‖ ≤ λ ‖p‖ f(‖u‖) , i.e.

f(‖u‖) ‖u‖ ≥ 1 λ ‖p‖ , which implies that ‖u‖ ≠ r_λ . Thus by Leray–Schauder degree theory, T has a fixed point x_λ with ‖x_λ ‖ ≤ r_λ < ϵ .

Moreover, combining (12) and (13), we get x_λ ≥ λ δf(0) p(t) , t ∈ R .

(14) This completes the proof.

Proof of Theorem 1: Let

q(t) =

∫_{t+T} t G(t, s) h^− (s) ds ,

(15)

then q(t) ≥ 0. Since p(t)/q(t) ≥ k > 1, we can choose d ∈ (0, 1) such that k d > 1. There is c > 0 such that |f(y)| ≤ k d f(0) for y ∈ [0, c], then

q(t) |f(y)| ≤ d p(t) f(0) , t ∈ R, y ∈ [0, c] .

Fix δ ∈ (d, 1) and let λ^∗ > 0 be such that

‖x_λ ‖ + λ δf(0) ‖p‖ ≤ c , λ ∈ (0, λ^∗) ,

(16)

where x_λ is given in Lemma 1, we have

|f(x) − f(y)| ≤ f(0) δ − d 2 (17)

for x, y ∈ [−c, c] with |x − y| ≤ λ^∗δf(0)‖p‖.

Let λ ∈ (0, λ^∗), we look for a solution x_λ of the form x_λ + y_λ such that y_λ solves the following equation

y^′(t) = −a(t) y(t) + λ h^+(t) [ f ( x_λ (t−τ(t)) + y(t−τ(t)) ) − f ( x_λ (t−τ(t)) )] − λ h^− (t) f ( x_λ (t − τ(t)) + y(t − τ(t)) ) , t ≠ t_k ,

y(t_k) = (1 + b_k) y(t^−_k ) , k ∈ Z .

(18)

For each w ∈ X, let y = T w be the T -periodic solution of (18). Then T is completely continuous. Let y ∈ X and θ ∈ (0, 1) be such that y = θ T y, then we have

y^′(t) = −a(t) y(t) + θ λ h^+(t) [ f ( x_λ (t − τ(t)) + y(t − τ(t)) ) − f ( x_λ (t − τ(t)) )] − θ λ h^− (t) f ( x_λ (t − τ(t)) + y(t − τ(t)) ) , t ≠ t_k ,

y(t_k) = (1 + b_k) y(t^−_k ) , k ∈ Z .

We claim that ‖y‖ ≠ λ δf(0)‖p‖. Suppose to the contrary that ‖y‖ = λ δf(0)‖p‖, then by (16) and (17), we get

‖x_λ + y‖ ≤ ‖x_λ ‖ + ‖y‖ ≤ c

(19) and | |f(x_λ + y) − f(x_λ )| ≤ f(0) δ − d 2 . (20)

By using (12) and q(t)|f(y)| ≤ d p(t)f(0), there holds

|y(t)| = λ | | | ∫_{t+T} t G(t, s) h^+(s) [ f ( x_λ (s−τ(s)) + y(s−τ(s)) ) − f ( x_λ (s−τ(s)) )] ds + λ ∫_{t+T} t G(t, s) h^− (s) f ( x_λ (s − τ(s)) + y(s − τ(s)) ) ds | | | ≤ λ ∫_{t+T} t G(t, s) h^+(s) f(0) δ − d 2 ds + λ

∫_{t+T} t G(t, s) h^− (s) p(t) q(t) d f(0) ds ≤ λ δ − d 2 p(t) + λ d f(0) p(t) = λ δ + d 2 f(0) p(t) .

In particular, ‖y‖ ≤ λ δ + d 2 f(0) ‖p‖ < λ δf(0) ‖p‖ ,

(21)

this is a contradiction and the claim is true. Thus by Leray–Schauder degree theory, T has a fixed point y_λ with

‖y_λ ‖ ≤ λ δf(0) ‖p‖ .

Using Lemma 1 and (21), we obtain

x_λ (t) ≥ x_λ − ‖y_λ ‖

≥ λ δf(0) p(t) − λ δ + d 2 f(0) p(t) = λ δ − d 2 f(0) p(t) > 0 ,

i.e., x_λ is a positive T -periodic solution. The proof is complete.

Proof of Theorem 2: Suppose that (1)–(2) has a positive T -periodic solution x(t). Assume ‖x‖= a. From the condition in Theorem 2, there is μ > 0 such that k μ ≥ f(x) − σ a ≥ μ for x ∈ [σa, a] . So ∫_{t+T} t G(t, s) h(s) [ f ( x(s − τ(s)) ) − σa ] ds =

= ∫_{t+T} t G(t, s) h^+(s) [ f ( x(s − τ(s)) ) − σa ] ds − ∫_{t+T} t G(t, s) h^− (s) [ f ( x(s − τ(s)) ) − σa ] ds ≥ ∫_{t+T} t G(t, s) h^+(s) μ ds −

∫_{t+T} t G(t, s) h^− (s) k μ ds = μ [∫_{t+T} t G(t, s) h^+(s) ds − k

∫_{t+T} t G(t, s) h^− (s) ds ]

≥ 0.

Moreover,

x(t) = λ

∫_{t+T} t G(t, s) h(s) f ( x(s − τ(s)) ) ds ≥ λ ∫_{t+T} t G(t, s) h(s) σa ds

= λ σa

( ∫_T 0 G(t, s) h^+(s) ds −

∫_T 0 G(t, s) h^− (s) ds )

≥ λ σa ( 1 − 1 k ) ∫_T 0 G(t, s) h^+(s) ds

≥ λ σa ( 1 − 1 k ) exp ( ∫_T 0 a^− (τ) dτ ) ∏ 0<t_k≤T

(1 − b^−_k ) exp ( ∫_T 0 a(τ) dτ ) − ∏ 0<t_k≤T

(1 + b_k)

∫_T 0 h^+(s) ds

> a = ‖x‖ ,

which is a contradiction. Thus (1)–(2) has no positive T -periodic solution.

3 – Applications and examples

In this section, we apply Theorem 1 to system (5) and (6).

Corollary 3. Suppose that μ, p, τ, are piecewise continuous T -periodic functions, p(t) ≥ 0 with

∫_T 0 p(s) > 0 and exp(

∫_T 0 μ(u) du) > ∏ 0≤t_k<T (1 + bk),

b_k > −1 for all k, ∏ t<t_k≤t+T (1 + bk) = constant. Then system (5) has at least

one positive T -periodic solution for every λ > 0.

Corollary 4. Under the assumptions in Corollary 3, the system (6) has at least one positive T-periodic solution for every λ > 0.

Let f(t, x) = e^{−rx} or f(t, x) = 1/(1 + x^n), then corollaries 3 and 4 are directly acquired from Theorem 1.

Example 1. Consider the equation

x^′(t) = −x(t) + λ h(t) f ( x(t − sin t) ) , (22)

where

h(t) =

80 − 81 π (t − 2 kπ), 2 kπ ≤ t < 2 kπ + π ,

80 + 81 π (t − 2(k + 1)π), 2 kπ + π ≤ t < 2(k + 1)π ,

with k ∈ Z, τ(t) = sin t, T = 2π, a(t) ≡ 1 and f : R → R is continuous with f(0) > 0.

It is easy to know that

inf_{t∈R}

∫_{t+T} t G(t, s)h^+(s) ds ∫_{t+T} t G(t, s) h^− (s) ds

= inf_{t∈R}

∫_{t+T} t e^{s−t} h^+(s) ds ∫_{t+T} t e^{s−t} h^− (s) ds

≥ inf_{t∈R}

∫_{t+T} t e^t h^+(s) ds ∫_{t+T} t e^{t+2π} h^− (s) ds

= e^{−2π} inf_{t∈R}

∫_{t+T} t h^+(s) ds ∫_{t+T} t h^− (s) ds

= 640 e^{−2π} > 1 .

By Theorem 1, there is λ^∗ > 0 such that (22) has at least one positive T -periodic solution.

Example 2. Consider the following problem

x^′(t) + 2 x(t) = λ h(t) ( 2 x(t − sin t) + α ) , t ≠ t_k ,

x(t_k) = 6 x(t^−_k ) , k ∈ Z ,

(23) where α > 0, t_k = 2 kπ for k ∈ Z,

h(t) = e^{4π} − x

72 e^{8π} + 1 72 π e^{4π}

, 0 ≤ t ≤

72 π e^{8π} 72 e^{8π} + 1 , − e^{4π} (72 e^{8π} + 1) π ( x − 72 π e^{8π} 72 e^{8π} + 1 ) , 72 π e^{8π} 72 e^{8π} + 1

≤ t ≤ π ,

h(2 π − t), π + π ≤ t ≤ 2 π ,

and h(t + 2π) = h(t) for every t. By Theorem 2, (23) has no positive 2π-periodic solution if λ > (72 e^{8π} + 1) (e^{4π} − 6) 36 π e^{8π} (12 e^{4π} − 1) .

In fact, it is easy to check that ∏ t≤t_k≤t+2π (1 + bk) ≡ 6 and (A 3) holds. Let

f(x) = 2 x + α. Then f is continuous and f(0) = α > 0, so (A_1) holds.

G(t, s) = e^{2(s−t)} ∏ s<t_k≤t+2π

(1 + b_k)

e^{4π} − 6 . ∫_{t+T} t G(t, s) h^+(s) ds ≥

∫_{t+T} t 1 e^{4π} − 6 h^+(s) ds = 1 e^{4π} − 6

∫_T 0 h^+(s) ds = 72 π e^{8π} 2(e^{4π} − 6) (72 e^{8π} + 1) . ∫_{t+T} t G(t, s) h^− (s) ds ≤

6 e^{4π} e^{4π} − 6

∫_T 0 h^− (s) ds ≤

3 π e^{4π} (e^{4π} − 6) (72 e^{8π} + 1) .

k ≥ 12 e^{4π} > 1 , σ = 1 6 e^{4π} . On the other hand, for any a > 0, choose μ = σa + α, we have f(x) − σa = 2 x + α − σa ∈ [σa + α, 2a + α − σa] for x ∈ [σa, a].

Since kμ = k σa + αk ≥ 2a + α − σa, we get

μ ≤ f(x) − σa ≤ kμ for x ∈ [σa, a] .

By Theorem 2, (23) has no positive 2π-periodic solution if λ > (72 e^{8π} + 1) (e^{4π} − 6) 36 π e^{8π} (12 e^{4π} − 1) .

190 YUJI LIU, ZHANBING BAI, ZHANJIE GUI and WEIGAO GE

ACKNOWLEDGEMENT – The authors are thankful to the editor for valuable suggestions towards the expanded introduction of the paper.

REFERENCES

[1] Li, Y.K. – Periodic solutions of a periodic neutral delay equation, J. Math. Anal.

Appl., 214 (1997), 11–21.

[2] Wang, K. – Positive periodic solutions of neutral delay equations (in Chinese), Acta Math. Sinica, 6 (1996), 789–795.

[3] Mawhin, J. – Periodic solution of some vector retarded functional differential equations, J. of Math. Anal. Appl., 45 (1974), 588–603.

[4] Gatica, J.A. and Smith, H.L. – Fixed point theorems in a cone with applications, J. Math. Anal. Appl., 61 (1977), 58–71.

[5] Guo, D.J.; Sun, J.X. and Liu, Zh.L. – Functional Methods for Nonlinear Ordinary Differential Equations, Jinan: Shandong Science and Technology Press, 1995 (in Chinese).

[6] Zhang, G. and Cheng, S.S. – Existence of positive periodic solutions of nonautonomous functional differential equations, Electronic JDE, 59 (2001), 1–8.

[7] Luo, J.W. – Oscillation for nonlinear delay differential equations with impulses, J. Math. Anal. Appl., 250 (2000), 290–298.

[8] Yan, J.Y. and Zhao, A. – Oscillation and stability of linear impulsive delay differential equations, J. Math. Anal. Appl., 227 (1998), 187–194.

[9] Bainov, D. and Stamova, I.M. – On the practical stability of impulsive systems of differential-difference equations with variable impulsive perturbations, J. Math. Anal. Appl., 200 (1996), 272–288.

[10] Lakshmikantham, V.; Bainov, D.D. and Simenov, P.S. – Theory of Impulsive Differential Equations, Singapore: World Scientific, 1989.

[11] Zhang, X.S. and Yan, J.Y. – Global attractivity in impulsive functional differential equation, Indian J. Pure Appl. Math., 29(5) (1998), 871–878.

[12] Bainov, D.D. and Simconov, P.S. – Impulsive Differential Equations: Periodic Solutions and Applications, Longman, Harlow, 1993.

[13] Weng, P. and Liang, M. – The existence and behavior of periodic solutions of a Hematopoiesis model, Mathematica Applicata, 8 (1995), 434–439.

[14] Wazewska-Czyzewska, M. and Lasota, A. – Mathematical models of red cells system, Matematyta Stosowana, 6 (1976), 25–40.

[15] Chow, S.N. – Existence of periodic solutions of autonomous functional differential equations, 15 (1974), 350–378.

[16] Mackey, M.C. and Glass, I. – Oscillations and chaos in physiological control systems, Science, 197 (1977), 287–289.

[17] Nieto, J.J. – Impulsive resonance periodic problems of first order, Applied Mathematics Letters, 15 (2002), 489–493.

[18] Kuang, Y. and Smith, H.L. – Slowly oscillating periodic solution of autonomous state-delay equations, Nonlinear Analysis, 19(9) (1992), 855–872.

[19] Hale, J.K. and Lonel, S.M. – Introduction to Functional Differential Equations, New York, Berlin: Springer-Verlag, 1993.

Yuji Liu, Department of Applied Mathematics, Beijing Institute of Technology, Beijing 100081 – P.R. CHINA and Department of Mathematics, Yueyang Teacher’s University, Yueyang 414000 – P.R. CHINA and Zhanbing Bai, Department of Applied Mathematics, Beijing Institute of Technology, Beijing 100081 – P.R. CHINA and Zhanjie Gui, Department of Mathematics, Hainan Teacher’s University, Haikou, 570000 – P.R. CHINA and Weigao Ge, Department of Applied Mathematics, Beijing Institute of Technology, Beijing 100081 – P.R. CHINA