PORTUGALIAE MATHEMATICA

Vol. 61 Fasc. 4 – 2004 Nova Série

ENERGY DECAY ESTIMATES FOR THE DAMPED EULER–BERNOULLI EQUATION WITH AN UNBOUNDED LOCALIZING COEFFICIENT

L.R. Tcheugoué Tébou

Recommended by E. Zuazua

Abstract: We consider the Euler–Bernoulli equation in a bounded domain Ω with a local dissipation ay^′. The localizing coefficient a is of the form a(x) = α(x)/(d(x, Γ))^s, (0 < s ≤ 1), where Γ is the boundary of Ω, d(x, Γ) is the distance from x to Γ, and α is a bounded nonnegative function such that a is unbounded. Using integral inequalities and multiplier techniques, we prove exponential and polynomial decay estimates for the energy of each solution of this equation. In particular, since the localizing coefficient a is unbounded, an important technical difficulty occurs adding to the difficulty of dealing with a local dissipation. A judicious application of Hardy inequality enables us to overcome this difficulty. The results obtained improve existing results where the boundedness of the function a is critical.

1 – Introduction and statement of the main results

The main purpose of this paper is to give precise decay estimates for the energy of Euler–Bernoulli equations with a linear damping term localized in a neighborhood of a suitable subset of the domain under consideration. For the sequel, we need some notations. Let Ω be a bounded domain in R^N (N ≥ 1) having a sufficiently smooth boundary Γ= ∂Ω. We denote by ν the unit normal

Received: June 4, 2003; Revised: August 15, 2003.

Keywords: Euler–Bernoulli equation; decay estimates; local dissipation; degenerate dissipation; integral inequalities; Hardy inequality; multiplier techniques.

pointing into the exterior of Ω. We fix x^0 ∈ R^N and we set m(x) = x − x^0,

R = sup { |m(x)|, x ∈ Ω } , Γ_+ = { x ∈ Γ; m(x)·ν(x) > 0 } and Γ_− = Γ\Γ_+

(u·v = N∑ 1 u_iv_i for all u, v ∈ R^N ). Let a =^α_{ds} with d(x) = dist(x, Γ), 0 < s ≤ 1,

and α ∈ L^∞(Ω) is a nonnegative function such that:

(1.1) α(x) ≥ a_0 a.e. in ω , or (1.2) ∃ p > 0 : ∫ ω dx α(x)^p

< ∞ ,

where ω is a neighborhood of Γ_+ contained in Ω, and a_0 is a positive constant. By neighborhood of Γ_+, we actually mean the intersection of Ω and a neighborhood of Γ_+. Throughout the paper, we denote by |u|_r the norm of a function u ∈ L^r(Ω), 1≤r ≤∞, and by |1/α|_p, the quantity (∫ ω dx α(x)^p

) 1_p , p > 0.

Now consider the following damped Euler–Bernoulli equation

(1.3) y^{′′} + Δ^2y + ay^′ = 0 in Ω×(0, ∞) y = ∂y ∂ν = 0 on Γ×(0, ∞)

y(0) = y^0 in Ω y^′(0) = y^1 in Ω .

Condition (1.1) or (1.2) ensures that the damping term ay^′ is effective on the set ω. Let {y^0, y^1} ∈ H^2_0 (Ω)×L^2(Ω). System (1.3) is then well-posed in the space H^2_0 (Ω)×L^2(Ω); in fact, there exists a unique weak solution of (1.3) with

(1.4) y ∈ C ( [0, ∞); H^2_0 (Ω) ) ∩ C^1 ( [0, ∞); L^2(Ω) ) . This result can be proved using the Hille–Yosida Theorem [2].

Introduce the energy

(1.5) E(t) = 1 2 ∫ Ω { |y^′(x, t)|^2 + |Δy(x, t)|^2 } dx , ∀t ≥ 0 .

The energy E is a nonincreasing function of the time variable t and we have for almost every t ≥ 0,

(1.6) E^′(t) = − ∫ Ω a(x) |y^′(x, t)|^2 dx .

Although the literature on the decay estimates of the energy of the wave equation with locally distributed damping is quite impressive [3, 4, 8, 9, 13, 16–20, 22–28,...], little is known on the decay estimate of the energy of plate equations with a locally distributed damping; to the knowledge of the author, only a few papers [5, 9, 24, 27] address this issue for a bounded localizing coefficient. The boundedness of this coefficient is critical in the approaches developed in those four papers. In fact when the coefficient is bounded, its L^∞-norm is trivially absorbed by constants in the estimations. In the case at hand which involves an unbounded localizing coefficient we have to handle the estimates with a great care, then apply the Hardy inequality to get estimates similar to those established in the case of a bounded coefficient.

Before stating our main results, let us recall the following regularity result

Theorem 1.0. Let {y^0, y^1} ∈ H^4(Ω) ∩ H^2_0 (Ω)×H^2_0 (Ω), and let a be given as above. Then the solution y of (1.3) satisfies

(1.7) y ∈ C ( [0, ∞); H^4(Ω)∩H^2_0 (Ω) ) ∩ C^1 ( [0, ∞); H^2_0 (Ω) ) ∩ C^2 ( [0, ∞); L^2(Ω) ) . Moreover, if we set

(1.8) F_0 = ( ‖y^1‖^2_H2_{0 (Ω)} + |Δ^2y^0|^2

) 1_2

then there exits a positive constant c depending only on Ω and a such that

(1.9) |Δy^′(t)|_2 ≤ c F_0, |Δ^2y(t)|_2 ≤ c F_0 , ∀t ≥ 0 .

The proof of this result relies on Hille–Yosida Theorem and Hardy inequality [2]; for the reader convenience, it is provided in Section 3 below.

We are now in the position to state our main results:

Theorem 1.1. Let {y^0, y^1} ∈ H^2_0 (Ω)×L^2(Ω). Let ω be a neighborhood of Γ_+. Assume that α ∈ L^∞_+ (Ω) satisfies (1.1) for some a_0 > 0. Then there exists a positive constant τ independent of the initial data such that

(1.10) E(t) ≤ [ exp(1 − τt) ] E(0) , ∀t ≥ 0 .

Theorem 1.2. Let {y^0, y^1} ∈ H^4(Ω) ∩ H^2_0 (Ω)×H^2_0 (Ω). Let ω be a neighborhood of Γ_+. Assume that α ∈ L^∞_+ (Ω) satisfies (1.2) for some p > 0. Then for every space dimension N ≠4, the energy E satisfies

(1.11) E(t) ≤ K_1 ( |(1/α)|_p F N 2p 0 + E(0)^{N4p}

)4p_N t^{− 4pN} , ∀t > 0 ,

where K_1 is a positive constant independent of the initial data.

When N = 4, we have the decay estimate (1.12)

E(t) ≤ ( c_r|(1/α)|_p F

2(r+p) p(r−1)

0 +c E(0)^{(r+p)p(r−1)}

)^{p(r−1)}_{r+p}

t^{− p(r−1)r+p} , ∀t>0, ∀ 1<r <∞ ,

where c_r and c are positive constants independent of the initial data.

The remainder of the paper is organized as follows. In section 2, we discuss some technical lemmas that are later used in the proofs of Theorems 1.1 and 1.2. Section 3 is devoted to the proofs of Theorems 1.0, 1.1 and 1.2.

2 – Some Technical Lemmas

The proofs of Theorems 1.1 and 1.2 rely on the following lemmas.

Lemma 2.1 (Gagliardo–Nirenberg). Let 1 ≤ q ≤ s ≤ ∞, 1 ≤ r ≤ s, 0 ≤ k < m < ∞, where k and m are nonnegative integers, and θ ∈ [0, 1]. Let v ∈ W^{m,q}(Ω) ∩ L^r(Ω). Suppose that

(2.1) k − N s ≤ θ ( m − N q ) − N(1−θ) r . Then v ∈ W^{k,s}(Ω), and there exists a positive constant C such that

(2.2) ‖v‖_W k,s_{(Ω)} ≤ C ‖v‖^θ_W m,q_{(Ω)} |v|^{1−θ}_r .

Lemma 2.2. Let E : [0, ∞[ → [0, ∞[ be a nonincreasing locally absolutely continuous function such that there are constants β ≥ 0 and A > 0 with

(2.3)

∫_∞ S E(t)^{β+1} dt ≤ AE(S) , ∀S ≥ 0 .

Then we have

(2.4) E(t) ≤ [ exp ( 1− t A )] E(0), ∀t ≥ 0 if β = 0, ( A ( 1+ 1 β ))^1_β t^{− 1β} , ∀t > 0 if β > 0 .

This lemma is due to Haraux and its proof can be found in [6, 7] or [10, 11], [12], [17]. This lemma reduces the proofs of Theorems 1.1–1.2 to the proofs of estimates of type (2.4).

From now on, we denote by S and T two real numbers such that 0≤S <T <∞, and we write E instead of E(t).

Lemma 2.3. Let μ ≥ 0, and let q ∈ (W^{2,∞}(Ω))^N , δ ∈ R and ξ ∈ W^{2,∞}(Ω). Let y be a weak solution of (1.3). We have the identities ∫ Ω y^′ { 2q · ∇y + δy } dx E^μ

]_T S + 4 ∫ Ω×]S,T [

∂q_k ∂x_i

∂^2y ∂x_i∂x_k

E^μ dx dt + + ∫ Ω×]S,T [ ( div(q) − δ ) { |y^′|^2 − |Δy|^2 } E^μ dx dt (2.5) − 2 ∫ Ω×]S,T [

Δy ∇y · Δq E^μ dx dt − μ ∫ Ω×]S,T [

E^{μ−1} E^′y^′ { 2q · ∇y + δy } dx dt + ∫ Ω×]S,T [

ay^′ { 2q · ∇y + δy } E^μ dx dt = ∫ Γ×]S,T [

E^μ (q · ν) (Δy)^2 dΓ dt . ∫ Ω y^′ξ y dx E^μ

]_T S − ∫ Ω×]S,T [ ξ { |y^′|^2 − |Δy|^2 } E^μ dx dt − − μ ∫ Ω×]S,T [

E^{μ−1} E^′y^′y ξ dx dt + 2 ∫ Ω×]S,T [

Δy ∇y · ∇ξ E^μ dx dt

(2.6) + ∫ Ω×]S,T [

y Δy Δξ E^μ dx dt + ∫ Ω×]S,T [

ay^′ ξy E^μ dx dt = 0 .

The proof of Lemma 2.3 is based on standard multipliers technique, the interested reader should refer to Lions [14] or Komornik [10] for the details.

Throughout the remaining part of the paper, c denotes different positive constants independent of the initial data.

Lemma 2.4. Let α satisfy (1.2) for some p > 0. Let y be any strong solution of (1.3). Then for all t ≥ 0, we have the estimates

(2.7) ∫ ω |y^′|^2 dx ≤ c |(1/α)| p p+1 p F N 2(p+1)

0 |E^′|^{pp+1} E^{4−N4(p+1)} , if 1≤N ≤3 ,

c_r |(1/α)|

p(r−1) r(p+1) p F 2(r+p) r(p+1)

0 |E^′|^{p(r−1)r(p+1)} , ∀ 1<r <∞, if N =4 ,

c |(1/α)| 4p N+4p p F 2N N+4p

0 |E^′|^{4pN+4p} , if N ≥5 .

Let y be any weak solution of (1.3). Then for all t ≥ 0, we have the estimate

(2.8) ∫ Ω a ( |∇y|^2 + |y|^2 ) dx ≤ c ∫ Ω |Δy|^2 dx ≤ c E(t) , ∀t ≥ 0 .

Remark. The proof of (2.7) will follow from a judicious application of Hölder inequality, Gagliardo–Nirenberg interpolation inequalities, and Sobolev imbedding theorem. As for (2.8), its proof is a direct consequence of Hardy inequality once we observe that y and ∇y lie in H^1_0 (Ω) and (H^1_0 (Ω))^N respectively.

Proof of Lemma 2.4: We begin with the proof of (2.7). For this proof we need different approaches for the three cases involved, so we will proceed by cases.

Case 1: 1 ≤ N ≤ 3. Since y is a strong solution of (1.3), it is known that y_t(., t) ∈ H^2_0 (Ω), for all t ≥ 0. On the other hand, Sobolev imbedding theorems show that H^2_0 (Ω) is continuously embedded in L^∞(Ω) for 1 ≤ N ≤ 3. Applying Hölder inequality and this imbedding result, we find

(2.9)

∫ ω |y^′|^2 dx = ∫ ω (1/a)^{pp+1} a^{pp+1} |y^′|^2 dx

≤ |(1/a)| p p+1 p ( ∫ ω a|y^′|^{2(p+1)p} dx

) p_{p+1}

≤ c |(1/α)| p p+1 p |y^′(., t)| 2 p+1 ∞ ( ∫ Ω a|y^′|^2 dx

) p_{p+1}

≤ c |(1/α)| p p+1 p |y^′(., t)| 2 p+1 ∞ |E^′(t)|^{pp+1} .

Thanks to Lemma 2.1, we have the interpolation inequality

(2.10)

|y^′(., t)|_∞ ≤ c ‖y^′(., t)‖^{N4}_{H2(Ω)} |y^′(., t)|^{4−N4}_2

≤ c |Δy^′(., t)|^{N4}_2 E^{4−N8}

≤ c F^{N4}_0 E^{4−N8} .

Reporting (2.10) in (2.9), we get the claimed estimate, and we are done with this case.

Case 2: N = 4. Let r > 1, and τ ∈ (0, 2). We have by a twofold application of Hölder inequality ∫ ω |y^′|^2 dx = ∫ ω |y^′|^{2−τ} |y^′|^τ dx ≤ ( ∫ Ω |y^′|^{(2−τ)r} dx

) 1_r ( ∫ ω (1/a)^{pp+1} (a)^{pp+1} |y^′|^{τrr−1} dx

) r−1_r ≤ (2.11)

≤ |(1/a)|

p(r−1) r(p+1) p ( ∫ Ω |y^′|^{2(r+p)p+1} dx

)1_r ( ∫ Ω a|y^′|^2 dx

)^{p(r−1)}

r(p+1)

, with τ =

2p(r−1) r(p+1)

≤ c_r |(1/α)|

p(r−1) r(p+1)

p ‖y^′(., t)‖

2(r+p) r(p+1)

H^2(Ω) |E

′|^{p(r−1)r(p+1)}

≤ c_r |(1/α)|

p(r−1) r(p+1) p F 2(r+p) r(p+1)

0 |E^′|^{p(r−1)r(p+1)} .

It should be noted that in (2.11), we use in an essential manner the Sobolev imbedding theorem: H^2(Ω) is continuously embedded in L^q(Ω) for all 1≤q <∞, when N =4. To complete the proof of (2.7), it remains to deal with the last case.

Case 3: N ≥ 5. First of all, we note the Sobolev imbedding theorem: H^2(Ω) is continuously embedded in L^s(Ω) for 1 ≤ s ≤^{2N}_{N−4} when N ≥ 5. Choosing r =^{N+4p}_{N−4} in (2.11), we get the claimed estimate, and we are done with the proof of (2.7). Let us turn now to the proof of (2.8).

We have ∫ Ω a ( |∇y|^2 + |y|^2 ) dx = ∫ Ω α d(x)^s ( |∇y/d(x)^s|^2 + |y/d(x)^s|^2 ) dx ≤ c ∫ Ω ( |∇y/d(x)|^2 + |y/d(x)|^2 ) dx, since 0<s≤1 (2.12) ≤ c ∫ Ω |Δy|^2 dx, by Hardy inequality

≤ c E(t) , ∀t ≥ 0 ,

which completes the proof of Lemma 2.4.

Remark. It should be noted that one may prove the last cases of (2.7), (N =4 and N ≥5), by combining the Gagliardo–Nirenberg interpolation inequalities with Hölder inequality as in the first case or as in [23, 25]. However, in doing so, one gets in the end much weaker estimates under rather severe restrictions on the degeneracy of the localizing function a. Therefore the new approach developed here, which is based on an astute application of Hölder inequality, can be used to strongly improve earlier results established in [18, 23, 25] in the case of the wave equation.

3 – Proofs of Theorems 1.0, 1.1 and 1.2.

3.1. Proof of Theorem 1.0

We may rewrite the first equation of (1.3) in the form

(3.1.1) { y^′ − z = 0 in Ω×(0, ∞) , z^′ + Δ^2y + az = 0 in Ω×(0, ∞) .

Setting Z = ( y z ) , (3.1.1) becomes Z^′ + AZ = 0, so that (1.3) is equivalent to

(3.1.2)

Z^′ + AZ = 0 in (0, ∞) ,

Z(0) = ( y^0 y^1 ) , where the unbounded operator A is given by

(3.1.3) A = ( 0 −I Δ^2 aI )

with D(A) = H^4(Ω) ∩ H^2_0 (Ω)×H^2_0 (Ω).

Now we are going to apply the Hille–Yosida theory in the Hilbert space H = H^2_0 (Ω)×L^2(Ω) endowed with the norm

(3.1.4) ‖Z‖^2_H = ∫ Ω |Δy|^2 dx + ∫ Ω |z|^2 dx .

Let us show that the operator A is maximal monotone. This amounts to proving that:

(i) (AZ, Z) ≥ 0, ∀Z = ( y z ) ∈ D(A),

(ii) A + I is surjective, (I is the identity operator)

where in (i), (., .) denotes the scalar product induced by the norm defined in (3.1.4).

Proof of (i): Since for all Z ∈ D(A), we have

AZ = ( −z Δ^2y + az ) , it follows that

(3.1.5)

(AZ, Z) = − ∫ Ω Δz Δy dx + ∫ Ω z Δ^2y dx + ∫ Ω az^2 dx = ∫ Ω az^2 dx ≥ 0 ,

which establishes (i).

Proof of (ii): We shall prove that for all ( u v ) in H, there exists Z in D(A) such that

(3.1.6) AZ + Z = ( u v ) .

If we set Z = ( y z ) , then (3.1.6) may be rewritten

(3.1.7) { −z + y = u in Ω ,

Δ^2y + az = v in Ω .

The first equation of (3.1.7) gives z as a function of y and u. Reporting this in the second equation, we get

(3.1.8) Δ^2y + ay = v + au .

Since v lies in L^2(Ω), and u lies in H^2_0 (Ω), Hardy inequality shows that the right hand side of (3.1.8) belongs to L^2(Ω). Since we are looking for y in H^2_0 (Ω), the application of the theory of elliptic problems [2, 15] gives the existence and uniqueness of y. The existence of z follows immediately, and (ii) is proved.

The theorem of Hille–Yosida shows that (3.1.2) has a unique solution

(3.1.9) Z ∈ C ( [0, ∞); D(A) ) ∩ C^1 ( [0, ∞); H ) , hence (1.7). The proof of (1.9) follows by standard energy method.

We now turn to the proofs of Theorems 1.1 and 1.2. This proof essentially relies on the multiplier techniques as developed in [10, 14, 27]. This method introduces lower order terms that need to be absorbed to get the energy decay estimates announced. In general, authors rely on a unique continuation argument to get rid of these lower order terms [18, 19, 27, 28]. However the compactnessuniqueness approach introduces in the estimates constants on which one has no control. Recently a direct approach, which consists in introducing a suitable auxiliary stationary system and using its solution to build a multiplier in order to absorb the lower order terms, was introduced in [22], and was subsequently used with success in [17, 23, 24, 25,...]. The direct approach was developed as an alternative to the compactness-uniqueness method, and it turns out that it is much simpler to use, and it provides explicit decay estimates, which makes it very suitable for numerical experiments.

3.2. Proof of Theorems 1.1, and 1.2.

The first steps of the proofs of these two theorems are similar. This explains why we are proving these two theorems simultaneously.

We proceed in several steps.

Step 1. Applying (2.5) with δ = N − 2, q(x) = m(x), observing that div(m) = N and using (1.5), we find

(3.2.1)

4 ∫_T S E^{μ+1} dt = − ∫ Ω y^′ { 2m · ∇y + (N − 2)y } dx E^μ

]_T S + μ ∫ Ω×]S,T [

E^{μ−1} E^′ y^′ { 2m · ∇y + (N − 2)y } dx dt − ∫ Ω×]S,T [

ay^′ { 2m · ∇y + (N − 2)y } E^μ dx dt + ∫ Γ×]S,T [

E^μ (m · ν) (Δy)^2 dΓ dt .

Since the energy is nonincreasing, it follows that

(3.2.2) | | |− ∫ Ω y^′ { 2m · ∇y + (N − 2)y } dx E^μ

]_T S | | | ≤ 4R λ_0

E(0)^μ E(S) , and (3.2.3) | | |μ ∫ Ω×]S,T [

E^{μ−1} E^′y^′ { 2m · ∇y + (N − 2)y } dx dt | | | ≤ 2 μR λ_0

E(0)^μ E(S) ,

where λ^2_0 is the first eigenvalue of the eigenvalue problem

(3.2.4)

Δ^2u = −λ^2Δu in Ω , u = ∂u ∂ν = 0 on ∂Ω .

By Hölder inequality we have

(3.2.5)

| | | ∫ Ω×]S,T [

ay^′ { 2m · ∇y + (N − 2)y } E^μ dx dt | | | ≤ ≤ c ∫_T S E^μ ( ∫ Ω a|y^′|^2 dx

) 1_2 ( ∫ Ω a ( |∇y|^2 + |y|^2 ) dx ) 1_2 dt ≤ c ∫_T S E^μ |E^′|^{12} ( ∫ Ω |Δy|^2 dx

) 1_2

dt, by (2.8) ≤ c ∫_T S E^{2μ+12} |E^′|^{12} dt, by (1.6) .

Now, using Young inequality and the fact that E is noincreasing, we get for every t ≥ 0 (3.2.6) c E^{2μ+12} |E^′|^{12} ≤ E^{μ+1} + c E(0)^μ |E^′| .

Reporting (3.2.6) in (3.2.5) and combining (3.2.1)–(3.2.5), we get

(3.2.7)

∫_T S E^{μ+1} dt ≤ c ( 1 + E(0)^μ ) E(S) + c ∫ Γ_+×]S,T [

E^μ (Δy)^2 dΓ dt .

At this stage, we observe, thanks to Lemma 2.2, that it suffices to obtain judicious estimates of the last term of the right hand side of (3.2.7) in terms of E(S) and ∫_T S E^{μ+1} dt to complete the proof of Theorems 1.1, 1.2.

Step 2. Let h ∈ (W^{2,∞}(Ω))^N such that

(3.2.8) h = ν on Γ_+ , h · ν ≥ 0 on Γ , h = 0 in Ω \ ω_1

where ω_1 is another neighborhood of Γ_+ strictly contained in ω.

Choose δ = 0 and q = h in (2.5). Following Zuazua [27], we can show that there exists a positive constant c_0 depending only on Ω and ω such that c̄ ∫ Γ_+×]S,T [

E^μ (Δy)^2 dΓ dt ≤ ≤ c̄ ∫ Γ_× ]S,T [

E^μ (h · ν) (Δy)^2 dΓ dt (3.2.9)

≤ c_0 ∫ ω_1×]S,T [ { |y^′|^2 + |Δy|^2 } E^μ dx dt + 2c̄ ∫ Ω y^′h · ∇y dx E^μ

]_T S − 2 μc̄ ∫ Ω×]S,T [

E^{μ−1} E^′y^′h · ∇y dx dt + 2c̄ ∫ Ω×]S,T [

ay^′h · ∇y E^μ dx dt

where c̄ is the constant in (3.2.7).

386 L.R. TCHEUGOU^´E T^´EBOU

Simple calculations using Young inequality show that (3.2.10) | |2c̄ ∫ Ω y^′h · ∇y dx E^μ

]_T S | | ≤ c E(0)^μ E(S) and (3.2.11) | |2 μc̄ ∫ Ω×]S,T [

E^{μ−1} E^′y^′h · ∇y dx dt | | ≤ c E(0)^μ E(S) .

In the last term of the right hand side of (3.2.9), we proceed as in (3.2.5) to get (3.2.12) | |2c̄ ∫ Ω×]S,T [

ay^′h · ∇y E^μ dx dt | | ≤ c ∫_T S E^{2μ+12} |E^′|^{12} dt .

Thanks to (3.2.6) we easily derive from (3.2.12) that (3.2.13) | |2c̄ ∫ Ω×]S,T [

ay^′h · ∇y E^μ dx dt | | ≤ 1 2 ∫_T S E^{μ+1} dt + c E(0)^μ E(S) .

Combining (3.2.9) to (3.2.13) and reporting the obtained result in (3.2.7) yield (3.2.14)

∫_T S E^{μ+1} dt ≤ c E(0)^μ E(S) + c ∫ ω_1×]S,T [ { |y^′|^2 + |Δy|^2 } E^μ dx dt .

Thanks to Lemma 2.2, it remains to get rid of the second term in the right hand side of (3.2.14) to complete the proof of Theorems 1.1, 1.2.

Step 3. Let η be a function satisfying (3.2.15) η ∈ W^{2,∞}(Ω) , 0≤η ≤1 , η = 1 in ω_1 , η = 0 in Ω\ω . Applying (2.6) with ξ = η^4, (we choose ξ = η^4 instead of ξ = η as in [16, 17] or [25, 26] to make our computations easy to understand) we find ∫ Ω×]S,T [

η^4 |Δy|^2E^μ dx dt =

(3.2.16) = − ∫ Ω y^′η^4y dx E^μ

]_T S + ∫ Ω×]S,T [

η^4|y^′|^2E^μ dx dt + μ ∫ Ω×]S,T [

E^{μ−1} E^′y^′y η^2 dx dt − 8 ∫ Ω×]S,T [

η^3Δy(∇y · ∇η)E^μ dx dt − 2 ∫ Ω×]S,T [

y η^2Δy Δ(η^2)E^μ dx dt − 8 ∫ Ω×]S,T [

y η^2Δy |∇η|^2E^μ dx dt − ∫ Ω×]S,T [

ay^′η^4yE^μ dx dt .

It follows from (3.2.16) that for all ε > 0, c̃ ∫ Ω×]S,T [

η^4|Δy|^2E^μ dx dt ≤ ≤ C_ε E(0)^μ E(S) + ε c̃ ∫ Ω×]S,T [

η^4|Δy|^2E^μ dx dt

(3.2.17) + ε ∫_T S E^{μ+1} dt + C_ε ∫ ω×]S,T [ { |y^′|^2 + η^2|∇y|^2 + |y|^2 } E^μ dx dt , where c̃ is the constant appearing in the right hand side of (3.2.14).

On the other hand Green’s formula yields C_ε ∫ ω×]S,T [

η^2|∇y|^2E^μ dx dt ≤

(3.2.18) ≤ ε c̃ ∫ Ω×]S,T [

η^4|Δy|^2E^μ dx dt + C_ε ∫ ω×]S,T [

|y|^2E^μ dx dt . Therefore c̃ ∫ Ω×]S,T [

η^4|Δy|^2E^μ dx dt ≤ c E(0)^μ E(S) + 1 2 ∫_T S E^{μ+1} dt + c ∫ ω×]S,T [

|y^′|^2E^μ dx dt + c ∫ ω×]S,T [

|y|^2E^μ dx dt .

(3.2.19) Reporting (3.2.19) in (3.2.14), we find

∫_T S E^{μ+1} dt ≤ c E(0)^μ E(S) + c ∫ ω×]S,T [

|y^′|^2E^μ dx dt + c ∫ ω×]S,T [

|y|^2E^μ dx dt .

(3.2.20)

Now, we are going to use a special multiplier to absorb the third term in the right hand side of (3.2.20).

Step 4. Introduce z(t) ∈ H^2_0 (Ω) solution of

(3.2.21)

Δ^2z = χ_ωy in Ω , z = ∂z ∂ν = 0 on Γ , where χ_ω is the characteristic function of ω.

It is easy to check that z^′ =^{dz}_{dt} satisfies

(3.2.22)

Δ^2z^′ = χ_ωy^′ in Ω , z^′ =

∂z^′ ∂ν = 0 on Γ .

Some elementary calculations show that

(3.2.23) ∫ Ω |Δz|^2 dx ≤ c ∫ ω |y|^2 dx , ∫ Ω |Δz^′|^2 dx ≤ c ∫ ω |y^′|^2 dx ∫ Ω Δz Δy dx = ∫ ω |y|^2 dx .

Now multiplying the first equation of (1.3) by zE^μ , integrating by parts over Ω×]S, T [ and using the second line of (3.2.23); we find ∫ ω×]S,T [

|y|^2E^μ dx dt = − ∫ Ω y^′z dx E^μ

]_T S + ∫ Ω×]S,T [

E^μ y^′z^′ dx dt + μ ∫ Ω×]S,T [

E^{μ−1} E^′y^′z dx dt − ∫ Ω×]S,T [

ay^′zE^μ dx dt ,

(3.2.24) from which we derive that

č ∫ ω×]S,T [

|y|^2E^μ dx dt ≤ c E(0)^μ E(S) + 1 2 ∫_T S E^{μ+1} dt + c ∫ ω×]S,T [

|y^′|^2E^μ dx dt ,

(3.2.25)

where č stands for the constant in (3.2.20).

Reporting (3.2.25) in (3.2.20) we get (3.2.26)

∫_T S E^{μ+1} dt ≤ c E(0)^μ E(S) + c ∫ ω×]S,T [

|y^′|^2E^μ dx dt .

From now on we separate the proofs of Theorems 1.1, 1.2.

Proof of Theorem 1.1 (continued): Since the localizing coefficient a satisfies (1.1), it is easy to check that (3.2.27) ∫ ω×]S,T [

|y^′|^2E^μ dx dt ≤ c E(0)^μ E(S) .

Reporting (3.2.27) in (3.2.26), taking the limit as T → ∞, and applying Lemma 2.2, we obtain (1.10) and the proof of Theorem 1.1 is complete.

It remains to complete the proof of Theorem 1.2.

Proof of Theorem 1.2 (continued): To this end we shall absorb the second term in (3.2.26). Applying (2.7), we find

∫_T S E^{μ+1} dt ≤

≤ c E(0)^μ E(S) + c |(1/α)| p p+1 p F N 2(p+1) 0 ∫_T S |E^′|^{pp+1} E^{μ+ 4−N4(p+1)} ,

(3.2.28) if 1≤N ≤3 ,

∫_T S E^{μ+1} dt ≤ ≤ c E(0)^μ E(S) + c_r|(1/α)|

p(r−1) r(p+1) p F 2(r+p) r(p+1) 0 ∫_T S E^μ |E^′|^{p(r−1)r(p+1)} ,

(3.2.29) ∀ 1<r <∞, if N =4 , and ∫_T S E^{μ+1} dt ≤ ≤ c E(0)^μ E(S) + c|(1/α)| 4p N+4p p F 2N N+4p 0 ∫_T S E^μ |E^′|^{4pN+4p} , if N ≥ 5 .

(3.2.30)

Choosing μ = N/4p in (3.2.28) and (3.2.30), and using Young inequality, we find ∫_T S E^{N4p +1}dt ≤ ≤ c E(0)^{N4p} E(S) + 1 p+1 ∫_T S E^{N4p +1}dt + c |(1/α)|_p F N 2p 0 E(S) ,

(3.2.31) if 1≤N ≤3 , and ∫_T S E^{N4p +1}dt ≤ ≤ c E(0)^{N4p} E(S) + N N +4p

∫_T S E^{N4p +1}dt + c |(1/α)|_p F N 2p 0 E(S) ,

(3.2.32) if N ≥5 .

Therefore letting T → ∞, and applying Lemma 2.2, one gets (1.11). It remains to prove (1.12). For this purpose, choosing μ = (r+p)/p(r−1) in (3.2.29), and using Young inequality, we get

∫_T S E^{(r+p)p(r−1) +1}dt ≤

≤ c E(0)^{(r+p)p(r−1)} E(S) + c_r|(1/α)|_p F

2(r+p) p(r−1)

0 E(S) + r+p r(p+1)

∫_T S E^{(r+p)p(r−1) +1}dt ,

(3.2.33) ∀ 1<r <∞, if N =4 ,

from which one derives (1.12) by the application of Lemma 2.2, and the proof of Theorem 1.2 is complete.

390 L.R. TCHEUGOU^´E T^´EBOU

REFERENCES

[1] Bardos, C.; Lebeau, G. and Rauch, J. – Sharp sufficient conditions for the observation, control and stabilization from the boundary, SIAM J. Control and Opt., 30 (1992), 1024–1065.

[2] Brezis, H. – Analyse Fonctionnelle. Théorie et Applications, Masson, Paris 1983. [3] Chen, G.; Fulling, S.A.; Narcowich, F.J. and Sun, S. – Exponential decay of energy of evolution equations with locally distributed damping, SIAM J. Appl. Math., 51 (1991), 266–301.

[4] Dafermos, C.M. – Asymptotic behaviour of solutions of evolution equations, in “Nonlinear evolution equations” (M.G. Crandall, Ed.) pp. 103-123, Academic Press, New-York, 1978.

[5] Guzmán, R.B. and Tucsnak, M. – Energy decay estimates for the damped plate equation with a local degenerated dissipation, Systems & Control Letters, 48 (2003), 191–197.

[6] Haraux, A. – Oscillations forcées pour certains systèmes dissipatifs nonlinéaires, Publications du Laboratoire d’Analyse Numérique, Université Pierre et Marie Curie, No. 78010, Paris (1978).

[7] Haraux, A. – Semi-groupes linéaires etéquations d’évolution linéaires périodiques, Publications du Laboratoire d’Analyse Numérique, Université Pierre et Marie Curie, No. 78011, Paris (1978).

[8] Haraux, A. – Stabilization of trajectories for some weakly damped hyperbolic equations, J. Differential Equations, 59 (1985), 145–154.

[9] Haraux, A. – Une remarque sur la stabilisation de certains systèmes du deuxième ordre en temps, Port. Math., 46 (1989), 245–258.

[10] Komornik, V. – Exact Controllability and Stabilization. The Multiplier Method, RAM, Masson & John Wiley, Paris, 1994.

[11] Komornik, V. – Decay estimates for the wave equation with internal damping, International Series of Num. Math. Birkhäuser Verlag Basel, 118 (1994), 253–266.

[12] Kouémou Patcheu, S. – Stabilisation interne de certains systèmes distribués, Thesis, U.L.P., Strasbourg 1995.

[13] Lagnese, J. – Control of wave processes with distributed control supported on a subregion, S.I.A.M. J. Control and Opt., 21 (1983), 68–85.

[14] Lions, J.L. – Contrôlabilité Exacte, Perturbations et Stabilisation des Systèmes Distribués, 1, RMA, Masson, Paris, 1988.

[15] Lions, J.L. and Magenes, E. – Non-Homogeneous Boundary Value Problems and Applications, Vol. I, Springer-Verlag, New York–Heidelberg, 1973.

[16] Liu, K. – Locally distributed control and damping for the conservative systems, S.I.A.M. J. Control and Opt., 35 (1997), 1574–1590.

[17] Martinez, P. – Thesis, University of Strasbourg, 1998.

[18] Nakao, M. – Decay of solutions of the wave equation with a local degenerate dissipation, Israel J. Math., 95 (1996), 25–42.

[19] Nakao, M. – Decay of solutions of the wave equation with a local nonlinear dissipation, Math. Ann., 305 (1996), 403–417.

[20] Slemrod, M. – Weak asymptotic decay via a “Relaxed invariance principle” for a wave equation with nonlinear, nonmonotone damping, Proc. Royal Soc. Edinburgh Sect. A, 113(1–2) (1989), 87–97.

[21] Tcheugoué Tébou, L.R. – On the Stabilization of the Wave and Linear Elasticity Equations in 2-D, PanAmer. Math. J., 6 (1996), 41–55.

[22] Tcheugoué Tébou, L.R. – Estimations d’énergie pour l’équation des ondes avec un amortissement nonlinéaire localisé, C. R. Acad. Paris, Série I, 325 (1997), 1175–1179.

[23] Tcheugoué Tébou, L.R. – On the decay estimates for the wave equation with a local degenerate or nondegenerate dissipation, Portugal. Math., 55 (1998), 293–306.

[24] Tcheugoué Tébou, L.R. – Stabilization of the wave equation with localized nonlinear damping, J.D.E., 145 (1998), 502–524.

[25] Tcheugoué Tébou, L.R. – Well-posedness and energy decay estimates for the damped wave equation with L^r localizing coefficient, Comm. in P.D.E., 23 (1998), 1839–1855.

[26] Tcheugoué Tébou, L.R. and Zuazua, E. – Uniform exponential long time decay for the space semi-discretization of a locally damped wave equation via an artificial numerical viscosity, Numer. Math., 95(3) (2003), 563–598.

[27] Zuazua, E. – Exponential decay for the semilinear wave equation with locally distributed damping, Commun. in P.D.E., 15 (1990), 205–235.

[28] Zuazua, E. – Exponential decay for the semilinear wave equation with localized damping in unbounded domains, J. Math. Pures. Appl., 70 (1991), 513–529.

Louis Roder Tcheugoué Tébou, Department of Mathematics, Florida International University, Miami FL 33199 – USA E-mail: teboul@fiu.edu