PORTUGALIAE MATHEMATICA

Vol. 61 Fasc. 4 – 2004 Nova Série

AN ALTERNATIVE FUNCTIONAL APPROACH TO EXACT CONTROLLABILITY OF REVERSIBLE SYSTEMS

A. Haraux

Recommended by J.P. Dias

Abstract: A new functional approach is devised to establish an equivalence between the null-controllability of a given initial state and a certain individual observability property involving a momentum depending on the state. For instance if one considers the abstract second order control problem y^{′′} + Ay = Bh(t) in time T by means of a control function h ∈ L^2(0, T, H) with B ∈ L(H), B = B^∗ ≥ 0, a necessary and sufficient condition for null-controllability of a given state [y^0, y^1] ∈ D(A^{1/2})×H is that the image of [y^0, y^1] under the symplectic map lies in the dual space of the completion of the energy space with respect to a certain semi-norm. A similar property is derived for a general class of first order systems including the transport equation and Schrödinger equations. When A has compact resolvant the necessary and sufficient condition can be formulated by some conditions on the Fourier components of the initial state in a basis of “eigenstates” related to diagonalization of the quadratic form measuring the observability degree of the system under B.

The theory of exact controllability of infinite dimensional conservative systems has experienced an important breakthrough in 1986 with the introduction of the Hilbert uniqueness method by J.L. Lions [17, 18]. For instance if we consider the wave equation

(0.1) u_{tt} − Δu = 0 in R×Ω , u = 0 on R×∂Ω

Received: October 2, 2003.

AMS Subject Classification: 35L10, 49J20, 93B03, 93B05. Keywords: controllability; reversible systems.

where Ω is a bounded smooth domain of R^N and the corresponding controlled problem

(0.2) y_{tt} − Δy = χ_ω h(t, x) in (0, T )×Ω , y = 0 on (0, T )×∂Ω

in time T by means of an L^2 control confined in an open subset ω ⊂ Ω, the HUM method establishes an equivalence between the null-controllability of a given initial state [y(0), y^′(0)] := [y^0, y^1] under (0.2) and the observability property

(0.3) ∀[ϕ^0, ϕ^1] ∈ V ×H , | |(y^0, ϕ^1)_H − (ϕ^0, y^1)_H | |≤ C { ∫ Q ϕ^2(t, x) dx dt

} 1_2

where Q=(0, T )×Ω, H =L^2(Ω), V =H^1_0 (Ω), C is any finite positive constant and ϕ(t, x) ∈ C(R, V ) ∩ C^1(R, H) denotes the solution of (0.1) such that ϕ(0) = ϕ^0 and ϕ^′(0) = ϕ^1. At least this result can be proved by the standard HUM method when the uniqueness property holds true, in the sense that solutions of (0.1) are characterized by their trace on (0, T )×ω. Indeed, in this case, (0.3) exactly means that the image of [y^0, y^1] under the symplectic map lies in the dual space of the completion of the energy space with respect to the norm of that trace in L^2((0, T )×ω). However when uniqueness fails, (0.3) still looks like a very reasonable characterization of null-controllable states, and this result was established in [11] by using a special eigenfunction expansion. This new result itself was still unsatisfactory since one feels that (0.3) could very well give the right conditions in a much more general context, independently of any boundedness of the domain and for quite arbitrary operators. The proof of this natural conjecture is the first object of this paper. Actually a similar property shall be first derived for a general class of first order systems including the transport equation and Schrödinger equations. Then we shall consider the general second order case. In addition to that, we shall establish a simple and general property enlighting the relationship between the first part of this paper and the results of [11]. This will lead us to the notion of “eigenstates”, generally useful for second order problems and leading also to explicit formulas in some specific first-order problems.

The plan of this paper is as follows: in Sections 1 and 2 we characterize controllable states respectively for first and second order systems, in Sections 3 and 4 we develop the applications of eigenstates in both cases. Sections 5 and 6 are respectively devoted to point control of general second order problems and boundary control of the wave equation.

1 – The abstract Schrödinger equation

In this section we consider the first order evolution equation

(1.1) φ^′ + Cφ = 0 , t ∈ R

where C is a skew-adjoint operator on a real Hilbert space H and the corresponding controlled problem

(1.2) y^′ + Cy = Bh(t) in (0, T )

in time T by means of a control function h ∈ L^2(0, T, H) with

(1.3) B ∈ L(H) , B = B^∗ ≥ 0 .

Theorem 1.1. For any y^0 ∈H, the two following conditions are equivalent:

i) There exists h ∈ L^2(0, T ; H) such that the mild solution y of (1.2) such that y(0) = y^0 satisfies y(T ) = 0.

ii) There exists a finite positive constant C such that

(1.4) ∀φ^0 ∈ H , |(y^0, φ^0)_H | ≤ C

{ ∫_T 0 |Bφ(t)|^2_H dt

} 1_2

where φ(t) ∈ C(R, H) denotes the unique mild solution φ of (1.1) such that φ(0) = φ^0.

Proof: We proceed in 5 steps

Step 1. Let φ and y be a pair of strong solutions of (1.1) and (1.2), respectively. We have d dt ( y(t), φ(t) ) = ( y^′(t), φ(t) ) + ( y(t), φ^′(t) ) = ( −Cy(t) + Bh(t), φ(t) ) + ( y(t), −Cφ(t) ) = ( Bh(t), φ(t) ) . By integrating on (0, T ) we find

(1.5) ( y(T ), φ(T ) ) − ( y(0), φ(0) ) = ∫_T 0 ( Bh(t), φ(t) ) dt .

By density, this identity is valid for mild solutions as well. Since B is bounded, self-adjoint and B ≥ 0, ∫_T 0 ( Bh(t), φ(t) ) dt =

∫_T 0 ( h(t), Bφ(t) ) dt finally if there exists h ∈ L^2(0, T ; H) such that the mild solution y of (1.2) with y(0) = y^0 satisfies y(T ) = 0, we find as a consequence of (1.5) − ( y(0), φ(0) ) = ∫_T 0 ( h(t), Bφ(t) ) dt and by the Cauchy–Schwartz inequality we obtain (1.4). Therefore i) implies ii).

Step 2. If B ≥ α > 0 we have for any mild solution φ of (1.1) ∫_T 0 ( Bφ(t), Bφ(t) ) dt ≥ α^2

∫_T 0 ( φ(t), φ(t) ) dt = α^2 T |φ(0)|^2

and in particular (1.4) is fulfilled. The proof of ii) ⇒ i) in this special case is the object of

Lemma 1.2. Assuming

(1.6) ∃ α > 0, B ≥ α

for each y^0 ∈ H, there exists φ^0 ∈ H such that the mild solution y of (1.2) with h = φ ∈ L^2(0, T ; H) and y(0) = y^0 satisfies y(T ) = 0.

Proof: We construct a bounded linear operator A on H in the following way: for any z ∈ H we consider first the solution φ of (1.1) such that φ(0) = z. Then we consider the unique mild solution y of

y^′ + Cy = Bφ(t) in (0, T ), y(T ) = 0 ,

and finally we set A(z) = −y(0) .

By formula (1.5) we find ( A(z), z ) = − ( y(0), φ(0) ) = ∫_T 0 ( Bφ(t), φ(t) ) dt ≥ α

∫_T 0 |φ(t)|^2 dt = α T |z|^2 .

Hence A is coercive on H, and this implies A(H) = H. Given any y^0 ∈ H, there exists z ∈ H such that A(z) = −y^0. This gives exactly the expected conclusion.

Step 3. We now use a standard penalty method. For each ε > 0 we set

β_ε := B^2 + ε I .

As a consequence of Lemma 1.2 there exists a φ^{0,ε} ∈H such that the mild solution y_ε of (1.2) with Bh replaced by β_εφ_ε ∈ L^2(0, T ; H) and y_ε(0) = y^0 satisfies y(T ) = 0. By (1.5) we find − ( y(0), φ_ε(0) ) = ∫_T 0 ( β_εφ_ε(t), φ_ε(t) ) dt ≤ C { ∫_T 0 ( B^2φ_ε(t), φ_ε(t) ) dt } 1_2

≤ C { ∫_T 0 ( β_εφ_ε(t), φ_ε(t) ) dt } 1_2 . In particular

(1.7) ε

∫_T 0 |φ_ε(t)|^2 dt +

∫_T 0 ( Bφ_ε(t), Bφ_ε(t) ) dt =

∫_T 0 ( β_εφ_ε(t), φ_ε(t) ) dt ≤ C^2 .

Step 4. Convergence of b_ε = β_εφ_ε = εφ_ε + B^2φ_ε along a subsequence. From (1.7) it is clear that

(1.8) √ ε φ_ε and Bφ_ε are bounded in L^2(0, T ; H) .

Along a subsequence, we may assume

(1.9) Bφ_ε ⇀ h weakly in L^2(0, T ; H) .

Then clearly

(1.10) b_ε = β_εφ_ε = εφ_ε + B^2φ_ε ⇀ Bh weakly in L^2(0, T ; H) .

Step 5. Conclusion. By passing to the limit, it is clear that the solution y of (1.2) with y(0) = y^0 and h as in step 4 satisfies y(T ) = 0. The proof of Theorem 1.1 is now complete.

2 – The abstract wave equation

In this section, we consider a real Hilbert space H and a positive self-adjoint operator A with dense domain D(A) = W . We also consider the space V = D(A^12 ) and its dual space V^′. The equations (1.1) and (1.2) are replaced by the second order equation

(2.1) φ^{′′} + Aφ = 0 , t ∈ R

and the corresponding controlled problem

(2.2) y^{′′} + Ay = Bh(t) in (0, T )

in time T by means of a control function h ∈ L^2(0, T, H) with

(2.3) B ∈ L(H) , B = B^∗ ≥ 0 .

In this section we shall represent a pair of functions by [f, g] rather than (f, g) to avoid confusion with scalar products. On the other hand the symbol (f, g) will represent indifferently either the H-inner product of f ∈ H and g ∈ H or the duality product (f, g)_{V,V} ′ when f ∈ V and g ∈ V^′, these two products being equal when f ∈ V and g ∈ H.

Theorem 2.1. For any [y^0, y^1] ∈ V ×H, the two following conditions are equivalent

i) There exists h ∈ L^2(0, T ; H) such that the mild solution y of (2.2) such that y(0) = y^0 and y^′(0) = y^1 satisfies y(T ) = y^′(T ) = 0.

ii) There exists a finite positive constant C such that

(2.4) ∀[φ^0, φ^1] ∈ V ×H , | |(y^0, φ^1) − (y^1, φ^0) | |≤ C

{ ∫_T 0 |Bφ(t)|^2 dt

} 1_2

where φ(t) ∈ C(R, V )∩C^1(R, H) denotes the unique mild solution of (2.1) such that φ(0) = φ^0 and φ^′(0) = φ^1.

Proof: It parallels exactly the proof of theorem 1.1.

Step 1. Let φ and y be a pair of strong solutions of (2.1) and (2.2), respectively. We have d dt ( y^′(t), φ(t) ) = ( y^{′′}(t), φ(t) ) + ( y^′(t), φ^′(t) ) = ( −Ay(t) + Bh(t), φ(t) ) + ( y^′(t), φ^′(t) ) .

On the other hand d dt ( y(t), φ^′(t) ) = ( y(t), φ^{′′}(t) ) + ( y^′(t), φ^′(t) ) = ( y(t), −Aφ(t) ) + ( y^′(t), φ^′(t) ) . By substracting these two identities we find d dt [( y^′(t), φ(t) ) − ( y(t), φ^′(t) )] = ( Bh(t), φ(t) ) . By integrating on (0, T) we get

(2.5) [( y^′(t), φ(t) ) − ( y(t), φ^′(t) )]_T 0 = ∫_T 0 ( Bh(t), φ(t) ) dt .

By density, this identity is valid for mild solutions as well. Since B is bounded, self-adjoint and B ≥ 0, ∫_T 0 ( Bh(t), φ(t) ) dt =

∫_T 0 ( h(t), Bφ(t) ) dt .

Finally if there exists h ∈ L^2(0, T ) such that the mild solution y of (2.2) with [y(0), y^′(0)] = [y^0, y^1] satisfies y(T ) = y^′(T ) = 0, we find as a consequence of (2.5) ( y^0, φ^′(0) ) − ( y^1, φ(0) ) = ∫_T 0 ( h(t), Bφ(t) ) dt and by the Cauchy–Schwartz inequality we obtain (2.4). Therefore i) implies ii).

Step 2. Here the analog of Lemma 1.2, although slightly more difficult, is basically well-known. Indeed we have

Lemma 2.2. Assuming

(2.6) ∃ α > 0, B ≥ α

for each [y^0, y^1] ∈ V×H, there exists [φ^0, φ^1] ∈ H×V^′ such that the mild solution y of (2.2) with h = φ ∈ L^2(0, T ; H) (the solution of (2.1) with initial data [φ^0, φ^1]) and [y(0), y^′(0)] = [y^0, y^1] satisfies y(T ) = y^′(T ) = 0.

Proof: We construct a bounded linear operator A on H×V^′ in the following way: for any [φ^0, φ^1] ∈ H×V^′ we consider first the solution φ of (2.1) initial data [φ^0, φ^1]. Then we consider the unique mild solution y of

y^{′′} + Ay = Bφ(t) in (0, T ), y(T ) = y^′(T ) = 0 and finally we set A ( [φ^0, φ^1] ) = [ −y^′(0), Ay(0) ] . By formula (2.5) we find ⟨ A([φ^0, φ^1]), [φ^0, φ^1] ⟩ H×V^′

= (y(0), φ^′(0)) − (y^′(0), φ(0)) = ∫_T 0 (Bφ(t), φ(t)) dt ≥ α

∫_T 0 |φ(t)|^2 dt .

On the other hand it is known (cf. e.g. [5, 10]) that for any T > 0 ∫_T 0 |φ(t)|^2dt ≥ c(T ) { |φ(0)|^2 + |φ^′(0)|^2_V ′ } = c(T ) { |φ^0|^2 + |φ^1|^2_V ′ }

with c(T ) > 0. Hence A is coercive on H×V^′, and this implies A(H×V^′) = H×V^′. Then the conclusion is obvious.

Step 3. We now use the penalty method. For each ε > 0 we set

β_ε := B^2 + εI .

As a consequence of Lemma 2.2 there exists a pair [φ^{0,ε}, φ^{1,ε}] ∈ H×V^′ such that the mild solution y_ε of (2.2) with Bh replaced by β_εφ_ε ∈ L^2(0, T ; H) and [y_ε(0), y^′_ε(0)] = [y^0, y^1] satisfies y(T ) = y^′(T ) = 0. By (2.5) we find

(y(0), φ^′_ε(0)) − (y^′(0), φ_ε(0)) =

∫_T 0 (β_εφ_ε(t), φ_ε(t)) dt ≤ C { ∫_T 0 (B^2φ_ε(t), φ_ε(t)) dt

} 1_2

≤ C { ∫_T 0 (β_εφ_ε(t), φ_ε(t)) dt

} 1_2 . In particular

(2.7) ε

∫_T 0 |φ_ε(t)|^2 dt +

∫_T 0 (Bφ_ε(t), Bφ_ε(t)) dt =

∫_T 0 (β_εφ_ε(t), φ_ε(t)) dt ≤ C^2 .

Step 4. Convergence of b_ε = β_εφ_ε = εφ_ε + B^2φ_ε along a subsequence. From (2.7) it is clear that

(2.8) √ ε φ_ε and Bφ_ε are bounded in L^2(0, T ; H) .

Along a subsequence, we may assume (2.9) Bφ_ε ⇀ h weakly in L^2(0, T ; H) . Then clearly (2.10) b_ε = β_εφ_ε = εφ_ε + B^2φ_ε ⇀ Bh weakly in L^2(0, T ; H) .

Step 5. Conclusion. By passing to the limit, it is clear that the solution y of (2.2) with [y(0), y^′(0)] = [y^0, y^1] and h as in step 4 satisfies y(T ) = y^′(T ) = 0. The proof of Theorem 2.1 is now complete.

3 – Eigenstates in the first order case. Examples

In our previous work [11] we noticed that in the case of the abstract equation (2.1) and if A^{−1} is compact, the quadratic form: Φ(φ^0, φ^1) =

∫_T 0 |Bφ(t)|^2 dt where φ(t) ∈ C(R, V ) ∩ C^1(R, H) denotes the unique mild solution of (2.2) such that φ(0) = φ^0 and φ^′(0) = φ^1 is diagonalizable on V ×H and if [φ^0, φ^1] is an eigenvector of Φ, the state J([φ^0, φ^1]) = [φ^1, −Aφ^0] is null-controlable with control proportional to Bφ(t). A similar property holds for general first order systems, although generally there is no compactness. More precisely let (H, B, C) be as in theorem 1.1, and let us denote by G(t) the isometry group generated by (−C) (or equivalently, equation (1.1)). We have the following simple result Theorem 3.1. Let φ ∈ H be such that for some λ > 0 (3.1)

∫_T 0 G(−t) B^2G(t) φ dt = λφ .

Then the solution y of (3.2) y^′ + Cy = − 1 λ B^2(G(t) φ) in (0, T ), y(0) = φ satisfies y(T ) = 0.

Proof: We have, by Duhamel’s formula

y(T ) = G(T )φ − 1 λ ∫_T 0 G(T − t) [B^2G(t)φ] dt

= G(T ) [ φ − 1 λ ∫_T 0 G(−t) B^2G(t)φ dt ] = 0 .

Remark. In the first order case, the operator ∫_T 0 G(−t) B^2G(t)φ dt

is not compact except if B is compact, in which case controllabilty will only happen for data in a dense subset of H. Therefore eigenstates will only appear in special situations. We now consider two examples of application of the results of Sections 1 and 3.

Example 3.2. The periodic transport equation. Let

Ω = (0, 2π) , ω = (ω_1, ω_2) ⊂ Ω .

We consider the problem

(3.3) y_t + y_x = χ_ω h , y(t, 0) = y(t, 2π) .

As a consequence of Theorem 1.1, a given state y^0 ∈L^2(Ω)=H is null-controllable at t = T if, and only if (3.4)

∃ C ∈ R^+ , ∀φ ∈ L^2(Ω) , | | ∫ Ω y^0(x) φ(x) dx | |≤ C { ∫_T 0 ∫ ω φ̃^2(x − t) dx dt

} 1_2

where φ̃ is the 2π-periodic extension of φ on R.

1) First we notice that if T + |ω| < 2π, the set of null-controllable states is not dense in H. More precisely if y^0 ∈ L^2(Ω) = H is null-controllable at t = T , we must have ∫ Ω y^0(x) φ(x) dx = 0

for all φ ∈ H such that φ̃ = 0 a.e. on (ω_1 − T, ω_2). To interpret this necessary condition we distinguish two cases

Case 1. T < ω_1. In this case J = (ω_1 − T, ω_2) ⊂ Ω and the other 2mπ-translates of J do not intersect Ω. The necessary condition reduces to

y^0 = 0 a.e. on J^C = (0, ω_1 − T ] ∪ [ω_2, 2π) .

Case 2. T ≥ω_1. In this case J =(ω_1 −T, ω_2) and J+2π =(ω_1−T+2π, ω_2 + 2π) are the only 2mπ-translates of J which intersect Ω. The necessary condition becomes y^0 = 0 a.e. on [ω_2, ω_1 −T +2π] .

Actually the set of null-controllable states is rather complicated when T+|ω|<2π. For instance if we consider the special case

T = π , ω = ( π, 3π 2 )

which is a subcase of case 2, the necessary condition is

supp(y^0) ⊂ [ 0, 3π 2 ] . It is, however, easy to see that for instance χ_{(0,} 3π_{2 )} is not controllable. In order to prove this, we first notice that by looking at the graphs

∫_T 0 ∫ ω φ̃^2(x − t) dx dt =

∫ 3π_2 0 ρ(u) φ^2(u) du

where

ρ(u) = u on ( 0, π 2 ) , ρ(u) = π 2 on ( π 2 , π ) , ρ(u) = 3π 2 −u on ( π, 3π 2 ) . Now we choose

∀ε ∈ (0, 1) , φ_ε(x) = χ_{(ε,π)} (x) x . We obtain as ε → 0 (χ_{(0,} 3π_{2 )}, φ_ε) ≥

∫ π_2 ε du u ∼ Log 1 ε while also ∫ 3π_2 0 ρ(u) φ_ε^2(u) du ≤ C +

∫ π_2 ε du u ∼ Log 1 ε and therefore { ∫ 3π_2 0 ρ(u) φ_ε^2(u) du

} 1_2 ≤ √ C + Log 1 ε . In particular, letting ε → 0 we can see that (3.4) is not fulfilled.

On the other hand, it is easy to see that the condition

∃ f ∈ L^2(0, 2π) , y^0(x) = χ_{(0,} 3π_{2 )} √ x ( 3π 2 − x ) f(x)

is sufficient in order for y^0 to be null-controllable in ω at T = π. In particular the condition ∃ ε > 0 , |y^0(x)| ≤ C χ_{(0,} 3π_{2 )} [ x ( 3π 2 − x )]ε

is sufficient.

2) If T +|ω| > 2π, the set of null-controllable states is equal to H. Indeed in this case

∃ C ∈ R^+ , ∀φ ∈ L^2(Ω) , |φ|_H ≤ C

{ ∫_T 0 ∫ ω φ̃^2(x − t) dx dt

} 1_2 . Especially interesting is the case

T = 2π .

Indeed then by periodicity we have

∀φ ∈ L^2(Ω) ,

∫_{2π} 0 ∫ ω φ̃^2(x − t) dx dt = ∫ ω ∫_{2π} 0 φ̃^2(x − t) dt dx = |ω| |φ|^2_H

and this means that any y^0 ∈ L^2(Ω) = H is an eigenstate with eigenvalue |ω|. Applying Theorem 3.1 we obtain that any y^0 ∈ L^2(Ω) = H is null-controllable in ω with control

(3.5) − 1 |ω| χ_ω(x) ỹ^0(x − t) .

Of course a direct calculation confirms this result. Indeed if y is the solution of

y_t + y_x = − 1 |ω| χ_ω(x) ỹ^0(x − t) , y(t, 0) = y(t, 2π), y(0, .) = y^0

we have by Duhamel’s formula

y(2π, x) = ỹ^0(x − 2π) +

∫_{2π} 0 − 1 |ω| χ̃_ω ( x − [2π − t] ) ỹ^0 ( x − t − [2π − t] ) dt ,

ỹ^0(x) − 1 |ω| ∫_{2π} 0 χ̃_ω(x + t) ỹ^0(x) dt = y^0(x) − 1 |ω| y^0(x)

∫_{2π} 0 χ̃_ω(x + t) dt = 0 since by periodicity ∀x ∈ (0, 2π) ,

∫_{2π} 0 χ̃_ω(x + t) dt =

∫_{2π} 0 χ̃_ω(t) dt = |ω| .

Example 3.3. A one dimensional Schrödinger equation. Let Ω = (0, π) , ω = (ω_1, ω_2) ⊂ Ω .

We consider the problem (3.6) y_t + i y_{xx} = χ_ω h , y(t, 0) = y(t, π) = 0 .

As a consequence of Theorem 1.1, a given state y^0 ∈ L^2(Ω, C) = H is null-controllable at t = T if, and only if (3.7)

∃ C ∈ R^+ , ∀φ^0 ∈ L^2(Ω, C) , | | | ∫ Ω y^0(x) φ^0(x) dx | | |≤ C

{ ∫_T 0 ∫ ω |φ|^2(t, x) dx dt

} 1_2

where φ is the mild solution of (3.8) φ_t + iφ_{xx} = 0 , φ(t, 0) = φ(t, 2π) = 0, φ(0, .) = φ^0 . Here actually φ is given by (3.9) φ(t, x) = ∞∑ m=1 c_m e^{−im 2t} sin mx with φ^0(x) = ∞∑ m=1 c_m sin mx or in other terms c_m = 2 π ∫_π 0 φ^0(x) sin mx dx .

Then a standard application of a variant to Ingham’s Lemma (cf. e.g. [4, 6, 10]) shows that ∫_T 0 ∫ ω |φ|^2(t, x) dx dt ≥ c(T, ω) ∫ Ω |φ|^2(0, x) dx with c(T, ω) > 0. In particular (3.7) is satisfied for any y^0 ∈ L^2(Ω) = H, which means that here any state is null-controllable in arbitrarily small time.

Especially interesting is the case T = 2π .

412 A. HARAUX Indeed then by periodicity we have

∀φ^0 ∈ L^2(Ω) ,

∫_{2π} 0 ∫ ω |φ|^2(t, x) dx dt = ∫ ω ∫_{2π} 0 |φ|^2(t, x) dt dx = ∫ ω ∫_{2π} 0 | | ∞∑ m=1 c_m e^{−im 2t} sin mx | |^2 dt dx

= 2π ∞∑ m=1 |c_m|^2 ∫ ω sin^2 mx dx = 4 ∞∑ m=1 δ_m|(φ^0, ψ_m)|^2 with ψ_m(x) := √ 2 π sin mx , δ_m = ∫ ω sin^2 mx dx and this implies that for any m > 0, sin mx is an eigenstate with eigenvalue γ_m = 4 ∫ ω sin^2 mx dx .

Applying Theorem 3.1 we obtain that any y^0 ∈ L^2(Ω) = H is null-controllable in ω at time T = 2π with control (3.10) −χ_ω(x) ∞∑ m=1 c_m γ_m e^{−im 2t} sin mx .

Of course a direct calculation confirms this result. Indeed let us compute ∫_{2π} 0 G(−t) [χ_ω G(t) sin mx] dt where G(t) is the isometry group generated by (3.8). We have G(t) sin mx = e^{−im 2t} sin mx .

Then we expand χ_ω(x) sin mx = a sin mx + ∑ p≠m

c_p sin px .

Multiplying by sin mx and integrating over Ω yields a ∫ Ω sin^2 mx dx = ∫ ω sin^2 mx dx hence π 2 a = ∫ ω sin^2 mx dx .

On the other hand

G(−t) [χ_ω G(t) sin mx] = e^{−im 2t} G(−t) χ_ω sin mx = a sin mx + ∑ p≠m

c_p e^{i(p2−m 2)t} sin px

and now by periodicity we find ∫_{2π} 0 G(−t) [χ_ω G(t) sin mx] dt = 2π a sin mx = 4 sin mx ∫ ω sin^2 mx dx .

Then the conclusion follows easily for eigenstates by Duhamel’s formula and finally by linearity and continuity in the general case.

4 – The second order case. Some examples

Let (H, A, V, B) be as in theorem 2.1. We have the following result Theorem 4.1. Let [φ^0, φ^1] ∈ D(A)×V be such that for some λ > 0

(4.1) ∀[ψ^0, ψ^1] ∈ V ×H ,

∫_T 0 (Bφ(t), Bψ(t)) dt = λ [ (Aφ^0, ψ^0) + (φ^1, ψ^1) ]

where φ and ψ are the solutions of (2.1) with respective initial data [φ^0, φ^1] and [ψ^0, ψ^1]. Then the solution y of

y^{′′} + Ay = 1 λ B^2φ(t) in (0, T ), y(0) = φ^1, y^′(0) = −Aφ^0 satisfies y(T ) = y^′(T ) = 0.

Proof: Let [ψ^0, ψ^1] be any state in V ×H and ψ the solution of (2.1) with initial data [ψ^0, ψ^1]. By formula (2.5) we find [ (y^′(t), ψ(t)) − (y(t), ψ^′(t))

]_T 0 = 1 λ ∫_T 0 (B^2φ(t), ψ(t)) dt = [ (Aφ^0, ψ^0) + (φ^1, ψ^1) ] hence

(y^′(T ), ψ(T )) − (y(T ), ψ^′(T )) = (y^1 +Aφ^0, ψ^0) − (y^0 −φ^1, ψ^1) = 0 . Since the abstract wave equation generates an isometry group on V ×H, the pair [ψ(T ), ψ^′(T )] is arbitrary in V ×H, hence [ψ(T ), −ψ^′(T )] fills a dense subset of H×H. We conclude that y(T ) = y^′(T ) = 0.

We now turn to the generalization of a result established in [11] in the special case H = L^2(Ω) and Bφ = χ_ωφ, ω ⊂ Ω. We assume A^{−1} is compact : H −→ H or equivalently the inclusion map : V −→ H is compact .

We set H := V ×H and we define L ∈ L(H) by the formula: (4.2) ⟨ L[φ^0, φ^1], [ψ^0, ψ^1] ⟩ H = ∫_T 0 (Bφ(t), Bψ(t)) dt ∀[φ^0, φ^1] ∈ H, ∀[ψ^0, ψ^1] ∈ H, where φ andψ are the solutions of (2.1) with respective initial data [φ^0, φ^1] and [ψ^0, ψ^1]. It is clear by definition that L is selfadjoint and ≥ 0 on H. If we introduce the duality map F : H −→ H^′ = V^′×H we have

Proposition 4.2. L: H −→ H is compact and more precisely we have (4.3) L = F^{−1}

∫_T 0 S^∗(t) B^2S(t) dt where S(t): H −→ H is the compact operator defined by ∀[φ^0, φ^1] ∈ H , S(t)[φ^0, φ^1] = φ(t) and S^∗(t): H −→ H^′ is the adjoint of S(t).

Proof: We have

∫_T 0 (Bφ(t), Bψ(t)) dt =

∫_T 0 ( B^2S(t)[φ^0, φ^1], S(t)[ψ^0, ψ^1] ) dt = ∫_T 0 ⟨ S^∗(t)B^2S(t)[φ^0, φ^1], [ψ^0, ψ^1] ⟩ H^′,H dt = ∫_T 0 ⟨ F^{−1} S^∗(t)B^2S(t)[φ^0, φ^1], [ψ^0, ψ^1] ⟩ H,H dt .

Then (4.3) follows at once. Moreover since S(t) ∈ L(H, V ) it follows easily that ∫_T 0 S^∗(t)B^2S(t) dt is compact: H −→ H^′.

The following result is a natural generalization of Theorem 1.3 from [11]. Let us denote by N the kernel of L and let Φ_n = [φ^0_n, φ^1_n] be an orthonormal Hilbert basis of N^⊥ in H := V ×H made of eigenvectors associated to the nonincreasing sequence λ_n of eigenvalues of L repeated according to multiplicity. Then we have

Theorem 4.3. In order for [y^0, y^1] ∈ H to be null-controllable under (2.2) at time T it is necessary and sufficient that the following set of two conditions is satisfied

(4.4) ∀[ϕ^0, ϕ^1] ∈ N , (y^0, ϕ^1) = (y^1, ϕ^0)

(4.5) ∞∑ n=1

{ (y^0, φ^1_n) − (y^1, φ^0_n)

}_2

λ_n

< ∞ .

When these conditions are fulfilled, an exact control driving [y^0, y^1] to [0, 0] is given by the explicit formula

(4.6) B ∞∑ n=1 (y^0, φ^1_n) − (y^1, φ^0_n) λ_n

B φ_n(t) .

Proof: We procced in 3 steps

Step 1. In order to show that controllabilty implies (4.4), we establish N = { [ϕ^0, ϕ^1] ∈ H,

∫_T 0 (Bϕ(t), Bϕ(t)) dt = 0 }

= { [ϕ^0, ϕ^1] ∈ H, Bϕ(t)) ≡ 0 on (0, T ) } . Indeed if [ϕ^0, ϕ^1] ∈ N ,we have in particular 0 = ⟨ L[ϕ^0, ϕ^1], [ϕ^0, ϕ^1] ⟩ H = ∫_T 0 (Bϕ(t), Bϕ(t)) dt

and this is equivalent to Bϕ(t)) ≡ 0 on (0, T ). Conversely this last statement implies ⟨ L[ϕ^0, ϕ^1], [ψ^0, ψ^1] ⟩ H = ∫_T 0 (Bϕ(t), Bψ(t)) dt = 0 , ∀[ψ^0, ψ^1] ∈ H hence L[ϕ^0, ϕ^1] = 0 and therefore [ϕ^0, ϕ^1] ∈ N .

Step 2. We introduce

a_n = (y^0, φ^1_n) − (y^1, φ^0_n) , ψ_N = N∑ 1 a_n φ_n λ_n , ψ^0_N = N∑ 1 a_n φ^0_n λ_n

, ψ^1_N = N∑ 1 a_n φ^1_n λ_n . We have

(4.7) (y^0, ψ^1_N ) − (y^1, ψ^0_N ) = N∑ 1 a_n

(y^0, φ^1_n) − (y^1, φ^0_n) λ_n = N∑ 1 a^2_n λ_n . Also, by using the property of the eigenvectors Φ_n = [φ^0_n, φ^1_n] and introducing

Ψ_N = [ψ^0_N , ψ^1_N ] = N∑ 1 a_n

Φ_n λ_n

we obtain successively

∫_T 0 |Bψ_N (t)|^2 dt =

∫_T 0 ( B N∑ 1 a_n φ_n λ_n

(t), Bψ_N (t) ) dt

= N∑ 1 a_n λ_n

∫_T 0 (Bφ_n(t), Bψ_N (t)) dt = N∑ 1 a_n λ_n λ_n⟨Φ_n, Ψ_N ⟩_H

(4.8)

= N∑ 1 a_n ⟨ Φ_n, N∑ 1 a_n

Φ_n λ_n ⟩ H = N∑ 1 a^2_n λ_n

as a consequence of orthonormality. By Theorem 2.1 we have, assuming [y^0,y^1]∈H to be null-controllable under (2.2) at time T

(y^0, ψ^1_N ) − (y^1, ψ^0_N ) ≤ C

{ ∫_T 0 |Bψ_N (t)|^2 dt

} 1_2

and by (4.7)–(4.8) this is equivalent to N∑ 1 a^2_n λ_n ≤ C {_N∑ 1 a^2_n λ_n

} 1_2

or finally

∀N ≥ 1 , N∑ 1 a^2_n λ_n

≤ C^2 .

Step 3. We construct a sequence of approximated controls under condition (4.4). First of all we introduce the symplectic map J defined by

(4.9) ∀[φ^0, φ^1] ∈ V ×H , J([φ^0, φ^1]) = [φ^1, −Aφ^0] .

Since the sequence Φ_n = [φ^0_n, φ^1_n] is an orthonormal Hilbert basis of N^⊥ in H := V ×H, it follows that JΦ_n = [φ^1_n, −Aφ^0_n] is an orthonormal Hilbert basis of the orthogonal of J(N ) in JH := H×V^′ for the corresponding inner product which is in fact the usual one. Now we have

∀[y^0, y^1] ∈ H, ∀[ϕ^0, ϕ^1] ∈ H , ⟨ [y^0, y^1], J[ϕ^0, ϕ^1] ⟩ JH = (y^0, ϕ^1) + ⟨y^1, −Aϕ^0⟩_V ′

= (y^0, ϕ^1) − (y^1, ϕ^0)

and therefore (4.4) is equivalent to orthogonality of [y^0, y^1] to J(N ) in JH. Moreover if [y^0, y^1] satisfies (4.4), the Fourier components of [y^0, y^1] in the basis JΦ_n = [φ^1_n, −Aφ^0_n] of the orthogonal of J(N ) in JH are precisely the coefficients

a_n = (y^0, φ^1_n) − (y^1, φ^0_n) .

Therefore the state

[y^0_N , y^1_N ] = N∑ 1 a_n JΦ_n

is an approximation of [y^0, y^1] in J(H). As a consequence of Theorem 4.1, for each N the solution y_N of

y^{′′}_N + Ay_N = B^2 ψ_N (t) , y_N (0) = y^0_N , y^′_N (0) = y^1_N

satisfies y_N (T ) = y^′_N (T ) = 0.

Step 4. Convergence of the approximated controls. Keeping the notation of steps 3 and 4, we have for 1 ≤ P ≤ N

∫_T 0 |Bψ_N (t) − Bψ_P (t)|^2 dt =

∫_T 0 ( B N∑ P a_n φ_n λ_n

(t), Bψ_N (t) − Bψ_P (t) ) dt

= N∑ P a_n λ_n

∫_T 0 ( Bφ_n(t), Bψ_N (t) − Bψ_P (t) ) dt

= N∑ P a_n λ_n λ_n ⟨ Φ_n, Ψ_N −Ψ_P ⟩ H = N∑ P a_n ⟨ Φ_n, N∑ P a_n

Φ_n λ_n ⟩ H = N∑ P a^2_n λ_n as a consequence of orthonormality. Therefore {Bψ_N }_{N≥1} is a Cauchy sequence in L^2(0, T ; H). Setting h := lim_{N→∞} Bψ_N since y_N (T ) = y^′_N (T ) = 0 it follows immediately that lim N→∞ y_N = y in C([0, T ], V ) ∩ C^1([0, T ], H) ∩ L^2([0, T ], V^′). In particular y(0) = y^0, y^′(0) = y^1 and y^{′′} + Ay = Bh(t) , y(T ) = y^′(T ) = 0 .

Formula (4.6) is satisfied in the sense ∞∑ n=1 (y^0, φ^1_n) − (y^1, φ^0_n) λ_n

Bφ_n(t) = lim_{N→∞} N∑ n=1 (y^0, φ^1_n) − (y^1, φ^0_n) λ_n

Bφ_n(t)

in the strong topology of L^2(0, T ; H).

Remark 4.4. In contrast with the first order case where diagonalization of the basic quadratic form was generally impossible due to non-compactness, in bounded domains Theorem 4.3 will be always applicable.

We conclude this section by some typical examples borrowed from [11]. Example 4.5. Let Ω = (0, π) , ω = (ω_1, ω_2) ⊂ Ω .

We consider the problem (4.10) y_{tt} − y_{xx} = χ_ωh , y(t, 0) = y(t, π) = 0 . As a consequence of Theorem 2.1, a given state [y^0, y^1] ∈ H^1_0 (Ω)×L^2(Ω) is nullcontrollable at t = T if, and only if there exists C ∈ R^+ such that ∀[φ^0, φ^1] ∈ H^1_0 (Ω)×L^2(Ω) , | | | ∫ Ω y^0(x) φ^1(x) dx − ∫ Ω y^1(x) φ^0(x) dx | | | ≤ C

{ ∫_T 0 ∫ ω |φ|^2(t, x) dx dt

} 1_2

where φ is the mild solution of

φ_{tt} − φ_{xx} = 0 , φ(t, 0) = φ(t, π) = 0 , φ(0, .) = φ^0 , φ_t(0, .) = φ^1 .

Here φ is given by φ(t, x) = ∞∑ m=1 [ c_m cos mt + d_m sin mt ] sin mx with φ^0(x) = ∞∑ m=1 c_m sin mx , φ^1(x) = ∞∑ m=1 d_m sin mx or in other terms

c_m = 2 π ∫_π 0 φ^0(x) sin mx dx , d_m = 2 π ∫_π 0 φ^1(x) sin mx dx .

If T is small, by the finite propagation property of the wave equation, there is in general an infinite-dimensional space of non-controllable states. For instance if ω_1 > 0 , ω_2 < π and T < inf{ω_1, π − ω_2} , it is easily seen that | | | ∫ Ω y^0(x) φ^1(x) dx − ∫ Ω y^1(x) φ^0(x) dx | | | = 0 for all [φ^0, φ^1] ∈ H^1_0 (Ω)×L^2(Ω) with φ^0 = φ^1 ≡ 0, a.e. on [ω_1 − T, ω_2 + T ] .

In particular this implies supp y^0 ∪ supp y^1 ⊂ [ω_1 − T, ω_2 + T ] .

Especially interesting is the case T = 2π .

Indeed then by periodicity we have

∀[φ^0, φ^1] ∈ H^1_0 (Ω)×L^2(Ω) ,

∫_{2π} 0 ∫ ω φ^2(t, x) dx dt = ∫ ω ∫_{2π} 0 φ^2(t, x) dt dx = ∫ ω ∫_{2π} 0 {_∞∑ m=1 [ c_m cos mt + d_m sin mt ] sin mx

}_2 dt dx = π ∞∑ m=1 (c^2_m + d^2_m) ∫ ω sin^2 mx dx and this implies that for any m > 0, [sin mx, 0] and [0, sin mx] are two eigenstates with eigenvalue λ_m = 2 m^2 ∫ ω sin^2 mx dx .

Applying Theorem 4.3, after some calculations taking account of the normalization in V ×H we obtain that any [y^0, y^1] ∈ H^1_0 (Ω)×L^2(Ω) is null-controllable in ω at time T = 2π with control

h(t, x) = χ_ω(x) ∞∑ m=1 my^0_m sin mt − y^1_m cos mt 2 ∫ ω sin^2 mx dx sin mx

with

y^0_m = 2 π ∫_π 0 y^0(x) sin mx dx , y^1_m = 2 π ∫_π 0 y^1(x) sin mx dx .

Example 4.6. Let

Ω = (0, π) , ω = (ω_1, ω_2) ⊂ Ω .

We consider the problem

(4.11) y_{tt} + y_{xxxx} = χ_ωh , y(t, 0) = y(t, π) = y_{xx}(t, 0) = y_{xx}(t, π) = 0 .

As a consequence of Theorem 2.1, a given state [y^0, y^1] ∈ H^2 ∩ H^1_0 (Ω)×L^2(Ω) is null-controllable at t = T if, and only if there exists C ∈ R^+ such that

∀[φ^0, φ^1] ∈ H^2 ∩ H^1_0 (Ω)×L^2(Ω) , | | | ∫ Ω y^0(x) φ^1(x) dx − ∫ Ω y^1(x) φ^0(x) dx | | | ≤ C

{ ∫_T 0 ∫ ω φ^2(t, x) dx dt

} 1_2

where φ is the mild solution of

φ_{tt} + φ_{xxxx} = 0 , φ(t, 0) = φ(t, π) = φ_{xx}(t, 0) = φ_{xx}(t, π) = 0

such that φ(0, .) = φ^0 , φ_t(0, .) = φ^1 .

Here φ is given by

φ(t, x) = ∞∑ m=1 [ c_m cos m^2t + d_m sin m^2t ] sin mx

with φ^0(x) = ∞∑ m=1 c_m sin mx , φ^1(x) = ∞∑ m=1 d_m sin mx or in other terms

c_m = 2 π ∫_π 0 φ^0(x) sin mx dx , d_m = 2 π ∫_π 0 φ^1(x) sin mx dx .

As in the Schrödinger case, a variant to Ingham’s Lemma shows that any state is null-controllable in arbitrarily small time. Here Theorem 2.1 is useless.

Especially interesting is the case

T = 2π .

Indeed then by periodicity we have

∀[φ^0, φ^1] ∈ H^2 ∩ H^1_0 (Ω)×L^2(Ω) ,

∫_{2π} 0 ∫ ω φ^2(t, x) dx dt = ∫ ω ∫_{2π} 0 φ^2(t, x) dt dx = ∫ ω ∫_{2π} 0 {_∞∑ m=1 [ c_m cos m^2t + d_m sin m^2t ] sin mx

}_2 dt dx = π ∞∑ m=1 (c^2_m + d^2_m) ∫ ω sin^2 mx dx

and this implies that for any m > 0, [sin mx, 0] and [0, sin mx] are two eigenstates with eigenvalue γ_m = 2 m^4 ∫ ω sin^2 mx dx .

Here we obtain that any [y^0, y^1] ∈ H^2 ∩ H^1_0 (Ω)×L^2(Ω) is null-controllable in ω at time T = 2π with control

h(t, x) = χ_ω(x) ∞∑ m=1 m^2 y^0_m sin mt − y^1_m cos mt 2 ∫ ω sin^2 mx dx sin mx

with

y^0_m = 2 π ∫_π 0 y^0(x) sin mx dx , y^1_m = 2 π ∫_π 0 y^1(x) sin mx dx .

5 – A natural framework for pointwise control

In this section, we consider a real Hilbert space H and a positive self-adjoint operator A with dense domain D(A)=W . We also consider the space V =D(A^12 ) and its dual space V^′. We consider the following control problem

(5.1) y^{′′} + Ay = h(t) γ in (0, T ) in time T by means of a control function h ∈ L^2(0, T ) with (5.2) γ ∈ L(V, R) = V^′ .

In this section we shall represent a pair of functions by [f, g] rather than (f, g) to avoid confusion with scalar products. On the other hand the symbol (f, g) will represent the H-inner product of f ∈ H and g ∈ H and the duality product (f, g)_V ′_{,V} when f ∈ V^′ and g ∈ V will be denoted by ⟨f, g⟩.

Theorem 5.1. For any [y^0, y^1] ∈ V ×H, the two following conditions are equivalent

i) There exists h ∈ L^2(0, T ) such that the mild solution y of (5.1) such that y(0) = y^0 and y^′(0) = y^1 satisfies y(T ) = y^′(T ) = 0.

ii) There exists a finite positive constant C such that (5.3) ∀[φ^0, φ^1] ∈ V ×H , |(y^0, φ^1) − (y^1, φ^0)| ≤ C

{ ∫_T 0 |⟨γ, φ(t)⟩|^2 dt

} 1_2

where φ(t) ∈ C(R, V ) ∩ C^1(R, H) denotes the unique mild solution of (2.1) such that φ(0) = φ^0 and φ^′(0) = φ^1.

Proof: It parallels exactly the proof of theorem 2.1.

Step 1. Considering first the case were γ ∈ V , let φ and y be a pair of strong solutions of (5.1) and (2.1), respectively, by a calculation similar to step 1 of Theorem 2.1 we get [ (y^′(t), φ(t)) − (y(t), φ^′(t))

]_T 0 = ∫_T 0 h(t) ⟨γ, φ(t)⟩ dt .

By density, this identity is valid for mild solutions as well in the general case γ ∈ V^′. Therefore if there exists h ∈ L^2(0, T ) such that the mild solution y of (5.1) with [y(0), y^′(0)] = [y^0, y^1] satisfies y(T ) = y^′(T ) = 0, we find

(y^0, φ^′(0)) − (y^1, φ(0)) =

∫_T 0 h(t)⟨γ, φ(t)⟩ dt

and by the Cauchy–Schwartz inequality we obtain (5.3). Therefore i) implies ii).

Step 2. For each ε > 0 we construct a bounded linear operator M_ε ∈ L(V ×H, V^′×H) in the following way: for any [φ^0, φ^1] ∈ V ×H := H we consider first the solution φ of (2.1) with initial data [φ^0, φ^1]. Then we consider the unique mild solution y of (5.4) y^{′′} + Ay = ⟨γ, φ(t)⟩ γ + εA φ(t) in (0, T ), y(T ) = y^′(T ) = 0

and finally we set M_ε([φ^0, φ^1]) = [−y^′(0), y(0)] .

We find ⟨ M_ε([φ^0, φ^1]), [φ^0, φ^1]) ⟩ H^′,H

= (y(0), φ^′(0)) − ⟨y^′(0), φ(0)⟩ = ∫_T 0 ⟨γ, φ(t)⟩^2 dt +

∫_T 0 |A^{12} φ(t)|^2 dt .

On the other hand it is known (cf. e.g. [10]) that for any T > 0

∫_T 0 |A^{12} φ(t)|^2 dt ≥ c(T ) { |A^{12} φ(0)|^2 + |φ^′(0)|^2 } = c(T ) { |φ^0|^2_V + |φ^1|^2 }

with c(T ) > 0. Hence M_ε is coercive: V ×H → V^′×H, and this implies M_ε(V ×H) = V^′×H.

Step 3. For each ε > 0 we set

β_ε(z) := ⟨γ, z⟩ γ + εA z .

As a consequence of step 2 there exists a pair [φ^{0,ε}, φ^{1,ε}] ∈ V ×H such that the mild solution y_ε of (5.1) with h(t)γ replaced by β_εφ_ε ∈ L^2(0, T ; V^′) and [y_ε(0), y^′_ε(0)] = [y^0, y^1] satisfies y(T ) = y^′(T ) = 0. By (5.4) we find

(y(0), φ^′_ε(0)) − (y^′(0), φ_ε(0)) =

∫_T 0 (β_εφ_ε(t), φ_ε(t)) dt ≤ C { ∫_T 0 ⟨γ, φ_ε(t)⟩^2 dt

} 1_2

≤ C { ∫_T 0 (β_εφ_ε(t), φ_ε(t)) dt

} 1_2 . In particular ε ∫_T 0 |A^{12} φ_ε(t)|^2 dt +

∫_T 0 ⟨γ, φ_ε(t)⟩^2 dt =

∫_T 0 (β_εφ_ε(t), φ_ε(t)) dt ≤ C^2 .

Step 4. Convergence of b_ε = β_εφ_ε along a subsequence. From step 3 it is clear that √ ε φ_ε is bounded in L^2(0, T ; V^′) and h_ε(t) = ⟨γ, φ_ε(t)⟩ is bounded in L^2(0, T ) .

Along a subsequence, we may assume h_ε ⇀ h weakly in L^2(0, T ) .

Then clearly b_ε = β_εφ_ε ⇀ h(t)γ weakly in L^2(0, T ; V^′) .

Step 5. Conclusion. By passing to the limit, it is clear that the solution y of (5.1) with [y(0), y^′(0)] = [y^0, y^1] and h as in step 4 satisfies y(T ) = y^′(T ) = 0. The proof of Theorem 5.1 is now complete.

In the sequel we use a generalization of Theorem 4.1. Let (H, A, V ) be as in theorem 2.1 and let B ∈ L(V, V^′) be such that B = B^∗ and (5.5) ∀v ∈ V , ⟨Bv, v⟩ ≥ 0 . We have the following result

Theorem 5.2. Let [φ^0, φ^1] ∈ V ×H be such that for some λ > 0 (5.6) ∀[ψ^0, ψ^1] ∈ V ×H ,

∫_T 0 ⟨Bφ(t), ψ(t)⟩ dt = λ [ ⟨Aφ^0, ψ^0⟩ + (φ^1, ψ^1) ]

where φ and ψ are the solutions of (2.1) with respective initial data [φ^0, φ^1] and [ψ^0, ψ^1]. Then the solution y of

y^{′′} + Ay = 1 λ Bφ(t) in (0, T ), y(0) = φ^1, y^′(0) = −Aφ^0 satisfies y(T ) = y^′(T ) = 0.

Proof: Essentially identical to that of Theorem 4.1. We now turn to special case (5.7) B(v) := ⟨γ, v⟩ γ .

We set H := V ×H and we define L ∈ L(H) by the formula:

(5.8) ⟨ L[φ^0, φ^1], [ψ^0, ψ^1] ⟩ H = ∫_T 0 ⟨Bφ(t), ψ(t)⟩ dt

∀[φ^0, φ^1] ∈ H, ∀[ψ^0, ψ^1] ∈ H, where φ and ψ are the solutions of (2.1) with respective initial data [φ^0, φ^1] and [ψ^0, ψ^1]. It is clear by definition that L is self-adjoint and ≥ 0 on H. If we introduce the duality map F : H −→ H^′ = V^′×H we have

Proposition 5.3. L: H −→ H is compact and more precisely we have

(5.9) L = F^{−1}

∫_T 0 S^∗(t) BS(t) dt

where S(t): H −→ V is the bounded operator defined by

∀[φ^0, φ^1] ∈ H , S(t)[φ^0, φ^1] = φ(t)

and S^∗(t): V^′ −→ H^′ is the adjoint of S(t).

Proof: Formula (5.9) is immediate to check along the lines of proof of (4.3). However to prove that

∫_T 0 S^∗(t) BS(t) dt is compact: H −→ H^′ we need a specific argument. Here compactness does not follow from an hypothesis on the imbedding V −→ H but is a consequence of the special structure of B. As a preliminary step, we establish

Lemma 5.4. For any γ ∈ V^′ we have

(5.10) S^∗(t) γ ∈ C([0, T ]; H^′) .

Proof: Since the mappings γ → S^∗(t) γ are uniformly equicontinuous: V^′ → H^′, it is sufficient to prove (5.10) when for instance γ ∈ V . In this case setting z = γ + Aγ ∈ V^′ we have

∀t ∈ [0, T ], ∀θ ∈ [0, T ] , ‖ ‖S^∗(t)γ − S^∗(θ)γ ‖ ‖_{H′} = sup_{‖Φ‖} H≤1 | | ⟨ γ, S(t)Φ − S(θ)Φ ⟩ V^′,V | | = sup

‖Φ‖_H≤1 | | ⟨ z, S(t)J Φ − S(θ)J Φ ⟩ V^′,V | | where J : H = V ×H → D(A^3_2 )×D(A) ⊂ D(A)×V is defined by

∀Φ = [φ^0, φ^1] ∈ H , J Φ = [ (I + A)^{−1} φ^0, (I + A)^{−1} φ^1 ] . In particular we have ‖S(t)J Φ − S(θ)J Φ‖_V ≤ C |t − θ| ‖Φ‖_H and therefore

∀t ∈ [0, T ], ∀θ ∈ [0, T ] , ‖S^∗(t)γ − S^∗(θ)γ‖_H′ ≤ C ‖z‖_V ′ |t − θ| concluding the proof of Lemma 5.4.

Proof of Proposition 5.3 (continued): We have for all t ∈ [0, T ], ∀Φ = [φ^0, φ^1] ∈ H , S^∗(t) BS(t) Φ = ⟨γ, S(t)Φ⟩ S^∗(t) γ .

By Lemma 5.4, for t ∈ [0, T ], S^∗(t)γ remains in a fixed compact subset of V^′. On the other hand for t ∈ [0, T ] and Φ = [φ^0, φ^1] ∈ H in the unit ball of H, ⟨γ, S(t)Φ⟩ remains in a bounded interval of R. Therefore S^∗(t) BS(t)Φ remains in a fixed compact subset of V^′ and so does the integral

∫_T 0 S^∗(t) BS(t)Φ dt. The conclusion follows easily.

The following result is a natural generalization of Theorem 3.3 from [11]. Let us denote by N the kernel of L and let Φ_n = [φ^0_n, φ^1_n] be an orthonormal Hilbert basis of N^⊥ in H := V ×H made of eigenvectors associated to the nonincreasing sequence λ_n of eigenvalues of L repeated according to multiplicity. Then we have

Theorem 5.5. In order for [y^0, y^1] ∈ H to be null-controllable under (5.1) at time T it is necessary and sufficient that the following set of two conditions is satisfied (5.11) ∀[ϕ^0, ϕ^1] ∈ N , (y^0, ϕ^1) = (y^1, ϕ^0) ,

(5.12) ∞∑ n=1

{ (y^0, φ^1_n) − (y^1, φ^0_n)

}_2 λ_n

< ∞ .

When these conditions are fulfilled, an exact control driving [y^0, y^1] to [0, 0] is given by the explicit formula (5.13) γ ∞∑ n=1 (y^0, φ^1_n) − (y^1, φ^0_n) λ_n

⟨γ, φ_n(t)⟩ .

In the special case H = L^2(Ω) , γ = δ(x − x_0), x_0 ∈ Ω we obtain the point control problem (5.14) y^{′′} + Ay = h(t) δ(x − x_0) in (0, T ) in time T by means of a control function h ∈ L^2(0, T ). Assuming (5.15) D(A^{12} ) ⊂ C(Ω) with continuous imbedding, we obtain

Corollary 5.6. In order for [y^0, y^1] ∈ H = D(A^12 )×L^2(Ω) to be null-control-lable at x_0 at time T under (5.14) it is necessary and sufficient that (5.11) and (5.12) be satisfied. When these conditions are fulfilled, an exact control driving [y^0, y^1] to [0, 0] is given by the explicit formula (5.16) h(t) = ∞∑ n=1 (y^0, φ^1_n) − (y^1, φ^0_n) λ_n φ_n(t, x_0) .

Example 5.7. Let Ω = (0, π) , ξ ∈ Ω .

We consider the problem (5.17) y_{tt} − y_{xx} = h(t) δ(x − ξ) , y(t, 0) = y(t, π) = 0 . As a consequence of Corollary 5.6, a given state [y^0, y^1] ∈ H^1_0 (Ω)×L^2(Ω) is nullcontrollable at t = T if, and only if there exists C ∈ R^+ such that ∀[φ^0, φ^1] ∈ H^1_0 (Ω)×L^2(Ω) , | | ∫ Ω y^0(x) φ^1(x) dx − ∫ Ω y^1(x) φ^0(x) dx | | ≤ C { ∫_T 0 φ^2(t, ξ) dt

} 1_2

where φ is the mild solution of

φ_{tt} − φ_{xx} = 0 , φ(t, 0) = φ(t, π) = 0 , φ(0, .) = φ^0 , φ_t(0, .) = φ^1 . Here φ is given by φ(t, x) = ∞∑ m=1 [ c_m cos mt + d_m sin mt ] sin mx with φ^0(x) = ∞∑ m=1 c_m sin mx , φ^1(x) = ∞∑ m=1 d_m sin mx

or in other terms

c_m = 2 π ∫_π 0 φ^0(x) sin mx dx , d_m = 2 π ∫_π 0 φ^1(x) sin mx dx .

If T is small, by the finite propagation property of the wave equation,there is in general an infinite-dimensional space of non-controllable states.

Especially interesting is the case

T = 2π .

Indeed then by periodicity we have

∀[φ^0, φ^1] ∈ H^1_0 (Ω)×L^2(Ω) , ∫_{2π} 0 φ^2(t, ξ) dt =

∫_{2π} 0 {_∞ ∑ m=1 [ c_m cos mt + d_m sin mt ] sin mξ

}_2 dt = π ∞∑ m=1 (c^2_m + d^2_m) sin^2 mξ

and this implies that for any m > 0, [sin mx, 0] and [0, sin mx] are two eigenstates with eigenvalue γ_m = 2 m^2 sin^2 mξ .

Applying Theorem 5.6, after some calculations we obtain that any [y^0, y^1] ∈ H^1_0 (Ω)×L^2(Ω) is null-controllable at ξ int time T = 2π if and only if

∀m ∈ N^∗ , sin mξ = 0 =⇒ y^0_m = y^1_m = 0

and ∑

sin mξ≠0 1 sin^2 mξ { m^2(y^0_m)^2 + (y^1_m)^2 } < ∞ with

y^0_m = 2 π ∫_π 0 y^0(x) sin mx dx , y^1_m = 2 π ∫_π 0 y^1(x) sin mx dx .

In such a case a control is given explicitely by

h(t) = ∞∑ m=1 1 2 sin mξ

(my^0_m sin mt − y^1_m cos mt) .

Example 5.8. Let Ω = (0, π) , ξ ∈ Ω .

We consider the problem

(5.18) y_{tt}+y_{xxxx} = h(t) δ(x−ξ) , y(t, 0) = y(t, π) = y_{xx}(t, 0) = y_{xx}(t, π) = 0 .

As a consequence of Corollary 5.6, a given state [y^0, y^1] ∈ H^1_0 (Ω)×L^2(Ω) is nullcontrollable under (5.18) at t = T if, and only if there exists C ∈ R^+ such that

∀[φ^0, φ^1] ∈ H^2 ∩ H^1_0 (Ω)×L^2(Ω) , | | ∫ Ω y^0(x) φ^1(x) dx − ∫ Ω y^1(x) φ^0(x) dx | | ≤ C { ∫_T 0 φ^2(t, ξ) dt

} 1_2

where φ is the mild solution of

φ_{tt} + φ_{xxxx} = 0 , φ(t, 0) = φ(t, π) = φ_{xx}(t, 0) = φ_{xx}(t, π) = 0

such that φ(0, .) = φ^0 , φ_t(0, .) = φ^1 .

Here φ is given by

φ(t, x) = ∞∑ m=1 [ c_m cos m^2t + d_m sin m^2t ] sin mx

with φ^0(x) = ∞∑ m=1 c_m sin mx , φ^1(x) = ∞∑ m=1 d_m sin mx

or in other terms

c_m = 2 π ∫_π 0 φ^0(x) sin mx dx , d_m = 2 π ∫_π 0 φ^1(x) sin mx dx .

Applying Theorem 5.6, after some calculations we obtain that any [y^0, y^1] ∈ H^1_0 (Ω)×L^2(Ω) is null-controllable at ξ in time T = 2π under (5.18) if and only if

∀m ∈ N^∗ , sin mξ = 0 =⇒ y^0_m = y^1_m = 0

and ∑

sin mξ≠0 1 sin^2 mξ { m^4(y^0_m)^2 + (y^1_m)^2 } < ∞ with

y^0_m = 2 π ∫_π 0 y^0(x) sin mx dx , y^1_m = 2 π ∫_π 0 y^1(x) sin mx dx .

In such a case a control is given explicitely by h(t) = ∞∑ m=1 1 2 sin mξ

(m^2y^0_m sin mt − y^1_m cos mt) .

We conclude this section with an example which is available in any domain. This case has been considered by Graham and Russell in [2]. In the case H = L^2(Ω) , γ = χ_ω we obtain the point control problem (5.19) y^{′′} + Ay = h(t) χ_ω(x) in (0, T ) in time T by means of a control function h ∈ L^2(0, T ). We obtain Corollary 5.9. In order for [y^0, y^1] ∈ H = D(A^12 )×L^2(Ω) to be null-control-lable at time T under (5.19) it is necessary and sufficient that (5.11) and (5.12) be satisfied. When these conditions are fulfilled, an exact control driving [y^0, y^1] to [0, 0] is given by the explicit formula (5.20) h(t) = ∞∑ n=1 (y^0, φ^1_n) − (y^1, φ^0_n)

λ_n ∫ ω φ_n(t, x) dx .

6 – Boundary control of the wave equation

In this section, we consider the real Hilbert space H = L^2(Ω) where Ω is a bounded domain of R^N and we set V = H^1_0 (Ω), V^′ = H^{−1} (Ω). We consider the wave equation (6.1) φ_{tt} − Δφ = 0 in R×Ω , φ = 0 on R×∂Ω and the boundary control problem (6.2) y_{tt} − Δy = 0 in (0, T )×Ω , y = Bh(t, σ) on (0, T )×∂Ω in time T by means of a control function h ∈ L^2(0, T, L^2(Γ)) with

(6.3) B ∈ L(L^2(Γ), L^2(Γ)) , B = B^∗ ≥ 0 .

In this section we shall represent a pair of functions by [f, g] rather than (f, g) to avoid confusion with scalar products. On the other hand the symbol (f, g) will represent indifferently either the H-inner product of f ∈ H and g ∈ H or the duality product (f, g)_{V,V} ′ when f ∈ V and g ∈ V^′, these two products being equal when f ∈ V and g ∈ H. The main result of this section is the following

Theorem 6.1. For any [y^0, y^1] ∈ V ×H, the two following conditions are equivalent

i) There exists h ∈ L^2(0, T ; L^2(Γ)) such that the mild solution y of (6.2) such that y(0) = y^0 and y^′(0) = y^1 satisfies y(T ) = y^′(T ) = 0.

ii) There exists a finite positive constant C such that

(6.4) ∀[φ^0, φ^1] ∈ V ×H , | |(y^0, φ^1) − (y^1, φ^0) | |≤ C

{ ∫_T 0 ∫ Γ | |B ∂φ ∂ν (t, σ) | |^2dt dσ

} 1_2

where φ(t) ∈ C(R, V ) ∩ C^1(R, H) denotes the unique mild solution of (6.1) such that φ(0) = φ^0 and φ^′(0) = φ^1.

Proof: It parallels the proof of theorem 2.1.

Step 1. Let φ and y be a pair of strong solutions of (6.1) and (6.2), respectively. We have d dt (y^′(t), φ(t)) = (y^{′′}(t), φ(t)) + (y^′(t), φ^′(t))

= (Δy(t), φ(t)) + (y^′(t), φ^′(t)) .

On the other hand d dt (y(t), φ^′(t)) = (y(t), φ^{′′}(t)) + (y^′(t), φ^′(t))

= (y(t), Δφ(t)) + (y^′(t), φ^′(t)) .

By substracting these two identities we find d dt [ (y^′(t), φ(t)) − (y(t), φ^′(t)) ] = ∫ Ω (φ Δy − y Δφ) dx = ∫ Γ ( φ ∂y ∂ν − y ∂φ ∂ν ) dσ .

By integrating on (0, T) and using φ = 0 on R×∂Ω we get

(6.5) [ (y^′(t), φ(t)) − (y(t), φ^′(t))

]_T 0 = − ∫_T 0 ∫ Γ Bh(t, σ) ∂φ ∂ν (t, σ) dσ dt .

By density and as a consequence of the so-called “hidden regularity property” (cf. e.g. [16, 19]), this identity is valid for mild solutions as well. Since B is bounded, self-adjoint and B ≥ 0,

∫_T 0 ∫ Γ Bh(t, σ) ∂φ ∂ν (t, σ) dσ dt =

∫_T 0 ∫ Γ h(t, σ) B ∂φ ∂ν (t, σ) dσ dt .

Finally if there exists h ∈ L^2(0, T ; L^2(Γ)) such that the mild solution y of (6.2) with [y(0), y^′(0)] = [y^0, y^1] satisfies y(T ) = y^′(T ) = 0, we find as a consequence of (6.5) (y^0, φ^′(0)) − (y^1, φ(0)) = −

∫_T 0 ∫ Γ h(t, σ) B ∂φ ∂ν (t, σ) dσ dt

and by the Cauchy–Schwartz inequality we obtain (2.4). Therefore i) implies ii).

Step 2. For each ε > 0 we construct a bounded linear operator

L_ε ∈ L(V ×H, V^′×H)

in the following way: for any [φ^0, φ^1] ∈ V ×H := H we consider first the solution φ of (2.1) with initial data [φ^0, φ^1]. Then we consider the unique mild solution y of y_{tt} − Δy = −ε Δφ in (0, T )×Ω , y = −B^2 ∂φ ∂ν on (0, T )×∂Ω ,

y(T ) = y^′(T ) = 0

and we set L_ε([φ^0, φ^1]) = [−y^′(0), y(0)]

We find ⟨ L_ε([φ^0, φ^1]), [φ^0, φ^1]) ⟩ H^′,H

= (y(0), φ^′(0)) − ⟨y^′(0), φ(0)⟩ = ∫_T 0 ∫ Γ B^2 ∂φ ∂ν . ∂φ ∂ν (t, σ) dσ dt + ε

∫_T 0 |A^{12} φ(t)|^2 dt .

With A = −Δ. On the other hand for any T > 0

∫_T 0 |A^{12} φ(t)|^2 dt ≥ c(T ) { |A^{12} φ(0)|^2 + |φ^′(0)|^2 } = c(T ) { |φ^0|^2_V + |φ^1|^2 }

with c(T ) > 0. Hence L_ε is coercive: V ×H → V^′×H, and this implies L_ε(V ×H) = V^′×H.

Step 3. As a consequence of step 2 there exists a pair [φ^{0,ε}, φ^{1,ε}] ∈ H×V^′ such that the mild solution y_ε of

y_{tt} − Δy = −ε Δφ_ε in (0, T )×Ω , y = −B^2

∂φ_ε ∂ν on (0, T )×∂Ω ,

with [y_ε(0), y^′_ε(0)] = [y^0, y^1]

satisfies y(T ) = y^′(T ) = 0 .

We find

(y^0, φ^′_ε(0)) − (y^1, φ_ε(0)) =

∫_T 0 ∫ Γ | |B ∂φ^ε ∂ν (t, σ) | |^2 dσ dt + ε

∫_T 0 |A^{12} φ_ε(t)|^2 dt

≤ C {∫_T 0 ∫ Γ | |B ∂φ^ε ∂ν (t, σ) | |^2dσ dt

} 1_2 . In particular ∫_T 0 ∫ Γ | | |B ∂φ_ε ∂ν (t, σ) | | | 2 dσ dt + ε

∫_T 0 |A^{12} φ_ε(t)|^2 dt ≤ C^2 .

Step 4. Convergence along a subsequence. From step 3 it is clear that √ ε φ_ε is bounded in L^2(0, T ; V^′) and h_ε = B

∂φ_ε ∂ν is bounded in L^2(0, T ; L^2(Γ)) .

Along a subsequence, we may assume

h_ε ⇀ h weakly in L^2(0, T ; L^2(Γ)) .

Then clearly B^2

∂φ_ε ∂ν ⇀ Bh weakly in L^2(0, T ; L^2(Γ)) .

Step 5. Conclusion. By passing to the limit, it is clear that the solution y of (6.2) with [y(0), y^′(0)] = [y^0, y^1] and h as in step 4 satisfies y(T ) = y^′(T ) = 0. The proof of Theorem 6.1 is now complete.

We now state a variant of Theorem 4.1 devised for the case of boundary control.

Theorem 6.2. Let [φ^0, φ^1] ∈ D(A)×V be such that for some λ > 0

(6.6) ∀[ψ^0, ψ^1] ∈ D(A)×V ,

∫_T 0 ∫ Γ B ∂φ ∂ν . B ∂ψ ∂ν dσ = λ [ (Aφ^0, Aψ^0)+⟨Aφ^1, ψ^1⟩ ]

where φ and ψ are the solutions of (6.1) with respective initial data [φ^0, φ^1] and [ψ^0, ψ^1]. Then the solution y of

y_{tt} − Δy = 0 in (0, T )×Ω , y = − 1 λ B^2 ∂φ ∂ν on (0, T )×∂Ω

(6.7) y(0) = Aφ^1 , y^′(0) = −A^2φ^0

satisfies y(T ) = y^′(T ) = 0.

Proof: Essentially identical to that of Theorem 4.1. For the details cf. [11], proposition 2.2.

The following result is a natural generalization of Theorem 2.3 from [11]. First we define V = D(A)×V and L ∈ L(V) by the formula

∀[φ^0, φ^1] ∈ V, ∀[ψ^0, ψ^1] ∈ V , ⟨ L([φ^0, φ^1]); [ψ^0, ψ^1] ⟩ V = ∫_T 0 ∫ Γ B ∂φ ∂ν . B ∂ψ ∂ν dσ .

By the standard trace theorem, L : V → V is compact. Let us denote by N the kernel of L and let Φ_n = [φ^0_n, φ^1_n] be an orthonormal Hilbert basis of N^⊥ in H := V ×H made of eigenvectors associated to the non-increasing sequence λ_n of eigenvalues of L repeated according to multiplicity. Then we have

Theorem 6.3. In order for [y^0, y^1] ∈ H×V^′ to be null-controllable under (6.2) at time T it is necessary and sufficient that the following set of two conditions is satisfied

(6.7) ∀[ϕ^0, ϕ^1] ∈ N , (y^0, ϕ^1) = ⟨y^1, ϕ^0⟩ ,

(6.8) ∞∑ n=1

{ (y^0, φ^1_n) − ⟨y^1, φ^0_n⟩

}_2

λ_n

< ∞ .

When these conditions are fulfilled, an exact control driving [y^0, y^1] to [0, 0] is given by the explicit formula

(6.9) h(t, σ) = − ∞∑ n=1 (y^0, φ^1_n) − ⟨y^1, φ^0_n⟩ λ_n B ∂φ_n ∂ν .

Proof: Since it is a straightforward generalization of Theorem 2.3 from [11] and we already gave many similar arguments in this paper, the details are left to the reader.

We conclude by recalling an example from [11].

Example 6.4. Let Ω = (0, π) .

We consider the problem

(6.10) y_{tt} − y_{xx} = 0 , y(t, 0) = h(t), y(t, π) = 0 .

For any T ≥ 2π and any [y^0, y^1] ∈ H×V^′ = L^2(Ω)×H^{−1} (Ω) there exists h ∈ L^2(0, T ) such that the solution y of (6.10) with

y(0) = y^0 , y_t(0) = y^1

satisfies y(T ) = y_t(T ) = 0.

In the special case T = 2π

a control h is given explicitely by

h(t) = 1 2 ∞∑ m=1 ( y^0_m sin mt − 1 m y^1_m cos mt )

with

y^0_m = 2 π ∫_π 0 y^0(x) sin mx dx , y^1_m = 2 π ⟨ y^1(x), sin mx ⟩ V^′,V .

436 A. HARAUX

REFERENCES

[1] Bardos, C.; Lebeau, J. and Rauch, J. – Sharp sufficient conditions for the observation, control and stabilization of waves from the boundary, SIAM J. Control Opt., 30 (1992), 1024–1065.

[2] Graham, K.D. and Russell, D. – Boundary value control of the wave equation in a spherical region, SIAM J. Control, 13 (1975), 174–196.

[3] Haraux, A. – Contrôlabilité exacte d’une membrane rectangulaire au moyen d’une fonctionnelle analytique localisée, C.R.A.S. Paris, t. 306, Série I (1988), 125–128.

[4] Haraux, A. – Quelques propriétés des séries lacunaires utiles dans l’étude des vibrations élastiques, in “Nonlinear Partial Differential Equations and Their Applications, College de France Seminar 1988”, (H. Brezis and J.L. Lions, Eds.), Research Notes in Math., vol. 302, Pitman (1994), 113–124.

[5] Haraux, A. – On a completion problem in the theory of distributed control of wave equations, in “Nonlinear Partial Differential Equations and Their Applications, College de France Seminar 1986”, (H. Brezis and J.L. Lions, Eds.), Research Notes in Math., vol. 220, Pitman (1991), 241–271.

[6] Haraux, A. – Séries lacunaires et contrôle semi-interne des vibrations d’une plaque rectangulaire, J. Math Pures et Appl., 68 (1989), 457–465.

[7] Haraux, A. – A generalized internal control for the wave equation in a rectangle, J. Math. Analysis and Appl., 153(1) (1990), 190–216.

[8] Haraux, A. – Remarques sur la contrôlabilité ponctuelle et spectrale de systèmes distribués, Publication du Laboratoire d’Analyse Numérique 89017, 24 pp.

[9] Haraux, A. and Jaffard, S. – Pointwise and spectral control of plate vibrations, Revista Matematica Iberoamericana, 7(1) (1991), 1–24.

[10] Haraux, A. – Quelques méthodes et résultats récents en théorie de la contrôlabilité exacte, Rapport de recherche INRIA-Lorraine, 1317 (1990).

[11] Haraux, A. – A constructive approach to exact controllability of distributed systems of order 2 in t, Publication du Laboratoire d’Analyse Numérique, 95038, 24 pp.

[12] Ingham, A.E. – Some trigonometrical inequalities with applications in the theory of series, Math. Z., 41 (1936), 367–369.

[13] Jaffard, S. – Contrôle interne des vibrations d’une plaque rectangulaire, Port.

Math., 47 (1990), 423–429.

[14] Kahane, J.P. – Pseudo-périodicité et séries de Fourier lacunaires, Annales Scientifiques de l’École Normale Supérieure, 79 (1962), 93–150.

[15] Komornik, V. – On the exact interior controllability of a Petrowski system, J. Math Pures et Appl., 71 (1992), 331–342.

[16] Komornik, V. – Exact controllability and stabilization. The multiplier method, Collection “Recherches en Mathématiques Appliquées”, sous la direction de P.G. Ciarlet & J.L. Lions, 36 (1994), Masson, Paris.

[17] Lions, J.L. – Contrôlabilité exacte des systèmes distribués, C.R.A.S. Paris, t. 302, Série I, 13 (1986).

[18] Lions, J.L. – Exact controllability, stabilization and perturbations for distributed systems, The John Von Neumann Lecture, SIAM Review, 30 (1988), 1–68.

[19] Lions, J.L. – Contrôlabilité exacte, perturbations et stabilisation de systèmes distribués, Tome 1, Collection “Recherches en Mathématiques Appliquées”, sous la direction de P.G. Ciarlet & J.L. Lions, 8 (1988), Masson, Paris.

A. Haraux, Université P. et M. Curie, Analyse Numérique, Tour 55–65, 5ème étage, 4 pl. Jussieu, 75252 Paris Cedex 05 E-mail: haraux@ann.jussieu.fr