PORTUGALIAE MATHEMATICA

Vol. 63 Fasc. 2 – 2006

Nova Série

HYPERGEOMETRIC PERIODS FOR A TAME POLYNOMIAL

Claude Sabbah

Abstract: We analyse the Gauss–Manin system of differential equations — and its Fourier transform — attached to regular functions satisfying a tameness assumption on a smooth affine variety over C (e.g. tame polynomials on C^{n+1}). We give a solution to the Birkhoff problem and prove Hodge-type results analogous to those existing for germs of isolated hypersurface singularities.

Contents

Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 174

I. Good basis of a meromorphic connection with a lattice 177 1 – Spectrum of a meromorphic connection with a lattice . . . . . . . . . . . . 177 2 – How to obtain a lattice by Fourier transform . . . . . . . . . . . . . . . . 180 3 – Spectrum and duality . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 184 4 – The Riemann–Hilbert–Birkhoff problem . . . . . . . . . . . . . . . . . . . 188 5 – Good bases . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 190 6 – Examples when there exists a good basis . . . . . . . . . . . . . . . . . . . 195 7 – Good basis for the Mellin transform . . . . . . . . . . . . . . . . . . . . . 197

II. The Gauss–Manin system of a cohomologically tame function 199 8 – Some properties of cohomologically tame functions on an affine manifold . 199 9 – The Gauss–Manin system of a regular function . . . . . . . . . . . . . . . 204 10 – The Brieskorn lattice G0 and its spectrum . . . . . . . . . . . . . . . . . . 206 11 – Duality for the Brieskorn lattice and for the spectrum . . . . . . . . . . . 210 12 – The case of a convenient nondegenerate polynomial . . . . . . . . . . . . . 213 13 – Hodge theory for the Brieskorn lattice . . . . . . . . . . . . . . . . . . . . 215

References . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 222 Supplementary references . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 225

Received: August 11, 2005; Revised: September 6, 2005. AMS Subject Classification: 14D07, 14D05, 32G20, 32S40.

* Part of this work has been achieved as the author was visiting CMAF (Lisboa, Portugal) in 1996. The author thanks this institution for providing him with excellent working conditions.

Introduction

Let f : C^{n+1} → C be a nonconstant polynomial function. The hypergeometric periods associated with this polynomial are the integrals

I_{γ,ω}(s) = � γ f^sω

where ω is an algebraic (n+1)-form and γ an (n+1)-cycle with coefficients in a suitable local system. In [44] A.N. Varchenko gave a formula for the determinant of a period matrix made with such integrals for some specific polynomials: this determinant is expressed as a product of terms of the form Γ(s+β) where β varies in the spectrum of the polynomial (for these polynomials, there exists only one critical point and the spectrum is the spectrum of this singularity in the sense of [43]); moreover, in this situation, the choice of the forms ω is quite natural.

In [7], A. Douai considered a spectrum for convenient nondegenerate polynomials (in terms of the Newton filtration) and conjectured that there should exist a basis of forms ω so that the same formula holds (up to periodic functions in s) for the determinant of the period matrix. He proved this conjecture for some special cases.

The appearance of a product of Γ factors is explained by the fact that such a determinant (whatever the choice of the forms ω or the cycles γ can be) is a solution of a system of linear finite difference equations and one expects (if it is nonzero) that it is expressed (up to a periodic function in s) as a product of Γ(s + β) where β is a logarithm of an eigenvalue of the monodromy of f at infinity [13] (we assume here that the monodromy around 0 is trivial, see below). Changing the forms will change the β’s by an integer.

The problem addressed in this paper consists in finding a natural choice of such logarithms, called the spectrum, and in showing that there exists a family of differential forms such that the previously aluded results still hold. We will assume that the polynomial is tame (cohomologically tame will be enough, see § 8), i.e. that, for some compactification of f, no modification of the topology (or the cohomology) of the fibres comes from infinity.

For a cohomologically tame polynomial, there are two possible ways of defining a spectrum.

The first one uses the Jacobian quotient C[x_0, ..., x_n]/(∂_{x0} f, ..., ∂_{xn} f) as Varchenko does for isolated hypersurfaces singularities (referred to as the local case below). One should moreover use a filtration which measures an asymptotic behaviour, as in the local case. In the convenient nondegenerate case, Douai uses the Newton filtration. It turns out that, in general, one should use the filtration measuring the asymptotic behaviour of integrals � δ ωe^{−τf} where δ is a Lefschetz thimble (see [26]) and ω as above, when τ → 0 (and not when τ → ∞ as is usually done in the stationary phase method).

This can be translated into more algebraic terms. Let M be the Gauss–Manin system of the polynomial f: this is a (regular holonomic) module on the Weyl algebra C[t]⟨∂_t⟩, which associated local system (outside the critical values of f) is the one made by the spaces H^n(f^{−1}(t), C). The Brieskorn lattice M_0 is a free C[t]-module inside M defined as in the local situation (see e.g. [24]). It turns out that ∂_t acts in a one-to-one way on M and that M_0 is stable under ∂^{−1}_t (as in the local case). The role of microlocalization in the local case is now played by the Fourier–Laplace transform (see however [16] for a direct interpretation of the microlocalization in terms of Fourier transform in the local case).

Let G be the module M when viewed as a C[τ]⟨∂_τ ⟩-module, with τ = ∂_t and ∂_τ =−t. This is a holonomic module on the affine line Ǎ^1 with coordinate τ, which has singularities at τ = 0 and τ = ∞ only, the former being regular, but not the latter in general (see e.g. [18]). Consider the coordinate θ = τ^{−1} = ∂^{−1}_t at infinity on the affine line Ǎ^1. Then M_0 is also a free C[θ]-module (with an action of t), and we denote it G_0. The fibre at θ = 0 of this module (i.e. G_0/θG_0) is identified with the Jacobian quotient, up to the choice of a volume form. We are interested in asymptotic expansions of sections of G_0 when τ → 0. More precisely we consider the Malgrange–Kashiwara filtration V_•G at τ = 0 and the spectrum corresponds to the jump indices of this filtration, when induced on the Jacobian quotient.

Once such a definition is given (it coincides with the one given by Douai in the convenient nondegenerate case, see § 12), it remains to show the existence of good differential forms. We argue in two steps.

The hypergeometric determinant is closely related to the determinant of the Aomoto complex [13]

0 −→ C(s) ⊗_C Ω^0[1/f] d_s −−−→ · · · d_s −−−→ C(s) ⊗_C Ω^{n+1}[1/f] −→ 0

where Ω^k[1/f] denotes the space of rational k-forms on C^{n+1} with poles along f = 0 and d_s is the twisted differential d_s = f^{−s} ·d·f^s. The (n+1)th cohomology group of this complex (which is also the only possible nonzero one, thanks to tameness) is equal to the Mellin transform of the Gauss–Manin system M. It is also equal to the Mellin transform of the Fourier transform of M. When 0 is not a critical value for f, a good family of differential forms will be obtained from a good basis of the Brieskorn lattice G_0.

This notion of a good basis has been introduced in the local case by M. Saito [34] in order to show the existence of primitive forms conjectured by K. Saito. We give the straightforward adaptation to our situation, so that the main question which remains is the existence of such a good basis. M. Saito also gave a criterion for the existence of such a basis: the filtration induced by G_k = τ^kG_0 on the nearby cycles of G at τ = 0 should be the Hodge filtration of a mixed Hodge structure, the weight filtration of which should be decreased by two under the action of the nilpotent part of the monodromy of G.

This leads to the second possible definition of the spectrum: J. Steenbrink and S. Zucker [40] constructed a limit mixed Hodge structure on the cohomology H^n(f^{−1}(t), C) when t → ∞ (this construction is also given by F. El Zein [8] and M. Saito in [35]), and using the procedure defined by J. Steenbrink in [39], one defines a spectrum, called the spectrum at infinity of the polynomial f. However it has no a priori direct link with the spectrum of the Brieskorn lattice.

The main result of [29] consists in showing the existence of a natural mixed Hodge structure on the vanishing cycles at τ = 0 of the Fourier transform G isomorphic to the mixed Hodge structure above. In particular both give the same spectrum.

In part II of the present paper we show that the filtration given by the Brieskorn lattice coincides with the Hodge filtration constructed in [29], when the polynomial is cohomologically tame. The ideas are very similar to those of A.N. Varchenko in the local case (see also [25], [37], [34]). In particular we show that the spectrum at infinity and the spectrum of the Brieskorn lattice coincide (up to a shift for the eigenvalue 1 of the monodromy), and this gives the existence of good bases, thanks to the criterion of M. Saito.

It should be noticed, as a consequence of the existence of such bases, that the Riemann–Hilbert–Birkhoff problem (i.e. the existence of a Birkhoff normal form) can be solved for the Brieskorn lattice: it is possible to find a trivial bundle on the projective line associated with Ǎ^1, which is contained in G, which restricts to G_0 in the chart τ ≠ 0 and which restricts to a logarithmic connection with pole at τ = 0 on Ǎ^1.

Part I gives sufficient conditions (Propositions 5.2 and 5.6, following M. Saito) to solve the Birkhoff problem for some germs of irregular meromorphic connections in one variable, and makes the link with Mellin transform.

Part II is concerned with applications (see § 13) to the Gauss–Manin system of a cohomologically tame polynomial on C^{n+1}: to prove the existence of a good basis for this meromorphic connection, we apply a criterion of M. Saito (see § 6.4);

in order to do so, we need to establish Hodge properties for this system, and for this we use the results of [29]. In fact it should be emphasized that all the results of part II are given for a regular function f : U → A^1 on an affine manifold, this function satisfying a tameness assumption at infinity on U. The only difference with the case U = A^{n+1} is that ∂_t is not necessarily bijective on M, so one has to distinguish between M_0 and G_0. In particular, we solve the Birkhoff problem for G_0 and find a good basis for G_0, but this is not directly translated as properties on M_0.

We refer to the appendix of [29] for the notation which is not defined in the main course, in particular for the conventions made concerning perverse functors.

Part I Good basis of a meromorphic connection with a lattice

1 – Spectrum of a meromorphic connection with a lattice

We shall denote U_0 = Spec C[τ] and U_∞ = Spec C[θ] the two standard charts of P^1(C), where θ = 1/τ on U_0 ∩ U_∞. We shall denote 0 = {τ = 0} and ∞ = {θ = 0}.

Let G be a meromorphic connection on P^1, with singularities at 0 and ∞ only, the singularity at 0 being regular (but not necessarily the one at infinity). Then G is a free C[τ, τ^{−1}]-module of finite rank μ, equipped with a derivation ∂_τ which makes it a left C[τ, τ^{−1}]⟨∂_τ ⟩-module. In the following, we shall identify C[τ, τ^{−1}] with C[θ, θ^{−1}] by θ = 1/τ.

Lattices

A lattice of G is a free C[θ]-submodule G_0 of G such that C[θ, θ^{−1}]⊗_{C[θ]}G_0 =G. Such a lattice G_0 has then rank μ over C[θ]. We will say that the lattice G_0 has type 1 at infinity if moreover G_0 is stable under the action of the operator t := θ^2∂_θ.

In this paper, all lattices considered will have type 1 at infinity, so we will simply call them lattices. We shall denote G_k = θ^{−k}G_0, in order to obtain an increasing filtration of G by lattices.

Malgrange–Kashiwara filtration of G at 0

Consider the connection G on U_0. It is known that it is a holonomic C[τ]⟨∂_τ ⟩- module. Its only singular point is 0. In order to simplify the argument, we shall assume in the following that the monodromy of DR^{an}G on U_0 − {0} is quasiunipotent. In fact, we shall only apply what follows to this situation.

We shall now use in this simple situation the properties of the Malgrange– Kashiwara filtration (see e.g. [27, 21, 32], or [28, § 6] for the one dimensional case) that we briefly recall. Let V_•C[τ]⟨∂_τ ⟩ be the increasing filtration of C[τ]⟨∂_τ ⟩ defined by

V_{−k}C[τ]⟨∂_τ ⟩ = τ^kC[τ]⟨τ∂_τ ⟩ for k ⩾ 0 V_kC[τ]⟨∂_τ ⟩ = V_{k−1}C[τ]⟨τ∂_τ ⟩ + ∂_τ V_{k−1}C[τ]⟨τ∂_τ ⟩ for k ⩾ 1 .

There exists a unique increasing exhaustive filtration V_•G of G, indexed by the union of a finite number of subsets α +Z ⊂ Q, satisfying the following properties:

(1) For every α, the filtration V_{α+Z}G is good relatively to V_•C[τ]⟨∂_τ ⟩; (2) For every β ∈ Q, τ∂_τ + β is nilpotent on gr^V_β G := V_βG/V_{<β}G. By assumption, each V_βG is a finite type module over C[τ]⟨τ∂_τ ⟩. Because τ is invertible on G the map induced by τ

τ : V_βG −→ V_{β−1}G

is bijective. Consequently we have for every β ∈ Q

C[τ, τ^{−1}] ⊗_{C[τ]} V_βG = G .

(1.1)

Let G^{an} = C{τ} ⊗_{C[τ]} G and V G^{an} be the Malgrange–Kashiwara filtration of G^{an} at 0. By uniqueness it satisfies

V_βG^{an} = C{τ} ⊗_{C[τ]} V_βG .

Because G is regular at 0, there exists an isomorphism of C{τ}[τ^{−1}]-connections � � β∈Q gr^V_β G

�_{an} ≃ G^{an}

(1.2)

which induces identity after graduation by the corresponding filtrations V (see e.g. [18, Prop. II.1.4] or also [28, Lemma 6.2.6]).

Lemma 1.3. For every β ∈ Q, V_βG is a free C[τ]-module of rank μ and defines a logarithmic connection with pole at 0 on U_0.

Proof: As V_βG has no C[τ]-torsion, it is enough to prove that V_βG has finite type over C[τ]. This follows from the following two facts.

• The localization C[τ, τ^{−1}] ⊗_{C[τ]} V_βG has finite type over C[τ, τ^{−1}]: this is due to (1.1).

• The localization C[τ]_{(0)} ⊗_{C[τ]} V_βG has finite type over C[τ]_{(0)}: using faithful flatness of C{τ} over C[τ]_{(0)} it is enough to consider the analytic localization, for which the assertion follows from the remark above, because G is regular at 0 and because it is clearly true for a V -graded module.

The vector bundles G_{β,k}

Let us fix β ∈ Q and k ∈ Z. The locally free sheaf G_{β,k} is obtained by glueing V_βG on U_0 and G_k on U_∞ using the isomorphisms on U_0 ∩ U_∞ C[τ, τ^{−1}] ⊗_{C[τ]} V_βG = G = C[θ, θ^{−1}] ⊗_{C[θ]} G_k .

The following is easy to prove.

Lemma 1.4.

(1) We have G_{β,k} ⊗ O(ℓ) ≃ G_{β+ℓ,k} ≃ G_{β,k+ℓ} and H^0(P^1, G_{β,k}) = V_βG ∩ G_k where the intersection is taken in G. The isomorphism H^0(P^1, G_{β,k}) ≃ H^0(P^1, G_{β+k,0}) is given by θ^k = τ^{−k} : V_βG ∩ G_k^∼−→ V_{β+k}G ∩ G_0 .

(2) For every β ∈ Q and k ∈ Z, V_βG∩G_k is a finite dimensional vector space.

For a fixed β and for k ≪ 0 we have V_βG ∩ G_k = 0 and for k ≫ 0 we have G_k = V_βG ∩ G_k + G_{k−1}.

In the following we will denote G_β := G_{β,0}.

The spectral polynomial and the spectrum

For β ∈ Q, let ν_β = dim V_βG ∩ G_0 / � V_β ∩ G_{−1} + V_{<β} ∩ G_0 � .

The set of pairs {β, ν_β} for which ν_β ≠ 0 is called the spectrum of (G, G_0). The spectral polynomial of (G, G_0) is

SP_ψ(G, G_0; S) := � β∈Q (S + β)^{νβ} .

If we put δ_β = dim V_βG ∩ G_0, we have

ν_β = (δ_β − δ_{β−1}) − (δ_{<β} − δ_{<β−1}) .

(1.5)

In fact V_βG induces a filtration on G_0/G_{−1}, namely

V_β(G_0/G_{−1}) := V_βG ∩ G_0 / V_βG ∩ G_{−1} ,

the dimension of which is δ_β − δ_{β−1}, and ν_β is the dimension of the βth graded piece. Hence the datum of the δ_β’s is equivalent to the datum of the ν_β’s.

Lemma 1.6. The degree of the spectral polynomial is equal to μ.

Proof: Because we know that dim G_0/G_{−1} = μ, it is enough to show that

V_β(G_0/G_{−1}) = � 0 for β ≪ 0 G_0/G_{−1} for β ≫ 0

which follows from Lemma 1.4.

Because G is regular at 0, the characteristic polynomial of the monodromy T_0 of the local system DR^{an}G on U^∗_0 is � α∈[0,1[(T−exp 2iπα) μ_α with μ

α=dim_C gr^V_α G (this follows from [18, Prop. II.1.4]). Grading by G_• we hence get

Proposition 1.7. Let � β(S + β)^{νβ} be the spectral polynomial of (G, G_0).

Then the polynomial � β(T − exp 2iπβ)^{νβ} is the characteristic polynomial of the monodromy T_0 of ψ_τ DR^{an}G.

2 – How to obtain a lattice by Fourier transform

Let M be a regular holonomic C[t]⟨∂_t⟩-module (regularity at infinity is also assumed and, in fact, only regularity at infinity will be useful in Prop. 2.1) and put M[∂^{−1}_t ] := C[∂_t, ∂^{−1}_t ] ⊗_{C[∂t]} M. It is also regular holonomic and moreover the

(left) action of ∂_t on M[∂^{−1}_t ] is bijective, i.e. one can “integrate in a unique way” all elements of M[∂^{−1}_t ].

We denote ^M the Fourier transform of M: it is equal to M as a C-vector space, and is equipped with a left action of C[τ]⟨∂_τ ⟩, where τ acts like ∂_t and ∂_τ as −t (see e.g. [18]).

Let G be the Fourier transform of M[∂^{−1}_t ]. Then G = ^M[τ^{−1}] satisfies the assumptions made at the beginning of Section 1. We will put as above θ = τ^{−1} = ∂^{−1}_t and will view G as a C[θ, θ^{−1}]-module with an action of t = θ^2∂_θ.

We shall now show how to construct a lattice starting with a C[t]-module inside M. This will give a Fourier correspondence at the level of lattices.

Proposition 2.1. Let M be a regular holonomic C[t]⟨∂_t⟩-module (regularity at infinity would be enough) and let M_0 be a finite type C[t]-submodule of M. Let M^′_0 be the image of M_0 in M[∂^{−1}_t ] by the natural morphism M → M[∂^{−1}_t ]. Let G_0 := � i⩾0 ∂^{−i}_t M^′_0 = C[θ] · M^′_0 be the C[θ]-module generated by M^′_0. Then

(1) G_0 has finite type over C[θ];

(2) if M_0 generates M over C[t]⟨∂_t⟩, then G_0 is a lattice in G = ^M[∂^{−1}_t ].

Proof: Let us begin with (1). First, consider the case M = C[t]⟨∂_t⟩/(P ) where P =

�_d

i=0 ∂^i_ta_i(t), with a_i ∈ C[t], a_d ≢ 0 and (regularity at infinity) deg a_i < deg a_d for i < d. The image g of 1 in M[∂^{−1}_t ] thus satisfies ∂^{−d}_t P · g = 0, which can be written, putting θ = ∂^{−1}_t ,

�_μ k=0 b_k(θ)t^k · g = 0, where μ = deg a_d, and with b_i ∈ C[θ] and b_μ is a nonzero constant (the leading coefficient of a_d). Hence the property is true for the C[t]-module M_0 generated by 1.

Next, remark that if the property is true for some M_0 generating M, it is true for any M_0: one uses the fact that

C[θ] · � M^′_0 + ∂_tM^′_0 � = G_0 + θ^{−1}G_0 = θ^{−1}G_0 .

Hence, (1) is true for M as above. Any M comes in an exact sequence of C[t]⟨∂_t⟩- modules 0 −→ K −→ C[t]⟨∂_t⟩/(P ) −→ M −→ 0

with P as above and K a C[t]-torsion module: indeed, any holonomic M is cyclic, so isomorphic to C[t]⟨∂_t⟩/I, for some left ideal I; take for P an element of I which has minimal degree with respect to ∂_t. The result being easy for torsion modules, it is then true for any M.

(2) is proved using the formula

C[θ] · � M^′_0 + · · · + ∂^k_t M^′_0 � = θ^{−k}G_0 .

Remark 2.2. Notice that, if M = M[∂^{−1}_t ], the dimension of C(t) ⊗_{C[t]} M is equal to the rank of G as a C[τ, τ^{−1}]-module: the rank of G is equal to the sum of dimensions of vanishing cycles of^pDR^{an}M (see e.g. [5, Cor. 8.3]); this is equal to the generic rank of^pDR^{an}M thanks to the fact that H^j � A^1,^pDR^{an}(M) � = 0 for all j (this follows from the fact that ∂_t : M → M is an isomorphism and from the comparison theorem for M, which is regular holonomic).

Fourier transform and formal microlocalization

We will adapt below the results of [16, § 5] to any regular holonomic C[t]⟨∂_t⟩- module M. In loc. cit. they are proved in the case where M has only one singular point in A^1, and this one is even not assumed to be regular (but the one at infinity is so); moreover the result is proved in a Gevrey context, not only in the formal one below, which will be enough for our purpose. Proposition 2.3 below is certainly “well known to specialists”, but does not seem to exist in such a form in the literature.

Denote as above θ = ∂^{−1}_t and let K = C [[θ]] [θ^{−1}] be the ring of formal Laurent series in θ. Put t = θ^2∂_θ and identify K ⊗_{C[t]} C[t]⟨∂_t⟩ with K⟨∂_θ⟩.

Let E_{A1an} be the sheaf of formal microdifferential operators on T^∗A^{1an} \ zero section. We will consider it as a sheaf on A^{1an} by restricting it to the section image(dt). A local section of E_{A1an} is a formal Laurent series � i⩾i_0 ai(t)θ

i where a_i are holomorphic functions defined on a fixed open set. We denote as usual E_{A1an} (0) the subring of sections of E_{A1an} with no pole at θ = 0.

Let M be a C[t]⟨∂_t⟩-module and put G = M[∂^{−1}_t ] viewed as a C[τ]⟨∂_τ ⟩- module, or as C[θ]⟨∂_θ⟩-module. Put also M = O_{A1an} ⊗_{C[t]} M and let M^μ = E_{A1an} ⊗_{DA1an} M be its formal microlocalization. As a sheaf on A^{1an}, it is supported on the singular set of M, since M^μ = 0 when M is O_{A1an} -locally free. At a singular point c, the action of t on the germ M^μ_c can be written as e^{c/θ}(t − c)e^{−c/θ} if E_c is viewed as a subring of C{t − c} [[θ]].

Let M_0 be a finite type C[t]-submodule of M generating M over C[t]⟨∂_t⟩ and put M_0 = O_{A1an} ⊗_{C[t]} M_0. Then M^μ_0 := image � E(0) ⊗_O M_0 → M^μ � is a lattice in M^μ . From the preparation theorem for E(0)-modules (see e.g. loc. cit.) follows that the germ M^μ_{0,c} at each singular point c of M^μ_0 is a free C [[θ]]-module and that M^μ_c = K ⊗_{C[[θ]]} M^μ_{0,c} is a finite K-vector space with an action of ∂_θ.

On the other hand, let G_0 be as above and denote G^^_0 = C [[θ]] ⊗_{C[θ]} G_0. As G^^_0 is stable by t = θ^2∂_θ, it follows from the method of the Turrittin theorem on the splitting of formal connections (see e.g. [18, Chap. III]) that the pair (G^^, G^^_0) splits as a direct sum indexed by the singular points of M: � G^^, G^^_0 � ≃ � c � G^^_c ⊗ e^{−c/θ}, G^^_{0,c} ⊗ e^{−c/θ} �

where each G^^_c is a regular K-connection and G^^_{0,c} is a lattice in it; moreover, ⊗ e^{−c/θ} denotes the twist of the ∂_θ (or the θ^2∂_θ) action.

Proposition 2.3. The composed C [[θ]]-linear map

G^^ := K ⊗_{C[θ−1]}M −→ Γ � A^{1an}, K ⊗_{C[∂t]}M � −→ Γ � A^{1an}, M^μ �

is an isomorphism compatible with the action of t, which identifies G^^_0 with Γ(A^{1an}, M^μ_0 ).

Proof: Remark first that

K ⊗_{C[θ−1]}M = K ⊗_{C[θ,θ−1]} � C[θ, θ^{−1}] ⊗_{C[θ−1]}M � = K ⊗_{C[θ,θ−1]}G = C [[θ]] ⊗_{C[θ]}G .

It is known that G^^ and Γ � A^{1an}, M^μ � are K-vector spaces of the same dimension, namely the sum of dimensions of vanishing cycles of DR^{an}(M) at its singularities (see Remark 2.2 above). Moreover, the map is clearly compatible with the action of t. Last, the map clearly sends G^^_0 into Γ(A^{1an}, M^μ_0 ). As there is no nonzero morphism compatible with the t action between G^^_c ⊗ e^{−c/θ} and M^μ_c′ for c ≠ c^′, it is enough to show that for each c the map G^^_0 → M^μ_{0,c} is onto, or, equivalently, due to Nakayama’s Lemma, that G^^_0 → M^μ_{0,c}/θM^μ_{0,c} is onto.

Remark that, since M_{0,c} = O_c ⊗_{C[t]} M_0, there exists m_1, ..., m_p ∈ M_0 such that any m ∈ M_{0,c} can be written � φ_im_i with φ_i ∈ O_c. There exists d ∈ N and a_d(t) ∈ C[t] such that ∂^d_t a_d(t) · m_i ∈

�_d

k=1 ∂^{d−k}_t M_0 for all i = 1, ..., p. If n is the order of vanishing of a_d at c, we conclude that (t−c)^n1 ⊗ m_i ∈ θM^μ_{0,c} for all i. As we have m = m^′ + (t−c)^n � ψ_im_i with m^′ ∈ M_0 and ψ_i ∈ O_c, we conclude that 1 ⊗ m ≡ 1 ⊗ m^′ mod θM^μ_0 in M^μ_0 .

3 – Spectrum and duality

The free module G^∗ := Hom_{C[τ,τ} −1_](G, C[τ, τ^{−1}]) is naturally equipped with a structure of a meromorphic connection: put, for φ ∈ G^∗,

(∂_τ φ)(g) = ∂_τ (φ(g)) − φ(∂_τ g) .

(3.1)

Lemma 3.2. For β ∈ Q, we have V_β(G^∗) = Hom_{C[τ]}(V_{<−β+1}G, C[τ]).

Proof: Put V_βG^∗ = Hom_{C[τ]}(V_{<−β+1}G, C[τ]). This is a free C[τ]-module of rank μ naturally contained in G^∗ and stable under the action of τ∂_τ . Moreover we have τ^kV_βG^∗ = V_{β−k}G^∗. Let N such that for all δ, (τ∂_τ + δ)^N V_δG ⊂ V_{<δ}G. Let φ∈V_βG^∗. We will now show that (τ∂_τ+β)^Nφ∈V_{<β}G^∗=Hom_{C[τ]}(V_{−β+1}G, C[τ]). Remark that for g ∈ V_{−β+1}G we have � (τ∂_τ + β)φ � (g) = ∂_τ φ(τg) − φ � (τ∂_τ −β+1)g � and ∂_τ φ(τg) ∈ C[τ] since τg ∈ V_{−β}G ⊂ V_{<−β+1}G. By induction we see that � (τ∂_τ + β)^N φ � (g) = h + (−1)^N φ � (τ∂_τ −β+1)^N g � with h ∈ C[τ]. The assertion follows from the fact that (τ∂_τ−β+1)^N g ∈V_{<−β+1}G.

Let us verify that the filtration V_•G^∗ is good relatively to V_•C[τ]⟨∂_τ ⟩. We have to verify that for each β we have V_{β+k}G^∗ = ∂_τ V_{β+k−1}G^∗ + V_{β+k−1}G^∗ for all k ⩾ k_0. This is equivalent to

V_{β+k−1}G^∗ = τ∂_τ V_{β+k−1}G^∗ + V_{β+k−2}G^∗

and is true as soon as β+k−1 > 0 as a consequence of the previous result.

Now V_•G^∗ satisfies all the characteristic properties of the Malgrange– Kashiwara filtration V_•G^∗, hence is equal to it.

If G_0 is a lattice in G, then G^∗_0 := Hom_{C[θ]}(G_0, C[θ]) can be identified with the set of φ ∈ G^∗ verifying φ(G_0) ⊂ C[θ] or also φ(G_k) ⊂ θ^{−k}C[θ] ⊂ C[θ, θ^{−1}] for all k ∈ Z. It follows easily from (3.1) that G^∗_0 is a lattice in G^∗. From the previous lemma we conclude that G^∗_β is equal to the locally free sheaf dual to G_{<−β+1}.

Proposition 3.3. If � β∈Q(S + β)^{νβ} is the spectral polynomial of (G, G_0), then the polynomial � β∈Q(S − β)^{νβ} is the one of (G^∗, G^∗_0); in other words we have ν_β(G^∗, G^∗_0) = ν_{−β}(G, G_0).

Proof: Let us keep notation as above. Serre duality and the fact that G^∗_γ = (G_{<−γ+1})^∗ show that

h^1(P^1, G_{<−γ+1}) = h^0(P^1, G^∗_{γ−2}) and h^1(P^1, G_{−γ+1}) = h^0(P^1, G^∗_{<γ−2}) .

Conclude by considering the exact sequences

0 → H^0(P^1, G_{<−γ}) → H^0(P^1, G_{−γ}) → gr^V_{−γ} G → → H^1(P^1, G_{<−γ}) → H^1(P^1, G_{−γ}) → 0

for γ = β + 1, β and the fact that dim gr^V_{−β} G = dim gr^V_{−β−1}G.

Corollary 3.4. If there exists an isomorphism G^{∗ ∼}−→ G inducing G^∗_0 ≃ G_w for some w ∈ Z, then the spectrum of (G, G_0) is symmetric relatively to w/2, i.e. ν_β = ν_{w−β} for all β ∈ Q.

Remark 3.5. Consider the involution C[τ]⟨∂_τ ⟩^∼−→C[τ]⟨∂_τ ⟩ given by τ →−τ, ∂_τ → −∂_τ and denote G the module G where the action of operators is composed with this involution. Because the action of τ∂_τ is unchanged, we have V_αG = V_αG. Moreover, if G_0 is a lattice in G, then G_0, which is equal to G_0 on which θ acts as −θ and t as −t, is also a lattice in G. In particular the spectrum of (G,G_0) is equal to the one of (G, G_0). If we have an isomorphism (G^∗, G^∗_0)^∼−→ (G, G_w), we can apply Corollary 3.4.

Remark 3.6. Proposition 3.3 can also be obtained in the following more concrete way. From Lemma 3.2 we deduce that the natural pairing V_βG^∗× V_{−β+1}G → C[τ, τ^{−1}] has image in τ^{−1}C[τ] and the pairing with values in C obtained by composing the previous one with the residue at τ = 0 induces a perfect pairing gr^V_β G^∗× gr^V_{−β+1}G → C.

If for any k ∈ Z we denote G^∗_k = τ^kG^∗_0, we get in the same way an isomorphism

gr^{G∗}_k gr^V_β G^∗ ≃ Hom_C � gr^G_{−k−1} gr^V_{−β+1}G, C �

which implies 3.3. We will have to use this isomorphism for β = α ∈ ]0, 1[, so that −α + 1 is also in ]0, 1[; for β = 0 we will use the composition of this isomorphism by multiplication by τ to get

gr^{G∗}_k gr^V_0 G^∗ ≃ Hom_C � gr^G_{−k} gr^V_0 G, C � .

Behaviour with respect to tensor product

The following property is useful in order to prove a Thom–Sebastiani type theorem for the spectrum. Let (G^′, G^′_0) and (G^{′′}, G^{′′}_0) be as in Section 1 and put G = G^′ ⊗_{C[θ,θ−1]} G^{′′}. Then G is regular at τ = 0 and G_0 := G^′_0 ⊗_{C[θ]} G^{′′}_0 is a lattice in it.

Proposition 3.7. Assume that we are given isomorphisms

(G^{′∗}, G^{′∗}_0)^∼−→ (G^′, G^′_w′ ) and (G^{′′∗}, G^{′′∗}_0)^∼−→ (G^{′′}, G^{′′}_w′′ )

for some w^′, w^{′′} ∈ Z. Then the spectrum of (G, G_0) is given by

ν_β(G, G_0) = � β^′+β^{′′}=β

ν_β′ (G^′, G^′_0) ν_β′′ (G^{′′}, G^{′′}_0) .

Proof: The proof follows the one of [43] or [37]. Remark first that we have an isomorphism (G^∗, G^∗_0)^∼−→ (G, G_w) with w = w^′ + w^{′′} by taking the tensor product of the one for G^′ and the one for G^{′′}, as G^′_w′ ⊗ G^{′′}_w′′ = G_w. As G^′, G^{′′}, G are regular at τ = 0 we have (by first twisting with C{τ} and using the structure of regular connections)

gr^V_β G = � β^′∈[0,1[ � gr^V_β′ G^′ ⊗_C gr^V_{β−β}′ G^{′′} � .

Consider on the LHS the filtration induced by τ^kG_0 and on the RHS the tensor product of the corresponding filtrations on gr^V_β′ G^′ and gr^V_{β−β}′ G^{′′}. The former contains the latter, so in particular we have � k⩾0 ν_{β−k} = dim G_0 gr^V_β G ⩾ � β^′∈[0,1[ � k⩾0 � i+j=k

ν^′_β′_{−i} ν^{′′}_{β−β}′_{−j} .

Put (ν^′ ⋆ ν^{′′})_β = � β^′+β^{′′}=β ν ′ β^′ ν ′′ β^{′′} . Then we conclude that � k⩾0 ν_{β−k} ⩾ � k⩾0(ν^′ ⋆ ν^{′′})_{β−k} and thus � γ⩽β ν_γ ⩾ � γ⩽β(ν^′ ⋆ ν^{′′})_γ for any β. As both terms are equal for β ≪ 0 or β ≫ 0 and as ν and ν^′⋆ ν^{′′} are both symmetric with respect to w/2, we conclude that ν = ν^′ ⋆ ν^{′′}.

A microdifferential criterion for the symmetry of the spectrum

We keep notation of § 2: the module M is C[t]⟨∂_t⟩-holonomic and regular even at infinity and we assume that M comes equipped with a C[t]-module M_0 of finite type generating M.

Let DM be the C[t]⟨∂_t⟩-module dual to M, i.e. the left module associated with the right module Ext^1_{C[t]⟨∂t⟩} � M, C[t]⟨∂_t⟩ � . We also denote D(M^μ ) the dual of the microdifferential system attached to M, which is identified with (DM)^μ . As M^μ is endowed with a good filtration M^μ_• = E(•) · M^μ_0 , the dual D(M^μ ) is equipped with a natural filtration D(M^μ )_• defined using any strictly filtered resolution of (M^μ , M^μ_• ) by free (E, E(•))-modules.

Assume that we are given a morphism DM → M such that the kernel and the cokernel are free C[t]-modules of finite rank. Taking Fourier transforms and localizing with respect to τ one gets an isomorphism �DM[τ^{−1}]^∼−→ ^M[τ^{−1}] = G. But we have the following relation between duality and Fourier transform (see [18, lemme V.3.6]):

D ^M = �DM

where D denotes the duality as C[t]⟨∂_t⟩ or C[τ]⟨∂_τ ⟩-module. We will identify below (D ^M)[τ^{−1}] with G^∗ defined above. Hence we get an isomorphism G^{∗ ∼}−→G.

Lemma 3.8 ([34, § 2.7]). We have a canonical isomorphism

G^∗ = (DG)[τ^{−1}] = (D ^M)[τ^{−1}] .

Proof: The second equality is clear as the kernel and cokernel of ^M → G are supported at τ = 0. We have

C[τ, τ^{−1}] ⊗_{C[τ]} DG = Ext^1_{C[τ,τ} −1_{]⟨∂τ ⟩} � G, C[τ, τ^{−1}]⟨∂_τ ⟩

�_g

where N^g means the left module associated with the right module N; consider then the following resolution of G as a left C[τ, τ^{−1}]⟨∂_τ ⟩-module:

0 → C[τ, τ^{−1}]⟨∂_τ ⟩ ⊗_{C[τ,τ −1]}G

∂_τ ⊗ 1−1 ⊗ ∂_τ −−−−−−−−−−−−→ C[τ, τ^{−1}]⟨∂_τ ⟩ ⊗_{C[τ,τ −1]}G −→ G → 0

with C[τ, τ^{−1}]⟨∂_τ ⟩ ⊗_{C[τ,τ −1]}G = C⟨∂_τ ⟩ ⊗_C G, and identify

Hom_{C[τ,τ} −1_{]⟨∂τ ⟩} � C⟨∂_τ ⟩ ⊗_C G, C[τ, τ^{−1}]⟨∂_τ ⟩

�_g = � G^∗⊗_C C⟨∂_τ ⟩

�_g = C⟨∂_τ ⟩ ⊗_C G^∗

to get the assertion.

On the other hand, the morphism DM → M induces an isomorphism D(M^μ ) → M^μ . When the microdifferential property below holds, the spectrum of (G, G_0) is symmetric with respect to w/2.

Proposition 3.9. In the previous situation, assume moreover that there exists w ∈ Z such that this isomorphism sends D(M^μ )_0 onto θ^{−w}M^μ_0 = M^μ_w. Then the isomorphism G^∗ → G sends G^∗_0 onto G_w.

Proof: As the image of G^∗_0 is contained in some G_k and coincides with G after localizing with respect to τ, it is enough to show that C [[θ]] ⊗_{C[θ]} G^∗_0 is sent onto C [[θ]] ⊗_{C[θ]} G_w. According to Proposition 2.3, the problem is reduced to identifying, for each singular point c, � Hom_K (M^μ_c , K), Hom_{C[[θ]]}(M^μ_{0,c}C [[θ]]) � with � D(M^μ_c ), D(M^μ_c )_0 � . This follows also from [34, § 2.7]: recall that M^μ_c is a finite dimensional K-vector space, so one has a resolution of M^μ_c as an E_c-module

0 −→ E_c ⊗_K M^μ_c

(t−c) ⊗ 1−1 ⊗ (t−c) −−−−−−−−−−−−−−−−−→ E_c ⊗_K M^μ_c −→ M^μ_c −→ 0

which induces a resolution

0 −→ E_c(0) ⊗_{C[[θ]]}M^μ_{0,c}

(t−c) ⊗ 1−1 ⊗ (t−c) −−−−−−−−−−−−−−−−−→ E_c(0) ⊗_{C[[θ]]}M^μ_{0,c} −→ M^μ_{0,c} −→ 0 .

In fact it is easier to show first that the corresponding sequences are exact when E_c, E_c(0) are replaced with K⟨∂_θ⟩, C [[θ]] ⟨θ^2∂_θ⟩, and then to use flatness of the former rings over the latter ones respectively.

4 – The Riemann–Hilbert–Birkhoff problem

We keep notation of the previous Section. In order to simplify notation, it will be convenient to write a basis as a column vector; the matrices considered below are the transposed matrices of the usual matrices.

Proposition 4.1. The following properties are equivalent:

(1) there exists a basis g of G_0 over C[θ] for which the matrix of t = θ^2∂_θ is equal to A_0 + θA_1 where A_0 and A_1 are constant matrices;

(2) there exists a free C[τ]-module H^0 ⊂ G stable under the action of τ∂_τ generating G over C[τ, τ^{−1}] and such that (H^0 ∩ G_0) ⊕ G_{−1} = G_0;

(3) there exists a free O_P1 -module G_0 inside (the O_P1 -module associated with) G such that the restriction of G_0 on U_∞ is equal to G_0 and the restriction to U_0 is a logarithmic connection with pole at 0.

Remarks.

(1) If such a basis exists, then A_0 is the transposed matrix of the action of t on G_0/G_{−1} and −A_1 is the transposed matrix of the residue at τ = 0 of the logarithmic connection H^0; moreover the trace of A_1 does not depend on the choice of such a basis: in fact, given two bases g and γ, one can assume that they induce the same basis on G_0/G_{−1} up to a constant base change on γ, so the matrices A_0 are the same; there exists P ∈ GL_μ(C[θ]) such that

A_0 + θA^′_1 = θ^2 ∂_θ(P )·P^{−1} + P (A_0 + θA_1)P^{−1} ;

as det P is a nonzero constant, this implies tr A^′_1 = tr A_1.

(2) In general, one knows the existence of such a basis in the following cases:

• the monodromy matrix of G (around 0 or ∞) has μ distinct eigenvalues (see for instance [17]);

• G_0 is semi-simple as a C[θ]-module equipped with the action of t (cf. [2]).

Proof: (1) =⇒ (2): one puts H^0 = C[τ] · g. Then H^0 is stable under the action of τ∂_τ and the matrix of τ∂_τ in the basis g is −(τA_0+A_1). In particular A_1 is the residue of the logarithmic connection on H^0. One has C[τ, τ^{−1}] ⊗ H^0 = G and H^0 ∩ G_0 = C · g.

(2) =⇒ (3): because of the isomorphisms H^0[τ^{−1}] = G = G_0[θ^{−1}], one may construct a locally free O_P1 -module G_0 such that G_{0|U0} = H^0 and G_{0|U∞} = G_0. We have Γ(P^1, G_0) = H^0 ∩ G_0 and the assumption means that the restriction morphism Γ(P^1, G_0) → i^∗_∞G_0 is an isomorphism. From the Birkhoff–Grothendieck theorem one deduces easily that G_0 is trivial.

(3)=⇒(1): let g be a basis of G_0. Because G_0 is stable under the action of t, the matrix of t in this basis has elements in C[θ]. Because H^0 := G_{0|U0} is stable under the action of τ∂_τ = −θ∂_θ, one concludes that this matrix has degree at most one in θ.

Assume that (G, G_0) is obtained from (M, M_0) as in § 2, where M = M[∂^{−1}_t ] is regular holonomic, generated by M_0, and M_0 is C[t]-free and stable under ∂^{−1}_t .

The partial Riemann–Hilbert problem for M_0 consists in finding a C[t]-basis of M_0 for which the connection matrix has at most a logarithmic pole at infinity.

Corollary 4.2. Assume that M = M[∂^{−1}_t ] is regular even at infinity, that M_0 has finite type over C[t], is stable under ∂^{−1}_t and generates M. Then, if the R-H-B problem has a solution for G_0 with A_1 + k Id invertible for all k ∈ N, the C[t]-module M_0 is free and the partial Riemann–Hilbert problem has a solution for M_0.

Proof: Indeed, let g be a C[θ]-basis of G_0 satisfying property (1) of Proposition 4.1. Then we have, for all k ⩾ 1,

θ^kg = k−1� ℓ=0 � (A_1 + ℓ Id)^{−1} (t Id −A_0) � · g ,

hence g generates M_0 as a C[t]-module. Moreover, the relation tg =(A_0 + θA_1)g can also be written ∂_tg = (t Id −A_0)^{−1}(A_1−Id)g. Iterating the process shows that M = C[∂_t, ∂^{−1}_t ]g ⊂ C(t) ⊗_{C[t]} M_0, hence C(t) ⊗_{C[t]} M_0 = C(t) ⊗_{C[t]} M. The surjective morphism C[t]^μ→M_0 is onto, hence an isomorphism, as dim_{C(t)}C(t)⊗_{C[t]}M=μ (see Remark 2.2). Therefore, M_0 is C[t]-free and g is a C[t]-basis of M_0. Now and the connection matrix in this basis has rational coefficients with a pole of order at most one at infinity.

5 – Good bases

The content of this Section is an adaptation of [34, § 3].

Definition 5.1. We shall say that a basis g of G_0 is a good basis if

(1) the matrix of t = θ^2∂_θ in this basis is A_0 + θA_1, where A_0 and A_1 are constant μ × μ matrices;

(2) the spectrum of A_1 is equal to the spectrum of (G, G_0).

If moreover A_1 is semisimple, we shall say that g is a very good basis.

Proposition 5.2. Assume that for every α ∈ [0, 1[ there exists a decreasing filtration (H^k_α)_{k∈Z} of gr^V_α G by subspaces satisfying the following properties:

(1) for every α ∈ [0, 1[ and every k ∈ Z, the subspace H^k_α is stable under the action of the nilpotent endomorphism N of gr^V_α G induced by τ∂_τ + α;

(2) (transversality condition) the decreasing filtration H^•_α is opposite to the increasing filtration on gr^V_α G induced by (G_k)_{k∈Z}, i.e.

gr^ℓ_{Hα} gr^G_k gr^V_α G = 0 for k ≠ ℓ .

Then one can construct a good basis of G_0. Moreover, this basis is very good if and only if for every α ∈ [0, 1[ the filtration H^•_α satisfies NH^k_α ⊂ H^{k+1}_α for all k ∈ Z.

Proof: Let E = V_1G/V_0G. This is a rank μ vector space equipped with an action of τ∂_τ . Moreover E = � α∈[0,1[ Eα with Eα = � n Ker(τ∂_τ + α)^n and by construction, the filtration induced by V_αG on E, namely V_αG/V_0G for α ∈ [0, 1[, is equal to � 0<α^′⩽α Eα^′ . We shall denote it VαE. We have also gr V α E = gr^V_α G for α ∈ [0, 1[.

The filtration G_k induces a filtration G_kE = G_k ∩ V_1G / G_k ∩ V_0G in the same way. The filtration G_kE induces on gr^V_α E = gr^V_α G the filtration G_k gr^V_α G := G_k ∩ V_αG / G_k ∩ V_{<α}G.

Lemma 5.3. Under the assumption of proposition (5.2), there exists a decreasing filtration (L^k)_{k∈Z} of E which satisfies

(1) L^k is stable under the action of τ∂_τ , (2) L^• is opposite to G_•.

Proof: We shall show (by induction on the number of α such that E_α ≠ 0) that L^k= � αH^k_α satisfies the desired properties. Put α_0 =max{α∈[0, 1[ | E_α ≠0}, E^′ = � 0⩽α<α_0 Eα and E

′′ = E/E^′ = gr^V_{α0} G. We have to show that for every k ∈ Z we have

L^k ∩ G_{k−1}E = 0 and L^k + G_{k−1}E = E .

First, the induction hypothesis implies that L^k ∩G_{k−1}E ∩E^′ = 0. Hence the map L^k ∩ G_{k−1}E → E^{′′} is injective. But its image is contained in H^k_{α0} ∩ G_{k−1} gr^V_{α0} G, which is equal to 0 by transversality assumption. The other equality is proved in the same way.

In order to obtain information on G from information on E, we shall introduce the Rees module of G associated with the filtration V G. So let u be a new variable and consider

R_V G_0 := � k∈Z (V_kG ∩ G_0)u^k ⊂ G_0 ⊗_C C[u, u^{−1}] .

Denote w the action of θu on G ⊗_C C[u, u^{−1}]. Then R_V G_0 is naturally a C[u, w]- module because multiplication by θ induces an isomorphism

V_kG ∩ G_0^∼−→ V_{k+1}G ∩ G_{−1} ⊂ V_{k+1} ∩ G_0 .

Put ∂_w = u^{−1}∂_θ and w^2∂_w = uθ^2∂_θ. Then, because θ^2∂_θ acts as −∂_τ on V_kG, it induces a map

θ^2∂_θ : V_kG ∩ G_0 −→ V_{k+1}G ∩ G_0

and one deduces an action of w^2∂_w on R_V G_0.

Lemma 5.4. R_V G_0 is a free C[u, w]-module of rank μ. Its restriction at u = u_0 ≠ 0 (with action of w^2∂_w) is isomorphic to G_0 (with the action of θ^2∂_θ) and its restriction at u = 0 is equal to � k G_0(V_kG/V_{k−1}G).

Proof: The last two assertions are standard for Rees modules associated with a good filtration. Let us prove first that R_V G_0 has finite type over C[u, w]. By Lemma 1.4 we know that V_kG ∩ G_0 = 0 for k ≪ 0. It is then enough to prove that R_V G_0 is generated over C[u, w] by � k⩽k_0 (VkG ∩ G0)u

k for a suitable choice of k_0. But by the same lemma we know that there exists k_0 such that V_kG ∩ G_0 = V_{k−1}G ∩ G_0 + V_kG ∩ G_{−1} for all k ⩾ k_0. Hence for all such k, any element m_ku^k ∈ (V_kG ∩ G_0)u^k can be written

m_ku^k = u · (m_{k−1}u^{k−1}) + w · (n_{k−1}u^{k−1})

with m_{k−1}, n_{k−1} ∈ V_{k−1}G ∩ G_0. The result is obtained by an easy decreasing induction on k.

Once we know that R_V G_0 has finite type, we can argue as follows to obtain the freeness. Because C[u, u^{−1}, w] ⊗ R_V G_0 is isomorphic to G_0[u, u^{−1}], it is free of rank μ over C[u, u^{−1}, w]. Moreover this also implies that R_V G_0 is torsion free over C[u, w], because its torsion must be supported on {u = 0} by this property, and this is not possible since R_V G_0 is contained in G_0[u, u^{−1}]. Last, the fibers of R_V G_0 at each point of {u = 0} have dimension μ: by homogeneity, it is enough to check this at u = w = 0, where the fiber is � k V_k(G_0/G_{−1}) / V_{k−1}(G_0/G_{−1}) and has dimension μ because of Lemma 1.4. We conclude that R_V G_0 is a finite type projective C[u, w]-module, so is free of rank μ by Quillen–Souslin.

End of the proof of Proposition 5.2

Consider the Rees module R_V G := � k∈Z V_kG · u^k. It defines a meromorphic connection on P^1 ×C relative to the projection on C, with poles along {0}×C and {∞}×C: it is a free C[u, w, w^{−1}]-module equipped with a compatible action of ∂_w (here, ∞ = {w =0}). Inside of it R_V G_0 is a relative lattice. The restriction i^∗R_V G to {u = 0} is equal to sp^V G := ⊕_k(V_kG/V_{k−1}G). This is a connection on P^1 with regular singularities at 0 and ∞, and containing the lattice sp^V G_0 = i^∗R_V G_0. We shall first construct a complementary lattice for sp^V G_0 in sp^V G and we shall then extend it as a relative complementary lattice for R_V G_0 in R_V G. Restricting this lattice to u = 1 will give a complementary lattice for G_0 in G. We shall then apply Proposition 4.1 to obtain the good basis.

First we define H^k_β for every β ∈ Q in the following way: let β = α − ℓ with α ∈ [0, 1[ and ℓ ∈ Z; denote by v the action of τ on sp^V G. Put H^k_β = v^ℓH^{k−ℓ}_α . This space is contained in v^ℓ gr^V_α G = gr^V_β G and is isomorphic to H^{k−ℓ}_α . We shall view gr^V_β G as a subspace of V_{−ℓ+1}G/V_{−ℓ}G by the same arguments that we used for E at the beginning of the proof.

For a fixed β ∈ Q, we have H^k_β = 0 for k ≫ 0 and H^k_β = gr^V_β G for k ≪ 0: it is enough to prove this for β = α ∈ [0, 1[; this follows from the transversality condition and the fact that the analogue is true for the increasing filtration G_k gr^V_α G. It is easily seen that for every β ∈ Q, the decreasing filtration H^•_β of gr^V_β G is opposite to G_• gr^V_β G. Put

H^k = � β∈Q H^k_β .

One can see that H^0 is a C[v]-module of finite type. It is clearly stable under the action of v∂_v which is the action induced by τ∂_τ on sp^V G because the H^k_α are so. It is free because it has no torsion, being contained in sp^V G. Moreover, H^k = v^kH^0. We have

H^0/vH^0 = � β∈Q H^0_β/H^1_β = � β∈Q gr^0_{Hβ} (gr^V_β G) = � β∈Q gr^G_0 (gr^V_β G) (transversality) .

(5.5)

This shows that H^0 has rank μ and that C[τ, τ^{−1}] ⊗_{C[τ]} H^0 = G.

Hence H^0 and sp^V G_0 can be glued together in a locally free sheaf on P^1 and because of the transversality assumption, they satisfy property (2) of Proposition 4.1. Consequently, this locally free sheaf is indeed free.

Before going further on in the proof, let us remark that equality (5.5) shows that the characteristic polynomial of the residue of the connection on H^0 is equal to the spectral polynomial of (G, G_0). This residue is semisimple if and only if τ∂_τ + β acts by 0 on H^0_β/H^1_β for all β ∈ Q, which is equivalent to the fact that NH^k_α ⊂ H^{k+1}_α for all α ∈ [0, 1[ and all k ∈ Z.

Let us now come back to the proof. We shall extend the free sheaf that we have obtained above as a locally free sheaf on P^1×D, where D is a small neighbourhood of u = 0 in C, in such a way that its restriction to U_∞×D is equal to the restriction of R_V G_0 to this neighbourhood. This sheaf will be equipped with an action of v∂_v when restricted to U_0×D, so is a relative logarithmic connection with pole along {0}×D on this open set. By restriction to u = u_0 ∈ D −{0} and using homogeneity in u, we shall obtain a locally free sheaf on P^1 extending G_0 and with a logarithmic connection with pole at {0} on U_0. This sheaf is free, being a deformation of a free sheaf on P^1. We will also make the deformation in such a way that the residue at 0 is constant in the deformation. So we shall obtain a good basis using Proposition 4.1 and the previous remark.

Using the isomorphism (1.2), we can extend H^{0an} as a relative logarithmic connection H^0 in R_V G_{|Δ×D}, where Δ is a small neighbourhood of v = 0 in P^1. Indeed, the isomorphism (1.2) gives a trivialization R_V G_{|Δ×D} ≃ π^∗ sp^V G_{|Δ}, where π : P^1×D → P^1 denotes the projection. The glueing of H^{0an} and sp^V G_0 on Δ − {0} can also be extended to a glueing of H^0 and R_V G_0 on (Δ − {0}) × D, restricting D if necessary: it is enough for this to extend bases of H^{0an} and sp^V G_0 to the deformation. The last thing to verify in order that the program we have announced to be completed is that the residue of the relative connection on H^0 is constant: this is due to the fact that for all β ∈ Q the graded deformation gr^V_β (H^0) is constant.

Behaviour with respect to duality

Assume that we are given an isomorphism

(G^∗, G^∗_0) or (G^∗, G^∗_0)^∼−→ (G, G_w) .

It defines a non degenerate bilinear (or sesquilinear) pairing

S : G_0 ⊗_{C[θ]}G_0 −→ θ^wC[θ] of C[θ]-modules which is compatible with the action of ∂_θ. We also get a duality (see Remark 3.6) gr^V_α G or gr^V_α G^∼−→ Hom_C(gr^V_{−α+1}G, C) (α ∈ ]0, 1[) gr^V_0 G or gr^V_0 G^∼−→ Hom_C(gr^V_0 G, C) .

A good (or very good) basis ε of G_0 is said to be adapted to S if S(ε_i, ε_j) ∈ C · θ^w for all i, j .

Proposition 5.6. If the decreasing filtrations H^•_α of gr^V_α G (α ∈ [0, 1[) satisfy conditions 1 and 2 of Proposition 5.2 and moreover

(3) H^{k⊥}_α = H^{w−k}_{−α+1} (α ∈ ]0, 1[) and H^{k⊥}_0 = H^{w−k+1}_0 then the good basis given by this proposition is adapted to S.

Sketch of proof: As in Proposition 4.1, one shows that the basis ε is adapted to S if and only if S extends to a nondegnerate pairing S : G_0 ⊗_O P1 G_0 −→ O_P1 [w]

compatible with connections, where O_{P1} [w] denotes the trivial rank one bundle equipped with the connection d + w dθ θ . Condition 3 means that this is true for sp_V G_0 and for the form sp_V S (see the proof of 5.2 for the notation). Now R_V S defines R_V S with maybe poles along {v = 0}×D. Since R_V S_{|u=0} = sp_V S has no poles at v = 0, it follows that R_V S has no poles along v = 0, and specializing to u = 1 gives S.

6 – Examples when there exists a good basis

We first obtain from Proposition 5.2:

Corollary 6.1. Let (G, G_0) be such that no two distinct elements of the spectrum differ by an integer. Then G_0 has a good basis.

Proof: In fact the assumption means that for every α ∈ [0, 1[ there exists a unique k ∈ Z (that we shall denote k_α) such that gr^G_k gr^V_α G ≠ 0, i.e. G_{kα} gr^V_α G = gr^V_α G and G_{kα−1} gr^V_α G = 0. So we can choose H^k_α = gr^V_α G for k ⩽ k_α and H^k_α = 0 for k > k_α in order to apply Proposition 5.2.

Remark. In fact, the H^k_α that we have constructed above is the only possible choice when the assumption of the corollary is satisfied. In particular the good basis that we obtain is very good if and only if τ∂_τ + α acts by 0 on gr^V_α G for every α ∈ [0, 1[, which means that the monodromy of G is semisimple.

Let c be a complex number and G ⊗ e^{cτ} be the C[τ, τ^{−1}]-module G where the action of ∂_τ is translated by c: ∂_τ (g ⊗ e^{cτ} ) = [(∂_τ + c)g] ⊗ e^{cτ} . In the same way the action of t = θ^2∂_θ is translated by −c. We shall denote G_0 ⊗ e^{cτ} the corresponding lattice.

Proposition 6.2. If (G, G_0) admits a good basis g then g ⊗ e^{cτ} is a good basis for (G ⊗ e^{cτ} , G_0 ⊗ e^{cτ} ) and the matrix A_1 is the same for both.

Proof: The matrix of t in the basis g ⊗ e^{cτ} is equal to A_0 + c Id +θA_1. In order to verify that g ⊗ e^{cτ} is a good basis, it is enough to verify that the spectrum of (G ⊗ e^{cτ} , G_0 ⊗ e^{cτ} ) is equal to the one of (G, G_0) (the latter being equal to the spectrum of A_1 by assumption). It is then enough to verify that V (G ⊗ e^{cτ} ) = (V G) ⊗ e^{cτ} . This is clear because τ∂_τ acts on G ⊗ e^{cτ} as τ∂_τ + cτ on G and cτ acts by 0 on each gr^V_α G.

It follows from Proposition 3.7 that

Proposition 6.3. If (G^′, G^′_0) and (G^{′′}, G^{′′}_0) satisfy the assumptions of Corollary 3.4 and have good (or very good) bases, then the tensor product of these bases is a good (or very good) basis of (G^′ ⊗ G^{′′}, G^′_0 ⊗ G^{′′}_0).

6.4. M. Saito’s criterion

M. Saito gives the following criterion for the existence of a very good basis (cf. [34, prop. 3.7]): If for every α ∈ [0, 1[ and all j > 0 the map N^j : gr^V_α G → gr^V_α G strictly shifts the filtration induced by G_• by j, then all the conditions of Proposition 5.2 are satisfied and hence G_0 admits a very good basis.

This criterion is fulfilled in particular if � α∈[0,1[ G^• gr V α G is the Hodge filtration of a mixed Hodge structure for which the weight filtration M_• satisfies NM_• ⊂ M_{•−2}.

Assume moreover that we have an isomorphism (G^∗, G^∗_0)^∼−→ (G, G_w).

This isomorphism hence induces a perfect pairing of mixed Hodge structures � α∈]0,1[

gr^V_α G ⊗ � α∈]0,1[

gr^V_α G −→ C(−w)

gr^V_0 G ⊗ gr^V_0 G −→ C(−w + 1)

where C(k) is the pure Hodge of weight −2k on C. Then M. Saito (see [34, Lemma 2.8]) gives a canonical choice for the filtrations H^•_α (satisfying 5.2-1,2), and this choice satisfies property 3 in Proposition 5.6.

7 – Good basis for the Mellin transform

Good basis and irregularity

Let G be as in Section 1. Assume that G admits a basis g over C[θ, θ^{−1}] for which the matrix of t = θ^2∂_θ is A_0 +θA_1, where A_0 and A_1 are constant matrices. By assumption, G is regular at τ = 0. Let ir_∞(G) be the Malgrange–Komatsu irregularity number (see e.g. [14]) of G at τ = ∞ (i.e. θ = 0) and let μ = rk G. From the classical results of Turrittin and Katz on irregular singularities (see e.g. [18] or [41]) on gets:

Proposition 7.1. The matrix A_0 is invertible if and only if ir_∞(G) = μ.

Mellin transform of G

Put σ = −θ∂_θ and identify the ring C[θ, θ^{−1}]⟨∂_θ⟩ with the ring of finite difference operators C[σ]⟨θ, θ^{−1}⟩, where we have the relation θσ = (σ+1)θ. The (rational) Mellin transform G of G is the C(σ)-vector space C(σ) ⊗_{C[σ]} G, equipped with a structure of a left C(σ)⟨θ, θ^{−1}⟩-module. It is known to be a finite dimensional C(σ)-vector space. More precisely, for G as in Section 1, we have

Proposition 7.2. dim_{C(σ)} G = ir_∞(G).

Proof: Let G ⊗ L_α be the C[θ, θ^{−1}]-module G on which θ∂_θ acts by θ∂_θ + α, for α∈C. Then dim_{C(σ)}G=χ(^pDR(G⊗L_α)) for α general enough, where the RHS is the Euler characteristics of the algebraic de Rham complex of G ⊗ L_α on C^∗. The local index theorem [14] and the fact that χ(^pDR^{an}(G ⊗ L_α)) = 0 imply that χ(^pDR(G⊗L_α)) = ir_∞(G⊗L_α), and the equality ir_∞(G⊗L_α) = ir_∞(G) is easy.

Good basis for the Mellin transform

Let G as above and assume that there exists a basis g of G in which the matrix of t is A_0 + θA_1.

Proposition 7.3. We have dim_{C(σ)} G = rk G if and only if A_0 is invertible. If this is satisfied, then g is also a C(σ)-basis of G, and the matrix of τ = θ^{−1} is −A^{−1}_0 (A_1 + σ Id).

Proof: The first part is a consequence of Propositions 7.1 and 7.2. We have −σg =A_0τg+A_1g. If A_0 is invertible, C(σ) · g is a C(σ)-subspace of G stable by τ, the matrix of τ being −A^{−1}_0 (A_1+ σ Id). It is also stable by τ^{−1}, and consequently g generates G over C(σ) because by assumption it generates it over C(σ)⟨τ, τ^{−1}⟩. Using the equality of dimensions we conclude that g is a C(σ) basis of G.

Remark. If g is a good basis (Definition 5.1) for (G, G_0) and if dim_{C(σ)}G = rk G, we see that the determinant of τ in the C(σ)-basis g of G satisfies

det(τ; g) = ⋆ det(σ Id +A_1) = ⋆ SP_ψ(G, G_0; σ)

where ⋆ is a nonzero constant.

Mellin transform and Fourier transform

Assume that G is the Fourier transform of a regular holonomic C[t]⟨∂_t⟩-module M on which the action of ∂_t is invertible (see § 2). Let M[t^{−1}] be the localized module and M its Mellin transform: we put s = −t∂_t and M = C(s) ⊗_{C[s]} M. This is a C(s)⟨t, t^{−1}⟩-module which has finite dimension over C(s). Let M_0 ⊂ M be a finite C[t]-module stable by ∂^{−1}_t and generating M over C[t]⟨∂_t⟩. It defines a lattice G_0 of G (see Section 2). Let G be the Mellin transform of G as above. We can identify G and M using the isomorphism C(s)⟨t, t^{−1}⟩≃C(σ)⟨θ, θ^{−1}⟩ given by s → σ+1 and t → −θσ = −(σ+1)θ. The previous results give the following:

Proposition 7.4.

(1) We have rk G = � c∈C μ_c(M) and dim_{C(s)} M = � c∈C^∗ μc(M). We have

dim_{C(σ)} G = rk G if and only if 0 is not a singular point of M. (2) Assume that there exists a good basis g for (G, G_0). Then, if 0 is not a singular point for M, g is a C(s)-basis for M and the matrix of t in this basis is s(A_1+ s Id)^{−1}A_0. Moreover the determinant of t in this basis has poles (counted with multiplicities) on the opposite spectrum of (G, G_0) exactly.

Part II The Gauss–Manin system of a cohomologically tame function

8 – Some properties of cohomologically tame functions on an affine manifold

Let U be a smooth affine quasi-projective variety (over C) of dimension n + 1 and f: U → A^1 be a regular function. We say that f is cohomologically tame if there exists a compactification of f given by a commutative diagram U � � j � f � � � � X F � A^1

where X is quasi-projective and F is proper, such that the complex Rj_∗Q_U has no vanishing cycle at infinity, namely, for all c ∈ A^1, the vanishing cycle complex ϕ_{F −c} Rj_∗Q_U is supported in at most a finite number of points, all at finite distance, i.e. contained in U. We shall denote Σ the set of critical values of f and μ = μ(f) the sum of the Milnor numbers of f at its critical points.

Examples

If f : A^{n+1} → A^1 is “tame” (see [4, Lemma 4.3]), i.e. if there exists ε > 0 and a compact K ⊂ U such that ‖∂f‖ ⩾ ε out of K, then f is cohomologically tame (with respect to the standard partial compactification of the graph X ⊂ P^n×A^1 of f).

In fact, Parusiński has shown [23] that f : A^{n+1} → A^1 is cohomologically tame with respect to the standard partial compactification of the graph X ⊂ P^n×A^1 of f if and only if it satisfies a condition weaker than tameness, called the Malgrange condition, saying that when f(x) remains bounded, there exists ε > 0 such that ‖x‖ ‖∂f(x)‖ ⩾ ε for ‖x‖ sufficiently large.

In [22] is introduced the notion of M-tameness for such a polynomial, which gives global Milnor fibrations in big balls in C^{n+1}. It is not clear that any M-tame polynomial is cohomologically tame, but the tame ones, or the ones satisfying Malgrange condition are both cohomologically tame and M-tame.

Fix coordinates on A^{n+1}. If f : A^{n+1} → A^1 is convenient and nondegenerate with respect to its Newton polyhedron at infinity, then f is tame [4], and this example is considered with some details in § 12.

Consider now examples where U is different from A^{n+1}. The first one is the case where U is a curve, so f is a meromorphic function on the complete curve U.

Let U = (C^∗)^{n+1} and let f be a Laurent polynomial. Assume that f is nondegenerate with respect to its Newton polyhedron Δ_∞(f) and is convenient [12]. Let F : X → A^1 be the partial compactification of f given by considering the closure of the graph of f in the product of A^1 with the toric compactification of U defined by Δ_∞(f). Then it follows from [6, Lemma (3.4)] that f is cohomologically tame with respect to X.

Remark. Consider a closed embedding of F : X → A^1 in p: Y×A^1 → A^1, where Y is smooth and p is the second projection. Let κ: X → Y×A^1 be the inclusion. Then f is cohomologically tame if and only if the constructible complex F = R(κ∘j)_∗C_U is noncharacteristic with respect to p along X−U, in other words its characteristic variety or microsupport (see e.g. [10]) Char F ⊂ T^∗(Y×A^1) (i.e. the one of the corresponding bounded complex of regular holonomic D-modules on Y×A^1) satisfies Char F ∩ � Y×T^∗A^1 � ⊂ Y×A^1 over the points of κ(X −U) (see e.g. [23, prop-def. 1.1]).

Remark also that the noncharacteristic property is satisfied by Rj_∗Q_U (or F as above) if and only if it is satisfied by each of its perverse cohomology sheaves.

In the remaining of the paper we will assume for simplicity that n ⩾ 1, i.e. dim U ⩾ 2.

The following theorem (which is essentially well known) contains the main properties of the direct images sheaves of the constant sheaf Q_U under the map f.

Theorem 8.1. Let f: U → A^1 be a cohomologically tame polynomial with n + 1 = dim U ⩾ 2. Then

(1) the complex Rf_∗^pQ_U (resp. Rf_!^pQ_U ) has nonzero perverse cohomology in degrees k ∈ [−n, 0] (resp. k ∈ [0, n]) at most; for k < 0 (resp. for k > 0) pR^kf_∗^pQ_U (resp.^pR^kf_!^pQ_U ) is the perverse constant sheaf of rank dim H^{k+n}(U, Q) (resp. dim H^{k+n}_c (U, Q)) on the affine line A^1;

(2) the kernel and the cokernel (in the perverse sense) of the natural morphism^pR^0f_!^pQ_U →^pR^0f_∗^pQ_U are constant perverse sheaves (with the same rank) on A^1;

(3) the complex Rf_∗Q_U has cohomology in degrees k ∈ [0, n] at most;

for k < n, R^kf_∗Q_U is the constant sheaf of rank dim H^k(U, Q) on the affine line A^1 and R^nf_∗Q_U [1] is perverse and equal to^pR^0f_∗^pQ_U ;

(4) the complex Rf_!Q_U has cohomology in degrees k ∈ [n, 2n] at most and R^nf_!Q_U = H^{−1}(^pR^0f_!^pQ_U );

(5) if n ⩾ 2, one has an exact sequence

0 → K → R^nf_!Q_U → R^nf_∗Q_U → C → R^{n+1}f_!Q_U → 0

where K and C are constant sheaves.

Remarks 8.2.

(1) For n = 1, the last two statements have to be slightly modified. (2) As we shall see below (cf. § 13.12), the image (in the perverse sense) of the morphism^pR^0f_!^pQ_U →^pR^0f_∗^pQ_U is isomorphic to a direct sum T⊕σ_∗L[1], where σ : A^1 −Σ → A^1 denotes the open inclusion, L is the local system made of the cohomology spaces H^n(f^{−1}(t), Q) and T is supported on Σ. In other words, this image satisfies the conclusion of the decomposition theorem.

Let us first give some consequences of the tameness of f on the nearby and vanishing cycle sheaves of F . Let c ∈ A^1 and i_{F −1(c)}: F^{−1}(c) → X be the closed inclusion. We will also denote j : f^{−1}(c) → F^{−1}(c) the open inclusion induced by j : U → X. Let also i: X −U → X denote the closed inclusion.

Proposition 8.3. If f is cohomologically tame (with respect to X) then the following properties are satisfied:

(1) for each c ∈ A^1, ϕ_{F −c}(j_!Q_U ) = ϕ_{F −c}(Rj_∗Q_U ), where j_! is the extension by 0 and i^{−1} ϕ_{F −c}(j_!Q_U ) = i^{−1} ϕ_{F −c}(Rj_∗Q_U ) = 0 ;

(2) for each c∈A^1, ψ_{F −c}(Rj_∗Q_U)=Rj_∗(ψ_{f−c}Q_U) and ψ_{F −c}(j_!Q_U)=j_!(ψ_{f−c}Q_U); (3) for each c ∈ A^1, i^{−1}_{F −1(c)}(Rj_∗Q_U ) = Rj_∗Q_f −1_{(c)}.

Proof: (1) It is clear that the two sheaves coincide on f^{−1}(c). By Verdier duality we have j_!^pQ_U = D(Rj_∗^pQ_U ) and^pϕ_{F −c}(j_!^pQ_U ) ≃ D(^pϕ_{F −c}(Rj_∗^pQ_U )) (see [5]). The two complexes ϕ_{F −c}(j_!Q_U ) and ϕ_{F −c}(Rj_∗Q_U ), being dual up to a shift, have the same support, which is contained in f^{−1}(c) by assumption of tameness, so these two complexes coincide.

(2) It is equivalent to show the analogous equalities using the perverse functor^pψ and the perverse sheaf^pQ_U . Then the first equality is Verdier dual to the second one. From (1) we deduce that^pϕ_{F −c}(j_!^pQ_U ) = j_!(^pϕ_{f−c}^pQ_U ) so the second equality is equivalent to i^{−1}_{F −1(c)}(j_!Q_U ) = j_!Q_f −1_{(c)} and it is enough to prove that i^{−1}i^{−1}_{F −1(c)}(j_!Q_U ) = 0. But this is clear because the functors i^{−1} and i^{−1}_{F −1(c)} commute.

(3) is a direct consequence of (1) and (2).

Corollary 8.4. For all c ∈ A^1,

(1) the complex ϕ_{f−c}Q_U has cohomology in degree n at most, (2) on the sheaf Q_U , the functors Rf_∗ and Rf_! commute with the functors ψ_{f−c}, ϕ_{f−c}, i^{−1}_{f −1(c)} and i^!_{f −1(c)}.

Proof: (1) We know that^pϕ_{f−c}^pQ_U is a perverse sheaf onf^{−1}(c). The assumption of tameness implies that its support consists of a finite number of points. Hence it has cohomology in degree 0 at most.

(2) Let us show the result for Rf_∗ and ψ_{f−c} for instance. Let t be the coordinate on A^1. We have

ψ_{t−c}(Rf_∗Q_U ) = ψ_{t−c}(RF_∗Rj_∗Q_U ) = RF_∗ � ψ_{F −c}(Rj_∗Q_U ) � (F is proper) = RF_∗ � Rj_∗(ψ_{f−c}Q_U ) � (Proposition 8.3) = Rf_∗(ψ_{f−c}Q_U ) .

Proof of theorem 8.1:

Lemma 8.5. If f is cohomologically tame and n ⩾ 1, then

(1) the complex Rf_∗Q_U has cohomology in degrees m ∈ [0, n] at most; (2) for m ∈ [0, n−1], the sheaf R^mf_∗Q_U is a constant sheaf on A^1 of rank dim H^m(U, Q).

Proof: The first point does not depend on the tameness assumption: this is Artin theorem (see for instance [10, Prop. 10.3.17]). It can be easily shown with the tameness assumption, because, due to Proposition 8.3, restriction to fibers causes no problem, so it is equivalent to the fact that each fiber f^{−1}(c) has cohomology in degrees m ∈ [0, n] at most, which can be proved using Morse theory (see e.g. [10, Th. 10.3.8]).

For the second point, remark that for each c ∈ A^1 we have an exact sequence

· · · → H^m(i^{−1}_c Rf_∗Q_U ) −→ H^m(ψ_{t−c}Rf_∗Q_U ) −→ H^m(ϕ_{t−c}Rf_∗Q_U ) → · · ·

and we have H^m(ψ_{t−c}Rf_∗Q_U ) = ψ_{t−c}R^mf_∗Q_U because Rf_∗Q_U has constructible cohomology on A^1. Moreover we clearly have H^m(i^{−1}_c Rf_∗Q_U ) = i^{−1}_c R^mf_∗Q_U . From Corollary 8.4 we deduce that H^m(ϕ_{t−c}Rf_∗Q_U ) = 0 for m ≠ n. Hence for m < n we have ϕ_{t−c}R^mf_∗Q_U = 0, which implies that R^mf_∗Q_U is a locally constant sheaf on A^1, hence a constant sheaf.

The Leray spectral sequence with E^{mq}_2 = H^q(A^1, R^mf_∗Q_U ) degenerates at E_2, as follows from the previous results and this gives the statement concerning the rank of R^mf_∗Q_U for m < n.

Remark. At this point, one can compute the generic rank of R^nf_∗Q_U (or R^nf_!Q_U ): one uses the fact that for a constructible complex F on A^1, the cohomology sheaves of which are local systems on A^1 − Σ, one has, for t_0 ∈ A^1−Σ,

χ(A^1, F) = χ(F_{t0} ) − � c∈Σ χ(ϕ_{t−c}F) .

When applied to F = Rf_∗Q_U (or Rf_!Q_U ), this gives

rk R^nf_∗Q_U = μ + h^n(U, Q) − h^{n+1}(U, Q) .

Lemma 8.6. We have^pR^kf_∗^pQ_U = R^{n+k}f_∗Q_U [1] for any k ∈ Z.

Proof: For each c ∈ A^1 the complex^pQ_f −1_{(c)} := Q_{f −1(c)}[n] is perverse and we have an exact sequence of perverse sheaves on f^{−1}(c)

0 −→^pQ_f −1_{(c)} −−−→^pψ_{f−c}^pQ_U can−−−→^pϕ_{f−c}^pQ_U −→ 0 .

(8.7)

We deduce a long exact sequence, by taking direct images and perverse cohomology, and using the fact that^pψ and^pϕ commute with Rf_∗ (Corollary 8.4) and perverse cohomology:

· · · −→^pR^mf_∗^pQ_f −1_{(c)} −−−→^pψ_{t−c}^pR^mf_∗^pQ_U can−−−→^pϕ_{t−c}^pR^mf_∗^pQ_U −→ · · · where^pR^mf_∗^pQ_f −1_{(c)}=H^{m+n}(f^{−1}(c), Q). Using the fact that H^{m+n}(f^{−1}(c), Q)=0 for m > 0 and (tameness)^pϕ_{t−c}^pR^mf_∗^pQ_U = 0 for m ≠ 0, we conclude that for m ≠ 0^pR^mf_∗^pQ_U are (locally) constant sheaves on A^1 and we obtain an exact sequence

0 −→ H^n(f^{−1}(c), Q) −−−→^pψ_{t−c}^pR^0f_∗^pQ_U can−−−→^pϕ_{t−c}^pR^0f_∗^pQ_U −→ 0

which gives surjectivity of can for^pR^0f_∗^pQ_U .

Now, for a perverse sheaf F on A^1, the fact that can is onto is equivalent to the fact that F is an ordinary sheaf (near c). Since the perverse cohomology sheaves of Rf_∗Q_U are ordinary sheaves up to a shift by 1, we conclude that these are also the ordinary cohomology sheaves up to a shift by 1.

The statements of the theorem for Rf_∗Q_U are now proved. The perverse statements for Rf_!Q_U follow by Verdier duality and the nonperverse ones are straightforward consequences. The last point of the theorem follows then from the second one. Let us now prove it.

Consider the complex i^{−1}Rj_∗Q_U , which is the cone of j_!Q_U → Rj_∗Q_U . Proposition 8.3 shows that we have ϕ_{F −c}(i^{−1}Rj_∗Q_U ) = 0 for each c ∈ A^1. This implies that the perverse cohomology groups of RF_∗(i^{−1}Rj_∗Q_U ) are (locally) constant sheaves up to a shift, hence the ordinary cohomology groups also. Consequently the (perverse) cohomology groups of the cone of Rf_!Q_U → Rf_∗Q_U are constant sheaves, which implies the first part of (2).

9 – The Gauss–Manin system of a regular function

Let O_U be the sheaf of regular functions on the affine manifold U and f: U → A^1 be a regular function. The Gauss–Manin system of f is the complex f_+O_U of D_A1 -modules.

Denote Ω^k(U) the space of algebraic differential forms of degree k on U. Then

(1) H^k(Ω^• (U), d) = H^k(U, C), (2) if f has only isolated critical points, the complex (Ω^• (U), df∧) has cohomology in degree n+1 only.

The following is proved as in [15] or [24] (the statement about regularity is well known):

Proposition 9.1. f_+O_U is represented by the complex (Ω^{•+n+1}(U)[∂_t], d_f ), where the differential d_f is defined by d_f ( � i ω_i∂^i_t) = � i dω_i∂^i_t − � i df ∧ ω_i∂^{i+1}_t .

The cohomology modules H^j(f_+O_U ) are naturally equipped with a structure of a C[t]⟨∂_t⟩-module which makes them holonomic modules, regular even at infinity. Moreover H^j(f_+O_U ) = 0 for j ∉ [−n, 0].

Remarks.

(1) We identify here algebraic D_A1 -modules with modules over C[t]⟨∂_t⟩.

We always have H^{−n}(f_+O_U ) = C[t].

(2) If U = A^{n+1}, the (left) action of ∂_t is invertible on H^j(f_+O_U ) for −n < j ⩽ 0.

The complex (Ω^{•+n+1}(U)[∂_t], d_f ) comes equipped with an increasing filtration M_• defined by

M_kΩ^{•+n+1}(U)[∂_t] = Ω^{•+n+1}(U)[∂_t]_{⩽k+•}

where the filtration on the RHS is the one by the degree in ∂_t. This defines a filtration on the cohomology groups of this complex.

Assume from now on that f is cohomologically tame.

Proposition 9.2. Under this assumption, for j < 0, the C[t]-module H^j(f_+O_U ) is free of rank dim H^{j+n}(U, C).

Proof: By the comparison theorem we have

pDR^{an}H^j(f_+O_U ) =^pR^jf_∗^pDR^{an}O_U =^pR^jf_∗^pC_U

and from Theorem 8.1 we know that for j <0 this complex is the constant sheaf (up to a shift) of the right rank.

Corollary 9.3. If U = A^{n+1}, the subcomplex (df ∧ Ω^•_U , d) of (Ω^{•+1}, d) has cohomology in degree 0 and n only and the relative de Rham complex (Ω^•_{U/A1} , d) has cohomology in degree 0 and n at most.

Proof: Let η ∈ Ω^k(U) with 0 < k < n and ω = df ∧ η such that dω = 0, i.e. df ∧dη = 0. This implies that d_f ω = 0, hence ω = d_f ξ with ξ ∈ Ω^k(U)[τ]. Thanks to the de Rham Lemma, one may assume that ξ ∈ Ω^k(U) so that the previous equality is equivalent to ω = dξ and df ∧ ξ = 0. Put ξ = df ∧ η^′. Then ω = d(df ∧ η^′).

The second part of the corollary is now clear.

We shall denote M = H^0(f_+O_U ). It is henceforth a holonomic C[t]⟨∂_t⟩-module with regular singularities (even at t = ∞). Let ^M be its Fourier transform (see Section 2) and let G = ^M[τ^{−1}] = ^M[∂^{−1}_t ]. Then G is a free C[τ, τ^{−1}]-module of finite rank μ.

Remarks 9.4.

(1) Consider on U×Ǎ^1 (where Ǎ^1 = Spec C[τ]) the D_{U×Ǎ1} -module O_{U×Ǎ1} · e^{−τf} .

Then the complex (Ω^{•+n+1}(U)[τ], d_f ), where d_f is defined as in Proposition 9.1.(1), represents the direct image by p: U×Ǎ^1 → Ǎ^1 of O_{U×Ǎ1}·e^{−τf} . In other words we have ^M = H^0(p_+O_{U×Ǎ1} · e^{−τf} ).

(2) The localized complex (Ω^{•+n+1}(U)[τ, τ^{−1}], d_f ) = p_+O_{U×Ǎ1} [τ^{−1}]·e^{−τf} has cohomology in degree 0 only when f has only isolated critical points, and this cohomology is equal to G.

10 – The Brieskorn lattice G_0 and its spectrum

Let M_0 ⊂ M be the image of Ω^{n+1}(U) in M = Ω^{n+1}(U)[∂_t]/d_f Ω^n(U)[∂_t].

Theorem 10.1. Assume that f is cohomologically tame. Then M_0 is a free C[t]-module of finite rank generating M over C[t]⟨∂_t⟩.

From Proposition 2.1 we conclude, putting θ = τ^{−1}:

Corollary 10.2. Let G_0 be the C[θ]-module generated by M_0 in G. Then G_0 is a lattice in G (see § 1) and the rank of G is equal to the sum of the Milnor numbers of f at its critical points. Moreover the fiber G_0/θG_0 at θ = 0 (i.e. τ = ∞) is equal to Ω^{n+1}(U)/df ∧ Ω^n(U).

Remarks 10.3.

(1) If U = A^{n+1}, we have M = M[∂^{−1}_t ], M_0 is stable by ∂^{−1}_t and, using the identification G = ^M = M, G_0 is identified with M_0, viewed as a C[θ]- module and not as a C[t]-module. This lattice G_0 is usually called the Brieskorn lattice. We have G_0/θG_0 ≃ C[x_0, ..., x_n]/(∂f/∂x_0, ..., ∂f/∂x_n).

(2) If U≠A^{n+1}, then G_0 is the lattice obtained from M_0 after saturation by ∂^{−1}_t .

It is the image of Ω^{n+1}(U)[τ^{−1}] in Ω^{n+1}(U)[τ, τ^{−1}]/d_f � Ω^{n+1}(U)[τ, τ^{−1}] � .

So not all the elements of G_0 are represented by differential forms: they are represented by polynomials in θ with coefficients in Ω^{n+1}(U).

(3) If � (X +β)^{νβ} denotes the spectral polynomial of (G, G_0) as defined in § 1, it follows from Proposition 1.7 and [29, cor. 1.13] that � β(T −exp 2iπβ)^{νβ} is the characteristic polynomial of the monodromy at infinity of f on the cohomology H^{n+1}(U, f^{−1}(t); Q).

Proof of the C[t] finiteness of M_0: Consider first the following situation: Y is a smooth projective variety, U is a Zariski open set of Y and Z = Y − U. Let j: U×A^1 → Y×A^1 and k : Y×A^1 → Y×P^1 denote the inclusions. Let M be a regular holonomic D_{U×A1} -module (regularity along Y×P^1 − U×A^1 is included), and let N ⊂ M be a coherent sub-D_{U×A1/A1} -module. The cohomology of Rj_∗N admits a natural structure of a D_{Y×A1/A1} -module. Here the differential operators are algebraic. The corresponding analytic objects are indicated with the exponent “an”.

Proposition 10.4. Assume that the analytic de Rham complex DR^{an}j_+M (which has constructible cohomology on Y×A^1) has no vanishing cycle in some (analytic) neighbourhood of Z×A^1 with respect to the projection π : Y×A^1 →A^1. Then there exists a coherent D_{U×A1/A1}-submodule N of M satisfying D_{U×A}1·N=M and such that the cohomology of Rj_∗N is coherent over D_{Y×A1/A1} .

Lemma 10.5. Let ~M be a regular holonomic D_{Y×P1} -module and let Σ ⊂ Y×A^1 be the set of points (y, c) such that y ∈ Supp ϕ_{π−c}(DR^{an} ~M). There exists a coherent D_{Y×P1/P1} -submodule ~N of ~M such that D_{Y×P1} · ~N = ~M and

~N [∗(Y×∞)] = ~M[∗(Y×∞)] on Y×P^1 −Σ .

In particular ~M[∗(Y×∞)] is D_{Y×P1/P1} [∗(Y×∞)]-coherent when restricted to Y×P^1 −Σ.

Proof: By GAGA it is enough to prove the result in the analytic category. There exists only a finite number of critical values c ∈ P^1 for which ϕ_{π−c}(DR^{an} ~M) is nonzero. Hence Σ is contained in the union of a finite number of fibres of π and is compact.

Let c ∈ P^1 and V^{(c)} ~M be the Malgrange–Kashiwara filtration of ~M along Y×{c} (see e.g. [27, 21, 32]). It is known that each step V^{(c)}_α ~M is relatively coherent in an analytic neighbourhood of Y×{c} (this can be proved using resolution of singularities [21, th. 4.12.1], see also [27, prop. 5.1.5]). We put ~N = V^{(c)}_1 ~M in this neighbourhood.

It follows from the correspondence between regular holonomic D-modules and vanishing cycles (see e.g. [21]) that we have ~M = V^{(c)}_1 ~M = ~N in a neighbourhood of (y, c) ∉ Σ.

We hence construct ~N by glueing the various V^{(c)}_1 ~M in neighbourhoods of critical values with ~M outside these critical values.

For any critical value c ∈ P^1, let z be a local coordinate on P^1 centered at c. We also have ~M[z^{−1}] = (V^{(c)}_1 ~M)[z^{−1}] (see e.g. [21]). Applying this for c = ∞ gives the result.

Proof of Proposition 10.4: Let M be an algebraic D_{U×A1} -module which is holonomic and regular even at infinity. If DR^{an}j_+M has no vanishing cycle in some neighbourhood of Z×A^1, then the same is true for DR^{an}H^ℓ(j_+M) for each ℓ: in fact^pϕ_{π−c}^pDR^{an}H^ℓ(j_+M) is the ℓ-th perverse cohomology object of pϕ_{π−c}^pDR^{an}(j_+M), and the last complex is zero if and only if all its perverse cohomology objects are so. Consequently the set Σ associated with j_+M is the union of the sets Σ_ℓ associated with H^ℓ(j_+M). By assumption we have Y×P^1 = (U×A^1) ∪ (Y×P^1 −Σ).

We will apply the lemma to ~M=H^0j_+M. We get a coherent D_{Y×P1/P1} -module ~N ⊂ ~M and we put N = j∗k∗ ~N , which is a coherent D_{U×A1/A1} -module generating M over D_{U×A1} . Moreover on Y×P^1 − Σ we have

(Rk_∗Rj_∗N )^{an} = � R(k∘j)_∗(k∘j)^∗ ~N

�_{an} = � R(k∘j)_∗(k∘j)^∗k_∗k^∗ ~N

�_{an} = � R(k∘j)_∗(k∘j)^∗k_∗k^∗ ~M

�_{an} because of 10.5 = (Rk_∗Rj_∗M)^{an} = (k_+j_+M)^{an} .

The last complex has D^{an}_{Y×P1/P1} [∗(Y×∞)]-coherent cohomology on Y×P^1 − Σ because of Lemma 10.5. We conclude that (Rk_∗Rj_∗N )^{an} is D^{an}_{Y×P1/P1} [∗(Y×∞)]- coherent on Y×P^1 and Rk_∗Rj_∗N is D_{Y×P1/P1} [∗(Y×∞)]-coherent by GAGA. Consequently Rj_∗N is D_{Y×A1/A1} -coherent.

Corollary 10.6. Let M be as in Proposition 10.4. Then for any coherent D_{U×A1/A1} -submodule N ⊂M and for any ℓ the image of

H^ℓ(U×A^1, DR_π N ) −→ H^ℓ(U×A^1, DR_π M) has finite type over C[t], where DR_π denotes the algebraic de Rham complex relative to π : U×A^1 → A^1.

Proof: It is enough to prove this for some N generating M over D_{U×A1} . One uses the N given by the previous proposition. Then

R(π∘j)_∗ DR_π N = Rπ_∗Rj_∗ DR_π N = Rπ_∗ DR_π Rj_∗N

has O_A1 -coherent cohomology and

H^ℓ(U×A^1, DR_π N ) = Γ � A^1, R^ℓ(π∘j)_∗ DR_π N � .

End of proof of the finiteness of M_0

Let X ⊃U be the quasi-projective variety associated with f (see beginning of Section 8), let X be a projective compactification of it and Y be a smooth projective manifold containing X as a closed subset. Let Z = X−U and U = Y −Z. We have maps

U i−−−→ U×A^1 η −−−→ U×A^1 j −−−→ Y×A^1 p � � π � � π � � A^1 = A^1 = A^1

where i and η are closed immersions. We have i_+O_U = O_U [∂_t] · δ(t−f) and the relative de Rham complex DR_π(i_+O_U ) is the one given in Proposition 9.1.

It is enough to prove that if N is a D_{U×A1/A1} -submodule of i_+O_U , the image of

H^ℓ � DR_p N(U×A^1)) −→ H^ℓ � DR_p i_+O_U (U×A^1) �

has finite type over C[t] for all ℓ where DR_p denotes the de Rham complex relative to p : indeed, if we take for N the D_{U×A1/A1} -submodule generated by O_U · δ(t −f), we see that M_0 is contained in the image of

H^{n+1} � DR_p N(U×A^1) � −→ H^{n+1} � DR_p i_+O_U (U×A^1) � . The module η_+i_+O_U satisfies the assumption of Proposition 10.4 and since η is a closed relative immersion, we can apply Corollary 10.6 to N = η_+N.

Proof of the C[t] freeness of M_0: Let c be any critical value of f and V^{(c)}_• M be the Malgrange–Kashiwara filtration relative to t−c. It is enough to prove that, in a neighbourhood of c, we have M_0 ⊂ V^{(c)}_{<1} M, because by construction V^{(c)}_{<1} M has no torsion near c. Let V^{(c)}_• (i_+O_U ) be the corresponding Malgrange–Kashiwara filtration on i_+O_U .

Lemma 10.7. After restriction to the complement of all critical values ≠ c, we have

V_•M = image H^0 � DR_π(V_•(i_+O_U )) � → H^0 � DR_π(i_+O_U ) � where π : U×A^1 → A^1 denotes the projection.

Proof: As indicated in the proof of Lemma 10.5, when we restrict to the complement W_c of all critical values different from c, i.e. when we tensorize with C � t, � � c^′≠c(t−c ′) �_{−1}�

, each V_α(i_+O_U ) is D_{U×Wc/Wc}-coherent. If V^′_αM denotes the RHS in the lemma, we conclude that each V^′_αM is finite over C � t, � c^′≠c(t−c ′) �_{−1}� . The other characteristic properties of the Malgrange–Kashiwara filtration are clearly satisfied by V^′_• M, so V^′_• M =V_•M on W_c by uniqueness.

In order to conclude, it is enough to prove that δ(t−f) ∈ V^{(c)}_{<1} (i_+O_U ). This is equivalent, by a standard argument, that the roots of the Bernstein for (f − c)^s are negative. It is shown in [3] (see also [20, Prop. 4.2.1]) that the Bernstein polynomial for (f− c)^s is equal to the lcm of the local analytic Bernstein polynomials of f− c at the critical points of f with critical value c. The roots of each of these local Bernstein polynomials are negative [9], so the same is true for the global Bernstein polynomial.

11 – Duality for the Brieskorn lattice and for the spectrum

We will adapt the construction of higher residue pairings given by K. Saito [30] in the present algebraic situation. We will construct in this Section an isomorphism G^{∗ ∼}−→ G which strictly shifts the filtration G_• by n + 1, i.e. G^∗_0^∼−→ G_{n+1}. We then deduce from Corollary 3.4 the following:

Corollary 11.1. The spectrum at infinity of a cohomologically tame polynomial of n + 1 variables is symmetric with respect to n + 1 2 .

Proposition 3.9 shows that it is enough to construct a morphism

DM −→ M

where M = H^0f_+O_U and D is the duality functor for C[t]⟨∂_t⟩-modules, such that the kernel and the cokernel are free C[t]-modules of finite type, and which strictly shifts by n + 1 the microdifferential Brieskorn lattice M^μ_0 of f.

Because f_+O_U has cohomology in degrees −n and 0 only we see that Df_+O_U has cohomology in degrees 0 and n only. Moreover we have H^0Df_+O_U = DM, and H^{−n}f_+O_U and H^nDf_+O_U =DH^{−n}f_+O_U are free C[t]-modules of rank one. Hence it is enough to construct a morphism

Df_+O_U −→ f_+O_U

(11.2)

such that the cohomology of its cone consists only of free C[t]-modules of finite type.

Let us consider a smooth quasi-projective compactification of f, namely a smooth quasi-projective manifold X and a commutative diagram U � � j � f � � � � � X f � A^1 with f proper and j open. It will be convenient to assume that D = X −U is a divisor in X and that X dominates the partial compactification X for which f is cohomologically tame.

Because duality commutes with proper direct image (see e.g. [19, 33, 38]), it is enough to construct a morphism Dj_+O_U → j_+O_U . But we have such a canonical morphism because j^+Dj_+O_U = O_U . One verifies that such a morphism (11.2) does not depend on the choice of the compactification.

By the comparison theorem and the local duality theorem (see e.g. [19, th. 4.3.1]) this morphism corresponds via the functor^pDR^{an} to the canonical morphism Rf_!^pC_U → Rf_∗^pC_U . But we know that the cohomology of the cone of this one has constant cohomology sheaves. Hence the cohomology of (11.2) has C[t]-free cohomology modules.

Relation with local duality

Let M = M^{an} = H^0f_+(O_X [∗D]). Let B be an open neighbourhood of the critical points of f in U and Δ a neighbourhood of the critical values such that f : B → Δ is the local Milnor fibration and let M^′ = H^0f_+(O^{an}_B ) be the local

Gauss–Manin system of f around its critical points. We have a natural restriction map M_{|Δ} → M^′ of D_Δ-modules. Moreover we have a commutative diagram of Poincaré duality maps DM_{|Δ} −−−→ M_{|Δ} � � � � DM^′ −−−→ M^′ where the left vertical map is the adjoint of the right vertical one: this follows from the functoriality of the Poincaré duality map as constructed in [36] for instance.

It is known (see e.g. [34]) that the local Poincaré duality map DM^′ →M^′ induces an isomorphism DM^{′μ} →M^{′μ} which sends (DM^{′μ})_0 onto M^{′μ}_{n+1} if M^{′μ}_0 denotes the formal microlocal Brieskorn lattice of f : B → Δ (in fact, this is true at the level of microlocal lattices). So it remains to identify M^{′μ}_0 with M^μ_0 in order to get the result, according to Proposition 3.9.

Identification of the microdifferential Brieskorn lattice

Put L = O_X [∗D] and choose an O_X -coherent submodule L_0 of L such that D_X L_0 =L and that the image of the composed map

f_∗ � Ω^{n+1}_X ⊗_O X L_0 � −→ f_∗ � Ω^{n+1}_X ⊗_O X L � = f_∗Ω^{n+1}_U −→ M

is equal to the one of f_∗Ω^{n+1}_U , namely M_0. Such an L_0 exists since M_0 is O_{A1} -coherent.

Let E_X be the sheaf of microdifferential operators on T^∗X (formal or convergent, this will not matter now) with its subsheaf E_X (0). Let L^μ_0 = E_X (0) ⊗_{OX} L_0.

Lemma 11.3. The image of the natural morphism

R^0f_∗ � E_{A1an←X} (0)^L⊗_E

X (0)

L^μ_0 � −→ R^0f_∗ � E_{A1an←X}^L⊗_E X L^μ � = E_A1an ⊗_D

A1an

H^0f_+L

is equal to M^μ_0 .

Proof: This is a direct consequence from the fact that the natural map

f^{−1}E_A1an (0) ⊗

f^{−1}O_{A1an}

Ω^{n+1}_X −→ E_{A1an←X} (0)

induces a quasi-isomorphism after ⊗^L_{OX} L_0 and direct image by f, as follows from [9, § 4].

Now L^μ is supported on D and on the critical points of f, and the part of the direct image coming from D is zero, because f factorizes through X where a non characteristic property is assumed along X − U. Hence M^μ_0 is indeed the microlocal Brieskorn lattice of f : B → Δ.

12 – The case of a convenient nondegenerate polynomial

Assume that f : A^{n+1} =U → A^1 is nondegenerate with respect to its Newton polyhedron at infinity and that f is convenient (see [12]). Then it is known that f is tame (see [4]). One can define the Newton spectrum of f (see [7], but here we shall consider an increasing Newton filtration, so the Newton spectrum considered here is opposite to the one considered in [7]). We shall prove

Theorem 12.1. In this situation, the Newton spectrum of f is equal to the spectrum of the Brieskorn lattice of f.

Remark. This result is analogous to the one of M. Saito [31] (see also [11]) for the case of an isolated singularity. The proof will be analogous.

Proof: We shall use the following notation:

For a n-face σ of the Newton polyhedron of f not containing the origin, L_σ will denote the linear form with coefficients in Q^∗_+ such that L_σ ≡ 1 on σ.

For u(x) ∈ C[x], we denote δ^∗_σ(u) = max_ν L_σ(ν+1) where ν ∈ N^{n+1} is the exponent of a monomial in u. Moreover δ^∗(u) will denote the maximum over all such σ of δ^∗_σ(u). We define δ_σ and δ in the same way, replacing L_σ(ν +1) with L_σ(ν).

For α ∈ Q we put N_αΩ^{n+1} ={u · dx| δ^∗(u) ⩽ α}. This defines an increasing filtration of Ω^{n+1}(U) by finite dimensional vector spaces with N_αΩ^{n+1} = 0 for α ⩽ 0.

We put N_αG_0 = image N_αΩ^{n+1} ⊂ G_0. We define a filtration N_αG of G:

N_αG = N_αG_0 + τ N_{α+1}G_0 + · · · + τ^kN_{α+k}G_0 + · · ·

which is clearly stable under the action of C[τ] and satisfies τN_αG ⊂ N_{α−1}G.

Lemma 12.2. The filtration N_•G is equal to the Malgrange–Kashiwara filtration V_•G.

Proof: Let us first show that N_αG has finite type over C[τ] (over C[τ]⟨τ∂_τ ⟩ would be enough). It is enough to show that, for a given α, there exists k_0 such that for k ⩾ k_0 we have

τ^kN_{α+k}G_0 ⊂ C[τ]· � N_αG_0 + · · · + τ^{k0} N_{α+k0} G_0 � . Let us fix k_0 such that N_{α+k0} G_0 + G_{−1} = G_0, let k ⩾ k_0 and let u · dx ∈ N_{α+k}Ω^{n+1}(U). By the division lemma [7, 2.2.1], we have

u · dx = v · dx + df ∧ η

with [v · dx] ∈ N_{α+k0} G_0 and δ^∗(dη) ⩽ δ^∗(udx) − 1. So we have modulo Im d_f the equality

τ^ku · dx = τ^kv · dx + τ^{k−1}dη

and we can argue by decreasing induction on k to get the result.

Let σ be a codimension one face not containing the origin and put ξ_σ = L_σ(x∂_x). Then (ξ_σ +L_σ(1)) (ue^{−τf} ) · dx ∈ d � Ω^n(U)[τ]e^{−τf} � for u ∈ C[x], so we have the following relation modulo Im d in Ω^{n+1}(U)[τ]e^{−τf} : � τ∂_τ +δ^∗_σ(u) � · ue^{−τf} dx ≡ − � ξ_σ(u)−δ_σ(u)u � e^{−τf} dx + τ � f−ξ_σ(f) � ue^{−τf} dx .

(12.3)

Moreover, for any such face σ^′ we have δ^∗_σ′ � ξ_σ(u) − δ_σ(u)u � ⩽ δ^∗_σ′ (u) and δ^∗_σ′ � (f − ξ_σ(f))u � ⩽ δ^∗_σ′ (u) + 1, and both inequalities are strict if σ^′ = σ.

We conclude that

τ∂_τ · N_αG_0 ⊂ N_αG_0 + τN_{α+1}G_0

so N_αG is stable under the action of τ∂_τ .

Moreover, by iterating #{σ | δ^∗_σ(u)=δ^∗(u)}-times relation (12.3), one shows that there exists N_0(α) with (τ∂_τ + α)^{N0(α)}N_αG_0 ⊂ N_{<α}G and by the finiteness result above there exists N(α) such that (τ∂_τ + α)^{N(α)}N_αG ⊂ N_{<α}G.

Because N_αG_0 = 0 for α ⩽ 0, we have N_αG = τN_{α+1}G for α ⩽ 0. Because the action of ∂_τ on G_0 is induced by the multiplication by f on Ω^{n+1}(U) and because δ(f) = 1, we have ∂_τ N_αG_0 ⊂ N_{α+1}G_0, hence ∂_τ N_αG ⊂ N_{α+1}G. Moreover for α > 0 we have N_{α+1}G = N_αG + ∂_τ N_αG: indeed, if ue^{−τf} dx ∈ N_{α+1}G_0, we have (∂_τ τ + α)^{N(α+1)}ue^{−τf} dx ∈ N_{<α+1}G, so

ue^{−τf} dx = ∂_τ � τb(τ∂_τ ) ue^{−τf} dx � + v with v ∈ N_{<α+1}G and τb(τ∂_τ )ue^{−τf} dx ∈ N_αG and we iterate the process on v to get the result.

The spectrum of the Newton filtration is by definition the spectrum of the filtration N_• defined by

N_•(G_0/G_{−1}) = N_αG_0 / (N_αG_0 ∩ G_{−1}) .

From the previous lemma we get N_αG_0 ⊂ V_αG ∩ G_0, hence N_α(G_0/G_{−1}) ⊂ V_α(G_0/G_{−1}) for all α. In order to show that both filtrations (or spectra) coincide, it is enough (by an argument of Varchenko, [11]) to show that both spectra are symmetric with respect to (n+1)/2. For V , this has been shown in the previous Section and for N this has been shown in [7, prop. 7.3.3], using arguments analogous to the ones in [11].

Remarks.

(1) R. Garcia pointed out that the relation between the Newton spectrum and the characteristic polynomial of the monodromy at infinity of f that one deduces from the identification between the Newton spectrum and the spectrum of the Brieskorn lattice was expected in [1].

(2) The order with respect to the Newton filtration of the n+1-form dx is minimum and is obtained only for this form. It follows from [7] that the class of dx in G_0/G_{−1} generates the vector space V_{αmin}(G_0/G_{−1}), where α_{min} is the smallest spectral number. This space has thus dimension one.

13 – Hodge theory for the Brieskorn lattice

We assume in this Section that f : U → A^1 is a cohomologically tame regular function.

We will use the identification

ψ^{mod}_τ ^M = ψ^{mod}_τ (H^0 ^f_+O_U ) = ψ^{mod}_τ (H^0 ^f_+O_U [τ^{−1}]) = ψ^{mod}_τ G = � α∈[0,1[

gr^V_α G

and it follows from [29, th. 5.3] that this space is equipped with a natural mixed Hodge structure isomorphic by [35] to the limit of H^{n+1}(U, f^{−1}(t)) for t → ∞ as constructed by Steenbrink and Zucker [40] up to a Tate twist.

Theorem 13.1.

(1) The weight filtration of this mixed Hodge structure is the monodromy filtration of N centered at −n for ψ^{mod}_{τ,≠1}G and at −(n+1) for ψ^{mod}_{τ,1} G.

(2) The Hodge filtration is the filtration induced by G_• on ψ^{mod}_τ G.

The proof will be given in § 13.11. As a consequence of the proof we will obtain in § 13.18 the positivity of the spectrum:

Corollary 13.2. The spectral numbers of the Brieskorn lattice are contained in the closed interval [0, n+1] and if U = A^{n+1} in the open interval ]0, n+1[.

Remark. If U ≠ A^{n+1} it may happen that 0 belongs to the spectrum, as shown by the following example: take U = (C^∗)^{n+1}, f is a Laurent polynomial which Newton polyhedron has dimension n + 1 and contains 0 in its interior (i.e. f is convenient) and which is nondegenerate with respect to its Newton polyhedron. Then the class of the form dx_0 x_0

∧· · ·∧ dx_n x_n is contained in G_0∩V_0G.

From standard results in Hodge theory we have

Corollary 13.3. The morphism N: ψ^{mod}_τ G → ψ^{mod}_τ G strictly shifts by one the filtration induced by G_•.

As a consequence we get from M. Saito’s criterion 6.4

Corollary 13.4. The Brieskorn lattice of a cohomologically tame function has a very good basis ε which satisfies S(ε_i, ε_j) ∈ C · θ^{n+1} if S denotes the nondegenerate sesquilinear form G ⊗_{C[θ,θ−1]} G → C[θ, θ^{−1}] of § 11.

One deduces from Proposition 4.1

Corollary 13.5. The Riemann–Hilbert–Birkhoff problem has a solution for the Brieskorn lattice of a cohomologically tame function.

Let V be any smooth quasi-projective manifold of pure dimension dim V and let F^•_DH^k(V, C) be the (decreasing) Hodge–Deligne filtration on the cohomology spaces of V . For q ∈ N, let

χ_{Del}(V ; q) := (−1)^{dim V} � k (−1)^k dim gr^q_{FD} H^k(V, C) = � i (−1)^i dim gr^q_{FD} H^{dim V −i}(V, C) ,

ζ_{Del}(V ; S) := � q (S + dim V − q)^{χDel(V ;q)} .

Remark that if we put χ^c_{Del}(V ; q) = � i (−1)^i dim gr^q_{FD} H^{dim V +i}_c (V, C) we have χ^c_{Del}(V ; q) = χ_{Del}(V ; dim V − q). For instance, if V = A^{n+1}, we have ζ_{Del}(V ; S) = (S+n+1)^{(−1)n+1} .

Corollary 13.6. If f is cohomologically tame on U, we have

SP_ψ(G, G_0; S) = SP_ϕ

�_p ψ_{1/t}(Rf_∗^pC_U ); S � · ζ_{Del}(U; S) .

Proof: As f is cohomologically tame we know that H^j(f_+O_U ) are free C[t]- modules for j ≠0, so that H^j( ^f_+O_U ) are supported at τ =0 for j ≠0, and if we put M = H^0(f_+O_U ) we have

ψ^{mod}_τ ( ^ f_+O_U ) = ψ^{mod}_τ � H^0 ^

(f_+O_U ) � = ψ^{mod}_τ ^M = ψ^{mod}_τ G .

Consequently we have SP_ψ(G, G_0; S) = SP_ψ(^pψ_τ ^Rf_∗^pC_U ; S), according to the second part of Theorem 13.1.

On the other hand, we get from [29, cor. 5.4] that the RHS in 13.6 is equal to

SP_ϕ(^pϕ_τ ^

Rf_∗^pC_U ; S) · ζ_{Del}(U; S)

and we are reduced to showing

SP_ψ(^pψ_{τ,1} ^

Rf_∗^pC_U ; S) = SP_ϕ(^pϕ_{τ,1} ^Rf_∗^pC_U ; S) · ζ_{Del}(U; S) .

This follows from the exact sequence in [29, th. 4.3].

From now on, we will assume that f : A^{n+1} → A^1 is a cohomologically tame polynomial.

From the positivity statement 13.2 it follows that for a very good basis the matrix A_1 + k Id is invertible for all k ∈ N. From Corollary 4.2 we conclude

Corollary 13.7. The partial Riemann–Hilbert problem for the Brieskorn lattice of f has a solution.

Concerning the Aomoto complex considered in the introduction, the following corollary solves conjecture 7.4 in [7]. However, the problem of explicit computation of such a basis remains open in general, even in the case of a convenient nondegenerate polynomial.

Corollary 13.8. If 0 is not a critical value for f: A^{n+1} → A^1, there exists a family of μ algebraic differential forms on A^{n+1} such that the determinant of the Aomoto complex computed in this basis is equal to c · (s+1)^μ / SP_ψ(G, G_0; s+1) with c ∈ C^∗.

The constant c is equal to the product � i f(x^{(i)})^{μi} where x^{(i)} are the critical points of f and μ_i the corresponding Milnor numbers (see [13]).

Proof: We may replace the differential d_f of the complex (Ω^{•+n+1}[1/f][∂_t], d_f ) with d^′_f ω = dω − df f ∧ω ·∂_tt, hence this complex isomorphic to (Ω^{•+n+1}[1/f][s], d_s) with s = −∂_tt and d_s = f^{−s} · d · f^s. This defines an isomorphism of the Mellin transform of M[t^{−1}] with H^0(Ω^{•+n+1}[1/f](s), d_s) over the automorphism C(s)⟨t, t^{−1}⟩ −→ C(s)⟨t, t^{−1}⟩ φ(s, t) −→ φ(s+1, t) .

The result is then a consequence of Proposition 7.4.

We can restate cor. 13.6:

Corollary 13.9. If U = A^{n+1} and f is a cohomologically tame polynomial, we have SP_ϕ(ψ_{1/t}R^nf_∗C_U ; S) = SP_ψ(G, G_0; S) .

Proof: We have SP_ϕ(^pψ_{1/t}Rf_∗C_U ; S) = SP_ϕ(ψ_{1/t}R^nf_∗C_U ; S) · SP_ϕ(ψ_{1/t}f_∗C_U ; S)^{(−1)−n} and the computation made in [29, rem. 5.5] shows that SP_ϕ(ψ_{1/t}f_∗C_U ; S) = S+n+1. We may then apply Corollary 13.6.

Consider now the operator of multiplication by f on G_0/θG_0 = Ω^{n+1}/df ∧Ω^n. It sends V_β(G_0/θG_0) in V_{β+1}(G_0/θG_0) for each β ∈ Q, hence defines a nilpotent endomorphism [f] : � β gr^V_β (G_0/θG_0) −→ � β gr^V_{β+1}(G_0/θG_0)

(remark however that the multiplication by f is not nilpotent on G_0/θG_0 in general). Let T_∞ be the monodromy of f along a positively oriented circle of big radius.

Corollary 13.10. The nilpotent part of T^{−1}_∞ and [f] have the same Jordan structure.

Proof: One may replace T^{−1}_∞ with Ť_0 (see [29, th. 1.10]). The result is then proved as in [42] (see also [37, § 7]).

Remark. We do not get here a precise relation between the nilpotent part of the monodromy at infinity and the operator of multiplication by f, as in the case of an isolated singularity.

13.11. Proof of Theorem 13.1

We take notation of [29, §§ 4,5]: let X be a smooth compactification of U such that X−U is a divisor with normal crossings and f: U →A^1 extends as F: X→ P^1. According to [29, th. 5.3], the first point would follow from the fact that

W_k^pψ_τ H^0 ^f_+O_U = � 0 if k < 0 pψ_τ H^0 ^ f_+O_U if k ⩾ 0 .

We know that W_k^pψ_τ H^0 ^f_+O_U =^pψ_τ � ^ W_kH^0f_+O_U � where W_kH^0f_+O_U is the image of H^0F_+ (W_kj_+O_U ) −→ H^0F_+ (j_+O_U )

where j : U → F^{−1}(A^1) denotes the inclusion (see [29, §§ 2.4.4 and 5]). It is then enough to show that the Fourier transform of H^0(f_+O_U )/W_0H^0(f_+O_U ) is supported at τ = 0.

It follows from [35] that (j_+O_U , W [dim U]_•) underlies a mixed Hodge module as well as (H^0(f_+O_U ), W [dim U]_•) (if the Hodge filtration of O_U is such that gr^F_k O_U = 0 for k ≠ − dim U). Hence H^0(f_+O_U ) has weights ⩾ dim U.

As a mixed Hodge module we have DO_U = O_U (dim U), hence j_!O_U = (Dj_+O_U ) (− dim U) so j_!O_U has weights ⩽ dim U as well as H^0f_!O_U .

Consequently the morphism H^0(f_!O_U ) → H^0(f_+O_U ) factorizes through W [dim U]_{dim U} = W_0H^0(f_+O_U ) and as the cokernel of this map is isomorphic to a power of C[t] (tameness of f), the same is true for H^0(f_+O_U )/W_0H^0(f_+O_U ).

Remark 13.12. This argument can be used to show Remark 8.2-(2): the image of H^0(f_!O_U ) → H^0(f_+O_U ) is a pure Hodge module.

For the second point, recall that ^M = H^0p̌_+(κ_+E^{−τf} ) (see loc. cit.). Let G_•κ_+E^{−τf} be the filtration defined and used in [29, § 4]. It defines a filtration G_•p̌_+(κ_+E^{−τf} ) of the complex p̌_+(κ_+E^{−τf} ), hence a filtration

G^′_• ^M = G^′_•H^0p̌_+(κ_+E^{−τf} ) = image � H^0 � G_•p̌_+(κ_+E^{−τf} ) � → H^0p̌_+(κ_+E^{−τf} ) � . It also defines a filtration G_•ψ^{mod}_τ κ_+E^{−τf} using the V -filtration (see loc. cit.), and as above it defines a filtration

G^{′′}_• H^0p̌_+(ψ^{mod}_τ κ_+E^{−τf} ) = image � H^0 � G_•p̌_+(ψ^{mod}_τ κ_+E^{−τf} ) � →H^0p̌_+(ψ^{mod}_τ κ_+E^{−τf} ) � . As we have H^0p̌_+(ψ^{mod}_τ κ_+E^{−τf} ) = ψ^{mod}_τ H^0p̌_+(κ_+E^{−τf} ) = ψ^{mod}_τ ^M = ψ^{mod}_τ G, we get two filtrations on ψ^{mod}_τ G: the filtration G^{′′}_• ψ^{mod}_τ G is the one used in [29, th. 5.3] and the filtration G^′_•ψ^{mod}_τ G which is naturally induced from G^′_• ^M.

Last, we denote G_• the filtration obtained from the Brieskorn lattice G_0 and G_•ψ^{mod}_τ G the filtration it induces naturally, related to the spectrum of the Brieskorn lattice.

We want to show that G^{′′}_• ψ^{mod}_τ G = G_•ψ^{mod}_τ G, in order to apply [29, th. 5.3].

Lemma 13.13. We have an inclusion G^′_•ψ^{mod}_τ G ⊂ G_•ψ^{mod}_τ G.

Proof: We can filter the complex � Ω^{•+n+1}

X [∗(D ∪ F^{−1}(∞))] ⊗_C C[τ], d − τdf � either by the filtration counting the total pole order plus the degree in τ, and after taking the global sections on X one obtains G^′_• ^M, or by the filtration by the degree in τ only and one obtains the filtration of ^M by the M_k =

�_k j=0 τ^jM_0.

Clearly the inclusion is true at the level of complexes, so it remains true at the cohomology level, hence G^′_• ^M ⊂ M_• and G^′_•ψ^{mod}_τ ^M ⊂ M_•ψ^{mod}_τ ^M.

On the other hand consider G = ^M[τ^{−1}]. Then G_k is defined as � ℓ⩾0 τ^{−ℓ} (imageM_k), so the isomorphism ψ^{mod}_τ ^M → ψ^{mod}_τ G sends M_•ψ^{mod}_τ ^M in G_•ψ^{mod}_τ G.

Lemma 13.14. We have G^{′′}_• ψ^{mod}_τ G ⊂ G^′_•ψ^{mod}_τ G.

Proof: We will use the following

Proposition 13.15 ([21,th. 4.8.1]). Let M be a holonomic D_X[τ]⟨∂_τ⟩-module and let V_•M be the Malgrange–Kashiwara filtration of M relative to τ = 0. Then for all i and all α we have a commutative diagram:

H^ip̌_+V_αM −−−→ V_αH^ip̌_+M � � � � H^ip̌_+ gr^V_α M = gr^V_α H^ip̌_+M

where all the maps are onto.

Then on the one hand we have

G^{′′}_• gr^V_α G := image H^0G_•p̌_+ gr^V_α (κ_+E^{−τf} ) → H^0p̌_+ gr^V_α (κ_+E^{−τf} )

and we will show below that

H^0G_•p̌_+V_α(κ_+E^{−τf} ) → H^0G_•p̌_+ gr^V_α (κ_+E^{−τf} ) is onto

(13.16) so G^{′′}_• gr^V_α G = image H^0G_•p̌_+V_α(κ_+E^{−τf} ) → H^0p̌_+ gr^V_α (κ_+E^{−τf} ) .

But on the other hand the image of H^0G_•p̌_+V_α(κ_+E^{−τf} ) in H^0p̌_+(κ_+E^{−τf} ) is contained in G^′_•H^0p̌_+(κ_+E^{−τf} ) ∩ V_αH^0p̌_+(κ_+E^{−τf} ), hence we eventually get G^{′′}_• gr^V_α G ⊂ G^′_• gr^V_α G for all α ∈ [0, 1[.

Let us show (13.16). The computation of (gr^V_α κ_+E^{−τf} , G_•) made in [29, § 4] shows that for α < 1, the isomorphism τ : gr^V_α κ_+E^{−τf} → gr^V_{α−1} κ_+E^{−τf} sends G_• onto G_{•+1}. From the Hodge property the complex G_•p̌_+ gr^V_α (κ_+E^{−τf} ) is strict for any α ∈ [0, 1], hence, using this isomorphism, it is strict for any α < 1. In particular we get that for any α ⩽ 1,

H^kG_•p̌_+ gr^V_α (κ_+E^{−τf} ) = 0 for k > 0 .

(13.17)

On the other hand, (13.16) would follow from the fact that H^1G_•p̌_+V_α(κ_+E^{−τf})=0 for any α < 1, and using (13.17) it is enough to verify this for α ≪ 0. So let us fix p ∈ Z and consider H^1G_pp̌_+V_α(κ_+E^{−τf} ). For a fixed k, we have G_k(κ_+E^{−τf} ) ∩ V_α(κ_+E^{−τf} ) = 0 for α sufficiently small (see the definition of these filtrations in loc. cit.), so for a fixed p we have G_pp̌_+V_α(κ_+E^{−τf} ) = 0 for α ≪ 0.

We hence have G_• gr^V_α G ⊃ G^{′′}_• gr^V_α G and it is enough to prove that equality holds in order to get the second part of the theorem. This is done as in [37, § 6] using the symmetry of the spectrum of (G, G_0) on the one hand and the Hodge symmetry and the fact that the weight filtration is the one computed above on the other hand.

13.18. Proof of Corollary 13.2

By definition, the filtration G_•κ_+E^{−τf} satisfies G_k = 0 for k < 0. It follows that the filtration G^{′′}_• ψ^{mod}_τ (κ_+E^{−τf} ) considered above satisfies the same property and that the filtration that it induces on^pDR^{an}ψ^{mod}_τ (κ_+E^{−τf} ) by the formula (5.2) of [29] also. Hence G^{′′}_kψ^{mod}_τ G = 0 for k < 0, so by the previous theorem we have G_kψ^{mod}_τ G = 0 for k < 0. This implies in particular that ν_{α+k} = 0 for α ∈ [0, 1[ and k < 0, so ν_β = 0 for β < 0. Using the symmetry of the spectrum 11.1 one obtains the result.

If U = A^{n+1}, then G = ^M and G_0 = M_0. Lemmas 13.13 and 13.14 also hold for ϕ^{mod}_τ ^M and we can conclude that ν_{α+k} = 0 for α ∈ [0, 1] and k < 0, so ν_β = 0 for β ⩽ 0.

ACKNOWLEDGEMENTS – We thank A. Douai, R. Garcia and F. Loeser for useful discussions.

REFERENCES

[1] Adolphson, A. and Sperber, S. – Exponential sums and Newton polyhedra, cohomology and estimates, Annals of Math., 130 (1989), 367–406.

[2] Bolibrukh, A. – On analytic transformation to Birkhoff standard form, Russ.

Acad. Sci. Dokl., 49 (1994), 150–153.

[3] Briançon, J. and Maisonobe, Ph. – Examen de passage du local au global pour les polynômes de Bernstein–Sato, 6 pages, juin 1990.

[4] Broughton, S.A. – Milnor number and the topology of polynomial hypersurfaces, Invent. Math., 92 (1988), 217–241.

[5] Brylinski, J.-L. – Transformations canoniques, dualité projective, théorie de Lefschetz, transformation de Fourier et sommes trigonométriques, Géométrie et analyse microlocales, Astérisque, vol. 140–141, Société Mathématique de France, 1986, pp. 3–134.

[6] Denef, J. and Loeser, F. – Weights of exponential sums, intersection cohomology and newton polyhedra, Invent. Math., 106 (1991), 275–294.

[7] Douai, A. – Équations aux différences finies, intégrales de fonctions multiformes et polyèdres de Newton, Compositio Math., 87 (1993), 311–355.

[8] El Zein, F. – Théorie de Hodge des cycles évanescents, Ann. Scient. Éc. Norm.

Sup. 4^e série, 19 (1986), 107–184.

[9] Kashiwara, M. – B-functions and holonomic systems, Invent. Math., 38 (1976), 33–53.

[10] Kashiwara, M. and Schapira, P. – Sheaves on Manifolds, Grundlehren der Mathematischen Wissenschaften, vol. 292, Springer Verlag, 1990.

[11] Khovanskii, A. and Varchenko, A.N. – Asymptotics of integrals over vanishing cycles and the newton polyhedron, Soviet. Math. Dokl., 32 (1985), 122–127.

[12] Kouchnirenko, A.G. – Polyèdres de Newton et nombres de Milnor, Invent.

Math., 32 (1976), 1–31.

[13] Loeser, F. and Sabbah, C. – Équations aux différences finies et déterminants d’intégrales de fonctions multiformes, Comment. Math. Helv., 66 (1991), 458–503.

[14] Malgrange, B. – Sur les points singuliers des équations différentielles, Enseign.

Math., 20 (1974), 147–176.

[15] Malgrange, B. – Le polynôme de Bernstein d’une singularité isolée, Lect. Notes in Math., vol. 459, Springer Verlag, 1975, pp. 98–119.

[16] Malgrange, B. – Modules microdifférentiels et classes de Gevrey, in “Mathematical Analysis and Applications”, essays dedicated to L. Schwartz on the occasion of his 65th birthday, Advances in Math. Suppl. Studies, vol. 7B, 1981, pp. 513–530.

[17] Malgrange, B. – Déformations de systèmes différentiels et microdifférentiels, in “Séminaire E.N.S. Mathématique et Physique” (L. Boutet de Monvel, A. Douady, and J.L. Verdier, Eds.), Progress in Math., vol. 37, Birkhäuser, Basel, Boston, 1983, pp. 351–379.

[18] Malgrange, B. – Équations différentielles à coefficients polynomiaux , Progress in Math., vol. 96, Birkhäuser, Basel, Boston, 1991.

[19] Mebkhout, Z. – Le formalisme des six opérations de Grothendieck pour les D-modules cohérents, Travaux en cours, vol. 35, Hermann, Paris, 1989.

[20] Mebkhout, Z. and Narváez-Macarro, L. – La théorie du polynôme de Bernstein–Sato pour les algèbres de Tate et Dwork–Monsky–Washnitzer, Ann. Scient. Éc. Norm. Sup. 4^e série, 24 (1991), 227–256.

[21] Mebkhout, Z. and Sabbah, C. – § III.4 D-modules et cycles évanescents, pp. 201–239, Vol. 35 of Travaux en cours [19], 1989.

[22] Némethi, A. and Zaharia, A. – Milnor fibration at infinity, Indag. Math., (1992), 323–335.

[23] Parusiński, A. – A note on singularities at infinity of complex polynomials, Symplectic singularities and geometry of gauge fields, 1995, vol. 39, Banach Center Publications, 1997, pp. 131–141.

[24] Pham, F. – Singularités des systèmes de Gauss–Manin, Progress in Math., vol. 2, Birkhäuser, Basel, Boston, 1980.

[25] Pham, F. – Structure de Hodge mixte associée à un germe de fonction à point critique isolé, Analyse et topologie sur les espaces singuliers, Astérisque, vol. 101– 102, Société Mathématique de France, 1983, pp. 268–285.

[26] Pham, F. – Vanishing homologies and the n variable saddlepoint method, Singularities, Proc. of Symposia in Pure Math., vol. 40, American Mathematical Society, 1983, pp. 319–333.

[27] Sabbah, C. – D-modules et cycles évanescents (d’après B. Malgrange et M. Kashiwara), Conférence de La Rábida 1984 (Paris), vol. III, Hermann, 1987, pp. 53–98.

[28] Sabbah, C. – Introduction to algebraic theory of linear systems of differential equations, Éléments de la théorie des systèmes différentiels, Les cours du CIMPA, Travaux en cours, vol. 46, Hermann, Paris, 1993, pp. 1–80.

[29] Sabbah, C. – Monodromy at infinity and Fourier transform, Publ. RIMS, Kyoto Univ., 33 (1998), 643–685.

[30] Saito, K. – The higher residue pairings K^{(k)}_F for a family of hypersurfaces singular points, Singularities, Proc. of Symposia in Pure Math., vol. 40, American Mathematical Society, 1983, pp. 441–463.

[31] Saito, M. – Exponents and newton polyhedra of isolated hypersurface singularities, Math. Ann., 281 (1988), 411–417.

[32] Saito, M. – Modules de Hodge polarisables, Publ. RIMS, Kyoto Univ., 24 (1988), 849–995.

[33] Saito, M. – Induced D-modules and differential complexes, Bull. Soc. Math.

France, 117 (1989), 261–283.

[34] Saito, M. – On the structure of Brieskorn lattices, Ann. Inst. Fourier, 39 (1989), 27–72.

[35] Saito, M. – Mixed Hodge Modules, Publ. RIMS, Kyoto Univ., 26 (1990), 221–333. [36] Schapira, P. and Schneiders, J.-P. – Index theorem for elliptic pairs, Astérisque, vol. 224, Société Mathématique de France, 1994.

[37] Scherk, J. and Steenbrink, J. – On the mixed Hodge structure on the cohomology of the Milnor fiber, Math. Ann., 271 (1985), 641–655.

[38] Schneiders, J.-P. – Dualité pour les modules différentiels, Ph.D. thesis, Université de Liège, 1986.

[39] Steenbrink, J. – The spectrum of hypersurface singularities, Théorie de Hodge, Luminy 1987, Astérisque, vol. 179-180, Société Mathématique de France, 1989, pp. 163–184.

[40] Steenbrink, J. and Zucker, S. – Variation of mixed Hodge structure I, Invent.

Math., 80 (1985), 489–542.

[41] Varadarajan, V.S. – Meromorphic differential equations, Expo. Math., 9 (1991), 97–188.

[42] Varchenko, A.N. – On the monodromy operator in vanishing cohomology and the operator of multiplication by f in the local ring, Sov. Math. Dokl., 24 (1981), 248–252.

[43] Varchenko, A.N. – Asymptotic Hodge structure on the cohomology of the Milnor fiber, Math. USSR Izv., 18 (1982), 469–512.

[44] Varchenko, A.N. – Critical values and the determinant of periods, Russian Math.

Surveys, 44 (1989), 209–210.

Note added, August 2005

This article was achieved in 1997. The results have been announced in the Compte-rendu Note [49]. Since then, new results in the domain have appeared. Notice first that the main part of Part I has been explained with more details in the book [50]. Some generalizations to functions having singularities at infinity have been obtained by A. Dimca and M. Saito [45]. Let us also mention work of A. Douai [46], A. Douai and the author [47, 48].

SUPPLEMENTARY REFERENCES

[45] Dimca, A. and Saito, M. – Algebraic Gauss–Manin systems and Brieskorn modules, Amer. J. Math., 123(1) (2001), 163–184.

[46] Douai, A. – Très bonnes bases du réseau de Brieskorn d’un polynôme modéré, Bull. Soc. Math. France, 127 (1999), 255–287.

[47] Douai, A. and Sabbah, C. – Gauss–Manin systems, Brieskorn lattices and Frobenius structures (I), Ann. Inst. Fourier (Grenoble), 53(4) (2003), 1055–1116.

[48] Douai, A. and Sabbah, C. – Gauss–Manin systems, Brieskorn lattices and Frobenius structures (II), in “Frobenius Manifolds” (Quantum Cohomology and Singularities) (C. Hertling and M. Marcolli, Eds.), Aspects of Mathematics, vol. E 36, Vieweg, 2004, arXiv: math.AG/0211353, pp. 1–18.

[49] Sabbah, C. – Hypergeometric period for a tame polynomial, C. R. Acad. Sci. Paris Sér. I Math., 328 (1999), 603–608.

226 C. SABBAH

[50] Sabbah, C. – Déformations isomonodromiques et variétés de Frobenius, Savoirs Actuels, CNRS Éditions & EDP Sciences, Paris, 2002.

Claude Sabbah, UMR 7640 du CNRS, Centre de Mathématiques Laurent Schwartz, École polytechnique, F–91128 Palaiseau cedex – FRANCE E-mail: sabbah@math.polytechnique.fr URL: http://www.math.polytechnique.fr/~sabbah