PORTUGALIAE MATHEMATICA

Vol. 63 Fasc. 4 – 2006 Nova Série

ON THE EXISTENCE OF QUASI-SELF-SIMILAR SOLUTIONS OF THE WEAKLY SHEAR-THINNING EQUATION

Lidia Ansini

Recommended by J.F. Rodrigues

Abstract: We prove the existence for solutions of a third order, nonlinear and degenerate ODE boundary value problem. The ODE problem has been derived by analysing a class of quasi-self similar solutions to the weakly shear-thinning equation.

1 – Introduction and results

This paper address the study of the following ODE boundary value problem:

(P ) y = u^2 u^{′′′} ( 1 + |ϵ u u^{′′′}|^{p−2} ) , u > 0, y ∈ (0, a)

u^′(0) = 0

u(a) = 0 , u^′(a) = 0 M = ∫_a 0 u(y) dy

where M is a positive number fixed and the point a is itself an unknown of the problem. By a solution of (P ) we mean a pair (a, u), with a > 0 and u ∈ C^3([0, a))∩C^1([0, a]). The ODE problem (P ) was derived in [1] by considering the spreading of a thin droplet of viscous liquid on a plane surface driven by capillarity alone in the complete wetting regime. In the lubrication approximation, it is well-known that if the viscosity is constant, the no-slip condition at the liquidsolid interface leads to a force singularity at the moving contact lines. The most common way to remove the impossibility of expanding droplets is to allow for

Received: March 22, 2005; Revised: March 20, 2006.

appropriate slip conditions. Here we adopt a different relaxation of the pair constant viscosity/no-slip condition, first proposed by Weidner and Schwartz [25], consisting in keeping the no-slip condition and assuming instead a shear-thinning rheology of the form:

(1.1) 1 η = 1 η_0 ( 1 + | | τ τ̃ | |^{p−2} ) , where p > 2, η is the viscosity, τ denotes the shear stress, η_0 is the viscosity at zero shear stress and τ̃ > 0 is the shear stress at which viscosity is reduced by a factor 1/2. The difference with respect to similar nonlinear relations between the viscosity and the shear stress, such as “power-law” rheology, is that (1.1) does not have a singularity at zero shear stress for p > 2, and therefore allows to recover the Newtonian case:

(1.2) 1 η = 1 η_0 ( 1 + | |τ τ̃ | |^{p−2} ) −→ 1 η_0

∀τ ∈ R whenever τ̃^{p−2} → ∞ .

This approach leads to the following evolution: a fourth order degenerate parabolic equation for the film rescaled height h(t, x) (the shear-thinning equation) on its positivity set

(1.3) h_t + κ [ h^3 ( 1 + |b h h_{xxx}|^{p−2} ) h_{xxx} ] x = 0 ,

where

(1.4) b = ( 3 p + 1

) 1_{p−2} 1 τ̃ t is the time and x is the spatial coordinate. The equation is coupled to conditions of vanishing flux and zero contact angle at triple junctions:

h_x | |_{∂{h>0}} = 0 , lim_{x→∂{h>0}} h^3 ( 1 + |b h h_{xxx}|^{p−2} ) h_{xxx} = 0 .

(1.5)

As worked out by [2], the problem (1.3)–(1.5) admits non-negative massconserving solutions whose support is compact for all times and fills the whole real line as time tends to infinity. So the shear-thinning liquids are not affected by the contact-line paradox and this suggests the possibility of adopting weakly shearthinning rheology in order to describe the macroscopic dynamics of liquid films. Here we analyze a class of quasi–self–similar solutions for an almost newtonian rheology (which corresponds to the smallness of the parameter b) using a method introduced in [3]. This gives a quantitative description of the solution in terms of the macroscopic profile and effective contact angle. Let h(t, x) = (7κ t)^{− 17} u(t, y) , y = x(7κ t)^{− 17} .

At this point the problem (1.3)–(1.5) can be rewritten as the problem (P ) where ϵ := b (7κ t)^{− 5}7 and ϵ^{p−2} ≪ 1, M is the mass of the droplet and a is the contact point.

Let us state a well-posedness result for problem (P ), which will be proved in Section 4:

Theorem (Existence of quasi-self-similar solutions). For any M > 0, p > 2 and ϵ > 0, problem (P) admits a solution (a, u).

Since this problem is not invariant under rescaling, we will first consider a > 0 as fixed and prove existence and uniqueness for the following problem

(P_a) u^{′′′} = F (y, u) in (0, a) u^′(0) = 0 , u(a) = 0 , u^′(a) = 0 .

This will be achieved by an argument used by Ferreira and Bernis [12] in a similar context, based on estimates of the Green’s function and on Schauder’s fixed point theorem. Then we will prove that there exists a positive number a such that

∫_a 0 u_a(y) dy = M, where u_a is the solution to (P_a).

2 – Preliminaries

Introducing the function

W (y, u, ξ) := u^2 ξ [ 1 + (ϵ u ξ)^{p−2} ] − y ,

the equation of (P ) can be rewritten as

(2.1) W (y, u, ξ) = 0 with u^{′′′} = ξ > 0. Since (2.1) implies

ϵ^{p−2} u^p ξ^{p−1} = y − u^2 ξ ,

for any fixed (y, u) ∈ (0, ∞)×(0, ∞) there exists a unique value ξ ∈ (0, ∞) such that W (y, u, ξ) = 0. This allows to define the function ξ = F (y, u): { (y, u, ξ) ∈ (0, ∞)×(0, ∞)×(0, ∞): W (y, u, ξ) = 0 } = (2.2) = { (y, u, F (y, u)): (y, u) ∈ (0, ∞)×(0, ∞) } . Hence we obtain the explicit form:

(2.3) u^{′′′} = F (y, u) .

Since W is continuous, differentiable and strictly increasing with respect to ξ, we see that F ∈ C^1((0, ∞)×(0, ∞)). Moreover F ∈ C([0, ∞)×(0, ∞)) and

F (y, u) ∼ y u^2

(ϵ u u^{′′′})^{p−2} ≪ 1 ( y ϵ^{p−2} u^p

) 1_{p−1} (ϵ u u^{′′′})^{p−2} ≫ 1 ,

that is

(2.4) F (y, u) ∼ y u^2 ϵ y ≪ u ( y ϵ^{p−2} u^p

) 1_{p−1} ϵ y ≫ u .

This expansion already shows that the macroscopic behaviour of the solution is governed by the limit equation, whereas the shear–thinning rheology takes over for small values of u. Due to the nonlinearity in the third derivative, such phenomenon is not transparent from the PDE itself. In addition, simple computations show that

(2.5) F (0, u) = 0 , ∂F ∂y > 0 and ∂F ∂u < 0 in (0, ∞)×(0, ∞) and (2.6) lim_{u→0+}F (y, u) = +∞ ∀ y > 0 .

3 – Green’s function and properties

We consider the following problem:

(3.1) (P_ψ) { u^{′′′} = ψ(y) in (0, a) u^′(0) = 0 , u(a) = 0 , u^′(a) = 0 .

For t ∈ (0, a), we introduce the parabolas P_−(y, t) defined in y ∈ [0, t] and P_+(y, t) defined in y ∈ [t, a] such that (3.2) P^′_−(0, t) = P_+(a, t) = P^′_+(a, t) = 0 and (3.3) P_−(t, t) = P_+(t, t) , P^′_−(t, t) = P^′_+(t, t) , P^{′′}_+(t, t) − P^{′′}_−(t, t) = 1 where here and throughout the section,^′ denotes differentiation w.r.t. y. Condition (3.2) and (3.3) give

P_−(y, t) = −

(a−t) 2 a y^2 + t 2 (a−t) , P_+(y, t) = t 2 a (a−y)^2 .

Then the Green’s function associated to the linear problem (3.1) is defined by the formula

(3.4) G(y, t) = t 2 (a−t) −

(a−t) 2 a y^2 if y ≤ t t 2 a (a − y)^2 if y ≥ t .

Note that G(·, t) ∈ C^1([0, a]), and we have

(3.5) G^′(y, t) = − (a−t) a y if y ≤ t − t a (a−y) if y ≥ t

(3.6) G^{′′}(y, t) = − (a−t) a if y ≤ t t a if y ≥ t

G^{′′′}(y, t) = δ(y − t) , 0<y <a, 0<t<a , (3.7) G^′(0, t) = G(a, t) = G^′(a, t) = 0 , 0<t<a .

We collect some properties of the Green’s function in the following Lemma.

Lemma 3.1. The function defined by (3.4) satisfies the following properties, where C_1 and C_2 are positive constants:

(1) G(y, t) > 0 if 0≤y ≤a and 0<t<a;

(2) G^′(y, t) < 0 if y, t ∈ (0, a);

(3) G(y, t) ≤ C_1(a−t) and |G^′(y, t)| < C_1(a−t) for all y, t ∈ [0, a]; (4) ∫_a y G(y, t) dt ≥ C_2 (a−y)^3 for all y ∈ [0, a].

Proof: Property (2) is evident from (3.5), while (1) follows from (2) and G(a, t)=0. The assertion (3) for G^{′′} and G follows respectively from (3.5) and by integration in y. Since G(y, t) ≥ G(t, t) when y ≤ t, and G(t, t) can be rewritten as G(t, t) = t 2 a (a−t)^2 =

(a−t)^2 2 − (a−t)^3 2 a , we have ∫_a y G(y, t) dt ≥

∫_a y G(t, t) dt

= ∫_a y (a−t)^2 2 dt −

∫_a y (a − t)^3 2 a dt

= (a−y)^3 (a+3y) 24 a

≥ C_2 (a−y)^3

which is assertion (4).

The solution of (P_ψ) can of course be obtained through the Green’s function G, as stated in the following Lemma:

Lemma 3.2. For any ψ ∈C([0, a]) there exists a unique solution u∈C^3([0, a]) of problem (P_ψ). Furthermore, u satisfies

(3.8) u^{(j)}(y) =

∫_a 0 G^{(j)}(y, t) ψ(t) dt , j = 0, 1 .

Proof: Let u(y) =

∫_a 0 G(y, t) ψ(t) dt. Since G(·, t) ∈ C^1([0, a]), by (3) of Lemma 3.1 and (3.7) we obtain

u^′(y) =

∫_a 0 G^′(y, t) ψ(t) dt ,

and u^′(0) = u(a) = u^′(a) = 0. Given a test function φ such that supp(φ) ⊂ (0, a), integrating by parts we obtain

∫_a 0 u(y) φ^{′′′}(y) dy = −

∫_a 0 u^{′′′}(y) φ(y) dy^{(3.1)}= −

∫_a 0 ψ(y) φ(y) dt .

This means that u^{′′′} = ψ in the sense of distributions. Hence u is a solution of (3.1). Since uniqueness is elementary, the proof is complete.

4 – Existence proof

The proof of the Theorem proceeds along several steps. We first consider a > 0 as fixed and prove the following result.

Proposition 4.1. Let p > 2 and F defined by (2.2). For any a > 0 there exists u ∈ C^3([0, a))∩C^1([0, a]), u>0 in [0, a) which solves the following problem:

(4.1) (P_a) u^{′′′} = F (y, u) in (0, a) u^′(0) = 0 , u(a) = 0 , u^′(a) = 0 .

Furthermore,

(4.2) u^{(j)}(y) =

∫_a 0 G^{(j)}(y, t) F (t, u(t)) dt , j = 0, 1 .

To this aim, we consider the approximating problem

(4.3) (P_δ) { u^{′′′} = F (y, u) in (0, a) u^′(0) = 0 , u(a) = δ , u^′(a) = 0 , where δ is a positive number.

Remark 4.2. By (2.4), it follows that

(4.4) y 2 u^2

≤ F (y, u) ≤ y u^2 for u ≥ ϵ y

(4.5) ( y 2 ϵ^{p−2} u^p

)_{1/p−1}

≤ F (y, u) ≤ ( y ϵ^{p−2} u^p

)_{1/p−1} for u ≤ ϵ y .

Lemma 4.3. For every p > 2 problem (P_δ) has at least a positive solution u_δ ∈ C^3([0, a]), which satisfies

(4.6) u_δ(y) = δ +

∫_a 0 G(y, t) F (t, u_δ(t)) dt ,

(4.7) u^′_δ(y) =

∫_a 0 G^′(y, t) F (t, u_δ(t)) dt .

Proof: We proceed to apply Schauder’s fixed point theorem. Let S be the closed convex set of the Banach space C([0, a]) defined by S = { v ∈ C([0, a]): δ ≤v ≤A in [0, a] } , where A is a constant to be chosen later. We introduce a nonlinear operator T by setting T (v)=u for each v ∈S, where u is the unique solution (cf. Lemma 3.2) of the problem { u^{′′′} = F (y, v) in (0, a)

u^′(0) = 0 , u(a) = δ , u^′(a) = 0 . By (3.8),

(4.8) u(y) = δ +

∫_a 0 G(y, t) F (t, v(t)) dt ,

(4.9) u^′(y) =

∫_a 0 G^′(y, t) F (t, v(t)) dt .

We claim that T (S)⊂S for A sufficiently large. Indeed, by (2.5), u^{′′′} >0 in (0, a) implies that u^′ is a convex function with u^′(0) = u^′(a) = 0. Therefore u^′ < 0 in (0, a), which means that u(y) ≥ u(a) = δ. By (4.8), (2.5) and (3) of Lemma 3.1, for y ∈ [0, a] and δ ≤ v ≤ A we obtain u(y) ≤ δ +^1_2 F (a, δ) C_1 a^2 := A. This proves the claim. Again by (4.8), since F (t, ·) is uniformly continuous on [δ, A], T is continuous. By (4.9) and (3) of Lemma 3.1, |u^′(y)| ≤ A − δ; therefore T (S) is bounded in C^1([0, a]) and hence relatively compact in C([0, a]). By Schauder’s fixed point theorem there exists u_δ ∈S such that T (u_δ)=u_δ, which is the desired solution. Finally, (4.6) and (4.7) follows respectively from (4.8) and (4.9).

For y ∈ (0, a], we consider

(4.10) H̄_y(ξ) := H(y, ξ) = ξ F (y, ξ) . In view of (2.5),^{dH̄y}_{dξ} >0 in (0, ∞). Hence its inverse ξ = H̄_y^{−1}(r) is well-defined and increasing in (0, ∞) for any y ∈ (0, a].

Lemma 4.4. The solution u_δ(y) of problem (P_δ) satisfies for all y ∈ (0, a]:

(1) u_δ(y) ≥ H̄_y^{−1}(C_2(a−y)^3) where H̄_y(ξ) is defined by (4.10); (2) u_δ(y) ≤ C and |u^′_δ(y)| ≤ C independently by δ.

Proof: By (4.6), (2.5) and (4) of Lemma 3.1, denoting with C a generic positive constant independently by δ, we have

(4.11) u_δ(y) ≥ F (y, u_δ(y))

∫_a y G(y, t) dt ≥ C(a−y)^3 F (y, u_δ(y)) .

Hence

(4.12) H̄_y(u_δ(y)) = H(y, u_δ(y)) = u_δ(y) F (y, u_δ(y))

≥ C(a−y)^3 .

Since H̄_y^{−1} is increasing, (4.12) means that

(4.13) u_δ(y) = H̄_y^{−1} (¯ H_y(u_δ(y)) ) ≥ H̄_y^{−1} ( C(a − y)^3 ) . By Remark 4.2, the following inequalities hold:

(4.14) ξ^3 y ≤ H̄_y(ξ) ≤

2 ξ^3 y for ξ ≥ ϵ y ,

(4.15) ( ϵ^{p−2} ξ^{2p−1} y )_{1/p−1} ≤ H̄_y(ξ) ≤ ( 2 ϵ^{p−2} ξ^{2p−1} y )_{1/p−1} for ξ ≤ ϵ y .

In turn, (4.14) and (4.15) imply that ( 1 2 y r )_{1/3}

≤ H̄_y^{−1}(r) ≤ (y r)^{1/3} for r ≥ H̄_y(ϵ y) , ( 1 2 ϵ^{2−p} y r^{p−1}

)_{1/2p−1} ≤ H̄_y^{−1}(r) ≤ ( ϵ^{2−p} y r^{p−1}

)_{1/2p−1}

for r ≤ H̄_y(ϵ y) .

Using also the monotonicity of F , if u_δ(y) ≤ ϵ y we see that F ( y, u_δ(y)

) (4.13) ≤ F ( y, H̄_y^{−1} ( C(a − y)^3 ))

≤ F ( y, C y^{12p−1} (a−y)^{3(p−1)2p−1} ) (4.5)

≤ C y^{12p−1} (a−y)^{−3p2p−1} .

(4.16)

Let y^∗ ∈ (0, a) such that ϵ y^∗ = u_δ(y^∗). This point y^∗ exists and is unique for δ sufficiently small since u^′_δ < 0 in (0, a) and as it has been proved in Lemma 4.3, u_δ ∈ S. Moreover since u_δ is decreasing we observe that u_δ(y) ≥ u_δ(y^∗) = ϵ y^∗ ≥ ϵ y for 0<y ≤y^∗ and u_δ(y) ≤ u_δ(y^∗) = ϵ y^∗ ≤ ϵ y for y^∗ ≤y ≤a. By (4.6), (3) of Lemma 3.1, (4.4) and (4.16), we obtain

u_δ(y) ≤ 1 + C

∫_y∗ 0 (a−t) F ( y^∗, u_δ(y^∗) ) dt + C ∫_a

y^∗

t^{12p−1} (a−t)^{− p+12p−1} dt

≤ 1 + C a y^{∗2} u(y^∗)^2

+ C a^{3p−22p−1}

= 1 + C a + C a^{p−12p−1} .

(4.17)

Hence u_δ(y) ≤ C independently by δ. In the same way one proves that |u^′_δ(y)| ≤ C.

Proof of Proposition 4.1: We wish to pass to the limit as δ ↓ 0 in the approximating problems. By (2) of Lemma 4.4, there exists a subsequence (still labelled by δ) such that

u_δ → u uniformly in [0, a] as δ ↓ 0 .

Since u > 0 in [0, a) by (1) of Lemma 4.4, then

u^{′′′}_δ = F (y, u_δ) → F (y, u) uniformly in compact subsets of [0, a) .

On the other hand, u^{′′′}_δ → u^{′′′} in the sense of distributions and hence u satisfies the differential equation of problem (4.1). By (3) of Lemma 3.1 and (4.16), we have

|G^{(j)}(y, t)| F (t, u_δ(t)) ≤ C t^{12p−1} (a−t)^{− p+12p−1} , y^∗ ≤t≤a j =0, 1 .

Since −^{p+1}_{2p−1} + 1 =^{p−2}_{2p−1} > 0, it follows from (4.6) and Lebesgue’s dominated convergence theorem that u_δ converges in C^1([0, a]) and hence u^′ satisfies the boundary conditions of problem (4.1). This argument also proves (4.2) and completes the proof of Proposition 4.1.

In the next result we show that the solution u of problem (P_a) obtained in Proposition (4.1) is in fact unique.

Proposition 4.5. The solution of problem (P_a) is unique.

Proof: Let u and v be two solutions of problem (4.1) and let w = u − v; then w^′(0) = 0 , w(a) = 0 , w^′(a) = 0 .

Since w w^{′′′} = (u − v) (u^{′′′} − v^{′′′}) = (u − v) (F (y, u) − F (y, v)) and the function u → F (y, u) is decreasing, it follows that

(4.18) w w^{′′′} ≤ 0 .

On the other hand, the following identity holds:

(4.19) y w w^{′′′} = (y w w^{′′})^′ − (w w^′)^′ − 1 2 ( y(w^′)^2

)_′ + 3 2 (w^′)^2 .

Therefore the function

(4.20) g(y) = y w w^{′′} − w w^′ − 1 2 y(w^′)^2

is non-increasing. Clearly g(0) = 0. Since g is non-increasing the following limits exists:

lim_{y→a} g(y) = lim_{y→a} w(y) w^{′′}(y) = L .

Since u^′ and v^′ are bounded, and zero in y = a, we have that |w(y)| ≤ C(a−y). If L≠0 then |w^{′′}(y)| ≥ |L|/C(a−y) near y = a, which contradicts the continuity of w^′. Hence L=0. Since g(0)=0 and g is non-increasing, we conclude that g ≡0. Then by (4.19) and (4.20)

g^′ = y w w^{′′′} − 3 2 (w^′)^2 ≡ 0 ,

and it follows from (4.18) that w^′ ≡0. Therefore w ≡0 and the proof is complete.

Now we are ready to prove the Theorem.

Proof of the Theorem: Let M_a =

∫_a 0 u_a(y) dy. In view of Propositions 4.1 and 4.5, it suffices to prove that

lim_{a→∞} M_a = ∞ and lim_{a→0} M_a = 0 .

Let y_a ∈ (0, a) such that u_a(y_a) = y_a^β, β > 0. If y_a ≥^a_4 , we have

M_a ≥

∫_{ya} 0 u_a(y) dy ≥ u_a(y_a) y_a ≥ C a^{β+1} → ∞ as a ↑ ∞ .

If y_a <^a_4 and t ≤ 2 y_a ≤ y, since a − 2y_a >^a_2 , we have

(4.21) M_a ≥

∫_a

2y_a dy ∫_{2ya}

y_a

G(y, t) F (t, u_a(t)) dt > C F ( y_a, u_a(y_a) ) y_a^2 a^2 .

From Remark 4.2 and (4.21), it follows that

M_a > C y_a^{3−2β} a^2 if u_a(y_a) ≥ ϵ y_a , and M_a > C y_a^{2p−1−βpp−1} a^2 if u_a(y_a) ≤ ϵ y_a .

Then M_a > C a^2 min { y_a^{3−2β}, y_a^{2p−1−βpp−1} } .

Choosing β = 2 we obtain (since y_a < a/4)

M_a > C a^2 min { y_a^{−1}, y_a^{− 1p−1} }

> C a^2 min { a^{−1}, a^{− 1p−1} }

> C min { a, a^{2p−3p−1} } , and therefore M_a tends to infinity as a → ∞. In the limit a ↓ 0, we consider

M_a =

∫_a 0 dy ∫_y∗ 0 G(y, t) F (t, u_a(t)) dt +

∫_a 0 dy ∫_a

y^∗

G(y, t) F (t, u_a(t)) dt

= I_1 + I_2 .

As observed before, since u_a(y) ≥ u_a(y^∗) = ϵ y^∗ ≥ ϵ y for 0 < y ≤ y^∗ and u_a(y) ≤ u_a(y^∗) = ϵ y^∗ ≤ ϵ y for y^∗ ≤ y ≤ a, by (3) of Lemma 3.1 and (4.4),

I_1 ≤ C

∫_a 0 dy ∫_y∗ 0 (a−t) F ( y^∗, u_a(y^∗) ) dt ≤ C a^2 ( y^∗ u(y^∗)

)_2 = C a^2 ϵ^2 . By (3) of Lemma 3.1 and passing to the limit δ ↓ 0 in (4.16),

I_2 ≤ C

∫_a 0 dy ∫_a

y^∗

t^{12p−1} (a−t)^{− p+12p−1} dt ≤ C a^{3p−22p−1} ,

and the proof is complete.

Remark 4.6. Unfortunately we can not conclude the uniqueness of solution. In fact, it is not difficult to see that the regularity of u ∈ C^3([0, a)) ∩ C^1([0, a]) is not sufficient to prove that M_a is monotone in a. Therefore, we refer to the proof in [1] obtained by a standard shooting argument.

Remark 4.7. It’s also interesting to consider solutions of (P ) with non-zero contact angle, more precisely, with u^′(a) = 0 replaced by u^′(a) = −θ, where θ > 0 is prescribed. For any M > 0, p > 2, ϵ > 0 and θ > 0, problem (P ) admits a solution. Since the proof is identical to the previous case, we omit it.

ACKNOWLEDGEMENTS – The author wishes to thank L. Giacomelli and G. Vergara Caffarelli for fruitful discussions and useful comments.

REFERENCES

[1] Ansini, L. and Giacomelli, L. – Shear-thinning liquid films: Macroscopic and asymptotic behaviour by quasi self–similar solutions, Nonlinearity, 15 (2002), 2147–2164.

[2] Ansini, L. and Giacomelli, L. – Doubly nonlinear thin-film equation in one space dimension, Arch. Rat. Mech. Anal., 173 (2004), 89–131.

[3] Bertsch, M.; Dal Passo, R.; Davis, S.H. and Giacomelli, L. – Effective and microscopic contact angles in thin film dynamics, Euro. J. Appl. Math., 11 (2000), 181–201.

[4] Betelú, S.I. and Fontelos, M.A. – Capillarity driven spreading of power-law fluids, Appl. Math. Lett., 16(8) (2003), 1315–1320.

[5] Boatto, S.; Kadanoff, L.P. and Olla, P. – Travelling-wave solutions to thin-film equations, Phys. Rev. E, 48(3) (1993), 4423–4431.

[6] Carré, A. and Eustache, F. – Spreading kinetics of shear-thinning fluids in wetting and dewetting models, Langmuir, 16 (2000), 2936–2941.

[7] Carrillo, J.A. and Toscani, G. – Asymptotic L^1-decay of solutions of the porous medium equation to self-similarity, Indiana Univ. Math. J., 49 (2000), 113–142.

[8] Carrillo, J.A. and Toscani, G. – Long-time asymptotics for strong solutions of the thin film equation, Comm. Math. Phys., 225 (2002), 551–571.

[9] Cox, R.G. – The dynamics of the spreading of liquids on a solid surface. Part 1.

Viscous flow, J. Fluid Mech., 168 (1986), 169–194.

[10] de Gennes, P.G. – Wetting: Statics and dynamics, Rev. Mod. Phys., 57 (1985), 827–863.

[11] Dussan, V.E.B. and Davis, S.H. – On the motion of fluid-fluid interface along a solid surface, J. Fl. Mech., 65 (1974), 71–95.

[12] Ferreira, R. and Bernis, F. – Source-type solutions to thin-film equations in higher dimensions, Euro. Journal of Applied Mathematics, 8 (1997), 507–524.

[13] Giacomelli, L. and Otto, F. – Droplet spreading: Intermediate scaling law by PDE methods, Communications in Pure and Applied Mathematics, LV (2002), 217–254.

[14] Greenspan, H.P. – On the motion of a small viscous droplet that wets a surface, J. Fluid Mech., 84 (1978), 125–143.

[15] Greenspan, H.P. and McKay, B.M. – On the wetting of a surface by a very viscous fluid, Stud. Appl. Math., 64 (1981), 95–112.

[16] Hocking, L.M. – A moving fluid interface. Part 2. The removal of the force singularity by a slip flow, J. Fluid Mech., 79 (1977), 209–229.

[17] Huh, C. and Scriven, L.E. – Hydrodynamic model of a steady movement of a solid/liquid/fluid contact line, J. Colloid Interface Sci., 35 (1971), 85–101.

[18] King, J.R. – Two generalisations of the thin film equation, Mathematical and Computer Modelling, 34 (2001), 737–756.

[19] King, J.R. – Thin-film flows and higher-order degenerate parabolic equations, in “IUTAM Symposium on Free Surface Flows” (A.C. King and Y.D. Shikhmurzaev, Eds.), Kluwer Academic Publishers (2001), 7–18.

[20] King, J.R. – The spreading of power-law fluids, in “IUTAM Symposium on Free Surface Flows” (A.C. King and Y.D. Shikhmurzaev, Eds.), Kluwer Academic Publishers (2001), 153–160.

[21] Navier, C.L.N.H. – Sur les lois de l’équilibre et du mouvement des corps élastiques, Mem. Acad. R. Sci. Inst. France, 6 (1827), 369.

[22] Oron, A.; Davis, S.H. and Bankoff, G. – Long-scale evolution of thin liquid films, Rev. Mod. Phys., 69 (1997), 931–980.

[23] Otto, F. – The geometry of dissipative evolution equations: the porous medium equation, Comm. Partial Differential Equations, 26 (2001), 101–174.

[24] Tanner, L.H. – The spreading of silicone oil drops on horizontal surfaces, J. Phys.

D: Appl. Phys., 12 (1979), 1473–1484.

[25] Weidner, D.E. and Schwartz, L.W. – Contact-line motion of shear-thinning liquids, Phys. Fluids, 6 (1994), 3535–3538.

Lidia Ansini, Dipartimento Me. Mo. Mat., Università di Roma “La Sapienza”, Via Scarpa, 16, 00161 Roma – ITALY