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úû�ôúûÿöö� òñ�ôõ �û�ôõôñþ �û÷þõûùòþûöñ 	òñüþûöñ÷ ÷òüÿ ý÷ þÿô ò÷òýú "ýò÷÷ûýñ
�û÷þõûùòþûöñ� þÿô �þò�ôñþ�t �û÷þõûùòþûöñ� þÿô "ôñôõýúû#ô� �õõöõ �û÷þõûùòþûöñ �"����ýñ� þÿô ÷�ô�ô���þò�ôñþ �û÷þõûùòþûöñ�
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��ýõ�ô� ôþ ýú� ���'�� �ôô "ÿ�÷ôú÷ ôþ ýú� ����á�� �ÿôøÿýõ� �ß��à�� ýñ� �ñ�ôõ÷ôñ�
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ô÷þûóýþûöñ ö	 �- óö�ôú÷ üö�ôõ÷ ý �û�ô õýñ
ô ö	 ô÷þûóýþûöñ øõöüô�òõô÷� 	öõ ûñ÷þýñüô
�òý÷û�óý�ûóòó úû�ôúûÿöö�� ýøøú�ûñ
 þÿô )ýúóýñ �úþôõ� �ý�ô÷ûýñ ô÷þûóýþûöñ�

ôñôõýúû#ô� óôþÿö� ö	 óöóôñþ÷� ýñ� ôüûôñþ óôþÿö� ö	 óöóôñþ÷�

�ö�ô�ôõ� ý÷ ûþ û÷ �ôúú��ñö�ñ� þÿô øýõýóôþõûü þûóô ÷ôõûô÷ óö�ôú÷ ýõô �ôõ�
øö�ôõ	òú ûñ õôøõô÷ôñþûñ
 þÿô ÷þöüÿý÷þûü ��ñýóûüýú øõöøôõþûô÷ ö	 þÿô �ýþý 
ôñôõýþûñ
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�ýñ �(ýö ß��à�� ýñ� ÷ôýõüÿûñ
 	öõ ý øýõýóôþõûü 	òñüþûöñýú 	öõó û÷ üõûþûüýú ýñ� ñöþ
ýú�ý�÷ û÷ ý ÷ûóøúô þý÷�� ô÷øôüûýúú� �ÿôñ þÿô øõöüô÷÷ ÿý÷ ñöñúûñôýõ üÿýõýüþôõû÷þûü÷�
ý÷ û÷ þÿô üý÷ô ö	 �ñýñüûýú þûóô ÷ôõûô÷ �ýõûýùúô÷� �ÿò÷ þÿô ñöñøýõýóôþõûü ýøøõöýüÿ

ýûñ÷ ûóøöõþýñüô ý÷ ý �ý� ö	 ÷ôýõüÿûñ
 óöõô Uô�ûùúô óö�ôú÷ �ûþÿöòþ ûóøö÷ûñ
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öõ �ôñ÷ûþ� 	òñüþûöñ ö	 øõöüô÷÷� �ÿô ñöñøýõýóôþõûü ô÷þûóýþô÷ óý� ùô ò÷ô� ý÷ ýñ
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ôñüô øõöùúôó÷ ýõô üöóóöñú� 	öòñ� ûñ þÿôûõ ô÷þûóýþûöñ ýú
öõûþÿó÷�
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ÿ þÿô ò÷ô ö	 ñöñøýõýóôþõûü óôþÿö�÷ ûñ þûóô ÷ôõûô÷ ýñýú�÷û÷ ÿý÷ ý
úöñ
 þõý�ûþûöñ� ûþ ÿý÷ öùþýûñô� øöøòúýõûþ� �ûþÿ óö�ôõñ ñöñøýõýóôþõûü þôüÿñû�òô÷�
øýõþûüòúýõú� ûñ þÿô ýñýú�÷û÷ ö	 ñöñúûñôýõ þûóô ÷ôõûô÷� �òô þö þÿô ô�û÷þôñüô ö	 úýõ
ô
�ýþý ÷ôþ÷ ýñ� üöóøòþýþûöñýú ý��ýñüô÷ ��ýõ�úô ôþ ýú� ���S�� �öóô õô	ôõôñüô÷ ýùöòþþÿô �ô�ôúöøóôñþ ö	 ñöñøýõýóôþõûü þûóô ÷ôõûô÷ þÿôöõ� ýñ� ûþ÷ ýøøúûüýþûöñ÷ ýõô!
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ýõþûüúô÷ ù�  öùûñ÷öñ ����%�� �ýõ�úô ôþ ýú� ����S�� �Vö÷þÿôûó ������� ýñ� õô	ôõôñüô÷þÿôõôûñ� �ÿû÷ ýøøõöýüÿ û÷ ýøøúûô� þö ý �ý÷þ õýñ
ô ö	 ýõôý÷ ûñ ôüöñöóûü÷� ýñ�ÿý÷ üöóô þö öùþýûñ 
õôýþ øöøòúýõûþ� ûñ �ñýñüûýú ôüöñöóôþõûü÷� 	öõ ô�ýóøúô� ûñ
óö�ôúûñ
 þÿô �õû	þ ýñ� �û�ò÷ûöñ øõöüô÷÷ òñ�ôõú�ûñ
 ý÷÷ôþ õôþòõñ÷� ýóöñ
 öþÿôõ
û÷÷òô÷ ûñ ôóøûõûüýú �ñýñüô� �ôô� 	öõ ô�ýóøúô� &ý
ýñ � Xúúýÿ ������� �ûýùöú� �
$ý÷öñ ������� +û#õýüÿ ����ß�� �ö÷÷ýôõþ÷ ôþ ýú� ����à�� �ö÷÷ýôõþ÷ ôþ ýú� ����á�� �ûþ�
�ýÿýúûý ����áY�� �ûþ��ýÿýúûý ����áZ�� �ûþ��ýÿýúûý � Tö ������� ýñ� �ûþ��ýÿýúûý �
Tö �ß����� &ýõþûüòúýõ ÷þò�ûô÷ ò÷ûñ
 þÿô ñöñøýõýóôþõûü ýøøõöýüÿ þö ô÷þûóýþô þÿô
üöñ�ûþûöñýú �öúýþûúûþ� 	òñüþûöñ ýõô �ñ
úô � "öñ#ýúô#� û�ôõý ������� �ö÷÷ýôõþ÷ ôþ ýú�
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ðñ þÿû÷ øýøôõ� �ô ýøøú� ñöñøýõýóôþõûü þûóô ÷ôõûô÷ óôþÿö�÷ þö ô÷þûóýþô þÿô
üöñ�ûþûöñýú óôýñ ýñ� �öúýþûúûþ� 	òñüþûöñ÷ 	öõ þÿô �öúöóùûýñ &ô÷ö\X� �öúúýõ �
�]&\X��� ô�üÿýñ
ô õýþô õôþòõñ÷� �ÿô 	òñ�ýóôñþýú õôý÷öñ 	öõ ÷þò��ûñ
 þÿû÷
�ýõûýùúô û÷ þÿýþ þÿô �öúöóùûýñ ô�üÿýñ
ô õýþô ÿý÷ ÿý� ÷û
ñû�üýñþ �ýõûýþûöñ ôøû÷ö�ô÷

ôñôõýþûñ
 
õôýþ òñüôõþýûñþ�� ýñ� �ûþÿ úýõ
ô ýñ� ÷ô�ôõô üö÷þ÷ öñ �ýõûöò÷ ôüöñöóûü
÷ôüþöõ÷� ���ûþûöñýúú�� ûñþôõñýþûöñýú ý÷÷ôþ øõûüûñ
 þÿôöõûô÷ ýñ� ûñþôõñýþûöñýú
øöõþ	öúûö óýñý
ôóôñþ �ôøôñ� öñ þÿô ô�øôüþô� 	öõôû
ñ ô�üÿýñ
ô õýþô óö�ôóôñþ÷
��öúúôõ÷úô� ôþ ýú� ���ß�W þÿôõô	öõô þÿû÷ øýøôõ üýñ ùô ý üöñþõûùòþûöñ þö øõöøôõú�

.É/ÌÊÍË 0ÇÓÇÒ1ÌËÎË ØÉ ÐÊÍËØ2ÊÍÌÙË 33 456768 59:;7



ß� ±"���"�� â"��À� ã ä"¢��� âÀ��å
òñ�ôõ÷þýñ� þÿô 	öõôû
ñ ô�üÿýñ
ô õýþô ��ñýóûü÷ ò÷ûñ
 þÿô ý��ýñþý
ô÷ ö	 þÿôñöñøýõýóôþõûü þûóô ÷ôõûô÷ óôþÿö�÷� �ÿô õôý÷öñ ùôûñ
 þÿýþ ûñ �öúöóùûý� ýúóö÷þ
ýúú ýñýú�÷ô÷ ýùöòþ 	öõôû
ñ ô�üÿýñ
ô õýþô ÿý÷ ùôôñ üöñüôñþõýþô� öñ øýõýóôþõûü
óö�ôú÷� �ÿô öñú� ñöñøýõýóôþõûü ÷þò�� 	öõ þÿô �]&\X�� ô�üÿýñ
ô õýþô û÷ ù�,òúûö ôþ ýú� �ß��à�� �öõ ûñþôõñýþûöñýú ñöñúûñôýõ ýñýú�÷û÷ öñ ô�üÿýñ
ô õýþô÷ ò÷ûñ
ñöñøýõýóôþõûü øõöüô�òõô÷� ÷ôô þÿô ÷þò�ûô÷ ù� +ôô÷ô �  ö÷ô ������� �ûýùöú� �
$ý÷öñ ������� Tô�ýõöñ ������� �ö÷÷ýôõþ÷ ôþ ýú� ����à�� �ö÷÷ýôõþ÷ ôþ ýú� ����á��
ýñ� �ýõ�úô � �÷�ùý�ö� ����S��

�ÿô øýøôõ û÷ öõ
ýñû#ô� ý÷ 	öúúö�÷! �ôüþûöñ ß óý�ô÷ ý ÷ÿöõþ �ô÷üõûøþûöñ ö	 þÿôñöñøýõýóôþõûü þûóô ÷ôõûô÷ óö�ôú ýñ� ûþ÷ �û�ôõôñþ ô÷þûóýþûöñ óôþÿö�÷� �ôüþûöñ
% ýøøúûô÷ þÿô ñöñøýõýóôþõûü óö�ôú þö ô÷þûóýþô ùöþÿ þÿô üöñ�ûþûöñýú óôýñ ýñ�
�öúýþûúûþ� 	òñüþûöñ÷ 	öõ þÿô õôþòõñ÷ ö	 þÿô �]&\X�� ô�üÿýñ
ô õýþô øõöüô÷÷� �ûñýúú��
�ôüþûöñ ' üöñüúò�ô÷�

^î /6+ $%&'()(*+,)-. /-*+ 0+)-+1 9%8+3
�ÿô ÷þýõþûñ
 øöûñþ ö	 þÿô �ýþý 
ôñôõýþûñ
 øõöüô÷÷ ö	 ý ÷þõûüþú� ÷þýþûöñýõ�

�û÷üõôþô�þûóô ÷þöüÿý÷þûü øõöüô÷÷ {Xt}
�ô�ñô� öñ ÷öóô øõöùýùûúûþ� ÷øýüô (Ω,F , P )û÷ þÿô 
ôñôõýú òñû�ýõûýþô ñöñúûñôýõ ÷þöüÿý÷þûü õô
õô÷÷ûöñ óö�ôú 
û�ôñ ù�

Xt = m(Xt−1, . . . , Xt−p) + σ(Xt−1, . . . , Xt−p)εt, t = 1, . . . , T ���
�ÿôõô m(xt−1, . . . , xt−p) = E(Xt | Xt−1 = x1, . . . , Xt−p = xp)

û÷ þÿô ñöñúûñôýõ
ýòþöõô
õô÷÷û�ô üöñ�ûþûöñýú óôýñ �÷óööþÿ� 	òñüþûöñ� σ2(xt−1, . . . , xt−p) = -ýõ(Xt |
Xt−1 = x1, . . . , Xt−p = xp)

õôøõô÷ôñþ÷ þÿô ñöñúûñôýõ ýòþöõô
õô÷÷û�ô üöñ�ûþûöñýú
�ýõûýñüô �÷óööþÿ� 	òñüþûöñ� ýñ� {εt}

û÷ ýñ ûñ�ôøôñ�ôñþ ýñ� û�ôñþûüýúú� �û÷þõûùòþô�
�û�û���� ÷ô�òôñüô ö	 õýñ�öó �ýõûýùúô÷ �ûþÿ

E(εt | Xt−1, . . . , Xt−p) = 0 � -ýõ(εt |
Xt−1, . . . , Xt−p) = 1 � ýñ� ûñ�ôøôñ�ôñþ ö	 {Xt−1, Xt−2, . . .}

�
�ÿô óö�ôú ��� û÷ �ñö�ñ ý÷ þÿô �öñ�ûþûöñýú �ôþôõö÷üô�ý÷þûü �òþöõô
õô÷÷û�ô

$öñúûñôýõ ���� $� óö�ôúW ÷ôô �ö÷÷ýôõþ÷ ôþ ýú� ����á�� öõ þÿô $öñøýõýóôþõûü�òþöõô
õô÷÷û�ô �öñ�ûþûöñýú �ôþôõö÷üô�ý÷þûü �$� ��� óö�ôúW ÷ôô �ýñ � (ýö
�ß��à��
�ÿû÷ óö�ôú û÷ þÿô óö÷þ Uô�ûùúô ñöñøýõýóôþõûü þûóô ÷ôõûô÷ óö�ôú ùôüýò÷ô ûþ

�öô÷ ñöþ ûóøö÷ô ýñ� �øýõýóôþõûü� øýõþûüòúýõ 	öõó öñ þÿô üöñ�ûþûöñýú óôýñ ýñ�
�öúýþûúûþ� 	òñüþûöñ÷� �ö�ô�ôõ� �òô þö þÿô �ôúú��ñö�ñ _üòõ÷ô ö	 �ûóôñ÷ûöñýúûþ�`
øõöùúôó� þÿô ô÷þûóýþûöñ ö	 ô�òýþûöñ ��� û÷ üöóøúûüýþô��a �÷ ý üöñ÷ô�òôñüô� ûþ û÷ñôüô÷÷ýõ� þö ý÷÷òóô ý üôõþýûñ úô�ôú ö	 ÷þõòüþòõô öñ þÿô üöñ�ûþûöñýú 	òñüþûöñ÷ m(·)ýñ� σ(·)�b
c dÇÎÞËÆËÒÉÍÆÌÙ ÆÉÕÆÉÊÊÌÇÎ ÉÊÍÌÒËÍÇÆÊ ËÆÉ /ÉÆe fÉÛÌ1ÓÉg 1×Í ÍhÉÌÆ ÊÍËÍÌÊÍÌÙËÓ ËÙÙ×ÆËÙe ØÉÙÆÉËÊÉÊÕÆÉËÍÓe ÌÈ ÍhÉÆÉ ËÆÉ ÊÉ/ÉÆËÓ ÉÛÞÓÌÙËÍÇÆe /ËÆÌË1ÓÉÊ ÌÎ ÍhÉ ÒÇØÉÓ 4iËÆØÓÉ ÉÍ ËÓÏ 566;8Ï jØØÌÍÌÇÎËÓÓegÍhÉÌÆ ÉÊÍÌÒËÍÌÇÎ ÌÊ ØÌkÙ×ÓÍ ×ÎÓÉÊÊ ÍhÉ ÊËÒÞÓÉ ÊÌÝÉ ÌÊ ÉÛÙÉÊÊÌ/ÉÓe ÓËÆÕÉ 4lËÎ m nËÇ 56698g ËÎØ 4lËÎm oÌp1ÉÓÊ 7qqr8Ïsj /ÉÆe ÞÇÞ×ÓËÆ ÎÇÎÞËÆËÒÉÍÆÌÙ ÒÇØÉÓ ÌÊ ÍhÉ l×ÎÙÍÌÇÎËÓÑ0ÇÉkÙÌÉÎÍ j×ÍÇÆÉÕÆÉÊÊÌ/É Ñlj.ÑÒÇØÉÓ 40hÉÎ m tÊËe 7qqu8g vhÉÆÉ ÍhÉ ÙÇÎØÌÍÌÇÎËÓ ÒÉËÎ ËÎØ /ÇÓËÍÌÓÌÍe È×ÎÙÍÌÇÎÊ ËÆÉ ÊÞÉÙÌwÉØ ËÊ

m(Xt−1, . . . , Xt−p) = a1(Xt−d)X1 + · · · + ap(Xt−d)Xt−p

σ2(Xt−1, . . . , Xt−p) = b1(Xt−d)X2

1 + · · · + bp(Xt−d)X2

t−p
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<=>?@A@BCDAEF G>@HIJEJ =K DLC M=>NEDE=>@H OC@> @>N P=H@DEHEDI QR>FDE=>J ß�
�ÿô ò÷òýú ý÷÷òóøþûöñ û÷! ÷òøøö÷ô p = 1 ÷òüÿ þÿýþ þÿô óö�ôú ��� ùôüöóô÷

Xt = m(Xt−1) + σ(Xt−1)εt
�ß�

�öúúö�ûñ
 �ýõ�úô � �÷�ùý�ö� ����S�� ýñ� �ýñ � (ýö ������ û	 {Xt}
û÷ ý

÷þýþûöñýõ� øõöüô÷÷� þÿô üöñ�ûþûöñýú �ýõûýñüô 	òñüþûöñ üýñ ùô �ôüöóøö÷ô� ý÷
σ2(x) = E(X2

t | Xt−1 = x) − {E(Xt | Xt−1 = x)}2

= g(x) − {m(x)}2

�%�

÷òüÿ þÿýþ þÿô üöñ�ûþûöñýú �ýõûýñüô ô÷þûóýþô û÷ ùý÷ô� öñ þÿô ñöñøýõýóôþõûü
ô÷þûóýþûöñ ö	 g(x) ýñ� m(x) 
û�ôñ ù� σ̂2

T (x) = ĝT (x) − {m̂T (x)}2 �

xyzy {|}~��������� ���}�� ��������|}
� �ý� þö öùþýûñ ô÷þûóýþô÷ ö	 	òñüþûöñ÷m(x) ýñ� g(x) û÷ ù� ýøøú�ûñ
 þÿô øöøòúýõ$ý�ýõý�ý��ýþ÷öñ ô÷þûóýþöõ 
û�ôñ ù�!

m̂T (Xt−1) =

∑T

t=2
K ((Xt−1 − x)/hT )Xt∑T

t=2
K ((Xt−1 − x)/hT )

ĝT (Xt−1) =

∑T

t=2
K ((Xt−1 − x)/hT )X2

t∑T

t=2
K ((Xt−1 − x)/hT )

�'�

�ÿôõô K(·) : R → R
û÷ þÿô �üöñþûñòöò÷� ùöõ�ôõô�� ÷�óóôþõûü� ýñ� ûñþô
õýþûñ
 þö

öñô� )ôõñôú 	òñüþûöñ ýñ� hT > 0 û÷ þÿô ùýñ��û�þÿ øýõýóôþôõ �ýú÷ö ÷óööþÿûñ

øýõýóôþôõ�� hT → 0 ý÷ T → ∞ � �ÿô $ý�ýõý�ý−�ýþ÷öñ ô÷þûóýþöõ û÷ ý ÷øôüûýú
üý÷ô ö	 þÿô úöüýú øöú�ñöóûýú ô÷þûóýþûöñ ô�øúýûñô� ùôúö�� �ÿô )ôõñôú 	òñüþûöñ÷
óö÷þ üöóóöñú� ò÷ô� ýõô þÿô "ýò÷÷ûýñ� �òýõþûü� ýñ� �øýñôüÿñû�ö� )ôõñôú÷�

�ÿô÷ô ô÷þûóýþöõ÷ ýõô ÷þõöñ
ú� üöñ÷û÷þôñþ ýñ� ý÷�óøþöþûüýúú� ñöõóýú 	öõ α�óû�ûñ
 öù÷ôõ�ýþûöñ÷W� ÷ôô  öùûñ÷öñ ����%�� ýñ� +ý÷õ� � �Vö÷þÿôûó ����à��
vÌÍh

ai(·)
ËÎØ bi(·)

g
i = 1, . . . , p ÇÎÉÑØÌÒÉÎÊÌÇÎËÓ ×ÎÜÎÇvÎ È×ÎÙÍÌÇÎÊg ËÎØ Xt−d

ÌÊ ÍhÉ ÒÇØÉÓÑØÉÞÉÎØÉÎÍ /ËÆÌË1ÓÉÏ jÎÇÍhÉÆ ÙÇÒÒÇÎ ÒÇØÉÓ ÌÊ ÍhÉ jØØÌÍÌ/É j×ÍÇÆÉÕÆÉÊÊÌ/É ÑAARÑ ÒÇØÉÓ4�ÇÎÉÊ 7q��8 vhÌÙh ËÊÊ×ÒÉÊ ËÎ ËØØÌÍÌ/É ÊÍÆ×ÙÍ×ÆÉ ÈÇÆ ÙÇÎØÌÍÌÇÎËÓ ÒÉËÎ ËÎØ /ËÆÌËÎÙÉg
m(Xt−1, . . . , Xt−p) = m1(Xt−1) + · · · + mp(Xt−p)

σ2(Xt−1, . . . , Xt−p) = σ1(X2

t−1) + · · · + σp(X2

t−p)

vhÉÆÉ mi(·)
ËÎØ σi(·)

g
i = 1, . . . , p ËÆÉ ×ÎÌ/ËÆÌËÍÉ ×ÎÜÎÇvÎ È×ÎÙÍÌÇÎÊÏ lÇÆ ÇÍhÉÆ ÎÇÎÞËÆËÒÉÍÆÌÙÒÇØÉÓÊ Ê×Ùh ËÊ ÅËÆÍÌËÓÓe �ÌÎÉËÆ ÒÇØÉÓÊ ËÎØ �ÌÎÕÓÉÑ�ÎØÉÛ �ÇØÉÓÊg ÊÉÉ iËÆØÓÉ m tÊe1ËÜÇ/ 47qq�8giËÆØÓÉ ÉÍ ËÓÏ 4566;8g lËÎ m nËÇ 456698g ËÎØ oËÇ 4566�8Ï�j ÊÉ�×ÉÎÙÉ ÌÊ ÊËÌØ ÍÇ 1É αÑÒÌÛÌÎÕ ÌÈ α(n) → 0

vhÉÎ
n → ∞

g vÌÍh
α(n) ØÉwÎÉØ ËÊ

α(n) = sup
A∈Fk

−∞
,B∈F∞

k+n

| P (A ∩ B) − P (A)P (B) |, n = 1, 2, . . . ,

vhÉÆÉ Fj
i

ÌÊ ÍhÉ
σÑwÉÓØ ÕÉÎÉÆËÍÉØ 1e Xi, . . . , Xj

Ï �ÉÉ .Ç1ÌÎÊÇÎ 47q�u8g ËÎØ lËÎ m nËÇ 456698Ï

.É/ÌÊÍË 0ÇÓÇÒ1ÌËÎË ØÉ ÐÊÍËØ2ÊÍÌÙË 33 456768 59:;7



%� ±"���"�� â"��À� ã ä"¢��� âÀ��å
xyxy �|��� �|��}|���� ��������|}

�ñöþÿôõ ñöñøýõýóôþõûü þôüÿñû�òô ò÷ô� þö ô÷þûóýþô þÿô 	òñüþûöñ÷ m(x) ýñ�
g(x) û÷ øõöøö÷ô� ù� �ýõ�úô � �÷�ùý�ö� ����S�� �ÿö ýøøúûô� þÿô úöüýú øöú�ñöóûýú
õô
õô÷÷ûöñ óôþÿö�� �ÿô ô÷þûóýþô÷ 	öõ m(x) ýñ� g(x)

	òñüþûöñ÷ ýõô �ôõû�ô� þÿõöò
ÿþÿô ÷öúòþûöñ ö	 þÿô 	öúúö�ûñ
 �ôû
ÿþô� úôý÷þ�÷�òýõô÷ øõöùúôó÷!

cT (x) = argmin
c∈Rl

T∑

t=1

(Xt − c′UtT )2K ((Xt−1 − x)/hT )

cT (x) = argmin
c∈Rl

T∑

t=1

(X2

t − c′UtT )2K ((Xt−1 − x)/hT )

�à�

�ÿôõô K(·) ýñ� hT > 0 ýõô ý
ýûñ þÿô )ôõñôú 	òñüþûöñ ýñ� ùýñ��û�þÿ øýõýóôþôõ�
õô÷øôüþû�ôú�� ýñ� UtT = F (utT ) �ûþÿ F (u) = (1, u, . . . , ul−1/(l − 1)!)′ ýñ� utT =
(Xt−1 − x)/hT

�þÿô ÷�óùöú ′ �ôñöþô÷ þÿô þõýñ÷øö÷ô ö	 ý õö� �ôüþöõ�� $öþô þÿýþ
�ÿôñ l = 1 � þÿô úöüýú øöú�ñöóûýú �þ û÷ õô�òüô þö þÿô $ý�ýõý�ý��ýþ÷öñ ô÷þûóýþöõ�

�ÿô ô÷þûóýþöõ÷ ö	 m(x) ýñ� g(x) ýõô 
û�ôñ ù� m̂T (x) = ĉT (x)′F (0) ýñ�
ĝT (x) = ĉT (x)′F (0)� õô÷øôüþû�ôú�W ÷òüÿ þÿýþ þÿô ô÷þûóýþöõ ö	 þÿô üöñ�ûþûöñýú
�ýõûýñüô 	òñüþûöñ÷ û÷ �ô�ñô� ý÷

σ̂2

T (x) = ĉT (x)′F (0) − {ĉT (x)′F (0)}2 �á�

�ýõ�úô � �÷�ùý�ö� ����S� ô÷þýùúû÷ÿ þÿô ý÷�óøþöþûü ñöõóýúûþ� ö	 úöüýú
øöú�ñöóûýú ô÷þûóýþöõ÷ 	öõ üöñ�ûþûöñýú óôýñ ýñ� �ýõûýñüô�

ðñ þÿô ýøøúûüýþûöñ ö	 þÿô úöüýú øöú�ñöóûýú ñöñøýõýóôþõûü õô
õô÷÷ûöñ óôþÿö�þö ô÷þûóýþô þÿô �öúýþûúûþ� 	òñüþûöñ þö �+\X�� ýñ� (�$\X�� 	öõôû
ñ ô�üÿýñ
ô
õýþô÷ �ýõ�úô � �÷�ùý�ö� ����S� ò÷ô ý úöüýú úûñôýõ ýøøõö�ûóýþûöñ �l = 2

�� ÷òüÿþÿýþ

cT (x) = argmin
c∈R2

T∑

t=1

(Xt − c1 − c2(Xt−1 − x))
2
K ((Xt−1 − x)/hT )

cT (x) = argmin
c∈R2

T∑

t=1

(
X2

t − c1 − c2(Xt−1 − x)
)2

K ((Xt−1 − x)/hT )

�S�

$öþô þÿýþ ûñ þÿô óûñûóû#ýþûöñ øõöùúôó÷ ûñ �à�� ôóøúö�ô� þö öùþýûñ úöüýú
ýøøõö�ûóýþûöñ ô÷þûóýþô÷ ö	 m(x) ýñ� g(x)� þÿô )ôõñôú 	òñüþûöñ ýñ� ùýñ��û�þÿ
øýõýóôþôõ ýõô üöóóöñ÷ ûñ ùöþÿ ô�òýþûöñ÷� �ÿû÷ ÷þõýþô
� û÷ ò÷ô� ù� �ýõ�úô ��÷�ùý�ö� ����S� þö ý�öû� ñöññô
ýþû�ô ô÷þûóýþöõ÷ ö	 σ2(x) ýñ� þö õô�òüô ùûý÷�
�ÿôõô	öõô� �ýñ � (ýö ������ øõöøö÷ô ý õô÷û�òýú�ùý÷ô� ô÷þûóýþöõ þö üöñ�ûþûöñýú
�ýõûýñüô ùý÷ô� öñ úöüýú úûñôýõ õô
õô÷÷ûöñ�

�õöó �ß� �ô ÿý�ô þÿýþ r2

t = {Xt − m(Xt−1)}
2 = σ2(Xt−1)ε

2

t
� ÷òüÿ þÿýþ ûþ÷

üöñ�ûþûöñýú ô�øôüþýþûöñ û÷
E(r2

t | Xt−1 = x) = σ2(x)� �ÿû÷ þÿôõô	öõô ÷ÿö�÷þÿýþ ûþ û÷ ñýþòõýú þö ô÷þûóýþô σ2(x) ò÷ûñ
 þÿô ô÷þûóýþô� õô÷û�òýú÷� �öñ÷ô�òôñþú�

.É/ÌÊÍË 0ÇÓÇÒ1ÌËÎË ØÉ ÐÊÍËØ2ÊÍÌÙË 33 456768 59:;7



<=>?@A@BCDAEF G>@HIJEJ =K DLC M=>NEDE=>@H OC@> @>N P=H@DEHEDI QR>FDE=>J %�

þÿô ô÷þûóýþô÷ ö	 m(x) ýñ� σ2(x) ýõô �ôõû�ô� 	õöó þÿô ÷öúòþûöñ÷ ö	 þÿô 	öúúö�ûñ

óûñûóû#ýþûöñ øõöùúôó÷!

âT (x) = argmin
a∈R2

T∑

t=1

{Xt − a1 − a2(Xt−1 − x)}2K ((Xt−1 − x)/h1T )

b̂T (x) = argmin
b∈R2

T∑

t=1

{r̂2

t − b1 − b2(Xt−1 − x)}2W ((Xt−1 − x)/h2T )

���

�ÿôõôK(·) ýñ�W (·) ýõô þÿô )ôõñôú 	òñüþûöñ÷� h1T > 0 ýñ� h2T > 0
þÿô ùýñ��û�þÿ

øýõýóôþôõ÷� ýñ� r̂2

t = {Xt − m̂T (x)}2
þÿô ô÷þûóýþô� õô÷û�òýú÷�

�ÿô ô÷þûóýþô ö	 m(x) û÷ 
û�ôñ ù� m̂T (x) = âT (x)′e = â1
�ÿôõô e = (1, 0)′÷òüÿ þÿýþ þÿô õô÷û�òýú÷ ýõô r̂2

t = {Xt−1 − â1}
2 �ÿûüÿ ýõô ò÷ô� ûñ þÿô ýùö�ô ÷ôüöñ�

óûñûóû#ýþûöñ øõöùúôó þö öùþýûñ þÿô ô÷þûóýþöõ ö	 σ2(x) 
û�ôñ ù�
σ̂2

T (x) = b̂T (x)′e = b̂1
���

�ýñ � (ýö ������ �ôóöñ÷þõýþô þÿô ý÷�óøþöþûü ñöõóýúûþ� ýñ� ôüûôñü� ö	
σ̂2

T (x)� ýñ� ýøøú� þÿôûõ óôþÿö� þö ô÷þûóýþô þÿô üöñ�ûþûöñýú óôýñ ýñ� �öúýþûúûþ�	òñüþûöñ÷ þö �ûôú�÷ ö	 þÿô þÿõôô�óöñþÿ �õôý÷òõ� �ûúú�
�ÿô õôý÷öñ 	öõ ò÷ûñ
 þÿô úöüýú øöú�ñöóûýú õô
õô÷÷ûöñ� ô÷øôüûýúú� þÿô úöüýú úûñôýõ

ô÷þûóýþöõ ýøøúûô� ûñ þÿô �ýõ�úô � �÷�ùý�ö� ����S� ýñ� �ýñ � (ýö ������� û÷
ùôüýò÷ô þÿô úöüýú øöú�ñöóûýú ô÷þûóýþöõ ÿý÷ �û�ôõ÷ô ÷þýþû÷þûüýú øõöøôõþûô÷� �óöñ
þÿô÷ô ýõô! �
õôôýùúô ñûüô ý÷�óøþöþûü øõöøôõþûô÷ ÷òüÿ ý÷ ý÷�óøþöþûü óûñûóý�
ôüûôñü� ��ýñ ���%�� 
öö� �ñûþô ÷ýóøúûñ
 ýñ� �ô÷û
ñ�ý�ýøþýþûöñ øõöøôõþûô÷�
ýñ� ûþ ö�ôõüöóô÷ þÿô �õý�ùýü�÷ ö	 þÿô $ý�ýõý�ý��ýþ÷öñ ô÷þûóýþöõ ýñ� öþÿôõñöñøýõýóôþõûü ô÷þûóýþöõ÷ ÷òüÿ ý÷ úýõ
ô ùûý÷ô÷ �òô þö ùöòñ�ýõ� ô�ôüþ÷� �ôô �ýñ
����%�� �ýñ � "ûVùôú÷ ����á�� ýñ� �ýñ � (ýö �ß��à� 	öõ ý üöóøúôþô �ôõû�ýþûöñ ýñ�
�ô÷üõûøþûöñ ö	 ÷þýþû÷þûüýú øõöøôõþûô÷ ö	 þÿô úöüýú øöú�ñöóûýú ô÷þûóýþöõ�

$öþô þÿýþ þÿô ûóøúôóôñþýþûöñ ö	 þÿô ýùö�ô ô÷þûóýþöõ÷ �ôøôñ�÷ öñ þÿô
ýøøõöøõûýþô ÷ôúôüþûöñ ö	 ùöþÿ ùýñ��û�þÿ øýõýóôþôõ ýñ� )ôõñôú 	òñüþûöñ� �öõ
ô�ýóøúô� 	öõ úöüýú úûñôýõ ô÷þûóýþöõ� �ýõ�úô � �÷�ùý�ö� ����S� ýøøúûô� þÿô üõö÷÷�
�ýúû�ýþûöñ óôþÿö� þö üÿöö÷ô þÿô ùýñ��û�þÿ øýõýóôþôõ ò÷ûñ
 þÿô �òýõþûü )ôõñôú�
ýñ� �ýñ � (ýö ������ ýøøúûô� þÿô �ýþý��õû�ôñ ùýñ��û�þÿ ÷ôúôüþûöñ óôþÿö� ò÷ûñ
þÿô �øýñôüÿñû�ö� )ôõñôú� �ôô �ýñ � (ýö �ß��à� 	öõ ý üöóøúôþô �ô÷üõûøþûöñ ö	
ùýñ��û�þÿ øýõýóôþôõ ÷ôúôüþûöñ óôþÿö�÷ 	öõ �ôøôñ�ôñþ øõöüô÷÷ô÷�

�î B*'-)-.(3 2''3-.(,-%& 5%) ,6+ 7=>?@0A
BC.6(&D+ E(,+ E+,<)&1
ðñ þÿû÷ ÷ôüþûöñ �ô ýøøú� þÿô øõô�ûöò÷ú� �ô÷üõûùô� �û�ôõôñþ ñöñøýõýóôþõûü

ô÷þûóýþöõ÷ þö ô÷þûóýþô ùöþÿ þÿô üöñ�ûþûöñýú óôýñ ýñ� �ýõûýñüô 	òñüþûöñ÷ 	öõ þÿô
�]&\X�� ô�üÿýñ
ô õýþô õôþòõñ÷� St

� �ô�ñô� ý÷ Xt = log(St/St−1)
� �ÿô �ýþý

üöñ÷û÷þ÷ ö	 %à�à üöóóôõüûýú �ýûú� öù÷ôõ�ýþûöñ÷ �	õöó ß ,ýñòýõ� ���à�ß� ,òñô
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%ß ±"���"�� â"��À� ã ä"¢��� âÀ��å
ß����� �ÿôõô ýõô þ�ö õôý÷öñ÷ 	öõ üÿöö÷ûñ
 þÿû÷ øôõûö�� �ûõ÷þú�� þÿô ýøøúûô� �öõ� öñ
�]&\X�� ô�üÿýñ
ô õýþô ò÷òýúú� ÷þò�ûô÷ þÿû÷ ÷ôõûô÷�ûþÿöòþ þÿô ô�üÿýñ
ô õýþô ùýñ�
õô
ûóô� ýñ� �òô þö þÿô ñöñøýõýóôþõûü þûóô ÷ôõûô÷ óôþÿö�÷ ýõô �ôõ� ô�ôüþû�ô ûñ
óö�ôúûñ
 øöþôñþûýú ñöñúûñôýõûþûô÷ �	öõ ô�ýóøúô� �òô þö ûñþôõ�ôñþûöñ÷�� �ô üöñ÷û�ôõþÿýþ û÷ ûóøöõþýñþ þö ò÷ô þÿô �ÿöúô øôõûö�� �ôüöñ�ú�� þÿô ô÷þûóýþûöñ ýñ� ùýñ��û�þÿ
÷ôúôüþûöñ óôþÿö�÷ ýõô �ûüòúþ òñúô÷÷ þÿô ÷ýóøúô ÷û#ô û÷ úýõ
ô ��ýñ � (ýö ß��à� �ýñ
� "ûVùôú÷ ���á�� �ÿô ÷þýþû÷þûüýú ÷öòõüô ö	 þÿô �ýþýùý÷ô û÷ þÿô �ôñþõýú �ýñ� ö	
�öúöóùûý�

�ÿô 
õýøÿ÷ ö	 þÿô �]&\X�� ô�üÿýñ
ô õýþô� ûþ÷ õôþòõñ÷ ýñ� õô÷øôüþû�ôú�
÷�òýõô� õôþòõñ÷ ýõô øõô÷ôñþô� ûñ �û
òõô �� �÷ �ô üýñ ÷ôô� þÿô �]&\X�� ô�üÿýñ
ô
õýþô õôþòõñ÷ øõô÷ôñþ þÿô �ôúú��ñö�ñ üúò÷þôõ �öúýþûúûþ� øÿôñöóôñý� �ÿû÷ û÷ õôúýþô�þö þÿô ô�üô÷÷ �òõþö÷û÷ ý÷ û÷ ûúò÷þõýþô� ù� þÿô )ôõñôú �ôñ÷ûþ� ô÷þûóýþûöñ 	öõ þÿô
�]&\X�� ô�üÿýñ
ô õýþô õôþòõñ÷ ûñ �û
òõô ��

COP/USD Exchange Rate

Time
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Time

1996 1998 2000 2002 2004 2006 2008

0.0000

0.0005

0.0010

0.0015

0.0020

0.0025

0.0030

−0.04 −0.02 0.00 0.02 0.04 0.06

0

50

100

150

COP/USD Returns Density

X_t

Kernel Density

Normal(sd=0.00524)

���� ¡ ¢£ ¦®¯°±² �¬��"��� ¢"��� ¦®¯°±² �¬��"��� ¢"�� ¢���¢��� �ª�"¢��¦®¯°±² �¬��"��� ¢"�� ¢���¢��� "�� ä�¢��� ������  �����"���� ��¢¦®¯°±² �¬��"��� ¢"�� ¢���¢�� ��� "¢�� ¡��� " ��"� å�¢� ��¢�"� ������ ¡��� ��"��"¢� ����"�����
σ̂ = 0.00524�

�ö þô÷þ 	öõ þÿô ô�û÷þôñüô ö	 ñöñúûñôýõûþ� ûñ þÿô �]&\X�� õôþòõñ÷ ýñ� ûþ÷
÷�òýõô÷� �ô ýøøúûô� þÿô øöøòúýõ ��� þô÷þ �÷ôô �õöü� ôþ ýú� ���á�� �ÿûüÿ üýñ
ùô üöñ÷û�ôõô� ý óû÷÷øôüû�üýþûöñ þô÷þ ûñ þûóô ÷ôõûô÷ ýñýú�÷û÷� �ÿû÷ þô÷þ ÿý÷ øö�ôõ
ý
ýûñ÷þ ý �û�ô õýñ
ô ö	 úûñôýõ ýñ� ñöñúûñôýõ ýúþôõñýþû�ô÷� �ÿô õô÷òúþ÷ �û÷øúý�ô� ûñ�ýùúô � ÷ÿö� þÿýþ þÿô ñòúú ÿ�øöþÿô÷û÷ ö	 û�û��� û÷ õôVôüþô� 	öõ óö÷þ üöóùûñýþûöñ÷
ö	 m ýñ� ε

	öõ ùöþÿ �ýõûýùúô÷� �ûñüô þÿôõô ýøøôýõ÷ þö ùô ñö �û÷üôõñûùúô úûñôýõ

.É/ÌÊÍË 0ÇÓÇÒ1ÌËÎË ØÉ ÐÊÍËØ2ÊÍÌÙË 33 456768 59:;7



<=>?@A@BCDAEF G>@HIJEJ =K DLC M=>NEDE=>@H OC@> @>N P=H@DEHEDI QR>FDE=>J %%

÷þõòüþòõô ûñ þÿô õôþòõñ÷ ýñ� ûþ÷ ÷�òýõô÷� þÿô õô÷òúþ÷ ÷ò

ô÷þ þÿýþ þÿôõô óý� ùô ýñöñúûñôýõ ÷þõòüþòõô�
¤¥¦§¡ ¢£ ¨²± ���� ��"������� ��¢ �������"¢��  ��

Xt
"��

X
2

t
�

Xt X2
t

m\ε
6Ï665r 6Ï6695 6Ï66�q 6Ï6769 6É

+
66 7É

−
6; 7É

−
6; 5É

−
6;5 7rÏ96� 7�Ï6�� 79Ï5�q 7uÏ;5; 77Ï7ru qÏ�7� �Ï97u rÏ76u

468 468 468 468 468 468 468 468u 55Ïu67 57Ï996 7qÏ6�� 7�Ï;;5 7;Ï67� 75Ïr79 77Ïu7� 77Ïr;;468 468 468 468 468 468 468 468
; 5�Ïq�r 59Ï7qr 57Ï;5r 7qÏ77; 79Ï�56 7uÏ957 75Ï;uq 75Ï�r;468 468 468 468 468 468 468 4689 u�Ï�uq 5�Ï��� 5uÏ5�u 56Ï6q9 7rÏqu� 7uÏ��6 75Ï�u9 7uÏu69

468 468 468 468 468 468 468 468
m
Ô ÉÒ1ÉØØÌÎÕ ØÌÒÉÎÊÌÇÎg ε Ô ÙÓÇÊÉ ÞÇÌÎÍÏ

pÑ/ËÓ×ÉÊ ÌÎ ÞËÆÉÎÍhÉÊÌÊÏ

�ÿô )ôõñôú 	òñüþûöñ ò÷ô� ûñ ýúú ô÷þûóýþûöñ÷ 	öõ ùöþÿ þÿô üöñ�ûþûöñýú óôýñ
ýñ� �öúýþûúûþ� 	òñüþûöñ÷ �ý÷ þÿô �øýñôüÿñû�ö� )ôõñôú� 
û�ôñ ù� K(u) = 3

4
(1 −

u2)I(|u| ≤ 1)� ðñ ý��ûþûöñ� �ô �ô�ôúöøô� ýúú ô÷þûóýþûöñ÷ ù� ôóøúö�ûñ
 öþÿôõ
�ôõñôú 	òñüþûöñ÷ ÷òüÿ ý÷ þÿô �òýõþûü )ôõñôú� K(u) = 15

18
(1 − u2)2I(|u| ≤ 1)� ýñ�þÿô "ýò÷÷ûýñ )ôõñôú� K(u) = 1√

2π
exp(− 1

2
u2)W ýñ� ù� ñöþ ñôüô÷÷ýõûú� ò÷ûñ
 þÿô

÷ýóô �ôõñôú 	òñüþûöñ 	öõ þÿô üöñ�ûþûöñýú óôýñ ýñ� �öúýþûúûþ�� �ô öùþýûñô� �ôõ�
÷ûóûúýõ õô÷òúþ÷� �öõ öøþûóýú ùýñ��û�þÿ øýõýóôþôõ ÷ôúôüþûöñ� �ô ýú�ý�÷ üÿöö÷ô ûþ
ù� ýøøú�ûñ
 þÿô 	öúúö�ûñ
 ùýñ��û�þÿ ÷ôúôüþûöñ óôþÿö�÷! üõö÷÷��ýúû�ýþûöñ� õòúô ö	þÿòóù� þÿô øõô�ý÷�óøþöþûü ÷òù÷þûþòþûöñ óôþÿö� ù� �ýñ � "ûVùôú÷ ����à�� ýñ�þÿô øúò
�ûñ ýøøõöýüÿ� �	þôõ þÿô ôóøûõûüýú üöóøýõû÷öñ ö	 þÿô ô÷þûóýþûöñ÷ öùþýûñô�
ù� óôýñ÷ ö	 þÿô �û�ôõôñþ ùýñ��û�þÿ ÷ôúôüþûöñ óôþÿö�÷� þÿô öøþûóýú ùýñ��û�þÿ
øýõýóôþôõ÷ 	öõ þÿô üöñ�ûþûöñýú óôýñ �ôõô ����%' ýñ� ����'� þö $ý�ýõý�ý��ýþ÷öñ
ýñ� úöüýú úûñôýõ øöú�ñöóûýú ô÷þûóýþöõ÷� õô÷øôüþû�ôú�� ýñ� 	öõ þÿô üöñ�ûþûöñýú
�ýõûýñüô �ôõô ����%'� ����ßS� ýñ� ����'� þö þÿô $ý�ýõý�ý��ýþ÷öñ� �ýõ�úô ��÷�ùý�ö� ����S�� ýñ� �ýñ � (ýö ������ ô÷þûóýþöõ÷� õô÷øôüþû�ôú�� �úú ô÷þûóýþûöñ÷
ýñ� üöóøòþýþûöñ÷ �ôõô üýõõûô� öòþ ò÷ûñ
 þÿô ©ª«¬® ÷ö	þ�ýõô �ôõ÷ûöñ '�� ýñ� þÿô
¯°±²°¯ ³ øýü�ý
ô �ô�ôúöøô� ù� �ýùõôõý �ß����� �ô ýú÷ö ýøøúûô� ý õöùò÷þ úöüýú
øöú�ñöóûýú õô
õô÷÷ûöñ øõöøö÷ô� ù� �úô�ôúýñ� ���S�� þö 
òýõ� ý
ýûñ÷þ �ô�ûýñþ
øöûñþ÷ �öòþúûôõ÷� �ÿûüÿ óý� ÿý�ô ÿý� ý �û÷þöõþûñ
 ô�ôüþ öñ þÿô ÷óööþÿûñ
� �÷þÿô õô÷òúþ÷ �ôõô �ôõ� ÷ûóûúýõ� þÿô� ÿý�ô ñöþ ùôôñ ûúúò÷þõýþô� þö ÷ý�ô ÷øýüô �́

�û
òõô ß ÷ÿö�÷ þÿô ÷üýþþôõøúöþ÷ ö	 Xt
ý
ýûñ÷þ Xt−1

� ýñ� þÿô üöñ�ûþûöñýú
óôýñ 	òñüþûöñ ô÷þûóýþô� ù� �ý� $ý�ýõý�ý��ýþ÷öñ �úöüýú üöñ÷þýñþ ô÷þûóýþöõ�� ýñ�
�ù� úöüýú úûñôýõ øöú�ñöóûýú ô÷þûóýþöõ÷ �ôñöþô� ù� m̂T (Xt−1)

� �ÿô �ý÷ÿô� úûñô÷
üöõõô÷øöñ� þö øöûñþ�û÷ô �àµ ý÷�óøþöþûü üöñ��ôñüô ûñþôõ�ýú÷�¶ �÷ �ô üýñ ÷ôô� þÿô
÷ÿýøô ö	 ùöþÿ ô÷þûóýþô üòõ�ô÷ û÷ ýúóö÷þ ô�òýú� ô�üôøþ 	öõ öñ þÿô úô	þ ô�
ô �ÿôõôþÿôõô û÷ ý ùöòñ�ýõ� ô�ôüþ ûñ þÿô úöüýú üöñ÷þýñþ �þ þÿò÷ 
ôñôõýþûñ
 ùûý÷ øõöùúôó÷
ûñ þÿô úûñôýú �ûõôüþûöñ öñ þÿô ô�
ô÷�
·thÉ ÞÓÇÍÊ ËÆÉ Ë/ËÌÓË1ÓÉ ×ÞÇÎ ÆÉ�×ÉÊÍÏ¸�ÉÉ lËÎ m nËÇ 456698 ÈÇÆ Ë ÙÇÒÞÓÉÍÉ ÙÇÎÊÍÆ×ÙÍÌÇÎ ÇÈ ÍhÉ ÙÇÎwØÉÎÙÉ ÌÎÍÉÆ/ËÓÊ ÈÇÆ ØÉÞÉÎØÉÎÍØËÍËÏ
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(b) Local Linear Estimator���� ¡ ¹£ º"»
Xt

"�"����
Xt−1

� "�� ���"� �����"��  �� ����"� ©�
m̂T (Xt−1)

� º£»
Xt"�"����

Xt−1
"�� ���"� ����"¢  �� ����"� ©�

m̂T (Xt−1)
�

�ÿô óö÷þ ûóøöõþýñþ ÷ô
óôñþ ûñ þÿô 
õýøÿ÷ üöõõô÷øöñ�÷ ýþ þÿô üôñþôõ! ùôþ�ôôñ
−0.02 ýñ� ���ß� ùôüýò÷ô þÿôõô ûñ þÿýþ ûñþôõ�ýú ýõô óö÷þ ö	 þÿô öù÷ôõ�ýþûöñ÷� ýñ�þÿôõô	öõô óöõô ôüûôñü� ûñ þÿô ô÷þûóýþûöñ ö	 þÿô üöñ�ûþûöñýú óôýñ 	òñüþûöñ� �÷
�ô üýñ ÷ôô ûñ þÿýþ ÷ô
óôñþ� þÿô ÷úöøô û÷ ýúóö÷þ #ôõö �ÿûüÿ þÿýþ øö÷÷ûùú� óôýñ÷þÿýþ ýñ ôüûôñþ ô�üÿýñ
ô õýþô óýõ�ôþ ô�û÷þ÷� �ÿô õô÷òúþ÷ 	öòñ� ûñ þÿô úûþôõýþòõô
öñ ô�üÿýñ
ô õýþô óýõ�ôþ÷ ýõô �û�ôõ÷ô� �öóô ÷ÿö� ô�û�ôñüô ö	 úö� ñô
ýþû�ô ÷úöøô÷
�óôýñ õô�ôõ÷ûöñ� ��ýõ�úô � �÷�ùý�ö� ���S� ýñ� öþÿôõ÷ úö� øö÷ûþû�ô ÷úöøô÷ �,òúûö
ôþ ýú� ß��à��

�ÿô 
õýøÿ÷ ö	 þÿô ô÷þûóýþô� õô÷û�òýú÷� r̂t = {Xt − m̂T (x)} � �ÿôõô m̂T (x) û÷þÿô ô÷þûóýþô� üöñ�ûþûöñýú óôýñ 	òñüþûöñ öùþýûñô� 	õöó þÿô úöüýú úûñôýõ øöú�ñöóûýú
ô÷þûóýþûöñ� ýñ� ûþ÷ ÷�òýõô÷� r̂2

t
� ýõô ûúúò÷þõýþô� ûñ �û
òõô %� �ÿô úýþþôõ û÷ ôóøúö�ô� ûñþÿô ô÷þûóýþûöñ 	öõ þÿô üöñ�ûþûöñýú �ýõûýñüô 	òñüþûöñ ò÷ûñ
 þÿô úöüýú úûñôýõ ô÷þûóýþöõ

ö	 �ýñ � (ýö ������� ���ûþûöñýúú� þÿô ÷üýþþôõøúöþ ùôþ�ôôñ r̂t
ý
ýûñ÷þ Xt−1

�
ûñüúò�ûñ
 þÿô ô÷þûóýþô� üöñ�ûþûöñýú óôýñ üòõ�ô� ýñ� þÿô )ôõñôú �ôñ÷ûþ� ô÷þûóýþûöñ	öõ õô÷û�òýú÷ üöóøýõô� �ûþÿ ý óôýñ #ôõö ñöõóýú �ôñ÷ûþ� �ûþÿ ÷þýñ�ýõ� �ô�ûýþûöñ�
σ̂ = 0.00524 ýõô ÷ÿö�ñ ûñ �û
òõô %�

�û
òõô÷ '�ý� ýñ� '�ù� �ôøûüþ þÿô ÷üýþþôõøúöþ÷ ö	 þÿô ÷�òýõô� õôþòõñ÷�X2

t
� ý
ýûñ÷þ

Xt−1
� ýñ� þÿô ô÷þûóýþô� õô
õô÷÷ûöñ üòõ�ô ö	 þÿô üöñ�ûþûöñýú �ýõûýñüô� �ôñöþô�

ù� σ̂2

T (Xt−1)
� ô÷þûóýþô� ù� þÿô $ý�ýõý�ý��ýþ÷öñ ýñ� þÿô úöüýú úûñôýõ ô÷þûóýþöõ

ù� �ýõ�úô � �÷�ùý�ö� ����S�� �û
òõô '�ü� ÷ÿö�÷ þÿô ÷üýþþôõøúöþ ö	 þÿô ÷�òýõô�
õô÷û�òýú÷� r̂t

� ý
ýûñ÷þ Xt−1
� ýñ� þÿô úöüýú úûñôýõ ô÷þûóýþöõ ö	 �ýñ � (ýö �������

�û
òõô à ÷ÿö�÷ þÿô �öúýþûúûþ� 	òñüþûöñ÷� σ̂T (Xt−1)
� ô÷þûóýþô� ù� �ý� þÿô

$ý�ýõý�ý��ýþ÷öñ� �ù� þÿô �ýõ�úô � �÷�ùý�ö� ����S�� ýñ� �ü� þÿô �ýñ � (ýö
������ ô÷þûóýþöõ÷� �ÿô õô÷òúþ÷ ÷ÿö� þÿýþ þÿô üöñ�ûþûöñýú �öúýþûúûþ� 	òñüþûöñ
ô÷þûóýþô� ù� óôýñ÷ ö	 þÿô �ýñ ýñ� (ýö õô÷û�òýú�ùý÷ô� úöüýú úûñôýõ ô÷þûóýþöõ û÷
÷óööþÿôõ þÿýñ þÿô úöüýú üöñ÷þýñþ ýñ� úûñôýõ ô÷þûóýþöõ÷ ò÷ûñ
 þÿô ÷�òýõô� õôþòõñ÷�

.É/ÌÊÍË 0ÇÓÇÒ1ÌËÎË ØÉ ÐÊÍËØ2ÊÍÌÙË 33 456768 59:;7



<=>?@A@BCDAEF G>@HIJEJ =K DLC M=>NEDE=>@H OC@> @>N P=H@DEHEDI QR>FDE=>J %à

Residuals

Time

1996 1998 2000 2002 2004 2006 2008

−0.04

−0.02

0.00

0.02

0.04

0.06

Squared Residuals

Time

1996 1998 2000 2002 2004 2006 2008

0.0000

0.0005

0.0010

0.0015

0.0020

0.0025

0.0030

0.0035

−0.04 −0.02 0.00 0.02 0.04 0.06

−0.04

−0.02

0.00

0.02

0.04

0.06

Residuals vs X_t

X_t−1

−0.04 −0.02 0.00 0.02 0.04 0.06

0

50

100

150

Residuals Density

X_t

Kernel Density

Normal(sd=0.00524)

���� ¡ ¼£ ¥�����"��� �ª�"¢�� ¢�����"��� ¢�����"�� "�"����
Xt−1

� "�� ä�¢��� ������ �����"���� ��¢ ¢�����"�� ��� "¢�� �� " ��"� å�¢� ��¢�"� ������  ¡�����"��"¢� ����"�����
σ̂ = 0.00524�

�òõþÿôõóöõô� þÿô õô÷òúþ÷ �ö ñöþ þö ÷ÿö� ô�û�ôñüô ö	 �öúýþûúûþ� ý÷�óóôþõûô÷� ]ñþÿô üöñþõýõ�� þÿô �ôúú��ñö�ñ X�÷ÿýøô ûñ þÿô üöñ�ûþûöñýú �öúýþûúûþ� 	òñüþûöñ �ô�üôøþþö þÿô �ýñ ýñ� (ýö�÷ ô÷þûóýþöõ� û÷ øõô÷ôñþ� �ÿû÷ õô÷òúþ üöñüòõ÷ �ûþÿ �ñ�ûñ
÷ ûñ
öþÿôõ ÷þò�ûô÷ þÿýþ ôóøúö� þÿô øýõýóôþõûü ýøøõöýüÿ ��ý÷þý½ö ôþ ýú� ß���� +ý�ý
� "¾óô# ß����� �ÿû÷ ûñ�ûüýþô÷� 	öõ ô�ýóøúô� þÿýþ ûþ û÷ øõöøôõ þö üýõõ� öòþ ýñ
öøþûöñ ô�ýúòýþûöñ öñ þÿô �]&\X�� ô�üÿýñ
ô õýþô �ûþÿ þÿô ÷�óóôþõûü �öúýþûúûþ�
_÷óûúô`� �ö�ô�ôõ� þÿû÷ ÷�óóôþõûü X�÷ÿýøô û÷ øýõþûüòúýõú� üúôýõ ûñ þÿô üôñþõýú ýõôý
ö	 þÿô 
õýøÿ÷ �ÿôõô þÿô óýVöõûþ� ö	 öù÷ôõ�ýþûöñ÷ ýõô� þÿû÷ û÷� ûñ þÿô ÷ô
óôñþ
ùôþ�ôôñ −0.02 ýñ� ���ß �÷ôô �û
òõô %�� �÷ ô�øôüþô�� þÿû÷ ÷�óóôþõ� ûñ �öúýþûúûþ�
û÷ ùõö�ôñ �òô þö ùöòñ�ýõ� ô�ôüþ÷ öñ þÿô õû
ÿþ ýñ� úô	þ ô�
ô÷ �ÿôõô þÿôõô ýõô 	ô�
öù÷ôõ�ýþûöñ÷ 	öõ üöõõôüþ ÷óööþÿûñ
 ��ýõ�úô ����� �ýõ�úô � �÷�ùý�ö� ���S� �ýñ �
"ûVùôú÷ ���á� �ýõ�úô ôþ ýú� ß��'��

�ûñýúú�� þÿô õô÷òúþ÷ ýõô ýúöñ
 þÿô úûñô÷ ö	 þÿô �ñ�ûñ
÷ ù� ,òúûö ôþ ýú� �ß��à��
�ÿö ýøøúûô� þÿô úöüýú úûñôýú øöú�ñöóûýú õô
õô÷÷ûöñ�¿ �ÿô 
öýú ö	 þÿôûõ ÷þò�� �ý÷þö �ôþôõóûñô þÿô 	ôýþòõô÷ ö	 þÿô _�öúýþûúûþ� X�÷ÿýøô` ýñ� óôýñ õô÷øöñ÷ô 	òñüþûöñ÷�
ýñ� þÿô óýõ�ôþ ô�ôüþ ö	 üôñþõýú ùýñ� ûñþôõ�ôñþûöñ÷ öñ þÿö÷ô 	òñüþûöñ÷� �ÿô� 	öòñ�þÿýþ _�û÷üõôþûöñýú ûñþôõ�ôñþûöñ÷` þôñ� þö üÿýñ
ô þÿô üöñüý�ûþ� ö	 þÿô _�öúýþûúûþ� X�÷ÿýøô`� �ö�ô�ôõ� þÿýþ üÿýñ
ô �ý÷ óö�ôõýþô� ýñ� ûþ ñô�ôõ øõö�òüô� _�öúýþûúûþ�
÷�ô�`�
À �Î ÍhÉÌÆ ÊÍ×Øe ÍhÉe ×ÊÉØ Ë ØÌÁÉÆÉÎÍ ÊËÒÞÓÉg ÈÆÇÒ �ÉÞÍÉÒ1ÉÆ 5�Íh 7qqqÑ�ËÆÙh u7ÊÍ 5669ÏjØØÌÍÌÇÎËÓÓeg ÍhÉe wÍ Ë ÓÇÙËÓ ÓÌÎÉËÆ ËÞÞÆÇÛÌÒËÍÌÇÎ ÍÇ ÙÇÎØÌÍÌÇÎËÓ ÒÉËÎ ËÎØ ÓÇÙËÓ �×ËØÆËÍÌÙËÞÞÆÇÛÌÒËÍÌÇÎ ÍÇ ÙÇÎØÌÍÌÇÎËÓ /ËÆÌËÎÙÉÏ
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(b) Härdle−Tsybakov Estimator
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(c) Fan−Yao Estimator���� ¡ Â£ º"»
X

2

t
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� "�� ���"� �����"��  �� ����"� ©�
σ̂

2

T (Xt−1)
� º£»

X
2

t"�"����
Xt−1

� "�� ���"� ����"¢  �� ����"� ©�
σ̂

2

T (Xt−1)
� º�»

r̂
2

t
"�"����

Xt−1

�
"�� ���"� ����"¢  �� ����"� ©�

σ̂
2

T (Xt−1)
�

Ãî 7%&.3<1-%&1
�ÿô õöúô ö	 �öúýþûúûþ� ý÷÷öüûýþô� �ûþÿ ý ÷þöüÿý÷þûü øõöüô÷÷ û÷ �ôúú��ñö�ñ�øýõþûüòúýõú� ûñ ôüöñöóûü÷ ýñ� �ñýñüô� �ö�ô�ôõ�óö÷þ ö	 þÿô �öúýþûúûþ� óö�ôú÷ ÿý�ô	öüò÷ô� þÿôûõ ýþþôñþûöñ öñ þÿô øýõýóôþõûü ýøøõöýüÿ þö õôøõô÷ôñþ þÿô ÷þöüÿý÷þûü

��ñýóûü øõöøôõþûô÷ ö	 þÿô �ýþý 
ôñôõýþûñ
 øõöüô÷÷� ý÷÷òóûñ
 ô�øúûüûþ 	òñüþûöñýú	öõó÷ 	öõ þÿô óôýñ ýñ� �ýõûýñüô øõöüô÷÷ô÷� ðñ þÿû÷ øýøôõ ý ñöñøýõýóôþõûü þûóô
÷ôõûô÷ ýñýú�÷û÷ þö þÿô üöñ�ûþûöñýú óôýñ ýñ� �ýõûýñüô 	òñüþûöñ÷ �ý÷ üýõõûô� öòþ öñþÿô �öúöóùûýñ &ô÷ö\X� �öúúýõ ��]&\X��� ô�üÿýñ
ô õýþô õôþòõñ÷�

��ö ñöñøýõýóôþõûü ô÷þûóýþöõ÷ �ôõô ýøøúûô� þö ô÷þûóýþô þÿô üöñ�ûþûöñýú óôýñ	òñüþûöñ! þÿô úöüýú üöñ÷þýñþ øöú�ñöóûýú �$ý�ýõý�ý��ýþ÷öñ� ýñ� úöüýú úûñôýõ
øöú�ñöóûýú ô÷þûóýþöõ÷W �ÿôõôý÷ þÿõôô �ôõô ò÷ô� 	öõ þÿô üöñ�ûþûöñýú �ýõûýñüô	òñüþûöñ! þÿô úöüýú üöñ÷þýñþ ýñ� úûñôýõ ô÷þûóýþöõ÷ ùý÷ô� öñ þÿô ÷�òýõô� õôþòõñ÷
ýñ� þÿô õô÷û�òýú�ùý÷ô� úöüýú úûñôýõ ô÷þûóýþöõ� �ÿô õô÷òúþ÷ ÷ÿö� ñö ô�û�ôñüô ö	
ý÷�óóôþõûô÷ ûñ þÿô �öúýþûúûþ� ö	 �]&\X�� ô�üÿýñ
ô õýþô� ]ñ þÿô üöñþõýõ�� �ô	öòñ� þÿô _�öúýþûúûþ� X�÷ÿýøô`� ���ûþûöñýúú�� þÿô õô÷òúþ÷ ûñ�ûüýþô þÿýþ þÿôõô û÷ óôýñ
õô�ôõ÷ûöñ ýüüöõ�ûñ
 þö þÿô ô�û÷þôñüô ö	 ý úûñôýú 	òñüþûöñ õôúýþûöñ÷ÿûø þö üöñ�ûþûöñýú
óôýñ�

�ûñýúú�� ý÷ �ö÷÷ýôõþ÷ ôþ ýú� ����à� øöûñþ öòþ� þÿô ñöñøýõýóôþõûü ýñýú�÷û÷ üýñ ùô
ô�þôñ�ô� üöñ÷û�ôõûñ
 ý úô÷÷ õô÷þõûüþô� �ýþý 
ôñôõýþûñ
 øõöüô÷÷ öñ þÿô üöñ�ûþûöñýú
óôýñ 	òñüþûöñ ý÷ �ôúú ý÷ öñ þÿô üöñ�ûþûöñýú �ýõûýñüô 	òñüþûöñ ûñüúò�ûñ
 óöõô úý
÷
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Xt−1
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ûñ ùöþÿ 	òñüþûöñ÷� �ö�ô�ôõ þÿû÷ ûóøúûô÷ þÿô �ôúú��ñö�ñ _üòõ÷ô ö	 �ûóôñ÷ûöñýúûþ�`
øõöùúôó� +öõôö�ôõ� öþÿôõ ñöñøýõýóôþõûü óö�ôú÷ üýñ ùô ýþþôóøþô�W 	öõ ûñ÷þýñüôþÿô �òñüþûöñýú��öôüûôñþ �òþöõô
õô÷÷û�ô óö�ôú� þÿô ���ûþû�ô �òþöõô
õô÷÷û�ô
óö�ôú� ýñ� ýóöñ
 öþÿôõ÷� �þ þÿû÷ óöóôñþ þÿû÷ ô�þôñ÷ûöñ û÷ ùôôñ øôõ	öõóô� Vöûñþú�
�ûþÿ ý óòúþû�ýõûýþô ýñýú�÷û÷ þö óö�ôúûñ
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ô÷þûöñ÷� �ô ýú÷ö �û÷ÿ þö þÿýñ� þö øýõþûüûøýñþ÷ ûñ þÿô _ððð
�ñüòôñþõö �ôú "õòøö �ô �ôõûô÷ �ô �ûôóøö �̀ ýþ þÿô Xñû�ôõ÷û�ý� $ýüûöñýú �ô
�öúöóùûý� ýñ� þö þ�ö ýñöñ�óöò÷ õô	ôõôô÷ 	öõ þÿôûõ �ýúòýùúô üöóóôñþ÷�

[³®ËÌÍÌÎ¬Ï ÐÍÌ« Î® ÑÒÒÓ Ô ÕË®ªÖÐÎ¬Ï ®×®¬ Î® ÑÒØÒ]

E+5+)+&.+1
�ûþ��ýÿýúûý� (� ����áY�� Ù$öñøýõýóôþõûü &õûüûñ
 ö	 ðñþôõô÷þ  ýþô �ôõû�ýþû�ô

�ôüòõûþûô÷�� ÚÛÜÝÜÞßàáâÛY ãä� àßSåàá��
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øä� %å%��
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ôú� àåà��
�öúúôõ÷úô�� ��� �ñ
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�ö÷÷ýôõþ÷� &�� �ýõ�úô� �� � �ý	ñôõ� �� ����á�� �öõôû
ñ ��üÿýñ
ô� ýþô÷ �ý�ô
�òõøõû÷ûñ
 -öúýþûúûþ�� âÝ &� +�  öùûñ÷öñ � +�  ö÷ôñùúýþþ� ô�÷� Ù�þÿôñ÷
�öñ	ôõôñüô öñ �øøúûô� &õöùýùûúûþ� ýñ� �ûóô �ôõûô÷ �ñýú�÷û÷�� -öú� ß�
�øõûñ
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�öòñ�ýþûöñ 	öõ �þýþû÷þûüýú �öóøòþûñ
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�ý÷þý½ö� ��� "¾óô#� )� � "ýúú¾ñ� �� �ß����� Ù&õöñ¾÷þûüö � ô÷þõòüþòõý÷ �ô
�öúýþûúû�ý�óòúþûøôõûö�ö �ô úý þý÷ý �ô üýóùûö �ôú øô÷ö üöúöóùûýñö�� �ïYðßáÝÜñ
ðß ÚÛÜÝÜÞ	Y ä
� ß'�åßáá�
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�ÿôñ�  � � �÷ý��  � ����%�� Ù�òñüþûöñýú��öôüûôñþ �òþöõô
õô÷÷û�ô +ö�ôú÷��
óÜïáÝYí Üë àçß �ÞßáâÛYÝ îàYàâñàâÛYí �ññÜÛâYàâÜÝ 

� ß��å%���

�úô�ôúýñ�� �� ���S��� Ù öùò÷þ Töüýúú� �ôû
ÿþô�  ô
õô÷÷ûöñ ýñ� �óööþÿûñ
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�ûýùöú�� �� � $ý÷öñ� ,� ������� Ù$öñøýõýóôþõûü ��üÿýñ
ô  ýþô &õô�ûüþûöñ��
óÜïáÝYí Üë �ÝàßáÝYàâÜÝYí ÚÛÜÝÜÞâÛñ ú
� %�àå%%ß�

�ûñ
� [�� "õýñ
ôõ� �� � �ñ
úô�  � ����%�� Ù� Töñ
 +ôóöõ� &õöøôõþ� ö	 �þöü�
+ýõ�ôþ  ôþòõñ÷ ýñ� � $ô� +ö�ôú�� óÜïáÝYí Üë ÚÞ�âáâÛYí ìâÝYÝÛß ù� �%å��á�

�ñ
úô�  � ����ß�� Ù�òþöõô
õô÷÷û�ô �öñ�ûþûöñýú �ôþôõö÷üô�ý÷þûüûþ� �ûþÿ �÷þûóýþô÷
ö	 þÿô -ýõûýñüô ö	 Xñûþô� )ûñ
�öó ðñUýþûöñ�� ÚÛÜÝÜÞßàáâÛY ô�� ��Så�����

�ñ
úô�  � � �öúúôõ÷úô�� �� ����á�� Ù+ö�ôúúûñ
 þÿô &ôõ÷û÷þôñüô ö	 �öñ�ûþûöñýú
-ýõûýñüô÷�� ÚÛÜÝÜÞßàáâÛ èßéâßêñ ô� �åà��

�ñ
úô�  � � "öñ#ýúô#� û�ôõý� "� ������� Ù�ôóû�&ýõýóôþõûü � �� +ö�ôú÷��
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�ýñ� ,� ����%�� ÙTöüýú Tûñôýõ  ô
õô÷÷ûöñ �óööþÿôõ÷ ýñ� þÿôûõ +ûñûóý� �üûôñü���
�ÝÝYíñ Üë îàYàâñàâÛñ úù� ��áåß�á�

�ýñ� ,� � "ûVùôú÷� ð� ����à�� Ù�ýþý��õû�ôñ �ýñ��û�þÿ �ôúôüþûöñ ûñ Töüýú &öú�ñöóûýú
�ûþþûñ
! -ýõûýùúô �ýñ��û�þÿ ýñ� �øýþûýú ��ýøþýþûöñ�� óÜïáÝYí Üë àçß èÜ�YíîàYàâñàâÛYí îÜÛâßà� �ôø� %S�å%�'�

�ýñ� ,� � "ûVùôú÷� ð� ����á�� �ÜÛYí ûÜí�ÝÜÞâYí �ÜðßííâÝü YÝð �àñ ��� íâÛYàâÜÝñ�
�ÿýøóýñ ýñ� �ýúú\� �� Töñ�öñ�

�ýñ� ,� � (ýö� �� ������� Ù�üûôñþ �÷þûóýþûöñ ö	 �öñ�ûþûöñýú -ýõûýñüô �òñüþûöñ÷
ûñ �þöüÿý÷þûü  ô
õô÷÷ûöñ�� �âÜÞßàáâ÷Y 
ô� á'àåáá��

�ýñ� ,� � (ýö� �� �ß��à�� �ÜÝíâÝßYá æâÞß îßáâßñ� �ÜÝ�YáYÞßàáâÛ YÝð ûYáYÞßàáâÛ
�ßàçÜðñ� �øõûñ
ôõ� $ô� (öõ��

"ýö� ,� �ß��S�� �ÜÝíâÝßYá æâÞß îßáâßñ� îßÞâ�YáYÞßàáâÛ YÝð �ÜÝ�YáYÞßàáâÛ
�ßàçÜðñ� �ÿýøóýñ ýñ� �ýúú\� �� Töñ�öñ�

"ÿ�÷ôú÷� ��� �ýõ�ô�� �� �  ôñýòúþ� �� ����á�� �þöüÿý÷þûü -öúýþûúûþ�� âÝ ��  � ýö � "� �� +ý��ýúý� ô�÷� Ù�ýñ�ùöö� ö	 �þýþû÷þûü÷�� -öú� �'� �òþþôõ�öõþÿ�
�ôûñôóýññ� �ó÷þôõ�ýó�
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&õô÷÷� �ýóùõû�
ô�
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