Séminaires & Congrès 6, 2002, p. 155–186

RESOLVING 3-DIMENSIONAL TORIC SINGULARITIES by Dimitrios I. Dais

Abstract. — This paper surveys, in the first place, some basic facts from the classification theory of normal complex singularities, including details for the low dimensions 2 and 3. Next, it describes how the toric singularities are located within the class of rational singularities, and recalls their main properties. Finally, it focuses, in particular, on a toric version of Reid’s desingularization strategy in dimension three.

1. Introduction

There are certain general qualitative criteria available for the rough classification of singularities of complex varieties. The main ones arise: � � � � � � � � � � � � � � � � � � � � � � �

• from the study of the punctual algebraic behaviour of these varieties (w.r.t. local rings associated to singular points) [algebraic classification]

• from an intrinsic characterization for the nature of the possible exceptional loci w.r.t. any desingularization [rational, elliptic, non-elliptic etc.]

• from the behaviour of “discrepancies” (for Q-Gorenstein normal complex varieties) [adjunction-theoretic classification]

2000 Mathematics Subject Classification. — 14M25; 14B05, 32S05. Key words and phrases. — Canonical singularities, toric singularities.

© Séminaires et Congrès 6, SMF 2002

Algebraic Classification. — At first we recall some fundamental definitions from commutative algebra (cf. [52], [54]). Let R be a commutative ring with 1. The height ht(p) of a prime ideal p of R is the supremum of the lengths of all prime ideal chains which are contained in p, and the dimension of R is defined to be

dim (R) := sup {ht (p) | p prime ideal of R} .

R is Noetherian if any ideal of it has a finite system of generators. R is a local ring if it is endowed with a unique maximal ideal m. A local ring R is regular (resp. normal) if dim(R) = dim � m/m^2 � (resp. if it is an integral domain and is integrally closed in its field of fractions). A finite sequence a_1, . . . , a_ν of elements of a ring R is defined to be a regular sequence if a_1 is not a zero-divisor in R and for all i, i = 2, . . . , ν, a_i is not a zero-divisor of R/ ⟨a_1, . . . , a_{i−1}⟩. A Noetherian local ring R (with maximal ideal m) is called Cohen-Macaulay if

depth (R) = dim (R) ,

where the depth of R is defined to be the maximum of the lengths of all regular sequences whose members belong to m. A Cohen-Macaulay local ring R is called Gorenstein if Ext^{dim(R)}

R (R/m, R) ∼= R/m.

A Noetherian local ring R is said to be a complete intersection if there exists a regular local ring R^′, such that R ∼= R^′/ (f_1, . . . , f_q) for a finite set {f_1, . . . , f_q} ⊂ R^′ whose cardinality equals q = dim(R^′) − dim(R). The hierarchy by inclusion of the above types of Noetherian local rings is known to be described by the following diagram:

(1.1)

{Noetherian local rings} ⊃ {normal local rings} ∪ ∪ {Cohen-Macaulay local rings} {regular local rings} ∪ ∩ {Gorenstein local rings} ⊃ {complete intersections (“c.i.’s”)}

An arbitrary Noetherian ring R and its associated affine scheme Spec(R) are called Cohen-Macaulay, Gorenstein, normal or regular, respectively, iff all the localizations R_m with respect to all the members m ∈ Max-Spec(R) of the maximal spectrum of R are of this type. In particular, if the R_m’s for all maximal ideals m of R are c.i.’s, then one often says that R is a locally complete intersection (“l.c.i.”) to distinguish it from the “global” ones. (A global complete intersection (“g.c.i.”) is defined to be a ring R of finite type over a field k (i.e., an affine k-algebra), such that

R ∼= k [T_1.., T_d] / (φ_1 (T_1, .., T_d) , .., φ_q (T_1, .., T_d))

for q polynomials φ_1, . . . , φ_q from k [T_1, .., T_d] with q = d− dim(R)). Hence, the above inclusion hierarchy can be generalized for all Noetherian rings, just by omitting in (1.1) the word “local” and by substituting l.c.i.’s for c.i.’s.

SÉMINAIRES & CONGRÈS 6

We shall henceforth consider only complex varieties (X, O_X ), i.e., integral separated schemes of finite type over k = C; thus, the punctual algebraic behaviour of X is determined by the stalks O_{X,x} of its structure sheaf O_X , and X itself is said to have a given algebraic property whenever all O_{X,x}’s have the analogous property from (1.1) for all x ∈ X. Furthermore, via the gaga-correspondence ([71], [30, § 2]) which preserves the above quoted algebraic properties, we may work within the analytic category by using the usual contravariant functor

(X, x) ⇝ O^{hol}_{X,x}

between the category of isomorphy classes of germs of X and the corresponding category of isomorphy classes of analytic local rings at the marked points x. For a complex variety X and x ∈ X, we denote by m_{X,x} the maximal ideal of O^{hol}_{X,x} and by

Sing (X) = � x ∈ X | O^{hol}_{X,x} is a non-regular local ring � (1.2) = � x ∈ X | dim � m_{X,x}/m^2_{X,x} � > dim_x (X) � its singular locus. By a desingularization (or resolution of singularities) f : ^X → X of a non-smooth X, we mean a “full” or “overall” desingularization (if not mentioned), i.e., Sing( ^X) = ∅. When we deal with partial desingularizations, we mention it explicitly.

Rational and Elliptic Singularities. — We say that X has (at most) rational singularities if there exists a desingularization f : Y → X of X, such that

f_∗O_Y = O_X

(equivalently, Y is normal), and

R^if_∗O_Y = 0, ∀i, 1 � i � dim_CX − 1.

(The i-th direct image sheaf is defined via

U −→ R^if_∗O_Y (U) := H^i � f^{−1} (U) , O_Y |_f −1_{(U)} � ). This definition is independent of the particular choice of the desingularization of X. (Standard example: quotient singularities^{(1)} are rational singularities).

We say that a Gorenstein singularity x of X is an elliptic singularity if there exists a desingularization f : Y → X of x ∈ X, such that

R^if_∗O_Y = 0, ∀i, 1 � i � dim_CX − 2,

(1)The quotient singularities are of the form (C^r /G, [0]), where G is a finite subgroup of GL(r, C ) (without pseudoreflections) acting linearly on C^r , p : C^r → C^r /G = Spec(C [z ]^G) the quotient map, and [0] = p(0). Note that

Sing (C^r /G) = p ({z ∈ C^r | G_z ≠ {Id} })

(cf. (1.2)), where G_z := {g ∈ G | g · z = z } is the isotropy group of z ∈ C^r .

SOCIÉTÉ MATHÉMATIQUE DE FRANCE 2002

and R^{dimC X−1}f_∗O_Y ∼= C.

(The definition is again independent of the particular choice of the desingularization).

Adjunction-Theoretic Classification. — If X is a normal complex variety, then its Weil divisors can be described by means of “divisorial” sheaves as follows:

Lemma 1.1 ([34, 1.6]). — For a coherent sheaf F of O_X -modules the following conditions are equivalent:

(i) F is reflexive (i.e., F ∼= F^{∨∨}, with F^∨ := Hom_{OX} (F, O_X ) denoting the dual of F) and has rank one.

(ii) If X^0 is a non-singular open subvariety of X with codim_X � X∖X^0 � � 2, then F |_X 0 is invertible and F ∼= ι_∗ (F |_X 0 ) ∼= ι_∗ι^∗ (F) , where ι : X^0 → X denotes the inclusion map.

The divisorial sheaves are exactly those satisfying one of the above conditions. Since a divisorial sheaf is torsion free, there is a non-zero section γ ∈ H^0 (X, Rat_X ⊗_{OX} F), with H^0 (X, Rat_X ⊗_{OX} F) ∼= C (X) · γ, and F can be considered as a subsheaf of the constant sheaf Rat_X of rational functions of X, i.e., as a special fractional ideal sheaf.

Proposition 1.2 ([63, App. of § 1]). — The correspondence

Cl (X) ∋ {D}^δ−→ {O_X (D)} ∈ � divisorial coherent subsheaves of Rat_X � � H^0 (X, O^∗_X )

with O_X (D) defined by sending every non-empty open set U of X onto U −→ O_X (D) (U) := � φ ∈ C (X)^∗ | (div (φ) + D) |_U � 0 � ∪ {0}, is a bijection, and induces a Z-module isomorphism. In fact, to avoid torsion, one defines this Z-module structure by setting

δ (D_1 + D_2) := (O_X (D_1) ⊗ O_X (D_2))^{∨∨}and δ (κD) := O_X (D)^{[κ]} = O_X (κD)^{∨∨} , for any Weil divisors D, D_1, D_2 and κ ∈ Z.

Let now Ω_{Reg(X)/C} be the sheaf of regular 1-forms, or Kähler differentials, on

Reg (X) = X∖Sing (X)^ι→ X, (cf. [36, § 5.3]) and for i � 1, let us set

Ω^i_{Reg(X)/C} :=^i � Ω_{Reg(X)/C} .

SÉMINAIRES & CONGRÈS 6

The unique (up to rational equivalence) Weil divisor K_X , which maps under δ to the canonical divisorial sheaf ω_X := ι_∗ � Ω^{dimC(X)}

Reg(X)/C � , is called the canonical divisor of X. Another equivalent interpretation of ω_X , when X is Cohen-Macaulay, can be given by means of the Duality Theory (see [32], [29]). If D^+_c (O_X ) denotes the derived category of below bounded complexes whose cohomology sheaves are coherent, then there exists a dualizing complex^{(2)} ω^•_X ∈ D^+_c (O_X ) over X. If X is Cohen-Macaulay, then the i-th cohomology sheaf H^i (ω^•_X ) vanishes for all i ∈ Z∖{− dim_C (X)}, and ω_X ∼= H^{− dimC(X)} (ω^•_X ). This leads to the following:

Proposition 1.3. — A normal complex variety X is Gorenstein if and only if it is Cohen-Macaulay and ω_X is invertible.

Proof. — If X is Gorenstein, then O_{X,x} satisfies the equivalent conditions of [54, Thm. 18.1], for all x ∈ X. This means that O_{X,x} (as Noetherian local ring) is a dualizing complex for itself (cf. [32, Ch. V, Thm. 9.1, p. 293]). Since dualizing complexes are unique up to tensoring with an invertible sheaf, say L, over X, shifted by an integer n (cf. [32, Ch. V, Cor. 2.3, p. 259]), we shall have ω^•_X ∼= O^•_{X,x} ⊗L [n]. Hence, ω_X itself will be also invertible. The converse follows from the isomorphisms ω_X ∼= H^{− dimC(X)} (ω^•_X ) and ω_{X,x} ∼= O_{X,x}, for all x ∈ X. (Alternatively, one may use the fact that x ∈ X is Gorenstein iff O_{X,x} is Cohen-Macaulay and H^{dimC(X)}_{mX,x} (O_{X,x}) is a dualizing module for it, cf. [29, Prop. 4.14, p. 65]. The classical duality [29, Thm. 6.3, p. 85], [32, Ch. V, Cor. 6.5, p. 280], combined with the above uniqueness argument, gives again the required equivalence).

Theorem 1.4 (Kempf [43, p. 50], Elkik [23], [24], Bingener-Storch [5])

Let X a normal complex variety of dimension � 2. Then � X has at most rational singularities � ⇐⇒ � X is Cohen-Macaulay and ω_X ∼= f_∗ω_Y � , where f : Y −→ X is any desingularization of X.

(Note that, if E = f^{−1} (Sing (X)) and ι : Reg(X) → X, j : Y ∖E → Y are the natural inclusions, then by the commutative diagram

Y ∖E �

� j � ≀ � Y f � Reg (X) �

� ι � X (2)There is a canonical morphism ω_X [dim_C (X)] → ω^•_X which is a quasi-isomorphism iff X is Cohen- Macaulay.

SOCIÉTÉ MATHÉMATIQUE DE FRANCE 2002

we have in general f_∗ω_Y → f_∗j_∗ (ω_Y |_{Y ∖E} ) = ι_∗f_∗ (ω_Y |_{Y ∖E} ) = ι_∗ � ω_{Reg(X)} � ∼ = ωX .

In fact, f_∗ω_Y does not depend on the particular choice of the desingularization.) Sketch of proof. — Let G_X := Coker (f_∗ω_Y → ω_X ) , and L^•_X = {L^i_X } ∈ D^+_c (O_X ) , M^•_X = {M^i_X } ∈ D^+_c (O_X ) , the map cones of the canonical homomorphisms O_X −→ R^•f_∗O_Y and f_∗ (ω_Y [dim_C (X)]) −→ ω^•_X , respectively. By Grauert-Riemenschneider vanishing theorem, R^if_∗ω_Y = 0 for all i ∈ Z_{�1}, which means that the canonical morphism f_∗ (ω_Y [dim_C (X)]) −→ Rf_∗ (ω_Y [dim_C (X)]) is an isomorphism. Moreover, H^i (L^•_X ) = L^i_X , for all i ∈ Z, and

H^i (M^•_X ) = � � � H^i (ω^•_X ) , for i ∈ [− dim_C (X) + 1, −t (X)], G_X for i = − dim_C (X) , 0 otherwise, where t(X) = inf{ depth (O_{X,x}) | x ∈ X}. By the Duality Theorem for proper maps (cf. [32, Ch. III, Thm. 11.1, p. 210]) we obtain a canonical isomorphism f_∗ (ω_Y [dim_C (X)]) ∼= Rf_∗ (ω_Y [dim_C (X)]) ∼= RHom_{OX} (R^•f_∗O_Y , ω^•_X ) By dualization this reads as RHom_{OX} ( f_∗ (ω_Y [dim_C (X)]) , ω^•_X ) ∼= R^•f_∗O_Y .

From this isomorphism we deduce that

H^i (M^•_X ) = Ext^{i+1}_{OX} (M^•_X , ω^•_X ) and H^i (L^•_X ) = Ext^{i+1}_{OX} (L^•_X , ω^•_X ) Hence, the assertion follows from the equivalence: L^•_X = 0 ⇐⇒ M^•_X = 0. Remark 1.5. — For another approach, see Flenner [27, Satz 1.3]. For a proof which avoids Duality Theory, cf. [45, Cor. 11.9, p. 281] or [47, Lemma 5.12, p. 156]. Definition 1.6. — A normal complex variety X is called Q-Gorenstein if ω_X = O_X (K_X ) with K_X a Q-Cartier divisor. (The smallest positive integer ℓ, for which ℓK_X is Cartier, is called the index of X.) Let X be a singular Q-Gorenstein complex variety of dimension � 2. Take a desingularization f : Y → X of X, such that the exceptional locus of f is a divisor � i D_i with only simple normal crossings, and define the discrepancy^{(3)} K_Y − f^∗ (K_X ) = � i a_iD_i .

(3)We may formally define the pull-back f^∗ (K_X ) as the Q-Cartier divisor^1_ℓ f^∗ (ℓK_X ), where ℓ is the index of X.

SÉMINAIRES & CONGRÈS 6

We say that X has terminal (resp. canonical, resp. log-terminal, resp. log-canonical) singularities if all a_i’s are > 0 (resp. � 0 / > −1 / � −1). This definition is independent of the particular choice of the desingularization.

Remark 1.7 (i) If all a_i’s are = 0, then f : Y → X is called a crepant desingularization of X. In fact, the number of crepant divisors # {i | a_i = 0 } remains invariant w.r.t. all f’s as long as X has at most canonical singularities.

(ii) Terminal singularities constitute the smallest class of singularities to run the MMP (= minimal model program) for smooth varieties. The canonical singularities are precisely the singularities which appear on the canonical models of varieties of general type. Finally, the log-singularities are those singularities for which the discrepancy function (assigned to Q-Gorenstein complex varieties X) still makes sense^{(4)}. For details about the general MMP, see [42], [13, 6.3, p. 39], [46] and [47].

Theorem 1.8. — Log-terminal singularities are rational.

Proof. — This follows from [42, Thm. 1-3-6, p. 311], [45, Cor. 11.14, p. 283] or [47, Thm. 5.22, p. 161].

Corollary 1.9. — A singularity x ∈ X is canonical of index 1 if and only if it is rational and Gorenstein.

Proof. — “⇒” is obvious by Thm. 1.8 and Proposition 1.3. (The rationality of canonical singularities was first shown by Elkik [24]). “⇐” follows from the fact that ω_X is locally free and from ω_X ∼= f_∗ω_Y (via the other direction of Thm. 1.8), as this is equivalent for x ∈ X to be canonical of index 1 (cf. [63, (1.1), p. 276]).

Definition 1.10. — Let (O_{X,x}, m_{X,x}) be the local ring of a point x of a normal quasiprojective complex variety X and V_x ⊂ O_{X,x} a finite-dimensional C-vector space generating m_{X,x}. A general hyperplane section through x is a C-algebraic subscheme H ⊂ U_x determined in a suitable Zariski-open neighbourhood U_x of x by the ideal sheaf O_X · v, where v ∈ V_x is sufficiently general. (Sufficiently general means that v can be regarded as a C-point of a whole Zariski-open dense subset of V_x.)

Theorem 1.11 (M. Reid, [63, 2.6], [66, 3.10], [47, 5.30-5.31, p. 164])

Let X be a normal quasiprojective complex variety of dimension r � 3 and x ∈ Sing(X). If (X, x) is a rational Gorenstein singularity, then, for a general hyperplane section H through x, (H, x) is either a rational or an elliptic (r−1)-dimensional singularity.

(4)Cf. [13, 6.3, p. 39], [46, Prop. 1.9, p. 14] and [47, p. 57].

SOCIÉTÉ MATHÉMATIQUE DE FRANCE 2002

2. Basic facts about two- and three-dimensional normal singularities

In dimension 2, the definition of rational and elliptic singularities fits quite well our intuition of what “rational” and “elliptic” ought to be. “Terminal” points are the smooth ones and the canonical singularities turn out to be the traditional RDP’s (see below Theorem 2.5). Moreover, terminal and canonical points have always index 1. On the other hand, the existence of a unique minimal^{(5)} (and good minimal^{(6)}) desingularization makes the study of normal surface singularities easier that in higher dimensions.

Definition 2.1. — Let X be a normal singular surface, x ∈ Sing(X), and f : X^′ → X a good resolution of X. To the support f^{−1} (x) = ∪^k_{i=1}C_i of the exceptional divisor w.r.t. f (resolving the singularity at x) we can associate a weighted dual graph by assigning a weighted vertex to each C_i, with the weight being the self intersection number C^2_i , and linking two vertices corresponding to C_i and C_j by an edge of weight (C_i · C_j ). The fundamental cycle

Z_{fund} = k� i=1 n_iC_i, n_i > 0, ∀i, 1 � i � k,

of f w.r.t. (X, x) is the unique, smallest positive cycle for which (Z_{fund} · C_i) � 0, for all i, 1 � i � k.

Theorem 2.2 (Artin [3, Thm. 3]). — The following statements are equivalent: (i) (X, x) is a rational surface singularity.

(ii) p_a(Z_{fund}) = 0. (p_a denotes here the arithmetic genus).

Corollary 2.3 (Brieskorn [12, Lemma 1.3]). — For (X, x) a rational surface singularity, ∪^k_{i=1}C_i has the following properties: (i) all C_i’s are smooth rational curves. (ii) C_i ∩ C_j ∩ C_l = ∅ for pairwise distinct i, j, l. (iii) (C_i · C_j ) ∈ {0, 1} , for i ≠ j.

(iv) The weighted dual graph contains no cycles.

Corollary 2.4 (Artin [3, Cor. 6]). — If (X, x) is a rational surface singularity, mult_x (X) = mult (O_{X,x})

(5)A desingularization f : X^′ → X of a normal surface X is minimal if Exc(f) does not contain any curve with self-intersection number −1 or, equivalently, if for an arbitrary desingularization g : X^{′′} → X of X, there exists a unique morphism h : X^{′′} → X^′ with g = f ∘ h. (6)A desingularization of a normal surface is good if (i) the irreducible components of the exceptional locus are smooth curves, and (ii) the support of the inverse image of each singular point is a divisor with simple normal crossings. For the proof of the uniqueness (up to a biregular isomorphism) of both minimal and good minimal desingularizations, see Brieskorn [11, Lemma 1.6] and Laufer [50, Thm. 5.12].

SÉMINAIRES & CONGRÈS 6

the multiplicity of X at x and

edim (X, x) = dim_C � m_{X,x}/m^2_{X,x} � its minimal embedding dimension, then we have:

−Z^2_{fund} = mult_x (X) = edim (X, x) − 1.

Theorem 2.5. — The following conditions for a normal surface singularity (X, x) are equivalent:

(i) (X, x) is a canonical singularity.

(ii) (X, x) is a rational Gorenstein singularity.

(iii) (X, x) is a rational double point (RDP) or a Kleinian or Du Val singularity, i.e., it is analytically equivalent to the hypersurface singularity ( � (z_1, z_2, z_3) ∈ C^3 | φ (z_1, z_2, z_3) = 0 � , (0, 0, 0))

which is determined by one of the quasihomogeneous polynomials of type A-D-E of the table:

Type φ (z_1, z_2, z_3)

A_n (n � 1) z^{n+1}_1 + z^2 + z^2_3

D_n (n � 4) z^{n−1}_1 + z_1z^2 + z^2_3

E_6 z^4_1 + z^3_2 + z^2_3

E_7 z^3_1 z_2 + z^3_2 + z^2_3

E_8 z^5_1 + z^3_2 + z^2_3

(iv) (X, x) is analytically equivalent to a quotient singularity � C^2/G, [0] � , where G denotes a finite subgroup of SL(2, C). More precisely, taking into account the classification (up to conjugacy) of these groups (see [21], [22], [49, p. 35], [72, § 4.4]), we get the correspondence:

SOCIÉTÉ MATHÉMATIQUE DE FRANCE 2002

Type (as above) A_n D_n E_6 E_7 E_8

Type of the acting group G C_n D_n T O I

(By C_n we denote a cyclic group of order n, and by D_n, T, O and I the binary dihedral, tetrahedral, octahedral and icosahedral subgroups of SL(2, C), having orders 4(n − 2), 24, 48 and 120, respectively).

(v) [Inductive criterion] (X, x) is an absolutely isolated double point, in the sense, that for any finite sequence

{π_{j−1} : X_j = Bl^{red}_{{xj−1 }} −→ X_{j−1} | 1 � j � l }

of blow-ups with closed (reduced) points as centers and X_0 = X, the only singular points of X_l are isolated double points. (In particular, (X, x) is a hypersurface double point whose normal cone is either a (not necessarily irreducible) plane conic or a double line).

Definition 2.6. — Let (X, x) be a normal surface singularity. Assume that (X, x) is elliptic^{(7)} and Gorenstein. We define the Laufer-Reid invariant LRI(X, x) of x in X to be the self-intersection number of Artin’s fundamental cycle with opposite sign:

LRI (X, x) = −Z^2_{fund}

Theorem 2.7 (Laufer [51], Reid [62]). — Let (X, x) be a normal surface singularity. Assume that (X, x) is elliptic and Gorenstein. Then LRI(X, x) � 1 and has the following properties:

(i) If LRI(X, x) = 1, then

(X, x) ∼= ( � (z_1, z_2, z_3) ∈ C^3 � � z^2_1 + z^3_2 + φ (z_2, z_3) = 0 � , (0, 0, 0)),

with φ (z_2, z_3) a sum of monomials of the form z_2z^κ_3 , κ ∈ Z_{�4}, and z^κ_3 , κ ∈ Z_{�6}. Performing the monoidal transformation Bl (z^3_1 ,z^2 ,z3) {x} −→ X

we get a normal surface having at most one Du Val point.

(ii) If LRI(X, x) = 2, then

(X, x) ∼= ( � (z_1, z_2, z_3) ∈ C^3 � z^2_1 + φ (z_2, z_3) = 0 � , (0, 0, 0)),

(7)Laufer [51] calls an elliptic singularity (in the above sense) “minimally elliptic”.

SÉMINAIRES & CONGRÈS 6

with φ (z_2, z_3) a sum of monomials of the form z^κ_2 z^λ_3 , κ + λ ∈ Z_{�4}. In this case, the normalized blow-up X at x

Norm � Bl^{red}_{{x}} � = Bl

(z^2_1 ,z2,z3) {x} −→ X

has only Du Val singular points.

(iii) If LRI(X, x) � 2, then

LRI (X, x) = mult_x (X) .

(iv) If LRI(X, x) � 3, then

LRI (X, x) = edim(X, x)

and the overlying space of the ordinary blow-up

Bl^{red}_{{x}} = Bl^{mX,x}_{{x}} −→ X

of x is a normal surface with at most Du Val singularities.

Theorem 2.8. — Let (X, x) be a normal surface singularity. Then^{(8)} (i) x is terminal ⇐⇒ x ∈ Reg (X)

(ii) x is canonical ⇐⇒ ( (X, x) ∼= ( C^2 /G, [0] ) with G a finite subgroup of SL(2, C ) )

(iii) x is log-terminal ⇐⇒ ( (X, x) ∼= ( C^2 /G, [0] ) with G a finite subgroup of GL(2, C ) )

(iv) x is log-canonical ⇐⇒ x is simple-elliptic, a cusp or a regular point or a quotient thereof

Log-terminal surface singularities are rational (by Theorem 1.8). This is, of course, not the case for log-canonical surface singularities which are not log-terminal. For the fine classification of log-terminal and log-canonical surface singularities, the reader is referred to the papers of Brieskorn^{(9)} [12], Iliev [37], Kawamata [41], Alexeev [2] and Blache [6].

• Next, let us recall some basic facts from the theory of 3-dimensional terminal and canonical singularities.

(8)Explanation of terminology: Let f : X^′ → X be the good minimal resolution of X. Then x is called simple-elliptic (resp. a cusp) if the support of the exceptional divisor w.r.t. f lying over x consists of a smooth elliptic curve (resp. a cycle of P^1_C’s).

(9)Brieskorn classified (up to conjugation) all finite subgroups of GL(2, C ) in [12, 2.10 and 2.11].

SOCIÉTÉ MATHÉMATIQUE DE FRANCE 2002

Definition 2.9. — A normal threefold singularity (X, x) is called compound Du Val singularity (abbreviated: cDV singularity) if for some general hyperplane section H through x, (H, x) is a Du Val singularity, or equivalently, if

(X, x) ∼= ({(z1, z2, z3, z4) ∈ C^4 | φ (z1, z2, z3) + z4 · g (z1, z2, z3, z4) = 0 }, (0, 0, 0, 0)),

where φ (z_1, z_2, z_3) is one of the quasihomogeneous polynomials listed in the Thm. 2.5 (iii) and g (z_1, z_2, z_3, z_4) an arbitrary polynomial in C[z_1, z_2, z_3, z_4]. According to the type of φ (z_1, z_2, z_3) , (X, x) is called cA_n, cD_n, cE_6, cE_7 and cE_8-point, respectively. Compound Du Val singularities are not necessarily isolated.

Theorem 2.10 (Reid [64, 0.6 (I), 1.1, 1.11]). — Let (X, x) be a normal threefold singularity. Then

(i) x is terminal =⇒ x is isolated

(ii) x is terminal of index 1 ⇐⇒ x is an isolated cDV point

(iii) x is terminal of index ⩾ 1 ⇐⇒ ( x is a quotient of an isolated cDV point by a finite cyclic group )

(iv) x is a cDV point =⇒ x is canonical

For the extended lists of the fine classification of 3-dimensional terminal singularities of arbitrary index, see Mori [55], Reid [66] and Kollár & Shepherd-Barron [48]. The normal forms of the defining equations of cDV points have been studied by Markushevich in [53]. On the other hand, 3-dimensional terminal cyclic quotient singularities, which play a crucial role in the above cited investigations, are quite simple.

Theorem 2.11 (Danilov [20], Morrison-Stevens [58]). — Let (X, x) be a terminal threefold singularity. Then ( (X, x) ∼= ( C^3 /G, [0] ) with G a linearly acting finite cyclic subgroup of GL(3, C ) without pseudoreflections )

⇕ the action of G is given (up to permutations of (z1, z2, z3) and group symmetries) by (z1, z2, z3) −→ (ζ^λ_μ z1, ζ^{−λ}_μ z2, ζμ z3), where μ := |G| , gcd (λ, μ) = 1, and ζμ denotes a μ-th root of unity

Reduction of 3-dimensional canonical singularities. — The singularities of a quasiprojective threefold X can be reduced by a “canonical modification” X^{can g}→ X, so that K_X can is g-ample. X^{can} can be also modified by a “terminal modification”

SÉMINAIRES & CONGRÈS 6

X^{ter f}→ X^{can}, so that X^{ter} has at most terminal singularities, where f is projective and crepant. Finally, X^{ter} can be modified by another modification X^{Q-f-ter h}→ X^{ter}, so that X^{Q-f-ter} has at most Q-factorial terminal singularities^{(10)}, and h is projective and an isomorphism in codimension 1. (See [63], [64], [66], [41], [56], and [47, section 6.3]). The main steps of the intrinsic construction of f, due to Miles Reid, will be explained in broad outline and will be applied in the framework of toric geometry in section 4.

Step 1. Reduction to index 1 canonical singularities by index cover

If x ∈ X := X^{can} is a canonical singularity of index ℓ > 1, then one considers the finite Galois cover

ϕ : Y = Spec

�_{ℓ−1} � i=0 O_X (ℓK_X ) � −→ X.

The preimage ϕ^{−1} (x) constists of just one point, say y, and if y ∈ Y is terminal, then the same is also valid for x ∈ X. Moreover, if ψ : Y^′ → Y is a crepant resolution of Y (as those ones which will be constructed in the next steps), then we get a commutative diagram

Y^′ ψ � ϕ^′ � Y ϕ � Y^′/Z_ℓ ψ^′ � X extending the action of Z_ℓ on (X, x) to an action on Y^′ where ψ^′ is crepant with at least one exceptional prime divisor and ϕ^′ is etale in codimension 1.

Step 2. Weighted blow-ups of non-cDv singularities. — From now on we may assume that X contains at most canonical singularities of index 1 (i.e., rational Gorenstein singularities). If X contains non-cDV points x ∈ X, then for a general hyperplane section H through x, (H, x) is an elliptic surface singularity. Using Theorem 2.7 one obtains the following:

Proposition 2.12 (i) If LRI(H, x) = 1, then

(X, x) ∼= ( � (z_1, z_2, z_3, z_4) ∈ C^4 � � z^2_1 + z^3_2 + φ (z_2, z_3, z_4) = 0� , (0, 0, 0, 0)),

with φ (z_2, z_3, z_4) = z_2F_1(z_3, z_4) + F_2(z_3, z_4), where F_1 (resp. F_2) is a sum of monomials z^κ_3 z^λ_4 of degree κ + λ � 4 (resp. � 6).

(10)The morphism h can be constructed by taking successively birational morphisms of the form

Proj( ⨁ ν⩾0 O_Xter (νD)) −→ X^{ter},

where D’s are Weil divisors which are not Q-Cartier divisors (cf. [47, p. 201]).

SOCIÉTÉ MATHÉMATIQUE DE FRANCE 2002

(ii) If LRI(H, x) = 2, then

(X, x) ∼= ( � (z_1, z_2, z_3, z_4) ∈ C^4 � z^2_1 + φ (z_2, z_3, z_4) = 0 � , (0, 0, 0, 0)),

with φ (z_2, z_3, z_4) a sum of monomials of degree � 4.

(iii) If LRI(H, x) � 3, then LRI(H, x) = edim (H, x) = edim(X, x) − 1.

Blowing up x ∈ X with respect to the weights (2, 1, 1, 1) , (3, 2, 1, 1) and (1, 1, 1, 1) for LRI(H, x) = 1, 2 and � 3, respectively, we get a projective crepant partial desingularization of X. Repeating this procedure for all the non-cDV points of X, we reduce our singularities to cDV singularities.

Step 3. Simultaneous blow-up of one-dimensional singular loci. — From now on we may assume that X contains at most cDV singularities. If Sing(X) contains onedimensional components, then we blow their union up (by endowing it with the reduced subscheme structure). This blow-up is realized by a projective, crepant birational morphism. Repeating this procedure finitely many times we reduce our singularities to isolated cDV singularities, i.e., to terminal singularities of index 1.

Remark 2.13. — After step 3, one may use the above projective birational morphism h to get only Q-factorial terminal singularities. Sometimes, it is also useful to desingularize overall our threefold by resolving the remaining non-Q-factorial terminal singularities.

3. Toric singularities

Toric singularities occupy a distinguished position within the class of rational singularities, as they can be described by binomial-type equations. In this section we shall introduce the brief toric glossary (a)-(k) and the notation which will be used in the sequel, and we shall summarize their main properties. For further details on toric geometry the reader is referred to the textbooks of Oda [61], Fulton [28] and Ewald [25], and to the lecture notes [43].

(a) The linear hull, the affine hull, the positive hull and the convex hull of a set B of vectors of R^r, r � 1, will be denoted by lin(B), aff(B), pos(B) (or R_{�0} B) and conv(B), respectively. The dimension dim(B) of a B ⊂ R^r is defined to be the dimension of aff(B).

(b) Let N be a free Z-module of rank r � 1. N can be regarded as a lattice in N_R := N ⊗_Z R ∼= R^r. The lattice determinant det(N) of N is the r-volume of the parallelepiped spanned by any Z-basis of it. An n ∈ N is called primitive if conv({0, n}) ∩ N contains no other points except 0 and n.

Let N be as above, M := Hom_Z (N, Z) its dual lattice, N_R, M_R their real scalar extensions, and ⟨., .⟩ : M_R × N_R → R the natural R-bilinear pairing. A subset σ of

SÉMINAIRES & CONGRÈS 6

N_R is called convex polyhedral cone (c.p.c., for short) if there exist n_1, . . . , n_k ∈ N_R, such that σ = pos ({n_1, . . . , n_k}) .

Its relative interior int(σ) is the usual topological interior of it, considered as subset of lin(σ) = σ + (−σ). The dual cone σ^∨ of a c.p.c. σ is a c.p. cone defined by

σ^∨ := {y ∈ M_R | ⟨y, x⟩ � 0, ∀x, x ∈ σ } .

Note that (σ^∨)^∨ = σ and

dim (σ ∩ (−σ)) + dim (σ^∨) = dim (σ^∨ ∩ (−σ^∨)) + dim (σ) = r.

A subset τ of a c.p.c. σ is called a face of σ (notation: τ ≺ σ), if

τ = {x ∈ σ | ⟨m_0, x⟩ = 0 } ,

for some m_0 ∈ σ^∨. A c.p.c. σ = pos({n_1, . . . , n_k}) is called simplicial (resp. rational) if n_1, . . . , n_k are R-linearly independent (resp. if n_1, . . . , n_k ∈ N_Q, where N_Q := N ⊗_Z Q). A strongly convex polyhedral cone (s.c.p.c., for short) is a c.p.c. σ for which σ ∩ (−σ) = {0}, i.e., for which dim(σ^∨) = r. The s.c.p. cones are alternatively called pointed cones (having 0 as their apex).

(c) If σ ⊂ N_R is a c.p. cone, then the subsemigroup σ ∩ N of N is a monoid. The following proposition is due to Gordan, Hilbert and van der Corput and describes its fundamental properties.

Proposition 3.1 (Minimal generating system). — If σ ⊂ N_R is a c.p. rational cone, then σ ∩ N is finitely generated as additive semigroup. Moreover, if σ is strongly convex, then among all the systems of generators of σ ∩N, there is a system Hilb_N (σ) of minimal cardinality, which is uniquely determined (up to the ordering of its elements) by the following characterization:

(3.1) Hilb_N (σ) = � � � n ∈ σ ∩ (N ∖ {0}) � � � � � n cannot be expressed as the sum of two other vectors belonging to σ ∩ (N ∖ {0})

� � � Hilb_N (σ) is called the Hilbert basis of σ w.r.t. N.

(d) For a lattice N of rank r having M as its dual, we define an r-dimensional algebraic torus T_N ∼= (C^∗)^r by setting T_N := Hom_Z (M, C^∗) = N ⊗_Z C^∗. Every m ∈ M assigns a character e (m) : T_N → C^∗. Moreover, each n ∈ N determines a 1-parameter subgroup

ϑ_n : C^∗ → T_N with ϑ_n (λ) (m) := λ^{⟨m,n⟩}, for λ ∈ C^∗, m ∈ M .

We can therefore identify M with the character group of T_N and N with the group of 1-parameter subgroups of T_N . On the other hand, for a rational s.c.p.c. σ with

SOCIÉTÉ MATHÉMATIQUE DE FRANCE 2002

M ∩ σ^∨ = Z_{�0} m_1 + · · · + Z_{�0} m_ν , we associate to the finitely generated monoidal subalgebra C [M ∩ σ^∨] = � m∈M∩σ^∨

e (m)

of the C-algebra C [M] = ⊕_{m∈M} e (m) an affine complex variety^{(11)} U_σ := Spec (C [M ∩ σ^∨]) , which can be identified with the set of semigroup homomorphisms :

U_σ = � u : M ∩ σ^∨ → C � � � � u (0) = 1, u (m + m^′) = u (m) · u (m^′) , for all m, m^′ ∈ M ∩ σ^∨ � , where e (m) (u) := u (m) , ∀m, m ∈ M ∩ σ^∨ and ∀u, u ∈ U_σ.

Proposition 3.2 (Embedding by binomials). — In the analytic category, U_σ , identified with its image under the injective map (e (m_1) , . . . , e (m_ν )) : U_σ → C^ν , can be regarded as an analytic set determined by a system of equations of the form: (monomial) = (monomial). This analytic structure induced on U_σ is independent of the semigroup generators {m_1, . . . , m_ν } and each map e (m) on U_σ is holomorphic w.r.t. it. In particular, for τ ≺ σ, U_τ is an open subset of U_σ. Moreover, if # (Hilb_M (σ^∨)) = k (� ν), then, by (3.1), k is nothing but the embedding dimension of U_σ , i.e., the minimal number of generators of the maximal ideal of the local C-algebra O^{hol}_{Uσ , 0}.

Proof. See Oda [61, Prop. 1.2 and 1.3., pp. 4-7]. □

(e) A fan w.r.t. a free Z-module N is a finite collection Δ of rational s.c.p. cones in N_R, such that :

(i) any face τ of σ ∈ Δ belongs to Δ, and (ii) for σ_1, σ_2 ∈ Δ, the intersection σ_1 ∩ σ_2 is a face of both σ_1 and σ_2. By |Δ| := ∪ {σ | σ ∈ Δ } one denotes the support and by Δ (i) the set of all idimensional cones of a fan Δ for 0 � i � r. If ϱ ∈ Δ (1) is a ray, then there exists a unique primitive vector n (ϱ) ∈ N ∩ ϱ with ϱ = R_{�0} n (ϱ) and each cone σ ∈ Δ can be therefore written as σ = � ϱ∈Δ(1), ϱ≺σ

R_{�0} n (ϱ) .

The set Gen (σ) := {n (ϱ) | ϱ ∈ Δ (1) , ϱ ≺ σ } is called the set of minimal generators (within the pure first skeleton) of σ. For Δ itself one defines analogously Gen(Δ) := � σ∈Δ Gen(σ).

(11)As point-set U

σ is actually the “maximal spectrum” Max-Spec(C [M ∩ σ^∨]).

SÉMINAIRES & CONGRÈS 6

(f) The toric variety X (N, Δ) associated to a fan Δ w.r.t. the lattice N is by definition the identification space

(3.2) X (N, Δ) := � � σ∈Δ U_σ � / ∼ �

with U_{σ1} ∋ u_1 ∼ u_2 ∈ U_{σ2} if and only if there is a τ ∈ Δ, such that τ ≺ σ_1 ∩ σ_2 and u_1 = u_2 within U_τ . X (N, Δ) is called simplicial if all the cones of Δ are simplicial. X (N, Δ) is compact iff |Δ| = N_R ([61], thm. 1.11, p. 16). Moreover, X (N, Δ) admits a canonical T_N -action which extends the group multiplication of T_N = U_{{0}}: (3.3) T_N × X (N, Δ) ∋ (t, u) −→ t · u ∈ X (N, Δ) where, for u ∈ U_σ ⊂ X (N, Δ), (t · u) (m) := t (m) · u (m) , ∀m, m ∈ M ∩ σ^∨.

The orbits w.r.t. the action (3.3) are parametrized by the set of all the cones belonging to Δ. For a τ ∈ Δ, we denote by orb(τ) (resp. by V (τ)) the orbit (resp. the closure of the orbit) which is associated to τ.

(g) The group of T_N -invariant Weil divisors of a toric variety X (N, Δ) has the set {V (ϱ) | ϱ ∈ Δ(1) } as Z-basis. In fact, such a divisor D is of the form D = D_ψ, where

D_ψ := − � ϱ∈Δ(1)

ψ(n(ϱ))V (ϱ)

and ψ : |Δ| → R a PL-Δ-support function, i.e., an R-valued, positively homogeneous function on |Δ| with ψ(N ∩ |Δ|) ⊂ Z which is piecewise linear and upper convex on each σ ∈ Δ. (Upper convex on a σ ∈ Δ means that ψ |_σ (x + x^′) � ψ |_σ (x)+ ψ |_σ(x^′) , for all x, x^′ ∈ σ). For example, the canonical divisor K_{X(N,Δ)} of X (N, Δ) equals D_ψ for ψ a PL-Δ-support function with ψ(n(ϱ)) = 1, for all rays ϱ ∈ Δ (1). A divisor D = D_ψ is Cartier iff ψ is a linear Δ-support function (i.e., ψ |_σ is overall linear on each σ ∈ Δ). Obviously, D_ψ is Q-Cartier iff k · ψ is a linear Δ-support function for some k ∈ N.

Theorem 3.3 (Ampleness criterion). — A T_N -invariant Q-Cartier divisor D = D_ψ of a toric variety X (N, Δ) of dimension r is ample if and only if there exists a κ ∈ N, such that κ · ψ is a strictly upper convex linear Δ-support function, i.e., iff for every σ ∈ Δ(r) there is a unique m_σ ∈ M = Hom_Z(N, Z), such that κ · ψ(x) � ⟨m_σ , x⟩ , for all x ∈ |Δ| , with equality being valid iff x ∈ σ.

Proof. — It follows from [43, Thm. 13, p. 48].

(h) The behaviour of toric varieties with regard to the algebraic properties (1.1) is as follows.

Theorem 3.4 (Normality and CM-property). — All toric varieties are normal and Cohen-Macaulay.

SOCIÉTÉ MATHÉMATIQUE DE FRANCE 2002

Proof. — For a proof of the normality property see [61, Thm. 1.4, p. 7]. The CMproperty for toric varieties was first shown by Hochster in [35]. See also Kempf [43, Thm. 14, p. 52], and Oda [61, 3.9, p. 125].

In fact, by the definition (3.2) of X (N, Δ), all the algebraic properties of this kind are local with respect to its affine covering, i.e., it is enough to be checked for the affine toric varieties U_σ for all (maximal) cones σ of the fan Δ.

Definition 3.5 (Multiplicities and basic cones). — Let N be a free Z-module of rank r and σ ⊂ N_R a simplicial, rational s.c.p.c. of dimension d � r. σ can be obviously written as σ = ϱ_1 + · · · + ϱ_d, for distinct rays ϱ_1, . . . , ϱ_d. The multiplicity mult(σ; N) of σ with respect to N is defined as

mult (σ; N) := det (Z n (ϱ_1) ⊕ · · · ⊕ Z n (ϱ_d)) det (N_σ ) , where N_σ is the lattice in lin(σ) induced by N. If mult(σ; N) = 1, then σ is called a basic cone w.r.t. N.

Theorem 3.6 (Smoothness criterion). — The affine toric variety U_σ is smooth iff σ is basic w.r.t. N. (Correspondingly, an arbitrary toric variety X (N, Δ) is smooth if and only if it is simplicial and each s.c.p. cone σ ∈ Δ is basic w.r.t. N.)

Proof. — See [43, Ch. I, Thm. 4, p. 14] and [61, Thm. 1.10, p. 15].

Theorem 3.7 (Q-factoriality). — A toric variety X (N, Δ) is Q-factorial if and only if Δ is simplicial, i.e., if and only if X (N, Δ) has at most abelian quotient singularities.

Proof. — Since this is a local property, it is enough to consider the case in which X (N, Δ) = U_σ , where the cone σ = R_{�0}v_1 + · · · + R_{�0}v_r is of maximal dimension, Gen(σ) = {v_1, ..., v_r}, and Δ = {τ | τ ⪯ σ }. U_σ is Q-factorial if and only if all the T_N -invariant prime divisors D_{vi} are Q-Cartier. This is equivalent to the existence of elements m_i ∈ M_Q = M ⊗_Z Q, with M = Hom_Z (N, Z) , for which ⟨m_i, v_j ⟩ = δ_{ij} (the Kronecker delta). But this means that σ is simplicial.

Next theorem is due to Stanley ([73, § 6]), who worked directly with the monoidal C-algebra C [M ∩ σ^∨], as well as to Ishida ([38, § 7]), Danilov and Reid ([63, p. 294]), who provided a purely algebraic-geometric characterization of the Gorenstein property.

Theorem 3.8 (Gorenstein property). —Let N be a free Z-module of rank r, and σ ⊂ N_R a s.c.p. cone of dimension d � r. Then the following conditions are equivalent: (i) U_σ is Gorenstein.

(ii) There exists an element m_σ of M, such that M ∩ (int (σ^∨)) = m_σ + M ∩ σ^∨.

(iii) Gen(σ) ⊂ H, where H denotes a primitive affine hyperplane of (N_σ)_R .

SÉMINAIRES & CONGRÈS 6

Moreover, if d = r, then m_σ in (ii) is a uniquely determined primitive element of M ∩ (int (σ^∨)) and H in (iii) equals H = {x ∈ N_R | ⟨m_σ , x⟩ = 1} .

Definition 3.9. — If N_1 and N_2 are two free Z-modules (not necessarily of the same rank) and P_1 ⊂ (N_1)_R, P_2 ⊂ (N_2)_R two lattice polytopes w.r.t. them, we shall say that P_1 and P_2 are lattice equivalent to each other, if P_1 is affinely equivalent to P_2 via an affine map ϖ : (N_1)_R → (N_2)_R, such that ϖ � �_{aff(P )} : aff(P ) → aff(P ′) is a bijection mapping P_1 onto the (necessarily equidimensional) polytope P_2, every i-dimensional face of P_1 onto an i-dimensional face of P_2, for all i, 0 � i � dim(P_1) = dim(P_2), and, in addition, N_{P1} onto the lattice N_{P2} , where by N_{Pj} is meant the sublattice of N_j generated (as subgroup) by aff(P_j ) ∩ N_j , j = 1, 2.

Definition 3.10. — Nakajima polytopes P ⊂ R^r are lattice polytopes w.r.t. the usual rectangular lattice Z^r , defined inductively as follows: In dimension 0, P is an (arbitrary) point of R^r, while in dimension d � r, P is of the form P = {x = (x^′, x_r) ∈ F × R ⊂ R^r | 0 � x_r � ⟨m, x^′⟩} , where the facet F ⊂ R^{r−1} is a Nakajima polytope of dimension d − 1, and m ∈ (Z^r )^∨ is a functional taking non-negative values on F .

Theorem 3.11 (Toric L.C.I.’s). — Let N be a free Z-module of rank r, and σ ⊂ N_R a s.c.p. cone of dimension d � r, such that U_σ is Gorenstein. Writing σ as σ = σ^′ ⊕{0} with σ^′ a d-dimensional cone in (N_σ)_R, we obtain an analytic isomorphism:

U_σ ∼= U_σ′ × (C^∗)^{r−d} .

Let m_σ′ be the unique primitive element of M_σ ∩ � int � (σ^′)^∨ � , as it is defined in Theorem 3.8. Then U_σ is a local complete intersection^{(12)} if and only if the lattice polytope P_σ′ := σ^′ ∩ {x ∈ (N_σ)_R | ⟨m_σ′ , x⟩ = 1} is lattice equivalent to a Nakajima polytope (cf. 3.9, 3.10)

This was proved in [38] for dimension 3 and in [59] for arbitrary dimensions. (i) A map of fans ϖ : (N^′, Δ^′) → (N, Δ) is a Z-linear homomorphism ϖ : N^′ → N whose scalar extension ϖ ⊗_Z id_R : N^′_R → N_R satisfies the property: ∀σ^′, σ^′ ∈ Δ^′ ∃ σ, σ ∈ Δ with ϖ (σ^′) ⊂ σ .

ϖ⊗_Z id_C∗ : T_N ′ = N^′ ⊗_Z C^∗ → T_N = N ⊗_Z C^∗ is a homomorphism from T_N ′ to T_N and the scalar extension ϖ^∨ ⊗_Z id_R : M_R → M^′_R of the dual Z-linear map ϖ^∨ : M → M^′ induces canonically an equivariant holomorphic map ϖ_∗ : X (N^′, Δ^′) → X (N, Δ) .

(12)Obviously, for d = r, U

σ is a “g.c.i.” in the sense of § 1.

SOCIÉTÉ MATHÉMATIQUE DE FRANCE 2002

This map is proper if and only if ϖ^{−1} (|Δ|) = |Δ^′|. In particular, if N = N^′ and Δ^′ is a refinement of Δ, then id_∗ : X (N, Δ^′) → X (N, Δ) is proper and birational (cf. [61, Thm. 1.15 and Cor. 1.18]).

(j) By Carathéodory’s Theorem concerning convex polyhedral cones (cf. [25, III 2.6 and V 4.2]) one can choose a refinement Δ^′ of any given fan Δ, so that Δ^′ becomes simplicial. Since further subdivisions of Δ^′ reduce the multiplicities of its cones, we may arrive (after finitely many subdivisions) at a fan ~Δ having only basic cones. Hence, for every toric variety X (N, Δ) there exists a refinement ~Δ of Δ consisting of exclusively basic cones w.r.t. N, i.e., such that f = id_∗ : X(N, ~Δ) −→ X (N, Δ) is a T_N -equivariant (full) desingularization.

Theorem 3.12. — All Q-Gorenstein toric varieties have at most log-terminal singularities.

Proof. — We may again assume that X = X (N, Δ) = U_σ (where σ = R_{�0}v_1 + · · · + R_{�0}v_r is a cone of maximal dimension, with Gen (σ) = {v_1, ..., v_r} and Δ = {τ | τ ⪯ σ }).

Since ω_X = O_X (K_X ) with K_X = − � D_{vi} � 0, for K_X to be Q-Cartier means that K_X is a (T_N -invariant) Cartier divisor after multiplication by an integer. This multiple of K_X has to be a divisor of the form div(e(u)) , for some u ∈ M (cf. [61, Prop. 2.1, pp. 68-69] or [28, Lemma of p. 61]). Hence, there must be an m_σ ∈ M_Q, such that ⟨m_σ , σ⟩ � 0 and ⟨m_σ , v_j ⟩ = 1 (with m_σ regarded as a linear support function on σ, cf. (g)). Let now f : Y = X (N, Δ^′) → X = X(N, Δ) = U_σ be a desingularization of X obtained by a subdivision of σ into smaller basic strongly convex rational polyhedral cones. Suppose that the primitive lattice points of the new introduced rays in Δ^′ are v^′_1, v^′_2, . . . , v^′_s. Then

f^∗K_X = − � v∈Gen(Δ^′)

⟨m_σ , v⟩ D_v.

Since O_Y (K_Y ) � �_{Reg(Y )} = O_Y (f^∗K_X ) � �_{Reg(Y )}

we have

(3.4) K_Y − f^∗K_X = s� j=1 � m_σ , v^′_j � − 1 � D_v′_j

Since the discrepancy is > −1, (U_σ , orb (σ)) is a log-terminal singularity whose index equals ℓ = min{κ ∈ Z_{�1} | m_σ κ ∈ M}.

SÉMINAIRES & CONGRÈS 6

Theorem 3.13. — All toric singularities are rational singularities.

Proof. — For Q-Gorenstein toric singularities this follows from Theorems 1.8 and 3.12. For the general case see Ishida [38] and Oda [61, Cor. 3.9, p. 125].

Formula (3.4) gives us the following purely combinatorial characterization of terminal (resp. canonical) toric singularities.

Corollary 3.14. — A toric singularity (U_σ, orb (σ)) is terminal (resp. canonical) of index ℓ if and only if ∃ m_σ ∈ M : ⟨m_σ , Gen (σ)⟩ = ℓ and ⟨m_σ , n⟩ > ℓ for all n ∈ σ ∩ N∖({0} ∪ Gen (σ)), (resp. ∃ m_σ ∈ M : ⟨m_σ, Gen (σ)⟩ = ℓ and ⟨m_σ , n⟩ � ℓ for all n ∈ σ ∩ N∖{0}).

(m_σ is uniquely determined whenever σ is of maximal dimension in the fan).

(k) Recapitulation. This is divided into two parts. The first one contains the standard dictionary:

Discrete Geometry Algebraic Geometry strongly convex rational pol.cone σ ⊂ N_R∼= R^r affine toric variety Uσ = Spec(C [σ^∨ ∩ M])

Fans Δ toric varieties X (N, Δ) (after glueing) τ face of σ Uτ open subset of Uσ |Δ| = R^r X (N, Δ) is complete All cones of Δ are basic X (N, Δ) is non-singular

All cones of Δ are simplicial

X (N, Δ) has at most abelian quotient singularities Δ admits a strictly convex upper support function

X (N, Δ) is a quasiprojective variety

Δ^′ a cone subdivision of Δ

X (N, Δ^′) −→ X (N, Δ) proper birational morphism

while the second one describes the main properties of toric singularities:

SOCIÉTÉ MATHÉMATIQUE DE FRANCE 2002

Discrete Geometry Algebraic Geometry

strongly convex rational pol.cone σ ⊂ R^r

U_σ is always normal, and Cohen-Macaulay

orb (σ) ∈ U_σ, σ non-basic cone of maximal dimension r (keep this assumption in what follows)

(U_σ, orb (σ)) is a rational singularity

∃! m_σ ∈ M_Q:

Gen (σ) ⊂ {y ∈ N_R | ⟨m_σ , y⟩ = 1}

U_σ is Q-Gorenstein and i.p. (U_σ, orb (σ)) is a log-terminal singularity of index min{κ ∈ Z_{⩾1} | m_σ κ ∈ M}

∃! m_σ ∈ M_Q:

Gen (σ) ⊂ {y ∈ N_R | ⟨m_σ , y⟩ = 1} and N ∩ σ ∩ {y ∈ N_R | ⟨m_σ , y⟩ < 1} = {0}

(U_σ, orb (σ)) is a canonical singularity of index min{κ ∈ Z_{⩾1} | m_σ κ ∈ M}

∃! m_σ ∈ M_Q:

Gen (σ) ⊂ {x ∈ N_R | ⟨m_σ , x⟩ = 1} and N ∩ σ ∩ {x ∈ N_R | ⟨m_σ , x⟩ ⩽ 1} = {0} ∪ Gen (σ)

(U_σ, orb (σ)) is a terminal singularity of index min{κ ∈ Z_{⩾1} | m_σ κ ∈ M}

∃! m_σ ∈ M :

Gen (σ) ⊂ {x ∈ N_R | ⟨m_σ , x⟩ = 1} with σ supporting the lattice polytope P_σ := σ ∩ {x ∈ N_R | ⟨m_σ , x⟩ = 1} and N ∩ conv ({0} ∪ P_σ) = {0} ∪ (N ∩ P_σ)

(U_σ, orb (σ)) is a Gorenstein singularity (i.e., canonical of index 1)

P_σ (as above) is lattice-equivalent to a Nakajima polytope

(U_σ, orb (σ)) is a locally complete intersection singularity

Remark 3.15

(i) A lattice polytope P is called elementary if the lattice points belonging to it are exactly its vertices. A lattice simplex is said to be basic (or unimodular) if its vertices constitute a part of a Z-basis of the reference lattice (or equivalently, if its relative, normalized volume equals 1).

(ii) It is clear by the fifth row of the above table that the classification of terminal

SÉMINAIRES & CONGRÈS 6

(resp. Q-factorial terminal) r-dimensional Gorenstein toric singularities is equivalent to the classification of all (r − 1)-dimensional elementary lattice polytopes (resp. elementary lattice simplices). The readers, who would like to learn more about partial classification results (on both “sides”) in dimensions � 3, are referred (in chronological order) to [20], [58], [57], [39], [61, pp. 34-36], [69], [7], and [8], for investigations from the point of view of computational algebraic geometry, as well as to [40], [4], [31], for a study of “width-functions” (which are closely related to the index of the corresponding singularities) from the point of view of number theory, combinatorics and integer programming^{(13)}.

(iii) On the other extreme, all toric l.c.i.-singularities admit crepant resolutions in all dimensions. (This was proved recently in [18] by showing inductively that all Nakajima polytopes admit lattice triangulations consisting exclusively of basic simplices; cf. Theorem 3.6). Nevetheless, regarding non-l.c.i., Gorenstein toric singularities, the determination of necessary and sufficient “intrinsic” conditions, under which they possess resolutions of this kind, remains an unsolved problem. Finally, let us stress that one can always reduce log-terminal non-canonical toric singularities to canonical ones by a torus-equivariant, natural “canonical modification” which is uniquely determined (cf. below footnote to 4.1 (i)).

4. Toric two- and three-dimensional singularities, and their resolutions

Now we focus on the desingularization methods of low-dimensional toric singularities.

• All 2-dimensional toric singularities (U_σ , orb (σ)) are abelian (in fact, cyclic) quotient singularities and can be treated by means of the finite continued fractions (see [61, § 1.6]). For them there exists always a uniquely determined “minimal” resolution^{(14)}. In fact, this resolution has the nice property that

Hilb_N (σ) = Gen (Δ^′) ,

where Δ^′ is the fan which refines σ into basic cones and Hilb_N (σ) the Hilbert basis of σ w.r.t. N. Figure 1 shows this minimal resolution U_σ^f←− X (N, Δ^′) of U_σ for the cone σ = pos ({(1, 0) , (4, 5)}) ⊂ R^2

(w.r.t. the standard lattice N = Z^2) constructed by its subdivision into two basic subcones.

(13)Note that in the literature, instead of “elementary” polytopes, there are also in use different

names like “fundamental”, “lattice-point-free”, “hollow”, or even “empty” polytopes.

(14)This is actually a “good minimal” resolution in the sense of § 2.

SOCIÉTÉ MATHÉMATIQUE DE FRANCE 2002

Figure 1

Note that U_σ = C^2/G, where G ⊂ GL(2, C) is the finite cyclic group generated by the matrix � e^{2π} √ −1 5 0 0 e^{2π} √ −1 5 � , and σ^∨ = pos ({(0, 1) , (5, −4)}) ⊂ � R^2

�_∨ . In particular, C[ � R^2

�_∨ ∩ σ^∨] ∼= C [u, w]^G is generated by the monomials

{ u^iw^j � � i + j ≡ 0 (mod 5)}.

The minimal generating system of (R^2)^∨ ∩ σ^∨ equals

Hilb_{(R}2_)∨ (σ^∨) = {k_0, k_1, k_2, k_3, k_4, k_5},

with k_0 = (0, 1), k_5 = (5, −4) the primitive vectors spanning σ^∨. The remaining elements are determined by the vectorial matrix multiplication � � � � k_1 k_2 k_3 k_4

� � � � = � � � � 2 −1 0 0 −1 2 −1 0 0 −1 2 −1 0 0 −1 2

� � � � −1 � � � � k_0 (0, 0) (0, 0) k_5

� � � �

where the diagonal entries of the first matrix of the right-hand side are exactly those arising in the continued fraction development 5 4 = 2 − 1 2 − 1 2 − 1 2

.

SÉMINAIRES & CONGRÈS 6

(cf. [61, Prop. 1.21, p. 26]). U_σ has embedding dimension 6, and taking into account the linear dependencies between the members of this Hilbert basis, it can be described as the zero-locus of

�_5 2 � = 10 square-free binomials (by applying Proposition 3.2).

More precisely (cf. [68]), setting z_i := e (k_i), 0 � i � 5, we obtain:

U_σ ∼= � (z_0, z_1, z_2, z_3, z_4, z_5) ∈ C^6 � � � � rank � z_0 z_1 z_2 z_3 z_4 z_1 z_2 z_3 z_4 z_5 � � 1 � .

• In dimension 3 things are more complicated. The singularities can be resolved by more or less “canonical” procedures (and by projective birational morphisms) but the “uniqueness” is mostly lost (even if one requires “minimality” in the sense of “MMP”, i.e., Q-terminalizations), though “not completely” (of course, as usual, meant “up to isomorphisms in codimension 1”). In the literature you may find several different approaches:

(a) Hilb-desingularizations. — Bouvier and Gonzalez-Sprinberg used in [9], [10] “Hilb-desingularizations” (i.e., again with Hilb_N (σ) = Gen(Δ^′)) to resolve threedimensional toric singularities (U_σ, orb (σ)). Their exposition is well-structured and fits together with more general concepts of MMP (see [20], [41], [56]). Nevertheless, any kind of “uniqueness” is (in general) lost already from the “second” step by producing their “minimal terminal subdivisions”.

(b) Hilb-desingularizations with extra lexicographic ordering. — Similar constructive method, due to Aguzzoli and Mundici [1] (again by making use of “indispensable” exceptional divisors), but with a fixed ordering for performing the starring operations. The “uniqueness” is lost as long as one uses other orderings. Moreover, they also assume Q-factorialization from the very beginning.

(c) Distinguished crepant desingularization (via the Hilbert scheme of G-clusters) for the case in which σ is simplicial and U_σ = C^3/G Gorenstein. — Motivated by the so-called “McKay correspondence” in dimension 3 (see [67] for a recent exposition), Nakamura [60] and Craw & Reid [14], [15], [16] have constructed a distinguished crepant resolution of U_σ = C^3/G (G an abelian finite subgroup of SL(3, C)), by expressing the G-orbit Hilbert scheme of C^3 as a fan of basic cones supporting certain “regular tesselations” of the corresponding junior simplex. Unfortunately, it is not known if there is an analogue of this method for the case in which σ is not simplicial, and it is known that it does not work (at least as crepant resolution) in higher dimensions.

(d) Desingularizations via the “initial strategy” of M. Reid [63], [64], [66]. — This method was already described in broad outline in section 2. Applying it for arbitrary

SOCIÉTÉ MATHÉMATIQUE DE FRANCE 2002

three-dimensional toric singularities (cf. [19]), we win more explicit information about the resolution (compared with the general case^{(15)}) by obtaining the following:

Theorem 4.1. — Let (U_σ, orb (σ)) be an arbitrary 3-dimensional toric singularity, where U_σ = X (N, Δ).

(i) There exists a uniquely determined partial desingularization

(4.1) U_σ = X (N, Δ) ←− X (N, Δ_{can})

such that X (N, Δ_{can}) has only canonical singularities. (This is actually a general fact valid for all dimensions^{(16)}).

(ii) The singularities of X (N, Δ_{can}) which have index > 1 can be reduced to canonical singularities of index 1 up to cyclic coverings (via lattice dilations). Moreover, one may treat them in a special manner (either by the Ishida-Iwashita classification [39] or by Bouvier, Gonzalez-Sprinberg’s [10] Hilb-desingularizations^{(17)}).

(iii) By (ii) we may restrict ourselves to the case in which X (N, Δ_{can}) has only canonical singularities of index 1 and, in particular, to cones τ ∈ Δ_{can} (3) , for which orb(τ) ∈ Sing(X (N, Δ_{can})). Each of these τ’s has (up to lattice automorphism) the form

τ_P = {(λx_1, λx_2, λ) | λ ∈ R_{�0} , (x_1, x_2) ∈ P }

(w.r.t. the standard rectangular lattice Z^3) for some lattice polygon P . There exists a composite of torus-equivariant, crepant, projective, partial desingularizations

(4.2) U_{τP}^{f1}←− X_{S1}^{f2}←− X_{S2}^{f3}←− X_{S3} ←− · · ·^{fκ−1}←− X_{Sκ−1}^{fκ}←− X_{Sκ} = Y_{τP}

where S_1, ..., S_κ are successive polygonal subdivisions of P (with X_{Si} the toric variety associated to the cone supporting S_i), such that each f_i in (4.2) is the usual toric blow-up of the arising singular point and Y_{τP} is unique w.r.t. this property, possessing at most compound Du Val singularities whose types can be written in a very short

(15)Cf. [63, Rem. 6.10, p. 308] and [64, Rem. 0.8 (d), p. 135, and Ex. 2.7, p. 145].

(16)To construct the “canonical modification” (4.1) one has just to pass to the fan-subdivision

Δ_{can} = {{ pos(F )| F faces of conv(σ ∩ N∖{0})} , σ ∈ Δ}

(17)For the “uniqueness” of this reduction procedure to the index 1 case (from the point of view of

toric geometry) see, in particular, [10, Théorème 2.23, p. 144].

SÉMINAIRES & CONGRÈS 6

list^{(18)}. (This is in fact an intrinsic procedure involving in each step the auxiliary 2-dimensional subcones and the finite continued fraction expansions for each vertex of the new central lattice polygon.)

(iv) There exists a composite of torus-equivariant, crepant, projective, partial desingularizations

(4.3) Y_{τP}^{g1}←− X_{~S1}^{g2}←− X_{~S2}^{g3}←− X_{~S3} ←− · · ·^{gν−1}←− X_{~Sν−1}^{gν}←− X_{~Sν} = Z_{τP}

of Y_{τP ,} such that each g_j in (4.3) is the usual toric blow-up of the ideal of the 1- dimensional locus of X_{~Sj−1} and Z_{τP} is unique w.r.t. this property possessing at most ordinary double points. (Z_{τP} is a terminalization of Y_{τP} ).

(v) All the 2^{#(ordinary double points)} remaining choices to obtain “full” crepant desingularizations (just by filling up our lattice triangulations by box diagonals) are realized by projective birational morphisms.

The proof involves explicit (constructive) techniques from discrete geometry of cones, together with certain results of combinatorial nature from [26], [38], [39] and [44]. (The projectivity of birational morphisms in (v) can be checked by means of the ampleness criterion 3.3). Moreover, in [19], it will be shown how toric geometry enables us to keep under control (in each step) the Fano surfaces arising as exceptional prime divisors.

Example 4.2. — As a simple example of how Theorem 4.1 (iii)-(v) works, take the cone σ = pos(P ) ⊂ R^2 × {1} ⊂ R^3 supporting the lattice tringle P = conv{(−3, 3, 1) , (3, 1, 1) , (0, −3, 1)} of Fig. 2 (w.r.t. the standard rectangular lattice Z^3).

(18)This list is the following:

Cases

Possible cDu Val singularities

Types

(i) Spec (C[z_1, z_2, z_3] / (z_1z_2 − z^κ_3 )) × Spec (C[z_4]) , κ ∈ Z_{�2} A_{κ−1} × C

(ii) Spec ( C[z_1, z_2, z_3, z_4] / ( z_1 z_2 − z^κ_3 z^{κ+λ}_4 )) , κ ∈ Z_{�1}, λ ∈ Z_{�0} cA_{2κ+λ−1}

(iii)

Spec ( C[z_1, z_2 , z_3, z_4] / ( z_1z_2z_3 − z^2_4 )) ∼ = Spec(C[t1 , t2, t3 ]^G)

(where G is obtained by the linear representation of the Kleinian four-group into SL(3, C)) cD_4

SOCIÉTÉ MATHÉMATIQUE DE FRANCE 2002

Figure 2

The singularity (U_σ , orb (σ)) is Gorenstein, and Proposition 3.2 gives^{(19)}: edim (U_σ, orb (σ)) = #(Hilb_{(Z}3_)∨ (σ^∨)) = 14.

Hence, by Theorem 2.7 (iv) and by Proposition 2.12 (iii), the Laufer-Reid invariant of a general hyperplane section H through orb(σ) equals

LRI (H, orb (σ)) = edim (H, orb (σ)) = edim (U_σ, orb (σ)) − 1 = 13. Figure 3 shows the result of blowing up orb(σ) ∈ U_σ (equipped with the reduced subscheme structure).

Figure 3 Figure 4

(19)This can be computed directly. A general formula, expressing the embedding dimension in terms

of the vertex coordinates of arbitrary initial lattice polygons, will appear in [19].

SÉMINAIRES & CONGRÈS 6

It is worth mentioning that the “central” new subcone σ^′ = pos(P^′) of σ supports the lattice pentagon P^′ = conv({(−2, 2, 1) , (−1, 2, 1) , (2, 1, 1) , (2, 0, 1) , (0, −2, 1)}) which is nothing but the polygon defined as the convex hull of the inner points of P . Next, we perform 4.1 (iii)-(iv) again and again until we arrive at the lattice polygonal subdivision of P shown in Figure 4.

In the last step (4.1 (v)), all 2^3 = 8 possible choices of completing the polygonal subdivision in Fig. 4 to a triangulation (by filling up box diagonals) lead equally well to crepant, projective, full resolutions of (U_σ , orb (σ)).

Remark 4.3. — A method of how one may achieve “Q-factorialization” of toric singularities (after M. Reid [65] and S. Mori) in arbitrary dimensions was partially discussed in Wiśniewski’s lectures [74].

Aknowledgements. — This paper is an expanded version of my lecture notes which were distributed during the second week of the Summer School “Geometry of Toric Varieties” in Grenoble (Institut Fourier, June 19 - July 7, 2000). In the first two talks, based on the preliminary notes [17], [75], I had the opportunity to give a sketch of proof of Theorem 4.1 and to explain how one applies the corresponding combinatorial mechanism in some concrete examples. (Complete proofs and details will appear in the forthcoming joint work [19] with M. Henk and G. M. Ziegler). I would like to express my warmest thanks to the organizers M. Brion and L. Bonavero for the exemplary hospitality, to D. Cox for useful remarks on much of the manuscript, as well as to several other participants of the Summer School for many stimulating discussions.

References [1] Aguzzoli S., Mundici D. – An algorithmic desingularization of 3-dimensional toric varieties, Tôhoku Math. Jour. 46, (1994), 557–572.

[2] Alexeev V. A. – Classification of log-canonical surface singularities: Arithmetical Proof, in [46], (1992), pp. 47–58.

[3] Artin M. – On isolated rational singularities of surfaces, American Jour. of Math. 88, (1966), 129–136.

[4] Barany, I., Kantor, J.-M. – On the number of lattice free polytopes, European J.

Combin. 21, (2000), 103–110.

[5] Bingener J, Storch U. – Zur Berechnung der Divisorenklassengruppen kompletter lokaler Ringe, Nova Acta Leopoldina NF 52, Nr. 240, (1981), 7–63.

[6] Blache R. – Two aspects of log-terminal surface singularities, Abh. Math. Sem. Univ.

Hamburg 64, (1994), 59–87.

[7] Borisov A. A. – Minimal discrepancies of toric singularities, Manuscripta Math. 92, (1997), 33–45.

[8] Borisov A. A. – On classification of toric singularities, J. Math. Sci. (New York) 94, (1999), no. 1, 1111–1113.

[9] Bouvier C., Gonzalez-Sprinberg G. – G-désingularisation de variétés toriques, C.

R. Acad. Sc. Paris, ser. I, Vol. 315, (1992), 817–820.

SOCIÉTÉ MATHÉMATIQUE DE FRANCE 2002

[10] Bouvier C., Gonzalez-Sprinberg G. – Système générateur minimal, diviseurs essentiels et G-désingularisations de variétés toriques, Tôhoku Math. Journal 47, (1995), 125–149.

[11] Brieskorn E. – Über die Auflösung gewisser Singularitäten von holomorphen Abbildungen, Math. Ann 166, (1968), 255–270.

[12] Brieskorn E. – Rationale Singularitäten komplexer Flächen, Inventiones Math. 4, (1968), 336–358.

[13] Clemens H., Kollár J., Mori S. – Higher Dimensional Complex Geometry, Astérisque, Vol. 166, Soc. Math. France, (1988).

[14] Craw A. – An explicit construction of the McKay correspondence for A-Hilb(C^3 ), preprint, math. AG/0010053.

[15] Craw A. – The McKay correspondence and representations of the McKay quiver, PhD- Thesis, University of Warwick, (2001); electronically available from http://www.maths.

warwick.ac.uk/~craw.

[16] Craw A., Reid M. – How to calculate G-Hilb(C^3 ), preprint, math. AG/9909085. [17] Dais D. I. – Über dreidimensionale Gorensteinsche torische Singularitäten, lecture notes, Universität Bonn, 1996.

[18] Dais D. I., Haase C., Ziegler G. M. – All toric local complete intersection singularities admit projective crepant resolutions, Tôhoku Math. Jour. 53, (2001), 95–107.

[19] Dais D. I., Henk M., Ziegler G. M. – Constructive methods of crepant resolutions of three-dimensional canonical toric singularities. Algorithms and applications. (In preparation) [20] Danilov V. I. – The birational geometry of toric 3-folds, Math. USSR-Izv. 21, (1983), 269–280.

[21] de la Harpe P., Siegfried P. – Singularités de Klein, L’Enseignement Mathématique 25, (1989), 207–256.

[22] Durfee A. H. – Fifteen characterizations of rational double points and simple critical points, L’ Enseignement Mathématique 15, (1979), 131–163.

[23] Elkik R. – Singularités rationelles et déformations, Inventiones Math. 47, (1978), 139– 147.

[24] Elkik R. – Rationalité des singularités canoniques, Inventiones Math. 64, (1981), 1–6. [25] Ewald G. – Combinatorial Convexity and Algebraic Geometry, Graduate Texts in Math., Vol. 168, (1996), Springer-Verlag.

[26] Fejes Tóth L., Makai E. jr. – On the thinnest non-separable lattice of convex plates, Studia Scientiarum Mathematicarum Hungarica 9, (1974), 191–193.

[27] Flenner H. – Rationale quasihomogene Singularitäten, Archiv der Math. 36, (1981), 35–44.

[28] Fulton W. – Introduction to Toric Varieties, Annals of Math. Studies, Vol. 131, Princeton University Press, (1993).

[29] Grothendieck A. – Local Cohomology, (Notes by R. Hartshorne), Lecture Notes in Math., Vol. 41, Springer-Verlag, (1967).

[30] Grothendieck A. – Géométrie algébrique et géométrie analytique, (Notes by M. Raynaud). In Revêtements étales et Groupe Fondemental (SGA 1), Exp. 12, Lecture Notes in Math., Vol. 224, Springer-Verlag, (1971), pp. 311–343.

[31] Haase, C., Ziegler, G. M. – On the maximal width of empty lattice simplices. European J. Combin. 21, (2000), 111–119.

SÉMINAIRES & CONGRÈS 6

[32] Hartshorne R. – Residues and Duality, Lecture Notes in Math., Vol. 20, Springer- Verlag, (1966).

[33] Hartshorne R. – Algebraic Geometry, GTM, Vol. 52, Springer-Verlag, (1977). [34] Hartshorne R. – Stable reflexive sheaves, Math. Ann. 254, (1980), 121–176. [35] Hochster M. – Rings of invariants of tori, Cohen-Macaulay rings generated by monomials, and polytopes, Annals of Math. 96, (1972), 318–337.

[36] Iitaka S. – Algebraic Geometry. An Introduction to Birational Geometry of Algebraic Varieties, GTM, Vol. 76, Springer-Verlag, (1982).

[37] Iliev A. I. – Log-terminal singularities of algebraic surfaces, Moscow Univ. Bull. 41, no. 3, (1986), 38–44.

[38] Ishida M.-N. – Torus embeddings and dualizing complexes, Tôhoku Math. Jour. 32, (1980), 111–146.

[39] Ishida M.-N., Iwashita N. – Canonical cyclic quotient singularities in dimension three, In “Complex Analytic Singularities”, Adv. Studies in Pure Math. 8, (1986), 135–151.

[40] Kantor J.-M. – On the width of lattice-free simplices, Compositio Math. 118, (1999), [41] Kawamata Y. – Crepant blowing-up of 3-dimensional canonical singularities and its application to degeneration of surfaces, Annals of Math. 127, (1988), 93–163.

[42] Kawamata Y., Matsuda K., Matsuki K. – Introduction to the minimal model problem. In “Algebraic Geometry”, Adv. Studies in Pure Math. 10, (1987), 283–360.

[43] Kempf G., Knudsen F., Mumford D., Saint-Donat D. – Toroidal Embeddings I, Lecture Notes in Mathematics, Vol. 339, Springer-Verlag, (1973).

[44] Koelman R.J. – The number of moduli of families of curves of toric surfaces, PhD Thesis, Katholieke Universiteit te Nijmegen, (1991).

[45] Kollár J. – Singularities of pairs. In “Algebraic Geometry, Santa Cruz 1995”, Proc. of Symp. in Pure Math., Vol. 62, Part I, A.M.S, (1997), pp. 221–287.

[46] Kollár J. et al. – Flips and Abudance for Algebraic Threefolds, (A summer seminar at the University of Utah, Salt Lake City, 1991), Astérisque, Vol. 211, Soc. Math. de France, (1992).

[47] Kollár J., Mori S. – Birational Geometry of Algebraic Varieties, Cambridge Tracts in Math., Vol. 134, (1998), Cambridge University Press.

[48] Kollár J., Shepherd-Barron N. I. – Threefolds and deformations of surface singularities, Inventiones Math. 91, (1988), 299–338.

[49] Lamotke K. – Regular Solids and Isolated Singularities, Vieweg, (1986). [50] Laufer H. – Normal Two-Dimensional Singularities, Annals of Mathematics Studies, Vol. 71, Princeton University Press, (1971).

[51] Laufer H. – Minimally elliptic singularities, Amer. Jour. of Math. 99, (1977), 1257– 1295.

[52] Kunz E. – Introduction to Commutative Algebra and Algebraic Geometry, Birkhäuser, (1985).

[53] Markushevich D. G. – Canonical singularities of three-dimensional hypersurfaces, Math. USSR Izvestiya 26, (1986), 315–345.

[54] Matsumura H. – Commutative Ring Theory, Cambridge Studies in Adv. Math., Vol.

8, Cambridge University Press, (1986).

[55] Mori S. – On 3-dimensional terminal singularities, Nagoya Math. Journal 98, (1985), 43–66.

[56] Mori S. – Flip theorem and the existence of minimal models for threefolds, Jour. A.M.S.

1, (1988), 117–253.

SOCIÉTÉ MATHÉMATIQUE DE FRANCE 2002

[57] Mori S., Morrison D.R., Morrison I. – On four-dimensional terminal quotient singularities, Math. Comput. 51, (1988), 769–786.

[58] Morrison D.R., Stevens G. – Terminal quotient singularities in dimension three and four, Proc. A.M.S. 90, (1984), 15–20.

[59] Nakajima H. – Affine torus embeddings which are complete intersections, Tôhoku Math. Jour. 38, (1986), 85–98.

[60] Nakamura I. – Hilbert schemes to Abelian group orbits, Jour. of Algebraic Geometry 10, (2001), 757–759.

[61] Oda T. – Convex Bodies and Algebraic Geometry. An Introduction to the theory of toric varieties, Ergebnisse der Mathematik und ihrer Grenzgebiete, 3. Folge, Bd. 15, Springer-Verlag, (1988).

[62] Reid M. – Elliptic Gorenstein singularities of surfaces, unpublished manuscript, Warwick, (1975).

[63] Reid M. – Canonical threefolds, Journée de Géométrie Algébrique d’Angers, A.

Beauville ed., Sijthoff and Noordhoff, Alphen aan den Rijn, (1980), 273–310. [64] Reid M. – Minimal models of canonical threefolds. In “Algebraic Varieties and Analytic Varieties”, Adv. Studies in Pure Math. 1, (1983), 131–180.

[65] Reid M. – Decompositions of toric morphisms. In “Arithmetic and Geometry II”, (edited by M.Artin and J.Tate), Progress in Math. 36, Birkhäuser, (1983), 395–418.

[66] Reid M. – Young person’s guide to canonical singularities. In “Algebraic Geometry, Bowdoin 1985”, (edited by S.J.Bloch), Proc. of Symp. in Pure Math., A.M.S., Vol. 46, Part I, (1987), 345–416.

[67] Reid M. – La correspondence de McKay, Séminaire Bourbaki, Novembre 1999, no 867, and math.AG/9911165.

[68] Riemenschneider O. – Deformationen von Quotientensingularitäten (nach zyklischen Gruppen), Math. Ann. 209, (1974), 211–248.

[69] Sankaran, G. K. – Stable quintuples and terminal quotient singularities, Math. Proc.

Cambridge Philos. Soc. 107, (1990), 91–101.

[70] Sebö, A. – An introduction to empty lattice simplices. Integer programming and combinatorial optimization (Graz, 1999), 400–414, Lecture Notes in Comput. Sci., Vol. 1610, Springer, Berlin, 1999.

[71] Serre J.-P. – Géométrie algébrique et géométrie analytique, Ann. Inst. Fourier 6, (1956), 1–42.

[72] Springer A. T. – Invariant Theory, Lecture Notes in Mathematics, Vol. 585, Springer- Verlag, (1977).

[73] Stanley R.P. – Hilbert functions of graded algebras, Advances in Math. 28, (1978), 57–81 [74] Wisniewski J. A. – Toric Mori’s theory and Fano manifolds, Lectures given during the third week of the Summer School “Geometry of Toric Varieties” in Grenoble (Institut Fourier, June 19 - July 7, 2000).

[75] Ziegler G. M. – Lecture notes on triangulations of lattice polytopes, TU-Berlin, (1998).

D.I. Dais, Department of Mathematics and Statistics, University of Cyprus, P.O. Box 20537, CY-1678 Nicosia, Cyprus • E-mail : ddais@ucy.ac.cy • Url : http://www.ucy.ac.cy/~ddais/

SÉMINAIRES & CONGRÈS 6