Séminaires & Congrès 8, 2004, p. 59–87

THE LOCAL DUALITY THEOREM IN D-MODULE THEORY by Luis Narváez Macarro

Abstract. — These notes are devoted to the Local Duality Theorem for D-modules, which asserts that the topological Grothendieck-Verdier duality exchanges the de Rham complex and the solution complex of holonomic modules over a complex analytic manifold. We give Mebkhout’s original proof and the relationship with Kashiwara-Kawai’s proof. In that way we are able to precise the commutativity of some diagrams appearing in the last one.

Résumé (Le théorème de dualité locale dans la théorie des D-modules). — Ce cours est consacré au théorème de du alité locale pour les D-modules, qui affirme que la dualité topologique de Grothendieck-Verdier échange le complexe de de Rham et le complexe des solutions des modules holonomes sur une variété analytique complexe. On donne la preuve originale de Mebkhout en faisant le rapport avec la preuve de Kashiwara- Kawai. Ceci nous permet de préciser la commutativité de certains diagrammes dans cette dernière.

Contents

Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 60 Notation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 61 1. Duality for Analytic Constructible Sheaves . . . . . . . . . . . . . . . . . . . . . 61 2. The Local Duality Morphism in D-module Theory . . . . . . . . . . . . . 64 3. Proof of the Local Duality Theorem . . . . . . . . . . . . . . . . . . . . . . . . . . . . 67 Appendix . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 79 References . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 86

2000 Mathematics Subject Classification. — 32C38, 32S60.

Key words and phrases. — de Rham complex, Grothendieck-Verdier duality.

Supported by DGES PR97, BFM2001-3207 and FEDER.

© Séminaires et Congrès 8, SMF 2004

Introduction

These notes are issued from a course taught in the C.I.M.P.A. School on Differential Systems, held at Seville (Spain) from September 2 through September 13, 1996. They are an improved version of the handwritten notes distributed during the School.

The aim of these notes is to introduce the reader to the Local Duality Theorem in D-module Theory —LDT for short— and to explain in a detailed way the proofs of it in [Me3], [K-K]. This theorem asserts that the Verdier duality for analytic constructible complexes interchanges the “De Rham” and the “Solutions”of every bounded holonomic complex of D-modules on a complex manifold. Besides the importance and the beauty of such a result, it is a good representative of the relationship between discrete and continuous coefficients, an important idea in contemporary Algebraic Geometry.

The first published duality type result is a punctual one due to Kashiwara [Ka], § 5. The LDT in the way we currently use was first stated by Mebkhout in [Me1], 4.1, [Me2], 5.2, but its proof depended on a still conjectural theory of Topological Homological Algebra. A complete proof was given in [Me3], III.1.1 (see also [Me4], 1.1, [Me5], ch. I, 4.3). Kashiwara and Kawai proposed another proof in [K-K], 1.4.6 based on the punctual result above.

The proof of the punctual result of Kashiwara uses the Local Duality in Analytic Geometry (residues). Mebkhout’s proof of the LDT uses Serre and Poincaré-Verdier dualities to construct the duality morphism and to prove it is an isomorphism. Kashiwara and Kawai define the duality morphism as the formal one and reduce the proof of the LDT to the former result of Kashiwara by means of the Biduality Theorem for analytic constructible complexes. However, this reduction demands the commutativity of some diagram involving the global formal duality morphism and the punctual one, which is not obvious. Both proofs are evidently based on the Kashiwara’s Constructibility Theorem.

In these notes we prove that the duality morphism defined by Mebkhout coincides with the formal one and, as a consequence, that the diagram needed in Kashiwara- Kawai’s proof is commutative. This fact is explained by the relationship between the Global Serre Duality and the Local Duality in Analytic Geometry (cf. [Li]).

As we could expect, to do the task we need to be especially attentive to the definition and the properties of the different formal objects involved. In particular, we have to manage some signs. A complete reference for these questions is [De2], 1.1. For the sake of completeness and for the ease of the reader, we have collected (a big portion of) them in the Appendix.

Other somewhat different proofs of the LDT are available in [Bo2], § 19, [Sa], 2.7, [Bj], III, 3.3.10. We have chosen to present the first proof of the LDT, due to Mebkhout, and the proof of Kashiwara-Kawai because they are conceptually simple and they fit in this collective work as a continuation of [M-S1, M-S2].

SÉMINAIRES & CONGRÈS 8

This work has been done during a sabbatical year at the Institute for Advanced Study, Princeton. I would like to thank this institution for its hospitality. Discussions with Pierre Deligne have been of great value to me. I am grateful to him. I am also grateful to Leo Alonso and Ana Jeremías for good suggestions.

Notation

Given a sheaf of rings R_X on a topological space X, we shall denote by C^∗(R_X ), K^∗(R_X ) and D^∗(R_X ) the category of complexes, the homotopy category of complexes and the derived category of the abelian category of left R_X -modules respectively. We shall use_rR_X for referying to the category of right R_X -modules.

The symbols A^•, B^•, C^•, etc. will be used for complexes of sheaves on a topological space: the objects of A^• are the A^n and the differentials are d^n_A : A^n → A^{n+1}, for every n ∈ Z.

Given a complex A^• and an integer d, we shall denote by h^d(A^•) its dth cohomology object.

Given a complex A^• (of objects in some additive category), the complex A^•[1] is defined by A^•[1]^n = A^{n+1}, d_A•_{[1]} = −d_A.

The total derived functors of Hom^•_{RX} (−, −), Hom^•_{RX} (−, −) and −^•⊗_{RX} − will be denoted by R Hom^•_{RX} (−, −), R Hom^•_{RX} (−, −) and of −^•⊗_{RX} − respectively, and Ext^d_{RX} (−, −) = h^d R Hom^•_{RX} (−, −).

If R_X is the constant sheaf associated to a fixed ring K and no confusion is possible, we shall abreviate Hom^•_{KX} (−, −), Hom^•_{KX} (−, −), R Hom^•_{KX} (−, −) and Ext^d_{KX} (−, −) by Hom^•_X (−, −), Hom^•_X (−, −), R Hom^•_X (−, −) and Ext^d_X (−, −) respectively.

1. Duality for Analytic Constructible Sheaves

Throughout this section X denotes a connected complex analytic manifold countable at infinity of dimension d, and D^b_c(C_X ) the derived category of bounded complexes of sheaves of C-vector spaces with analytic constructible cohomology (cf. [Ve], [Ka], [M-N3]). We denote T_X = C_X [2d].

1.1. The Topological Biduality Morphism. — The abelian category of sheaves of complex vector spaces over X has finite injective dimension (cf. [DP], exp. 2, 4.3). The functor R Hom^•_X (−, −) induces a functor

R Hom^•_X (−, −) : D^b(C_X ) × D^b(C_X ) −→ D^b(C_X )

which can be computed by taking injective resolutions of the second argument, or locally free resolutions of the first argument if they exist.

SOCIÉTÉ MATHÉMATIQUE DE FRANCE 2004

1.1.1. Proposition. — If F^•_1, F^•_2 are two complexes in D^b_c(C_X ), then R Hom^•_X (F^•_1, F^•_2) is also in D^b_c(C_X ). Furthermore, if the F^•_i are constructible with respect to a Whitney stratification Σ of X, then R Hom^•_X (F^•_1, F^•_2) is also constructible with respect to Σ.

Proof^{(1)}. — We can suppose that the F^•_i are single constructible sheaves F_i (cf. [M-N3], II.5). The question being local (cf. loc. cit., I.4.21) we can suppose that F_1 = σ_!L, for σ : S → X the inclusion of a stratum of Σ and L a local system (of finite rank) on S (cf. loc. cit., I.4.14). In this case we have R Hom^•_X (σ_!L, F_2) ≃ R σ_∗ R Hom^•_S (L, σ^!F_2), and we can conclude by induction on the dimension of X and Thom-Whitney’s isotopy theorem (cf. loc. cit., I.4.15).

1.1.2. Definition. — For every bounded complex F^• in D^b_c(C_X ) we define its dual by

F^{•∨} := R Hom^•_X (F^•, C_X )

and the topological biduality morphism β_F• : F^• → (F^{•∨})^∨ as in A.2.

1.1.3. Proposition. — If F^• is a bounded constructible complex on X, then for each point x ∈ X and for every small ball B centered in x with respect to some local coordinates, the complex R Γ_c(B, F^• ) has finite dimensional cohomology.

Proof. — According to proposition 1.1.1, the complex F^{•∨} is bounded and constructible. Then, for every small ball B centered in x, the canonical morphism R Γ(B, F^{•∨}) → (F^{•∨})_x is an isomorphism (cf. [M-N3], I.4.16) and we conclude by the Poincaré-Verdier duality

R Γ(B, F^{•∨}) = R Hom^•_B (F^•|_B , C_B ) ≃−−−→ R Hom^•_C(R Γ_c(B, F^•), C)[−2d]

(cf. [DP], exp. 5).

1.2. The Biduality Theorem. — The Biduality Theorem for analytic constructible sheaves has been first stated and proved by Verdier in [Ve], 6.2 using Resolution of Singularities. Other proofs in the setting of cohomologically constructible sheaves are available in [DP], exp. 10, § 2, [Bo1], V, 8.10, [K-S], 3.4. We sketch here a proof following the lines in [SGA 4^1_2 ], Th. finitude, 4.3 and [M-N3], III.2.1,III.2.6 and based on the Poincaré-Verdier duality cf. [DP], exp. 4,5, [Bo1], V, 7.17, [Iv], VII.5.2, [K-S], 3.1.10.

1.2.1. Theorem. — For each bounded constructible complex F^• on X, the biduality morphism β_F• : F^• → (F^{•∨})^∨ is an isomorphism.

Proof. — We can suppose that F^• is a single constructible sheaf F (cf. [M-N3], II.5). The result is clear if F is a local system (of finite rank).

(1)This proof is also valid in the case of an arbitrary complex analytic space.

SÉMINAIRES & CONGRÈS 8

As the question is local, we can also suppose that X = D^{d−1}_1 × D_2, where the D_i are open disks in C, F is a local system on the complement of an hypersurface Z ⊂ X and the first projection p: X → D^{d−1}_1 is finite over Z (cf. loc. cit., I.4.20).

We can extend our data, first to a constructible sheaf ~F on ~X = D^{d−1}_1 × C and second to F = σ_! ~F, where σ : ~X → X = D^{d−1}_1 × P_1 is the (open) inclusion. Call p : X → Y = D^{d−1}_1 the first projection, which is proper.

Let us consider the triangle

(1) F β_F −−−→ (F^∨)^∨ −→ Q^• −→ F[1] where the support of the (bounded) complex Q^• is contained in Z ∪ (Y × {∞}) and then it is finite over Y .

By taking direct images by p we obtain a new triangle in D^b_c(C_Y )

R p_∗F

R p_∗β_F −−−−−−−→ R p_∗(F^∨)^∨ −→ R p_∗Q^• −→ R p_∗F[1] (cf. [M-N3], I.4.23).

In order to prove that β_F is an isomorphism we need to prove that Q^• = 0, but that is equivalent to R p_∗Q^• = 0 because p is finite over the support of Q^•.

Let Tr_{X/Y} : R p_∗T_X → T_Y be the topological trace morphism for the proper map p. According to the local form of the Poincaré-Verdier duality (cf. [Iv], VII.5, [K-S], 3.1.10) the morphism ρ_K• composition of

R p_∗ R Hom^•_X (K^•, T_X ) nat.−−−−→ R Hom^•_Y (R p_∗K^•, R p_∗T_X ) (Tr_{X/Y} )_∗ −−−−−−−−→ R Hom^•_Y (R p_∗K^•, T_Y ) is an isomorphism for every bounded complex of sheaves of C-vector spaces K^•.

Call ρ^∗_F := R Hom^•_Y (ρ_F, T_Y ) the isomorphism induced by ρ_F. According to A.5, we can “redefine” (F^∨)^∨ = R Hom^•_X (R Hom^•_X (F, T_X ), T_X ) and using A.2 and lemma A.15 we deduce the relation � ρ_{R Hom} •_{X (F,TX )} � ∘ R p_∗β_F = ρ^∗_F ∘ β_{R p∗F}.

By induction hypothesis, the morphism β_{R p∗F} is an isomorphism, then R p_∗β_F too and we obtain the desired R p_∗Q^• = 0.

1.2.2. As X is a connected oriented manifold of (topological) dimension 2d, the topological trace morphism tr_X : H^{2d}_c (X, C_X ) → C given by integration of top C^∞- forms with compact support is an isomorphism. Then, for each point x ∈ X, denoting by i : {x} → X the inclusion, the canonical morphism i^!C_X → R Γ_c(X, C_X ) gives rise to a punctual topological trace isomorphism

tr_x : H^{2d}_x (C_X ) nat.−−−−→ ≃ H^{2d}_c (X, C_X ) tr_X −−−−→ ≃ C.

SOCIÉTÉ MATHÉMATIQUE DE FRANCE 2004

1.2.3. Proposition. — Let F^• be a complex in D^b_c(C_X ) and x ∈ X. Denote i : {x} → X the (closed) inclusion. Then, the natural morphism n : (F^•)^∨_x = i^{−1} R Hom^•_X (F^•, C_X ) −→ R Hom^•_C(i^!F^•, i^!C_X ) is an isomorphism. In particular, using 1.2.2, we obtain an isomorphism ((F^• )^∨)_x ≃ R Hom^•_C(i^!F^•, C)[−2d].

Proof. — As (F^•)^∨_x is a bounded complex of C-vector spaces with finite dimensional cohomology and i^!C_X ≃ C[−2d], the natural morphism A.2 β_0 : (F^• )^∨_x −→ R Hom^•_C(R Hom^•_C((F^•)^∨_x , i^!C_X ), i^!C_X ) is an isomorphism. We also have a canonical isomorphism (cf. A.11) g : i^!((F^• )^∨)^∨ = i^! R Hom^•_X ((F^•)^∨, C_X ) ≃−−−→ R Hom^•_C((F^• )^∨_x , i^!C_X ).

Call g^∗ := R Hom^•_C(R Hom^•_C(g, i^!C_X ), i^!C_X ) the isomorphism induced by g, and (i^!β_F• )^∗ := R Hom^•_C(i^!β_F• , i^!C_X ) the morphism induced by i^!β_F• , which is an isomorphism according to theorem 1.2.1. To conclude, we observe that n = (i^!β_F• )^∗ ∘ g^∗ ∘ β_0 according to A.12.

2. The Local Duality Morphism in D-module Theory Throughout this section X denotes a complex analytic manifold countable at infinity of dimension d, D_X the sheaf of linear differential operators with coefficients in O_X (cf. [G-M], I) and D^b_c(D_X ) the derived category of bounded complexes of left D_X -modules with coherent cohomology.

2.1. The Solution and the De Rham Functors. — Here, our basic functor is R Hom^•_{DX} (−, −) which can be computed by taking injective resolutions of the second argument, or locally free resolutions of the first argument if they exist.

Since D_X is a coherent sheaf of rings and every single D_X -module admits locally a finite free resolution (cf. [Me5], ch. I, 2.1.16), we have an induced functor R Hom^•_{DX} (−, −) : D^b_c(D_X ) × D^b(D_X ) −→ D^b(C_X ).

The De Rham functor is DR = R Hom^•_{DX} (O_X , −) : D^b(D_X ) −→ D^b(C_X ) and the Solutions functors are S = Hom^•_{DX} (−, O_X ) : K^b(D_X ) −→ K^b(C_X ), S = R Hom^•_{DX} (−, O_X ) : D^b_c(D_X ) −→ D^b(C_X ).

SÉMINAIRES & CONGRÈS 8

We will also consider the “external” duality functors

D = Hom^•_{DX} (−, D_X ) : K^b_c (D_X ) −→ K^b_c (_rD_X ), D = R Hom^•_{DX} (−, D_X ) : D^b_c(D_X ) −→ D^b_c(_rD_X ).

We have S(D_X ) = S(D_X ) = O_X .

The De Rham functor can be computed by means of the Spencer resolution Sp^•_X (cf. [Me5], ch. I, 2.1.17), whose objects are defined by Sp^{−p}_X = D_X ⊗_{OX}^p∧ Der_C(O_X ), p = 0, . . . , d and the differential ϵ^{−p} : Sp^{−p}_X → Sp^{−(p−1)}_X is given by:

ϵ^{−p}(P ⊗ (δ_1 ∧ · · · ∧ δ_p)) = p� i=1 (−1)^{i−1}(P δ_i) ⊗ (δ_1 ∧ · · · ∧ ^δ_i ∧ · · · ∧ δ_p) + � 1⩽i<j⩽p

(−1)^{i+j} P ⊗ ([δ_i, δ_j ] ∧ δ_1 ∧ · · · ∧ ^δ_i ∧ · · · ∧ ^δ_j ∧ · · · ∧ δ_p)

for p = 2, . . . , d and ϵ^{−1}(P ⊗ δ) = P δ for p = 1.

There is an obvious augmentation ϵ^0 : Sp^0_X = D_X → O_X , ϵ^0(P ) = P (1), that makes Sp^•_X into a (canonical) locally free resolution of O_X as left D_X -module. We will always consider this augmentation to identify the functors DR(−) = Hom^•_{DX} (Sp^•_X , −).

Every left D_X -module E carries an integrable connection ∇ : E → Ω^1_X ⊗_{OX} E and we can then consider its classical De Rham complex Ω^•_X (E) (cf. [De1], I.2). It is defined by Ω^p_X (E) = Ω^p_X ⊗_{OX} E for p = 0, . . . , d, and the differential ∇^p : Ω^p_X (E) → Ω^{p+1}_X (E) is given by ∇^p(ω ⊗ e) = (dω) ⊗ e + (−1)^pω ∧ ∇(e).

2.1.1. Lemma. — For each left D_X -module E, the morphisms

α^p_E : Ω^p_X ⊗_{OX} E −→ Hom^p_{DX} (Sp^•_X , E) = Hom_{DX} (Sp^{−p}_X , E), p = 0, . . . , d

defined by α^p_E(θ ⊗ e)(P ⊗ δ) = (−1)^{p(p+1)/2}P · ⟨δ, θ⟩ · e, commute with the differentials and gives rise to a natural isomorphism of complexes

α^•_E : Ω^•_X (E) −→ Hom^•_{DX} (Sp^•_X , E).

The proof of the lemma is straightforward. It should be noticed that the sign (−1)^{p(p+1)/2} is imposed by the definition of the functor Hom^•_{DX} (−, −) (cf. A.1).

We will denote

α^•_0 := α^•_{DX} : Ω^•_X (D_X ) ≃−−−→ Hom^•_{DX} (Sp^•_X , D_X ) = D(Sp^•_X ) = D(O_X ), α^•_1 := α^•_{OX} : Ω^•_X = Ω^•_X (O_X ) ≃−−−→ Hom^•_{DX} (Sp^•_X , O_X ) = S(Sp^•_X ) = S(O_X ).

Obviously α^•_0 is right D_X -linear.

SOCIÉTÉ MATHÉMATIQUE DE FRANCE 2004

2.1.2. Denote by ω_X the sheaf of top differential forms Ω^d_X on X. It carries a canonical right D_X -module structure (cf. [G-M], prop. 15, [M-N2], 1.1.5). Call σ^• : Ω^•_X (D_X ) → ω_X [−d] the right D_X -linear morphism given by σ^d(θ ⊗ P ) = θ · P . It is a quasi-isomorphism (cf. [Me5], ch. I, 2.6.6) admitting a C_X -linear section τ^• given by τ^d(θ) = θ ⊗ 1. Let us consider the following morphisms: α^• := α^•_0 ∘ τ^• : ω_X [−d] −→ Hom^•_{DX} (Sp^•_X , D_X ) = D(Sp^•_X ),

α : ω_X [−d] α^•_0 ∘ (σ^• )^{−1} −−−−−−−−−→ Hom^•_{DX} (Sp^•_X , D_X ) = D(Sp^•_X ) can−−−→ ≃ D(Sp^•_X ) = D(O_X ).

The first one is a C_X -linear quasi-isomorphism, and the second one is an isomorphism in the derived category of right D_X -modules. Both morphisms coincide in D^b(C_X ).

In particular, the cohomology of the complex DR(D_X ) vanishes in degree different from d and then DR(D_X ) = Ext^d_{DX} (O_X , D_X )[−d].

According to the Poincaré lemma, the inclusion C_X ⊂ Ω^0_X gives rise to a quasiisomorphism κ^•_0 : C_X → Ω^•_X = Ω^•_X (O_X ). Using the isomorphism of complexes α^•_1 we obtain an isomorphism in the derived category (2) κ : C_X ≃−−−→ Hom^•_{DX} (Sp^•_X , O_X ) = S(O_X ) = DR(O_X ).

2.2. The Duality Morphism 2.2.1. Definition. — For every bounded complex of left D_X -modules M^• with coherent cohomology we define the duality morphism ξ_M• : DR(M^•) −→ S(M^•)^∨ = R Hom^•_{CX} (S(M^•), C_X ) by composing the natural morphism (cf. A.2) ξ : R Hom^•_{DX} (O_X , M^•) −→ R Hom^•_{CX} (S(M^•), S(O_X )) with the isomorphism induced by κ (2).

2.2.2. Proposition. — For M^• ∈ D^b_c(D_X ) there exist (local) natural isomorphisms λ_M• : DR(D_X )^•⊗_{DX} M^• −→ DR(M^•), μ_M• : S(D_X )^{∨ •}⊗_{DX} M^• −→ S(M^•)^∨ such that the following diagram commutes

DR(D_X )^•⊗_{DX} M^• ξ_{DX} ⊗ Id_M• � λ_M• ≃ � S(D_X )^{∨ •}⊗_{DX} M^• ≃ μM• � DR(M^•) ξ_M• � S(M^•)^∨.

SÉMINAIRES & CONGRÈS 8

Proof. — Take a flat resolution P^• → M^• and an injective Godement resolution O_X →J^•. We have

DR(D_X )^•⊗_{DX} M^• = Hom^•_{DX} (Sp^•_X , D_X )^•⊗_{DX} P^•,

DR(M^•) = Hom^•_{DX} (Sp^•_X , M^•) = Hom^•_{DX} (Sp^•_X , P^•),

S(D_X )^{∨ •}⊗_{DX} M^• = O^∨_X^•⊗_{DX} M^• = Hom^•_{CX} (J^•, Hom^•_{DX} (Sp^•_X , J^•))^•⊗_{DX} P^•, S(M^•)^∨ = · · · = Hom^•_{CX} (Hom^•_{DX} (P^•, J^•), Hom^•_{DX} (Sp^•_X , J^•))

and we are reduced to lemma A.10.

The fact that λ_M• and μ_M• are isomorphisms is a local question. So, we can suppose that M^• has a finite free resolution and we are reduced to the obvious fact that λ_{DX} and μ_{DX} are isomorphisms.

2.2.3. Corollary. — For every bounded complex of left D_X -modules M^• with coherent cohomology, the duality morphism ξ_M• is an isomorphism if and only if ξ_{DX} ⊗ Id_M• is an isomorphism.

3. Proof of the Local Duality Theorem

Throughout this section X denotes a complex analytic manifold countable at infinity of dimension d.

3.1. Statement of the Local Duality Theorem 3.1.1. Theorem. — For every bounded complex of left D_X -modules M^• with holonomic cohomology, the duality morphism

ξ_M• : DR(M^•) −→ S(M^•)^∨

is an isomorphism (in the derived category).

3.2. The Basic Commutative Diagram 3.2.1. Proposition ([Me3], [Me4], [Me5]). — The complex S(D_X )^∨ = O^∨_X is concentrated in degree d = dim X.

Proof. — For every integer i ⩾ 0, the sheaf Ext^i_{CX} (O_X , C_X ) is the sheaf associated to the presheaf U → Ext^i_{CU} (O_U , C_U ). It is enough to prove that Ext^i_{CU} (O_U , C_U ) = 0 for all i ≠ d and for every Stein open set U ⊂ X.

Now, by the Poincaré-Verdier duality (cf. [DP], exp. 5, [Iv], VI) the space Ext^i_{CU} (O_U , C_U ) is isomorphic to the algebraic dual of H^{2d−i}_c (U, O_U ), and by the Serre duality [Se], if U is Stein, the space H^{2d−i}_c (U, O_U ) is isomorphic to the topological dual of H^{i−d}(U, ω_U ), but for such open sets H^{i−d}(U, ω_U ) = 0 and then Ext^i_{CU} (O_U , C_U ) = 0, for all i ≠ d.

SOCIÉTÉ MATHÉMATIQUE DE FRANCE 2004

3.2.2. Call ξ := h^d(ξ_{DX} ) : Ext^d_{DX} (O_X , D_X ) −→ Ext^d_{CX} (O_X , C_X ), α := h^d(α) : ω_X −→ Ext^d_{DX} (O_X , D_X ) where α is the isomorphism in 2.1.2. Both morphisms are right D_X -linear.

As O^∨_X is concentrated in degree d, for every open set U ⊂ X we have Γ(U, Ext^d_{CX} (O_X , C_X )) = R^d Γ(U, Ext^d_{CX} (O_X , C_X )[−d]) = R^d Γ(U, R Hom^•_{CX} (O_X , C_X )) = h^d R Hom^•_{CU} (O_U , C_U ), and using the natural isomorphism ν^d (cf. A.5) we obtain an isomorphism ε_U : Γ(U, Ext^d_{CX} (O_X , C_X )) ≃−−−→ Hom_{D(CU )}(O_U , C_U [d]).

The ε_U commute with restrictions and each ε_U is right D_X (U)-linear, where the right D_X (U)-module structure on Hom_{D(CU )}(O_U , C_U [d]) comes from the left action of D_X (U) on O_U .

The Poincaré quasi-isomorphism κ^•_0 : C_X → Ω^•_X and the inclusion map κ^•_1 : ω_X [−d] → Ω^•_X gives rise to a Poincaré-De Rham morphism in the derived category κ^′ := (κ^•_0[d])^{−1} ∘ κ^•_1[d] : ω_X −→ C_X [d].

We will denote by β_U : Γ(U, ω_X ) → Hom_{D(CU )}(O_U , C_U [d]) the composition of (κ^′)_∗ with the map

Γ(U, ω_X ) = Hom_{OU} (O_U , ω_U ) forget −−−−−−→ Hom_{CU} (O_U , ω_U ) = Hom_{D(CU )}(O_U , ω_U ).

In corollary 3.2.5 we will see that β_U is right D_X (U)-linear.

Recall that (cf. 2.1.2) α^• = α^•_0 ∘ τ^• : ω_X [−d] −→ Hom^•_{DX} (Sp^•_X , D_X ) = D(Sp^•_X ), and denote β^• := (κ^•_1)_∗ ∘ (forget) : ω_X [−d] −→ Hom^•_{CX} (O_X , Ω^•_X ), where “(forget)” is the morphism

ω_X [−d] = Hom^•_{OX} (O_X , ω_X [−d]) forget −−−−−−→ Hom^•_{CX} (O_X , ω_X [−d]), and γ^• := (α^•_1)_∗ : Hom^•_{CX} (O_X , Ω^•_X ) ≃−−−→ Hom^•_{CX} (O_X , S(Sp^•_X )).

SÉMINAIRES & CONGRÈS 8

3.2.3. Proposition. — The following diagram of complexes of sheaves of vector spaces

(3) D(Sp^•_X ) ξ^• �

Hom^•_{CX} (O_X , S(Sp^•_X ))

ω_X [−d] β^• � α^• �

Hom^•_{CX} (O_X , Ω^•_X ) γ^• ≃ �

is commutative.

Proof. — As α^i = β^i = 0 for all i ≠ d, we need only to prove that ξ^d ∘ α^d = γ^d ∘ β^d, but S(D_X ) = O_X is a complex vanishing in degrees different from 0 and then there is no signs in the expression for ξ^d (cf. A.2). We deduce that the degree d part of the diagram (3) can be identified with the diagramm

(4) Hom_{DX} (Sp^{−d}_X , D_X ) nat. � Hom_{CX} (O_X , Hom_{DX} (Sp^{−d}_X , O_X ))

ω_X forget � α^d �

Hom_{CX} (O_X , ω_X ).

(α^d_1)_∗ ≃ �

For a top differential form θ on an open set U ⊂ X, the section φ = α^d(θ) ∈ Γ(U, Hom_{DX} (Sp^{−d}_X , D_X )) = Hom_{DU} (Sp^{−d}_U , D_U ) is given by φ(P ⊗ δ) = α^d_0 (θ ⊗ 1)(P ⊗ δ) = (−1)^{d(d+1)/2}P · ⟨δ, θ⟩.

Call ψ ∈ Γ(U, Hom_{CX} (O_X , Hom_{DX} (Sp^{−d}_X , O_X ))) = Hom_{CU} (O_U , Hom_{DU} (Sp^{−d}_U , O_U )) the morphism determined by φ. For each local section f of O_U we have ψ(f)(P ⊗ δ) = φ(P ⊗ δ)(f) = (−1)^{d(d+1)/2}(P · ⟨δ, θ⟩)(f) = (−1)^{d(d+1)/2}P (⟨δ, θ⟩f). On the other hand, the section φ^′ = forget(θ) ∈ Γ(U, Hom_{CX} (O_X , ω_X )) = Hom_{CU} (O_U , ω_U ) is given by φ^′(f) = fθ. Call ψ^′ = (α^d_1)_∗(φ^′) = α^d_1 ∘ φ^′ ∈ Hom_{CU} (O_U , Hom_{DU} (Sp^{−d}_U , O_U )).

We have

ψ^′(f)(P ⊗ δ) = α^d_1(φ^′(f))(P ⊗ δ) = α^d_1(fθ)(P ⊗ δ) = (−1)^{d(d+1)/2}P (⟨δ, fθ⟩) and we conclude that the diagram (4) is commutative, and then (3) too.

SOCIÉTÉ MATHÉMATIQUE DE FRANCE 2004

3.2.4. Proposition. — For every open set U ⊂ X, the following diagram of vector spaces

Γ(U, Ext^d_{DX} (O_X , D_X ))

Γ(U, ξ) � Γ(U, Ext^d_{CX} (O_X , C_X )) ε_U ≃ � Γ(U, ω_X ) β_U �

Γ(U, α) ≃ �

Hom_{D(CU )}(O_U , C_U [d]) is commutative. Proof. — Let us call

• a_U : h^dΓ(U, ω_X [−d])^=−→ Γ(U, ω_X ) the identity map, • b_U = the composition of h^dΓ(U, D(Sp^•_X )) can−−−−→ R^d Γ(U, D(Sp^•_X )) (can) −−−−−→ R^d Γ(U, D(Sp^•_X )) = R^d Γ(U, D(O_X )) = R^d Γ(U, Ext^d_{DX} (O_X , D_X )[−d]) = Γ(U, Ext^d_{DX} (O_X , D_X )), • c_U = the composition of h^dΓ(U, Hom^•_{CX} (O_X , S(Sp^•_X ))) can−−−−→ R^d Γ(U, Hom^•_{CX} (O_X , S(Sp^•_X ))) (can) −−−−−→ R^d Γ(U, R Hom^•_{CX} (O_X , S(Sp^•_X ))) = R^d Γ(U, R Hom^•_{CX} (O_X , S(O_X ))) (κ^{−1})_∗ −−−−−→ ≃ R^d Γ(U, O^∨_X ) = R^d Γ(U, Ext^d_{CX} (O_X , C_X )[−d]) = Γ(U, Ext^d_{CX} (O_X , C_X )), • and d_U = the composition of h^dΓ(U, Hom^•_{CX} (O_X , Ω^•_X )) can−−−−→ R^d Γ(U, Hom^•_{CX} (O_X , Ω^•_X ))

(can) −−−−−→ R^d Γ(U, R Hom^•_{CX} (O_X , Ω^•_X )) = h^d R Hom^•_{CU} (O_U , Ω^•_U ) ν^d−−→ ≃ Hom_{D(CU )}(O_U , Ω^•_U [d])

(κ^•_0)^{−1}_∗ −−−−−→ ≃ Hom_{D(CU )}(O_U , C_U [d]).

We are going to prove that the following relations:

Γ(U, α) ∘ a_U = b_U ∘ h^dΓ(U, α^•), Γ(U, ξ) ∘ b_U = c_U ∘ h^dΓ(U, ξ^•), ε_U ∘ c_U ∘ h^dΓ(U, (γ^•)) = d_U , β_U ∘ a_U = d_U ∘ h^dΓ(U, β^•) hold, and then we can conclude by using proposition 3.2.3.

The first relation Γ(U, α) ∘ a_U = b_U ∘ h^dΓ(U, α^•) is an straightforward consequence of the facts that α^• and α induce the same isomorphism in D^b(C_X ) (cf. 2.1.2), and that the isomorphisms α and α[−d] coincide after the canonical identification D(O_X ) = Ext^d_{DX} (O_X , D_X )[−d].

SÉMINAIRES & CONGRÈS 8

The second relation Γ(U, ξ) ∘ b_U = c_U ∘ h^dΓ(U, ξ^•) comes from the standard properties of the total derived (bi)functors R Hom^•(−, −) and of the natural morphism ξ : R Hom^•_{DX} (−, ?) −→ R Hom^•_{CX} (S(?), S(−)) (cf. A.4), and from the fact that the morphisms ξ_{DX} and ξ[−d] coincide after the canonical identifications D(O_X ) = Ext^d_{DX} (O_X , D_X )[−d], O^∨_X = Ext^d_{CX} (O_X , C_X )[−d].

The third relation ε_U ∘ c_U ∘ h^dΓ(U, (γ^•)) = d_U follows from the commutativity of the following diagram

R^d Γ(U, R Hom^•_{CX} (O_X , C_X )

(κ^•_0)_∗ � = � R^d Γ(U, R Hom^•_{CX} (O_X , Ω^•_X )) = � h^d R Hom^•_{CU} (O_U , C_U )

(κ^•_0)_∗ �

ν^d � h^d R Hom^•_{CU} (O_U , Ω^•_U )

ν^d � Hom_{D(CU )}(O_U , C_U [d])

(κ^•_0[d])_∗ � Hom_{D(CU )}(O_U , Ω^•_U [d]) and from standard naturality properties.

The last relation β_U ∘ a_U = d_U ∘ h^dΓ(U, β^•) is a consequence of the commutativity of the following diagramms (see A.7)

h^d Hom^•_{CU} (O_U , Ω^•_U ) can �

ν^d_2 � h^d R Hom^•_{CU} (O_U , Ω^•_U )

ν^d � Hom_{K (CU )}(O_U , Ω^•_U [d]) can � Hom_{D(CU )}(O_U , Ω^•_U [d]) and h^dΓ(U, ω_X [−d]) h^dΓ(U, β^•) � = � h^dΓ(U, Hom^•_{CX} (O_X , Ω^•_X )) = � Γ(U, ω_X ) β^′ �

forget � h^d Hom^•_{CU} (O_U , Ω^•_U )

ν^d_2 � Hom_{K (CU )}(O_U , ω_U )

(κ^•_1[d])_∗ � Hom_{K (CU )}(O_U , Ω^•_U [d]) where β^′(θ) is the cohomology class of Γ(U, β^d)(θ) for every top differential form θ on U.

3.2.5. Corollary. — For every open set U ⊂ X, the morphism β_U : Γ(U, ω_X ) −→ Hom_{D(CU )}(O_U , C_U [d]) is right D_X (U)-linear.

SOCIÉTÉ MATHÉMATIQUE DE FRANCE 2004

3.3. Compatibility of the Duality Morphism with the Serre and the Poincaré-Verdier Dualities: Mebkhout’s Proof 3.3.1. For each open set U ⊂ X we consider the analytic trace morphism Tr_U : H^d_c (U, ω_U ) → C and the topological trace morphism tr_U : H^{2d}_c (U, C_U ) → C given by integration of top differential forms (of type (d, d)) with compact support:

The smooth De Rham complex 0 −→ C_X −→ E^0_X −→ · · · −→ E^{2d}_X −→ 0 gives rise to a morphism in the derived category θ_1 : E^{2d}_X [−2d] → C_X which induces another one

θ_1 : Γ_c(U, E^{2d}_X ) = R^{2d} Γ_c(U, E^{2d}_X [−2d])

R^{2d} Γ_c(U, θ_1) −−−−−−−−−−−→ H^{2d}_c (U, C_U ).

The topological trace morphism is defined by the relation: tr_U ∘ θ_1 = � U . In a similar way, the Dolbeault resolution

0 −→ ω_X −→ E^{d,0}_X ∂−−→ · · · ∂−−→ E^{d,d}_X = E^{2d}_X −→ 0 gives rise to a morphism in the derived category θ_2 : E^{2d}_X [−d] → ω_X inducing another one θ_2 : Γ_c(U, E^{2d}_X ) = R^d Γ_c(U, E^{2d}_X [−d])

R^d Γ_c(U, θ_2) −−−−−−−−−−−→ H^d_c (U, ω_U ).

The analytic trace morphism is defined by the relation: Tr_U ∘ θ_2 = � U . The Poincaré-De Rham morphism κ^′ : ω_X → C_X [d] induces a map β^′_U : H^d_c (U, ω_U ) −→ H^d_c (U, C_U [d]) = H^{2d}_c (U, C_U ).

A straightforward computation shows that κ^′ ∘ θ_2 = (−1)^dθ_1[d], and then we obtain (5) tr_U ∘ β^′_U = (−1)^dTr_U .

The analytic Serre pairing [Se] ⟨−, −⟩_S : Γ(U, ω_X ) × H^d_c (U, O_U ) −→ C is given by the composition of the analytic trace morphism Tr_U with the Yoneda pairing

Γ(U, ω_X ) × H^d_c (U, O_U ) forget × Id −−−−−−−−−−→ Hom_{CU} (O_U , ω_U ) × H^d_c (U, O_U ) Yoneda −−−−−−−→ H^d_c (U, ω_U ).

The vector space Γ(U, ω_X ) has a natural Fréchet-Schwartz structure and, if U is Stein, the pairing ⟨−, −⟩_S identifies H^d_c (U, O_U ) with the topological dual Γ(U, ω_X )^′. Then, H^d_c (U, O_U ) carries a natural DFS structure and Γ(U, ω_X ) ≃ H^d_c (U, O_U )^′ (cf. [Se], [B-S], ch. 1, § 1 (c), 2.1).

The Poincaré-Verdier pairing (cf. [DP], exp. 5) ⟨−, −⟩_{P V} : Hom_{D(CU )}(O_U , C_U [d]) × H^d_c (U, O_U ) −→ C

SÉMINAIRES & CONGRÈS 8

is given by the composition of the topological trace morphism tr_U with the Yoneda map Hom_{D(CU )}(O_U , C_U [d]) × H^d_c (U, O_U ) Yoneda−−−−−−−→ H^{2d}_c (U, C_U ).

According to the Poincaré-Verdier duality, the pairing ⟨−, −⟩_{P V} indentifies Hom_{D(CU )}(O_U , C_U [d]) with the algebraic dual H^d_c (U, O_U )^∗ (cf. loc. cit.). 3.3.2. Lemma. — The Serre pairing is D_X (U)-balanced.

Proof. — Let c be a class in H^d_c (U, O_U ), θ ∈ Γ(U, ω_X ) and P ∈ D_X (U). For each i, j = 0, . . . , d let E^{i,j}_U be the sheaf of smooth differential forms of type (i, j). The Dolbeault resolution 0 −→ O_U −→ E^{0,0}_U ∂−−→ · · · ∂−−→ E^{0,d}_U −→ 0

(resp. 0 −→ ω_U −→ E^{d,0}_U ∂−−→ · · · ∂−−→ E^{d,d}_U −→ 0) is a complex of left (resp. right) D_U -modules, and the morphism θ∧ : E^{0,•}_U −→ E^{d,•}_U is a lifting of θ : O_U → ω_U . Let α ∈ Γ_c(U, E^{0,d}_U ) a section representing the class c. We have ⟨θ, P c⟩_S = · · · = � U θ ∧ (P α), ⟨θP, c⟩_S = · · · = � U (θP ) ∧ α.

Both integrals coincide when P is a holomorphic function. For the general case we can work in local coordinates z = (z_1, . . . , z_d), z = (z_1, . . . , z_d), and it is enough to consider P = ∂_{zi} . Let α = fdz, θ = gdz be the local expressions. We have P α = f_{zi} dz, θP = P^t(g)dz = −g_{zi} dz, where P^t is the transposed operator. The difference ⟨P c, θ⟩_S − ⟨c, θP ⟩_S is the integral of the closed form (fg)_{zi} dzdz, and then it vanishes.

3.3.3. Lemma. — The Poincaré-Verdier pairing is D_X (U)-balanced. Proof. — This is a consequence of the easy fact that the Yoneda map

Hom_{D(CU )}(O_U , C_U [d]) × H^d_c (U, O_U )

(−, −) −−−−−−→ H^{2d}_c (U, C_U ) is D_X (U)-balanced. To see that, take c ∈ H^d_c (U, O_U ), φ ∈ Hom_{D(CU )}(O_U , C_U [d]) and P ∈ D_X (U) ⊂ Hom_{CU} (O_U , O_U ). Then we have (φ, P c) = (φ, P_∗(c)) = φ_∗(P_∗(c)) = (φP )_∗(c) = (φP, c).

3.3.4. Proposition. — The following relation ⟨−, −⟩_{P V} ∘ (β_U × Id) = (−1)^d⟨−, −⟩_S holds.

SOCIÉTÉ MATHÉMATIQUE DE FRANCE 2004

Proof. — According to the definition of β_U , the following diagram Γ(U, ω_X ) × H^d_c (U, O_U )

Yoneda � β_U × Id � H^d_c (U, ω_U ) β^′_U � Hom_{D(CU )}(O_U , C_U [d]) × H^d_c (U, O_U ) Yoneda � H^{2d}_c (U, C_U ) is commutative. The propostion then follows from (5).

3.3.5. Proposition. — For each Stein open set U ⊂ X, there exist natural right D_X (U)- linear isomorphisms H^d_c (U, O_U )^{′ ≃}−→ Γ(U, Ext^d_{DX} (O_X , D_X )) H^d_c (U, O_U )^{∗ ≃}−→ Γ(U, Ext^d_{CX} (O_X , C_X )) such that the following diagram

Γ(U, Ext^d_{DX} (O_X , D_X ))

Γ(U, ξ) � Γ(U, Ext^d_{CX} (O_X , C_X ))

H^d_c (U, O_U )^′ inclusion � ≃ �

H^d_c (U, O_U )^∗ ≃ �

commutes.

Proof. — It is a consequence of propositions 3.2.4, 3.3.4, of lemmas 3.3.2, 3.3.3 and of Serre and Poincaré-Verdier dualities.

3.3.6. According to 2.1.2, corollary 2.2.3 and proposition 3.2.1, the question in the theorem 3.1.1 is equivalent to prove that

ξ ⊗ Id_M• : Ext^d_{DX} (O_X , D_X )^•⊗_{DX} M^• −→ Ext^d_{CX} (O_X , C_X )^•⊗_{DX} M^• is an isomorphism.

We can suppose (cf. [M-N3], II.5) that M^• is a single holonomic module M. The problem being local, we can also suppose that there exists a finite free resolution P^• 0 −→ D^{rm}_X −→ · · · −→ D^{r0}_X −→ M −→ 0.

We have to prove that

ξ ⊗ Id_P• : Ext^d_{DX} (O_X , D_X ) ⊗_{DX} P^• −→ Ext^d_{CX} (O_X , C_X ) ⊗_{DX} P^• is a quasi-isomorphism.

SÉMINAIRES & CONGRÈS 8

According to proposition 3.3.5, for each Stein open set U ⊂ X the morphism Γ(U, ξ ⊗ Id_P• ) can be identified with � H^d_c (U, O_U )^{rm}

�_′

−→ · · · −→ � H^d_c (U, O_U )^{r0}

�_′ � �_{inc.} � �_{inc.} � H^d_c (U, O_U )^{rm}

�_∗ −→ · · · −→ � H^d_c (U, O_U )^{r0}

�_∗ . But the complex H^d_c (U, O_U )^{rm} ←− · · · ←− H^d_c (U, O_U )^{r0} is quasi-isomorphic to R Γ_c(U, S(M)) (up to some shift), and so, by Kashiwara’s constructibility theorem [Ka] (see also [M-N3]) and by proposition 1.1.3, it has finite dimensional cohomology for all small balls U with respect to some local coordinates. According to Serre’s lemma for DFS spaces [Se], 10.1, [B-S], ch. 1, § 1 (c), we deduce that Γ(U, ξ ⊗ Id_P• ) is a quasi-isomorphism for many open sets U, and then ξ ⊗ Id_P• is a quasi-isomorphism too.

3.3.7. Remark. — The duality morphism DR(M^•) → S(M^•)^∨ considered by Mebkhout in [Me3], III.1.1 comes from the isomorphisms λ_M• and μ_M• of proposition 2.2.2 and from the morphism Ext^d_{DX} (O_X , D_X ) ≃ ω_X → Ext^d_{CX} (O_X , C_X ) induced by Serre and Poincaré-Verdier dualities. According to proposition 3.3.5, Mebkhout’s duality morphism coincides with the formal one.

3.4. Compatibility of the Duality Morphism with the Local Analytic Duality: Kashiwara-Kawai’s proof. — Let M^• be a bounded complex of left D_X - modules with holonomic cohomology. In order to proof the Local Duality Theorem 3.1.1 it is enough to proof that the stalk

(ξ_M• )_x : DR(M^•)_x −→ S(M^•)^∨_x

is an isomorphism for every point x ∈ X.

Let i : {x} → X be the inclusion. Denote

S_{!x}(M^•) := R Hom^•_{DX,x} (M^•_x, i^!O_X ), DR_x(M^•) := R Hom^•_{DX,x} (O_{X,x}, M^•_x).

We have a natural isomorphism (cf. A.11)

(6) i^! ∘ S ≃−−−→ S_{!x},

which induces, joint with (2), another one

(7) S_{!x}(O_X ) ≃ i^!C_X .

Call ξ_M• (x) : DR_x(M^•) −→ R Hom^•_C(S_{!x}(M^•), i^!C_X ) the natural morphism defined as in definition 2.2.1, now using (7) instead of (2).

Call ζ : S(M^•)^∨_x −→ R Hom^•_C(S_{!x}(M^•), i^!C_X )

SOCIÉTÉ MATHÉMATIQUE DE FRANCE 2004

the composition of the natural morphism (cf. A.11) R Hom^•_{CX} (S(M^•), C_X )_x −→ R Hom^•_C(i^! S(M^•), i^!C_X )) with the isomorphism induced by (6).

3.4.1. Lemma. — Let M^• be a bounded complex of left D_X -modules. The following diagram DR(M^•)_x

(ξ_M• )_x �

nat. � (M^•)^∨_x ζ � DR_x(M^•) ξ_M• (x) � R Hom^•_C(S_{!x}(M^•), i^!C_X ) is commutative.

Proof. — It is a consequence of lemma A.12.

3.4.2. Corollary. — Let M^• be a bounded complex of left D_X -modules with holonomic cohomology. Then, (ξ_M• )_x is an isomorphism if and only if (ξ_M • )(x) is an isomorphism.

Proof. — As M^• has coherent cohomology, the natural morphism DR(M^•)_x −→ DR_x(M^•) is an isomorphism. Also, as M^• has holonomic cohomology, by the constructibility theorem of Kashiwara [Ka] (see also [M-N3]) and by proposition 1.2.3, the morphism ζ is an isomorphism. We conclude by applying the preceeding lemma.

We can repeat the arguments in proposition 2.2.2 and corollary 2.2.3 to obtain the following.

3.4.3. Proposition. — For every bounded complex of left D_X -modules M^• with coherent cohomology objects, the duality morphism ξ_M• (x) is an isomorphism if and only if ξ_{DX} (x) ⊗ Id_M•_x is an isomorphism.

Now, we are going to give the punctual analogous of results in section 3.2. First, the complexes DR_x(D_X ) and i^!O_X are concentrated in degree d and we have an isomorphism of right D_{X,x}-modules α(x) := h^d(nat.) ∘ α_x : ω_{X,x} ≃−−−→ h^d R Hom^•_{DX,x} (O_{X,x}, D_{X,x}) = Ext^d_{DX,x} (O_{X,x}, D_{X,x}).

The complex i^!C_X is concentrated in degree 2d (cf. 1.2.2). We then obtain that the complex R Hom^•_C(S_{!x}(D_X ), i^!C_X ) = R Hom^•_C(i^!O_X , i^!C_X ) is also concentrated in degree d, and we have a canonical identification Hom_{D(C)}(i^!O_X , i^!C_X [d]) = Hom_C(H^d_x(O_X ), H^{2d}_x (C_X )).

SÉMINAIRES & CONGRÈS 8

Call

ξ(x) := h^d(ξ_{DX} (x)) : Ext^d_{DX,x} (O_{X,x}, D_{X,x}) −→ Ext^d_C(i^!O_X , i^!C_X ), which is right D_{X,x}-linear.

As in 3.2, we find an isomorphism ε(x) : Ext^d_C(i^!O_X , i^!C_X ) ≃−−−→ Hom_{D(C)}(i^!O_X , i^!C_X [d]) = Hom_C(H^d_x(O_X ), H^{2d}_x (C_X )) and a map

β(x) : ω_{X,x} −→ Hom_{D(C)}(i^!O_X , i^!C_X [d]) = Hom_C(H^d_x(O_X ), H^{2d}_x (C_X )), which are compatibles in the obvious way with the ε_U and the β_U defined in 3.2.2, for x ∈ U.

The following proposition is then a direct consequence of proposition 3.2.4. 3.4.4. Proposition. — For every point x ∈ X, the following diagramm

Ext^d_{DX,x} (O_{X,x}, D_{X,x}) ξ(x) � Ext^d_C(i^!O_X , i^!C_X ) ε(x) ≃ � ω_{X,x} β(x) � α(x) ≃ �

Hom_C(H^d_x(O_X ), H^{2d}_x (C_X )) is commutative.

As in 3.3.1, call a) Tr_x : H^d_x(ω_X ) → C the local analytic trace morphism, which is induced by the global analytic trace morphism Tr_X ,

b) β^′(x) : H^d_x(ω_X ) → H^{2d}_x (C_X ) the morphism induced by the Poincaré-De Rham morphism ω_X → C_X [d],

c) ⟨−, −⟩^{an}_x : ω_{X,x} × H^d_x(O_X ) → C the local duality pairing obtained by composing the local analytic trace morphism Tr_x with the Yoneda pairing,

d) ⟨−, −⟩^{top}_x : Hom_C(H^d_x(O_X ), H^{2d}_x (C_X )) × H^d_x(O_X ) → C the composition of the punctual topological trace tr_x (see 1.2.2) with the evaluation map.

As in 3.3.1, we have the following assertions:

(1) The pairings ⟨−, −⟩^{an}_x and ⟨−, −⟩^{top}_x are D_{X,x}-balanced. (2) ⟨−, −⟩^{top}_x ∘ (β(x) × Id) = (−1)^d⟨−, −⟩^{an}_x .

Using the Local Analytic Duality Theorem we obtain the following. 3.4.5. Proposition. — There exist natural right D_{X,x}-linear isomorphisms H^d_x(O_X )^′ ≃−−−→ Ext^d_{DX,x} (O_{X,x}, D_{X,x}) H^d_x(O_X )^∗ ≃−−−→ Ext^d_C(i^!O_X , i^!C_X )

SOCIÉTÉ MATHÉMATIQUE DE FRANCE 2004

such that the following diagram

Ext^d_{DX,x} (O_{X,x}, D_{X,x}) ξ(x) � Ext^d_C(i^!O_X , i^!C_X )

H^d_x(O_X )^′ inclusion � ≃ �

H^d_x(O_X )^∗ ≃ �

commutes.

The following punctual duality of Kashiwara [Ka], § 5 can be deduced from propositions 3.4.3 and 3.4.5 in a similar way we did in 3.3.6.

3.4.6. Proposition. — Let M^• be a bounded complex of left D_X -modules with holonomic cohomology. Then, the punctual duality morphism ξ_M• (x) : DR_x(M^•) −→ R Hom^•_C(S_{!x}(M^•), i^!C_X ) is an isomorphism for each point x ∈ X.

3.4.7. Corollary. — Let M^• be a bounded complex of D_X -modules with holonomic cohomology. Then Ext^i_{DX,x} (O_{X,x}, M^•_x) ≃ Ext^{d−i}_{DX,x} (M^•_x, H^d_x(O_X ))^∗ for each i ∈ Z and for each x ∈ X.

Finally, according to corollary 3.4.2, we deduce that the morphism (ξ_M• )_x : DR(M^•)_x −→ S(M^•)^∨_x is an isomorphism for each x ∈ X, and the proof of theorem 3.1.1 is finished. 3.4.8. Remark. — Actually, proposition 3.4.6 and corollary 3.4.7 do not match exactly the statement in [Ka], § 5. The relation between both results becomes clear by considering the dual complex (M^•)^∗ (cf. 3.5.3). Anyway, the point is to prove that the punctual duality morphism ξ_M• (x) induced by the (formal) duality morphism ξ_M• coincides with the isomorphism in loc. cit. 3.5. Some Complements 3.5.1. In a similar way we defined the duality morphism in 2.2.1, we find for every bounded complex of left D_X -modules M^• with coherent cohomology a natural morphism η_M• : S(M^•) −→ DR(M^•)^∨ by composing the natural morphism (cf. A.2) η : R Hom^•_{DX} (M^•, O_X ) −→ R Hom^•_{CX} (DR(M^•), DR(O_X )) with the isomorphism induced by κ (2).

SÉMINAIRES & CONGRÈS 8

Call η^∨_M• := R Hom^•_X (η_M• , C_X ) and β_{DR(M}•_) the biduality morphism corresponding to DR(M^•) (cf. 1.1.2). According to A.3 we have ξ_{DR(M}•_) = η^∨_M• ∘ β_{DR(M}•_), and we obtain the following corollary of the LDT.

3.5.2. Corollary. — For every bounded complex of left D_X -modules M^• with holonomic cohomology, the natural morphism η_M• : S(M^•) −→ DR(M^•)^∨

is an isomorphism (in the derived category).

3.5.3. For every complex of left D_X -modules M^•, its (internal) dual is defined by (M^•)^∗ := Hom_{OX} (ω_X , D(M^•))[d], which is again a complex of left D_X -modules (cf. [Ca], 1.1). The internal duality induces a self-(anti)equivalence of the derived category D^b_c(D_X ).

The isomorphism α of 2.1.2 induces natural isomorphisms O^∗_X ≃ O_X and

S((M^•)^∗) ≃−−−→ DR(M^•)

for every bounded complex of left D_X -modules M^• with coherent cohomology.

3.5.4. Corollary. — For every bounded complex of left D_X -modules M^• with holonomic cohomology, there exist natural isomorphisms

S((M^•)^∗) ≃−−−→ S(M^•)^∨, DR((M^•)^∗) ≃−−−→ DR(M^•)^∨.

3.5.5. Definition. — A bounded constructible complex K^• ∈ D^b_c(C_X ) satisfies the support conditions if it is concentrated in degrees [0, d] and if dim supp h^iK^• ⩽ d − i for each i = 0, . . . , d. If both K^• and its dual (K^• )^∨ satisfy the support conditions we say that K^• is a perverse sheaf.

The full subcategory of D^b_c(C_X ) whose objects are the perverse sheaves is known to be abelian (cf. [B-B-D]).

If M is a holonomic D_X -module, according to [Ka] we know that S(M) and DR(M) satisfy the support conditions (cf. also [M-N1], prop. 3). The LDT gives us the following result.

3.5.6. Proposition. — If M is a holonomic D_X -module, the complexes S(M) and DR(M) are perverse sheaves.

Appendix

In this Appendix we have collected some results on the extension of some functors, natural transformations and commutative diagrams to the category of complexes. A complete reference for these constructions is [De2], 1.1 (see also Erratum in [SGA 4^1_2 ], p. 312). We have extracted from there (some of) the results we need and, for the ease of the reader, we have stated them in a very concrete way.

SOCIÉTÉ MATHÉMATIQUE DE FRANCE 2004

A.1. Let R_X be a sheaf of rings on a topological space X, let R^0_X be a sheaf of rings contained in its center and let R^0 the global sections of R^0_X . The functors Hom^•_{RX} (−, −) : C(R_X ) × C(R_X ) −→ C(R^0), Hom^•_{RX} (−, −) : C(R_X ) × C(R_X ) −→ C(R^0_X ) −^•⊗_{RX} − : C(_r R_X ) × C(R_X ) −→ C(R^0_X ) are defined with the usual conventions.

Given two complexes of left R_X -modules F^•, I^•, the complex A^• = Hom^•_{RX} (F^•, I^•) is defined by A^n = � q−p=n HomRX (F

p, I^q ) and the differential d_A(h) = d_I ∘ h − (−1)^{deg h}h ∘ d_F. The complex Hom^•_{RX} (F^•, I^•) is defined in a similar way.

Given a complex of right (resp. left) R_X -modules N^• (resp. M^•), the complex B^• = N^{• •}⊗_{RX} M^• is defined by B^n = � j+k=n N

j ⊗_{RX} M^k and the differential d_B(y ⊗ x) = (d_Ny)⊗x+(−1)^{deg y}y⊗(d_Mx). The action of these functors on morphisms are defined in the direct way (no signs are involved).

The complex G^• = F^•[1] is defined by G^n = F^{n+1} and d_G• = −d_F• .

We have derived functors R Hom^•_{RX} (−, −) : D^∗(R_X ) × D^+(R_X ) −→ D^⋆(R^0) R Hom^•_{RX} (−, −) : D^∗(R_X ) × D^+(R_X ) −→ D^⋆(R^0_X ) for ∗ = ⋆ = ∅ or ∗ = −, ⋆ = +, and

−^•⊗_{RX} − : D^−(_rR_X ) × D^−(R_X ) → D^−(R^0_X ) (cf. [Ha], II, § 3, § 4; see also [Sp] in order to avoid boundedness conditions on complexes).

A.2. Given three complexes F^•, I^•, J^• of left R_X -modules, we define a natural morphism in C(R^0_X )

ξ^• : Hom^•_{RX} (F^•, I^•) −→ Hom^•_R0_X (Hom^•_{RX} (I^•, J^•), Hom^•_{RX} (F^•, J^•)) in the following way ξ^•(h)(a) = (−1)^{(deg h)(deg a)}a ∘ h.

In a similar way we define a natural morphism

η^• : Hom^•_{RX} (F^•, I^•) −→ Hom^•_R0_X (Hom^•_{RX} (J^• , F^•), Hom^•_{RX} (J^•, I^•)) by putting η^•(h)(b) = h ∘ b.

If F^• = R_X , we have an obvious identification (no signs are involved) between the identity functor of C(R_X ) and Hom^•_{RX} (R_X , −), and then we obtain a natural “biduality morphism” β^• : I^• −→ Hom^•_R0_X (Hom^•_{RX} (I^•, J^•), J^•) given by β^•(h)(a) = (−1)^{(deg h)(deg a)}a(h).

SÉMINAIRES & CONGRÈS 8

Given three complexes F^•, I^•, J^• of left R_X -modules, call K^• = Hom^•_{RX} (F^•, F^•), L^• = Hom^•_{RX} (F^• , I^•), M^• = Hom^•_{RX} (I^•, F^•), G^• = Hom^•_R0_X (L^•, K^•) and η^• : M^• → G^•, (η^• )^∗ = Hom^•_R0_X (η^•, K^•), β^• : L^• −→ Hom^•_R0_X (Hom^•_{RX} (L^• , K^•), K^• ) = Hom^•_R0_X (G^•, K^•) the natural morphisms defined above.

A.3. Lemma. — With the above notations, the equation (η^•)^∗ ∘ β^• = ξ^• holds. A.4. Assume that R^0_X is the constant sheaf associated with a field K. Then, the natural morphism ξ^• induces another one

ξ : R Hom^•_{RX} (F^•, G^•) −→ R Hom^•_R0_X (R Hom^•_{RX} (G^•, H^• ), R Hom^•_{RX} (F^• , H^•)) for F^• ∈ D^−(R_X ) and G^•, H^• ∈ D^+(R_X ). For that^{(2)}, take a bounded below injective resolution G^• → I^• and a bounded below injective Godement resolution H^• → J^•, i.e. J^p = Δ_∗J^p_0 where Δ is the identity map from the space X, endowed with the discrete topology, to X, and the J^p_0 are injective sheaves of Δ^{−1}R_X -modules. We then have R Hom^•_{RX} (F^•, G^•) = Hom^•_{RX} (F^•, I^•), R Hom^•_{RX} (G^•, H^•) = Hom^•_{RX} (G^•, J^•) and R Hom^•_{RX} (F^•, H^•) = Hom^•_{RX} (F^•, J^•). The last complex is a complex of injective sheaves of K-vector spaces because Hom^n_{RX} (F^•, J^•) = � p∈Z Hom_{RX} (F^p, J^{p+n}) = � p∈Z Hom_{RX} (F^p, Δ_∗J^{p+n}_0 ) = Δ_∗ � � p∈Z Hom_Δ−1_{RX} (Δ^{−1}F^p, J^{p+n}_0 ) � , and so

R Hom^•_R0_X (R Hom^•_{RX} (G^•, H^•), R Hom^•_{RX} (F^•, H^•)) = Hom^•_R0_X (Hom^•_{RX} (G^•, J^•), Hom^•_{RX} (F^•, J^•)) = Hom^•_R0_X (Hom^•_{RX} (I^•, J^•), Hom^•_{RX} (F^•, J^•)).

The morphism ξ then comes from the natural morphism

ξ^• : Hom^•_{RX} (F^•, I^•) −→ Hom^•_R0_X (Hom^•_{RX} (I^•, J^•), Hom^•_{RX} (F^•, J^•)). In a similar way the natural morphisms β^• and η^• induce other ones β : G^• −→ R Hom^•_R0_X (R Hom^•_{RX} (G^•, H^•), H^• ) for G^•, H^• ∈ D^+(R_X ) and

η : R Hom^•_{RX} (F^•, G^•) −→ R Hom^•_R0_X (R Hom^•_{RX} (H^•, F^•), R Hom^•_{RX} (H^•, G^•)) for F^•, G^• ∈ D^+(R_X ) and H^• ∈ D^−(R_X ).

(2)I owe this argument to Z. Mebkhout.

SOCIÉTÉ MATHÉMATIQUE DE FRANCE 2004

The natural morphisms ξ^•, β^•, η^•, ξ, β, η are “cocontractions” in the (co)sense of [De2], 1.1.9.

A.5. For each m ∈ Z, we have natural isomorphisms

Hom^•_{RX} (I^•[−m], J^•) η^•_{1,m} −−−→ ≃ Hom^•_{RX} (I^•, J^•)[m] η^•_{2,m} ←−−− ≃ Hom^•_{RX} (I^•, J^•[m])

given by η^•_{1,m}(a) = (−1)^{m deg a}a, η^•_{2,m}(b) = b.

Let F^•, I^•, J^• be three complexes of left R_X -modules and let m be an integer. Call A^• = Hom^•_{RX} (I^•, J^•), B^• = Hom^•_{RX} (F^•, J^•), A^•_m = Hom^•_{RX} (I^•, J^•[m]), B^•_m = Hom^•_{RX} (F^•, J^•[m]) and

Λ^•_m : Hom^•_R0_X (A^•_m, B^•_m) ≃−−−→ Hom^•_R0_X (A^•, B^•)

the isomorphism obtained by composing

Hom^•_R0_X (A^•_m, B^•_m)

(η^•_{2,m})^∗ −−−−−−−→ Hom^•_R0_X (A^•[m], B^•_m) (η^•_{2,m})_∗ −−−−−−−→ Hom^•_R0_X (A^•[m], B^•[m]) η^•_{1,−m} −−−−−−→ Hom^•_R0_X (A^•, B^•[m])[−m] η^•_{1,m} −−−−−→ Hom^•_R0_X (A^•, B^•)[m][−m] = Hom^•_R0_X (A^•, B^•).

Call

ξ^• : Hom^•_{RX} (F^•, I^•) −→ Hom^•_R0_X (Hom^•_{RX} (I^•, J^•), Hom^•_{RX} (F^•, J^•)) ′ξ^• : Hom^•_{RX} (F^•, I^•) −→ Hom^•_R0_X (Hom^•_{RX} (I^•, J^•[m]), Hom^•_{RX} (F^•, J^•[m]))

the natural morphisms.

A.6. Lemma. — With the above notations, the equality Λ^n_m ∘^′ξ^n = (−1)^{mn}ξ^n holds for every n ∈ Z.

A.7. For each d ∈ Z, we have obvious natural isomorphisms (there is no signs involved)

Hom_{K (RX )}(I^•[−d], J^•) ν^d_1 ←−−− ≃ h^d Hom^•_{RX} (I^•, J^•) ν^d_2 −−−→ ≃ Hom_{K (RX )}(I^•, J^•[d]).

Call ν^d : h^d R Hom^•_{RX} (I^•, J^•)^≃−→ Hom_{D(RX )}(I^•, J^•[d]) the induced “derived” isomorphism.

SÉMINAIRES & CONGRÈS 8

A.8. Lemma. — Given three complexes F^•, I^•, J^• of left R_X -modules and an integer d ∈ Z, the following diagrams are commutative:

h^d Hom^•_{RX} (F^•, I^•) h^dξ^• �

ν^d_2 � h^d Hom^•_R0_X (Hom^•_{RX} (I^•, J^•), Hom^•_{RX} (F^•, J^•))

(−1)^d(η^•_{1,−d})^∗ ∘ ν^d_1 � Hom_{K (RX )}(F^•, I^•[d])^{Hom} • RX (−,J^•)

� Hom_{K (R0X )}(Hom^•_{RX} (I^•[d], J^•), Hom^•_{RX} (F^•, J^•)),

h^d Hom^•_{RX} (F^•, I^•) h^dξ^• �

ν^d_1 � h^d Hom^•_R0_X (Hom^•_{RX} (I^•, J^•), Hom^•_{RX} (F^•, J^•))

((η^•_{1,d})^{−1})_∗ ∘ ν^d_2 � Hom_{K (RX )}(F^•[−d], I^•)^{Hom} • RX (−,J^•)

� Hom_{K (R0X )}(Hom^•_{RX} (I^•, J^•), Hom^•_{RX} (F^•[−d], J^•))

A.9. Given four complexes P^•, M^•, J^•, D^• of left R_X -modules, a complex F^• of R^0_X - modules and a complex Q^• of (R_X , R_X )-bimodules, we define natural morphisms

λ^•_1 : Hom^•_{RX} (P^•, Q^•)^•⊗_{RX} M^• −→ Hom^•_{RX} (P^•, Q^{• •}⊗_{RX} M^•) λ^•_2 : Hom^•_{RX} (Q^{• •}⊗_{RX} M^•, J^•) −→ Hom^•_{RX} (M^•, Hom^•_{RX} (Q^•, J^•)) μ^•_0 : Hom^•_R0_X (D^•, F^•)^•⊗_{RX} M^• −→ Hom^•_R0_X (Hom^•_{RX} (M^•, D^•), F^•) by λ^•_1(h ⊗ x)(z) = (−1)^{(deg x)(deg z)}h(z) ⊗ x λ^•_2(a)(v)(u) = (−1)^{(deg v)(deg u)}a(u ⊗ v) μ^•_0(b ⊗ w)(c) = (−1)^{(deg w)(deg c)}b(c(w)).

A.10. Lemma. — Given three complexes P^•, M^•, J^• of left R_X -modules and a complex Q^• of (R_X , R_X )-bimodules, the following diagram

Hom^•_{RX} (P^•, Q^{• •}⊗_{RX} M^•) ξ^• �

Hom^•_R0_X (Hom^•_{RX} (Q^{• •}⊗_{RX} M^•, J^•), Hom^•_{RX} (P^•, J^•))

Hom^•_{RX} (P^•, Q^•)^•⊗_{RX} M^• ξ^• ⊗ Id� λ^•_1 �

Hom^•_R0_X (Hom^•_{RX} (Q^•, J^•), Hom^•_{RX} (P^•, J^•))^•⊗_{RX} M^•

(λ^•_2)^∗ ∘ μ^•_0 �

SOCIÉTÉ MATHÉMATIQUE DE FRANCE 2004

is commutative. In particular, if Q^• = R_X , then we obtain a natural commutative diagram

Hom^•_{RX} (P^•, M^•) ξ^• � Hom^•_R0_X (Hom^•_{RX} (M^•, J^•), Hom^•_{RX} (P^•, J^•))

Hom^•_{RX} (P^•, R_X )^•⊗_{RX} M^• ξ^• ⊗ Id � λ^• �

Hom^•_R0_X (J^•, Hom^•_{RX} (P^•, J^•))^•⊗_{RX} M^•.

μ^• �

A.11. Let i : F → X be a closed immersion and denote R_F = i^{−1}R_X , R^0_F = i^{−1}R^0_X . Given left R_X -modules I, J, there are well known canonical natural morphisms f : i^{−1} Hom_{RX} (I, J) −→ Hom_{RF} (i^{−1}I, i^{−1}J) n : i^{−1} Hom_{RX} (I, J) −→ Hom_{RF} (i^!I, i^!J) g : i^! Hom_{RX} (I, J) ≃−−−→ Hom_{RF} (i^{−1}I, i^!J).

They induce natural morphisms f^•, n^•, g^• at the level of complexes in the obvious way (no signs are involved).

Given two complexes I^•, J^• of left R^0_X -modules, consider the following natural morphisms

n^• : i^{−1} Hom^•_R0_X (I^•, J^•) −→ Hom^•_R0_F (i^!I^•, i^!J^•), β^• : i^{−1} Hom^•_R0_X (I^•, J^•) −→ Hom^•_R0_F (Hom_R0_F (i^{−1} Hom^•_R0_X (I^•, J^•), i^!J^•), i^!J^•), (i^!β^•)^∗ : Hom^•_R0_F (i^! Hom^•_R0_X (Hom^•_R0_X (I^•, J^•), J^•), i^!J^•) −→ Hom^•_R0_F (i^!I^•, i^!J^•) the morphism induced by i^!β^• : i^!I^• → i^! Hom^•_R0_X (Hom^•_R0_X (I^•, J^•), J^•) and

(g^•)^∗ : Hom^•_R0_F (Hom^•_R0_F (i^{−1} Hom^•_R0_X (I^•, J^•), i^!J^•), i^!J^•) ≃−−−→ Hom_{•R0} F (i^! Hom^•_R0_X (Hom^•_R0_X (I^•, J^•), J^•), i^!J^•) the isomorphism induced by

g^• : i^! Hom^•_R0_X (Hom^•_R0_X (I^•, J^•), J^•) ≃−−−→ Hom^•_R0_F (i^{−1} Hom^•_R0_X (I^•, J^•), i^!J^•). A.12. Lemma. — With the above notations, the equality n^• = (i^!β^•)^∗ ∘ (g^•)^∗ ∘ β^• holds.

Given three complexes F^•, I^•, J^• of left R_X -modules, consider the following natural morphisms i^{−1}ξ^• : i^{−1} Hom^•_{RX} (F^•, I^•) −→ i^{−1} Hom^•_R0_X (Hom^•_{RX} (I^•, J^•), Hom^•_{RX} (F^• , J^•)) f^• : i^{−1} Hom^•_{RX} (F^•, I^•) −→ Hom^•_{RF} (i^{−1}F^•, i^{−1}I^•) ξ^• : Hom^•_{RF} (i^{−1}F^•, i^{−1}I^•) −→ Hom^•_R0_F (Hom^•_{RF} (i^{−1}I^•, i^!J^•), Hom^•_{RF} (i^{−1}F^•, i^!J^•))

SÉMINAIRES & CONGRÈS 8

and ~n^• : i^{−1} Hom^•_{R0X} (Hom^•_{RX} (I^•, J^•), Hom^•_{RX} (F^•, J^•)) −→ Hom^•_R0_F (Hom^•_{RF} (i^{−1}I^•, i^!J^•), Hom^•_{RF} (i^{−1}F^•, i^!J^•)) the morphism induced by

n^• : i^{−1} Hom^•_R0_X (Hom^•_{RX} (I^•, J^•), Hom^•_{RX} (F^•, J^•)) −→ Hom^•_R0_F (i^! Hom^•_{RX} (I^•, J^•), i^! Hom^•_{RX} (F^• , J^•)) and the isomorphisms

i^! Hom^•_{RX} (I^•, J^•) g^• −−−→ ≃ Hom^•_{RF} (i^{−1}I^•, i^!J^•), i^! Hom^•_{RX} (F^•, J^•) g^• −−−→ ≃ Hom^•_{RF} (i^{−1}F^•, i^!J^•).

A.13. Lemma. — With the above notations, the equality ~n^• ∘ (i^{−1}ξ^•) = ξ^• ∘ f^• holds.

A.14. Let p : Y → X be a continuous map between topological spaces and denote R_Y = p^{−1}R_X , R^0_Y = p^{−1}R^0_X . Given two left R_Y -modules A, B, the well known natural morphism h : p_∗ Hom_{RY} (A, B) −→ Hom_{RX} (p_∗A, p_∗B) induces a natural morphism h^• at the level of complexes in the obvious way (no signs are involved).

Given three complexes of left R_Y -modules A^•, B^•, C^•, consider the following natural morphisms p_∗ξ^• : p_∗ Hom^•_{RY} (A^•, B^•) −→ p_∗ Hom^•_R0_Y (Hom^•_{RY} (B^•, C^•), Hom^•_{RY} (A^•, C^•)) h^• : p_∗ Hom^•_{RY} (A^•, B^•) −→ Hom^•_{RX} (p_∗A^•, p_∗B^•) m^• : p_∗ Hom^•_R0_Y (Hom^•_{RY} (B^•, C^•), Hom^•_{RY} (A^•, C^•)) −→ Hom^•_R0_X (p_∗ Hom^•_{RY} (B^•, C^•), Hom^•_{RX} (p_∗A^•, p_∗C^•)) the morphism induced by using h^• twice, and

q^• : Hom^•_{RX} (p_∗A^•, p_∗B^•) −→ Hom^•_R0_X (p_∗ Hom^•_{RY} (B^•, C^•), Hom^•_{RX} (p_∗A^•, p_∗C^•)) the morphism induced by ξ^• and h^•.

A.15. Lemma. — With the above notations, the equality q^• ∘ h^• = m^• ∘ (p_∗ξ^•) holds.

SOCIÉTÉ MATHÉMATIQUE DE FRANCE 2004

References

[B-S] C. Bǎnicǎ & O. Stǎnǎşilǎ – Algebraic methods in the global theory of complex spaces, John Wiley, New York, 1976.

[B-B-D] A.A. Beilinson, J.N. Bernstein & P. Deligne – Faisceaux pervers, in Analyse et topologie sur les espaces singuliers, Astérisque, vol. 100, Société Mathématique de France, 1982, p. 7–171.

[Bj] J.-E. Björk – Analytic D-modules and applications, Kluwer Academic Publisher, Dordrecht, 1993.

[Bo1] A. Borel & al. (eds.) – Intersection homology, Progress in Math., vol. 50, Birkhäuser, Basel, Boston, 1984.

[Bo2] (eds.) – Algebraic D-modules, Perspectives in Math., vol. 2, Boston, Academic Press, 1987.

[Ca] F. Castro – Exercices sur le complexe de de Rham et l’image directe des Dmodules, in Éléments de la théorie des systèmes différentiels, Images directes et constructibilité [M-S2], p. 15–45.

[De1] P. Deligne – Équations différentielles à points singuliers réguliers, Lect. Notes in Math., vol. 163, Springer-Verlag, 1970.

[De2] , Cohomologie à supports propres, in SGA 4, tome 3, Lect. Notes in Math., vol. 305, 1973, p. 252–480.

[G-M] M. Granger & Ph. Maisonobe – A basic course on differential modules, in Éléments de la théorie des systèmes différentiels, D-modules cohérents et holonomes [M-S1], p. 103–168.

[Ha] R. Hartshorne – Residues and Duality, Lect. Notes in Math., vol. 20, Springer- Verlag, 1966.

[Iv] B. Iversen – Cohomology of sheaves, Universitext, Springer-Verlag, 1986. [Ka] M. Kashiwara – On the maximally overdetermined systems of differential equations, Publ. RIMS, Kyoto Univ. 10 (1975), p. 563–579.

[K-K] M. Kashiwara & T. Kawai – On the holonomic systems of differential equations (systems with regular singularities) III, Publ. RIMS, Kyoto Univ. 17 (1981), p. 813– 979.

[K-S] M. Kashiwara & P. Schapira – Sheaves on Manifolds, Grundlehren der mathematischen Wissenschaften, vol. 292, Springer-Verlag, 1990.

[Li] J. Lipman – Dualizing sheaves, differentials and residues on algebraic varieties, Astérisque, vol. 117, Société Mathématique de France, Paris, 1984.

[M-S1] Ph. Maisonobe & C. Sabbah (eds.) – Éléments de la théorie des systèmes différentiels, D-modules cohérents et holonomes, Les cours du CIMPA, Travaux en cours, vol. 45, Hermann, Paris, 1993.

[M-S2] (eds.) – Éléments de la théorie des systèmes différentiels, Images directes et constructibilité, Les cours du CIMPA, Travaux en cours, vol. 46, Hermann, Paris, 1993.

[Me1] Z. Mebkhout – Local cohomology of analytic spaces, Publ. RIMS, Kyoto Univ. 12 (1977), p. 247–256.

[Me2] , Cohomologie locale d’une hypersurface, in Fonctions de plusieurs variables complexes, III (Sém. François Norguet, 1975–1977), Lect. Notes in Math., vol. 670, Springer-Verlag, 1978, p. 89–119.

[Me3] , Cohomologie locale des espaces analytiques complexes, Thèse d’État, Univ.

Paris VII, février 1979.

SÉMINAIRES & CONGRÈS 8

[Me4] , Théorèmes de bidualité locale pour les DX -modules holonomes, Arkiv för Math. 20 (1982), p. 111–124.

[Me5] , Le formalisme des six opérations de Grothendieck pour les D-modules cohérents, Travaux en cours, vol. 35, Hermann, Paris, 1989.

[M-N1] Z. Mebkhout & L. Narváez-Macarro – Démonstration géométrique du théorème de constructibilité, in Le formalisme des six opérations de Grothendieck pour les D-modules cohérents [Me5], p. 248–253.

[M-N2] , Sur les coefficients de De Rham-Grothendieck des variétés algébriques, in Conference on p-adic analysis (Trento, 1989) (F. Baldassarri, S. Bosch & B. Dwork, eds.), Lect. Notes in Math., vol. 1454, Springer-Verlag, 1990, p. 267–308.

[M-N3] , Le théorème de constructibilité de Kashiwara, in Éléments de la théorie des systèmes différentiels, Images directes et constructibilité [M-S2], p. 47–98.

[Sa] M. Saito – Induced D-modules and differential complexes, Bull. Soc. math. France 117 (1989), p. 361–387.

[Se] J.-P. Serre – Un théorème de dualité, Comment. Math. Helv. 29 (1955), p. 9–26. [Sp] N. Spaltenstein – Resolutions of unbounded complexes, Compositio Math. 65 (1988), p. 121–154.

[Ve] J.-L. Verdier – Classe d’homologie associée à un cycle, in Séminaire de géométrie analytique (A. Douady & J.-L. Verdier, eds.), Astérisque, vol. 36-37, Société Mathématique de France, 1976, p. 101–151.

Sigles [SGA 4^1_2 ] P. Deligne & al. – Cohomologie Étale (SGA 4^1_2 ), Lect. Notes in Math., vol.

569, Springer-Verlag, 1977.

[DP] J.-L. Verdier, M. Zisman & al. – Dualité de Poincaré, Séminaire Heidelberg- Strasbourg 1966-67, vol. 3, I.R.M.A., Strasbourg, 1969.

L. Narváez Macarro, Departamento de Algebra, Facultad de Matemáticas, Universidad de Sevilla, E-41012 Sevilla, Spain • E-mail : narvaez@algebra.us.es

SOCIÉTÉ MATHÉMATIQUE DE FRANCE 2004