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Introduction

This paper reports on preliminary work related to the quantization of non-compact semi-simple
Lie groups. The main idea behind such a quantization is based on the reflection technique
developed in [5] and [11] (see also [7] and [6] for concrete, small-dimensional examples relevant to
the topic of this paper). Briefly, this technique works as follows. Let G be a compact quantum
group acting on a compact quantum homogeneous space X. Assume that the von Neumann
algebra £>°(X) associated to X is a type I factor. Then the action of G on .£°°(X) can be
interpreted as a projective representation of G, and one can deform G with the ‘obstruction’
associated to this projective representation to form a new locally compact quantum group H.
More generally, if Z2°°(X) is only a finite direct sum of type I-factors, one can construct H
as a locally compact quantum groupoid (of a particularly simple type). Our idea is to fit the
quantizations of non-compact semi-simple Lie groups into this framework, obtaining them as
a reflection of the quantization of their compact companion. For this, one needs the proper
quantum homogeneous spaces to feed the machinery with.

It is natural to expect the needed quantum homogeneous space to be a quantization of
a compact symmetric space associated to the non-compact semi-simple Lie group. By now,
there is much known on the quantization of symmetric spaces (see [24, 25] and references therein,
and [31] for the non-compact situation), but these results are mostly of an algebraic nature, and
not much seems known about corresponding operator algebraic constructions except for special
cases. In fact, in light of the motivational material presented in Appendix B, we will instead of
symmetric spaces use certain quantizations of (co)adjoint orbits, following the approach of [10,
19, 28]. Here, one rather constructs quantum homogeneous spaces as subquotients of (quantized)
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universal enveloping algebras in certain highest weight representations. We will build on this
approach by combining it with real structures and the contraction technique.

Our main result, Theorem 3.20, will consist in showing that the compact quantum homoge-
neous spaces that we build do indeed consist of finite direct sums of type I factors. This will give
a theoretical underpinning and motivation for the claim that the above mentioned quantizations
of non-compact semi-simple groups can indeed be constructed using the reflection technique.
Our results are however quite incomplete as of yet, as

e in the non-contracted case, we can only treat concretely the case of Hermitian symmetric
spaces,

e a more detailed analysis of the resulting quantum homogeneous spaces is missing,
e the relation to known quantum homogeneous spaces is not elucidated,
e no precise connection with deformation quantization is provided,

e the relation with the approach of Korogodsky [23] towards the quantization of non-compact
Lie groups remains to be clarified.

We hope to come back to the above points in future work.

The structure of this paper is as follows. In Section 1, we introduce the ‘modified’ quantized
universal enveloping algebras we will be studying, and state their main properties in analogy
with the ordinary quantized universal enveloping algebras. In Section 2, we introduce a theory
of Verma modules, and study the associated unitarization problem. In Section 3, we study
subquotients of our generalized quantized universal enveloping algebras, and show how they
give rise to C*-algebraic quantum homogeneous spaces whose associated von Neumann algebras
are direct sums of type I factors. In Section 4, we briefly discuss a case where the associated
von Neumann algebra is simply a type I-factor itself.

In the appendices, we give some further comments on the structures appearing in this paper.
In Appendix A, we recall the notion of cogroupoids [2] which is very convenient for our purposes.
In Appendix B, we discuss the Lie algebras which are implicitly behind the constructions in the
main part of the paper.

1 Two-parameter deformations of quantized
enveloping algebras

Let g be a complex simple Lie algebra of rank [, with fixed Cartan subalgebra § and Cartan
decomposition g =n~ & h@dnt. Let A C h* be the associated finite root system, A" the set
of positive roots, and ®* = {«, | r € I} the set of simple positive roots. We identify I and &+
with the set {1,...,l} whenever convenient. Let hi C h* be the real linear span of the roots,
and let (, ) be an inner product on b for which A = (ars)rser = (o), as)), o7 is the Cartan

r,s€
matrix of g, where oV = (a2a)a for o € A. Let hr C b be the real linear span of the coroots hg,

where B(hy) = (B,a") for o, 8 € A.

We further use the following notation. We write {w, |r € I} for the fundamental weights
in b, so (wy,ay) = dys. The Z—lattice spanned by {w,} is denoted P C b, and P denotes
elements expressed as positive linear combinations of this basis. Similarly, the root lattice
spanned by the «,. is denoted @, and its positive span by Q*. We write Char (F) for the monoid
of monoid homomorphisms from a commutative (additive) monoid (F,+) to a commutative
(multiplicative) monoid (K,-). For ¢ € Charg(Q') we will abbreviate €,, = &,. The unit
element of Charg (Q%) will be denoted +, while the element & such that &, = 0 for all r will be
denoted 0.
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We use the following notation for g-numbers, where 0 < g < 1 is fixed for the rest of the
paper:

(ar,ar)

o forrcd®t g =q 2 ,

forn >0, [n], = M,

qr—dqr
e forn >0, [n|! = ]] k],
k=1
my_ mlt
[} fOI‘ m Z n 2 O) |:n:| - [n]rl[mfn}r!’

for a € h*, we define ¢® € Charc(P) by ¢®(w) = ¢**) (where (, ) has been C-linearly
extended to B).

We will only work with unital algebras defined over C, and correspondingly all tensor products
are algebraic tensor products over C. By a *-algebra A will be meant an algebra A endowed
with an anti-linear, anti-multiplicative involution *: A — A. We further assume that the
reader is familiar with the theory of Hopf algebras. A Hopf *-algebra (H,A) is a Hopf algebra
whose underlying algebra H is a *-algebra, and whose comultiplication A is a *-homomorphism.
This implies that the counit is a *~homomorphism, and that the antipode .S is invertible with
S=Y(h) = S(h*)* for all h € H.

Definition 1.1. For ¢, € Charg(Q"), we define U,(g;£,7n) as the universal unital *-algebra
generated by couples of elements Xri, r € I, as well as elements K, w € P, such that for all
r,s € I and w, x € P, we have K,, self-adjoint, (X;")* = X, and

(K)? K, is invertible and K, K ;! = K, _,
(1) Ko XK' =q

t(w,ar)
—=" v=*
2 s

l1—ars _
T R e e I L AT

2 —2
I e R
When ¢ =n =+ (ie. &, =n, =1 for all r), we will denote the underlying algebra as U,(g).
This is a slight variation, obtained by considering %P instead of P, of the simply-connected

version of the ordinary quantized universal enveloping algebra of g [4, Remark 9.1.3].

The Uy(g;e,€) are quantizations of the *-algebras U(g.), introduced in Appendix B. Note
also that the algebras U,(g;0,+) are well-known to algebraists, see [20, Section 3] and [17].

Remark that the algebras U,(g;e,n) with [[, &1, # 0 are mutually isomorphic as unital
algebras. Indeed, as A is invertible, we can choose b € Charc(P) such that b} = 5, /e, for

all » € ®*. We can also choose a € Charc(QV) such that a, is a square root of b2 e, = b’g .

Then

Xt a. X F,
¢ Ug(gie,n) = Uy(a), X, = a X, (1.1)
K,— b,K,

is a unital isomorphism. However, unless sgn(e,n,) = + for all r, in which case we can choose
b € Charg+ (P) and a € Charg+(Q™), this rescaling will not respect the *-structure.

We list some properties of the U,(g;e,n). The proofs do not differ from those for the well-
known case Uy(g), cf. [30] and [16, Section 4].
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Proposition 1.2.

1. Let Uy(n*) be the unital subalgebra generated by the X inside Uy(g;e,n). Then Uy(n®)
18 the universal algebra generated by elements X,jF satisfying the relations (S)4, and in
particular does not depend on € or 1.

2. Similarly, let Uy(b%) be the subalgebra generated by Uy(n*) and U(h), where U(h) is the
algebra generated by all K. Then U,(b¥) is universal with respect to the relations (K)9,
(T)4 and (S)4.

3. (Triangular decomposition) The multiplication map gives an isomorphism
Ug(n*) @ U(h) @ Uy(n™) = Uylgs e, m). (1.2)

In particular, the U,(g;e,n) are non-trivial. Note that the above proposition allows one to
identify U,(g;¢,n) and U,(g) as vector spaces,

ieq : Ug(gse,n) — Uq(g), T4LTOT_ — TLTOT_, Ty € Uq(ni), xo € U(h).

Hence U,y(g;e,n) may also be viewed as U,(g) with a deformed product me,. Indeed, arguing
as in [21, Section 4], one can show that

Me (T @ Y) = we((1), Y1) T(2)Y2)wWn (T (3), Y(3))

for certain cocycles w. on Uy(g).
Also the following proposition is immediate.

Proposition 1.3. For each ¢, u,n € Charg(Q™), there exists a unique unital *-homomorphism

AL Ug(gie,n) — Uylgse, p) @ Ug(gs p1,m)
such that AL, (K,) = K, ® K, for allw € P and
AL (XF) =XF @Ko + Kl @ XE,  Wredt,

Proof. From Proposition 1.2 and the case ¢ = n = +, we know that AL, respects the relations
(K)?, (T)? and (S)9. The compatibility with the relations (C)Z,, is verified directly. [

Lemma 1.4. The collection ({Uq(g;£,n)}, {AE,}) forms a connected cogroupoid over the index
set Charg(QT) = R! (c¢f. Appendiz A).

Proof. One immediately checks the coassociativity condition on the generators. One further
can define uniquely a unital *-homomorphism

XE 0,

e Ugy(g;e,e) = C, {K o1

and unital anti-homomorphism

X;t = _qilXT:'tu

SE,T] : Uq(gagan) — Uq(9§7775)7 {K s K_l

Again, one verifies on generators that these maps satisfy the counit and antipode condition on
generators, hence on all elements. |

We will denote by <1 the associated adjoint action of U, (g;n,n) on Uy(g;€,m), cf. Appendix A,
Definition A.2.
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2 Verma module theory

We keep the notation of the previous section.

Definition 2.1. For A € Charc(P), we denote by C, the one-dimensional left U,(b™)-module
associated to the character

X;F 0,
XA G Uq(b+) — C, {Kw&—>)\w.

We denote

Miv” = Uy(g;¢,7) . %Jr) C,.

We denote by V; I the simple quotient of Mi’" by its maximal non-trivial submodule. Note that
such a maximal submodule exists by the triangular decomposition (1.2), as then any non-trivial
submodule is a sum of weight spaces with weights distinct from A. We denote by Ui’n the highest
weight vector 1® 1 in either My or V™.

For A € Charg(P), we can introduce on V" a non-degenerate Hermitian form ( , ) such that
(zv,w) = (v,z*w) for all z € Uy(g;e,n) and v,w € V", We will call a form satisfying this
property invariant. Such a form is then unique up to a scalar. The construction of this form is the
same as in the case of U,(g) [16, Section 5], [31, Section 2.1.5]. Namely, let U,(n*), C U,(n*) be
the kernel of the restriction of the counit on Uy( b¥), and consider the orthogonal decomposition

Ug(gie,m) = U(h) @ (Uyg(n™)  Uy(gs ;1) + Ug(g; 6, mUy(n7) ). (2.1)

Let 7 denote the projection onto the first summand. Then one first observes that one has
a Hermitian form on M} by defining

(o, g™ = xa(r(2%y)),  x,y € Uyl).

This is clearly a well-defined invariant form. It necessarily descends to a non-degenerate Her-
mitian form on V.

The goal is to find necessary and sufficient conditions for this Hermitian form to be positive-
definite, in which case the module is called unitarizable. This is in general a hard problem. In
the following, we present some partial results, restricting to the case n = +. We always assume
that A is real-valued, unless otherwise mentioned, and that Mi’n and Vf " have been equipped
with the above canonical Hermitian form.

We first consider the case ¢ = = +, for which the following result is well-known.

Lemma 2.2. Let A € Charg+(P). Then the following are equivalent.

1. The module V)\JmL is unitarizable.
2. Forallr eI, )\ir € ¢?N.
3. V;“Jr 1s finite-dimensional.
Proof. For the implications (2) = (3) = (1), see e.g. [4, Corollary 10.1.15, Proposition 10.1.21].

Assume now that V, " is unitarizable. Then V)\t’+ is a unitarizable representation of Uy, (su(2)).
By a simple computation using the commutation between the X (cf. [9]), we have that

k I =\, —l+1y2 _  1—-1y-2
(CGHRX) ol +;+>:H(q’" - )Eqr A_“{)g & o).
dr — Qqr

N
Il
—
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k
Hence, by unitarity and the fact that 0 < g, < 1, we find that [] (¢Z'AJ% — ¢ TIA2 ) >0

for all £ > 0. This is only possible if eventually one of the factors becomes zero, i.e. when
)\iT € ¢ |

By a limit argument, we now extend this result to the case € € Char{o’l}(Q‘F).

Proposition 2.3. Suppose ¢ € Char{()’l}(QJ’), and let A € Charg+(P). Then V/\E’+ is unitari-
zable if and only if )\éT c ¢ for all v € I with &, = 1.

Proof. The ‘only if’ part of the proposition is obvious, since the Ko, , X with e, = 1 generate
a quantized enveloping algebra Uy (#ss) in its compact (non-simply connected) form.
To show the opposite direction, consider first general e, € Charg(Q™). For a € Q™, denote

by U,(n™)(«) the finite-dimensional space of elements X € Uy(n™) with K, XK ! = g @)X

Identifying Uy(n™) with M} in the canonical way by means of « — zv}", we may interpret the

Hermitian forms on the M} as a family of Hermitian forms (-,-)3" on Uy(n™). It is easily seen

that these vary continuously with €, and X on each Uy(n™)(a). Assume now that n = + and
gr > 0 for all r. In this case Uy(g; €, +) is isomorphic to U,(g) as a *-algebra by a rescaling of

the generators by positive numbers, cf. (1.1). By Lemma 2.2, (-, - >j\r+ is positive semi-definite

if and only if V/\+’+ is finite-dimensional, and the the latter happens if and only if )\iT € ¢2N for
all r € I. Hence we get by the above rescaling that (-, - >§+
if A2 € ¢2Net for all 7.

Fix now a subset S of the simple positive roots, and put €, = 1 for » € S. Assume that
My € ¢ whenr € S. Forr ¢ S and m, € N, define ¢, = ¢2™ A\;*. From the above, we obtain

that (-, - >§,+ is positive semi-definite. Taking the limit m, — oo for r» ¢ S, we deduce that

is positive semi-definite if and only

(- >i’+ is positive semi-definite for e, = §,¢g. [

The above V; " with pre-Hilbert space structure can also be presented more concretely as
generalized Verma modules (from which it will be clear that they are not finite dimensional
when g, = 0 for some r). We will need some preparations, obtained from modifying arguments
in [16]. Note that to pass from the conventions in [16] to ours, the ¢ in [16] has to be replaced
by ¢'/2, and the coproduct in [16] is also opposite to ours. However, as [16] gives preference to
the left adjoint action, while we work with the right adjoint action, most of our formulas will in
fact match.

We start with recalling a basic fact.

Lemma 2.4. Let w € P, ¢ € Charg(Q™), and consider K;* € U,(g;€,+). Then K * <1Uy,(g)
is finite-dimensional, where < is the adjoint action (cf. Definition A.2).

Proof. One checks that the arguments of [16, Lemma 6.1, Lemma 6.2, Proposition 6.3, Propo-
sition 6.5] are still valid in our setting. |

Let € € Charg(Q™). Recall that the map 7 denoted the projection onto the first summand
in (2.1). Let 7z, be the restriction of 7 to the center Z(Uy(g;e,+)) of Uy(g;e,+). This is
an e-modified Harish-Chandra map. The usual reasoning shows that this is a homomorphism
into U(bh).

Lemma 2.5. The map 7z, is a bijection between 2 (Uy(g;e,+)) and the linear span of the set

{ Z 5w—wwq(72ww7p)K—4ww
weW
and W denotes the Weyl group of A with its natural action on h*.

w € P*}, where p =Y, wy is the sum of the fundamental weights
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Proof. Note first that w — ww is inside QT for all w € PT and w € W, so that e,_y is
well-defined.

Arguing as in [16, Section 8], we can assign to any w € P an element z, in 2 (Uy(g; e, +)),
uniquely determined up to a non-zero scalar, such that

KL;4 < Uq(g) = Cz, + (KL;4 < Uq(g)+) )

where Uy(g)+ is the kernel of the counit and where <1 denotes the adjoint action. More con-
cretely, as K_* <1 Uy(g) is a finite-dimensional right U,(g)-module, it is semi-simple, and we
have a projection E of K ~1aU, (@) onto the space of its invariant elements. We can then take
2o =FE(K;*), and z, € Qf( (g,e +)) by Lemma A.3.

Suppose now first that e, # 0 for all r, and choose b € Charc(P) such that bér = ¢ L.
Consider

+ 1y
X by X5,

v, : Uq(9§57+) _>Uq(9)7 {Kﬂ’ﬁbﬁKﬂ Bep

This is a unital <-equivariant algebra isomorphism, and 77, = v_lo 77+ © W.. Hence by <-
equivariance, we find from the computations in [16, Section 8] that, for a non-zero e-independent
scalar ¢,

T7.6(20) = Cu Z dim(( (Z bw wrd —2(wvp) ¢ 4wy>,

veP+ weWw

where (V,,), denotes the weight space at q%” (i.e. the space of vectors on which the K, act
as q%(”’w)) of the finite-dimensional U,(g)-module V,, with highest weight q%‘”. But clearly we
then only have to sum over those v with w — v € Q™, so that b:ﬁwy = €u—wv, and we can write

T7.6(%w) = Cu Z dim(( (Z Ew w,,q72(“””p)K 4w,,>. (2.2)

vepPt weW
w—ret

Recall now that U,(g;€,7) can be identified with Uy(g) as a vector space by a map i, ,. Let
us denote by <., the image of < under this map. Then for z,y € Uy(g) fixed, it is easily seen
from the triangular decomposition that the x <., y live in a fixed finite-dimensional subspace
of Uy(g) as the €, vary, and the resulting map (e,n) — x <.y is then continuous. Furthermore,
if V' is a finite-dimensional right U,(g)-module with space of fixed elements Vi, we can find
p € Uy(g) such that for any v € V, the element vp is the projection of v onto V. It follows
from the previous paragraph and the above remarks that when ¢, # 0 for any r, we have
it (20) = K % <4 po for some fized p,, € U,(g). By continuity, it then follows that (2.2) in
fact holds for arbitrary ¢ € Charg(Q™).

The conclusion of the argument now follows as in [16, Theorem 8.6]. [

Let now S C ®T, and let € extend the characteristic function of S. Let Uy(ts) be the Hopf
*-subalgebra of Uy(g; ¢, +) generated by the KX with 1 <r <l and XF with r € S. Let Uy(q)
be the Hopf subalgebra of U,(g;e,+) generated by Uy,(ts) and all X7 with r € I. It is easy
to see that Uy(q&) can be isomorphically imbedded into Uy(g). Let V be a finite-dimensional
highest weight representation of U,(ts) associated to a character in Charg+(P). Then we can
extend this to a representation of Uy(q&) on V' [31, Section 2.3.1], and hence we can form

Ind. (V) = Uy(g;e,+) @ V.
Uq(qur)

The following proposition complements Proposition 2.3.
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Proposition 2.6. Let S C ®T, and let € restrict to the characteristic function of S. Let V be
an irreducible highest weight representation of Uy(ts) associated to a character A € Charg+ (P).
Then the Uy(g; €, +)-representation Ind. (V') is irreducible.

Proof. By its universal property, Ind. (V') can be identified with a quotient of M§’+. We want
to show that this quotient coincides with V/\E a

Suppose that vy is a highest weight vector inside M§’+ at weight X' different from \. By
Lemma 2.5, it follows that

-2 / -2
E gwfwwq( wesp) A—4ww = § wawwq( wesp) )\74ww
weWw weW

for allw € PT. Now if w = Sa;, " " Say, in reduced form, with s, the reflection across the root «,

we have

ip

P
w—ww = E Sas, S, (W — Sa,, W),
t=1

where each term is positive. It follows that we have

3 = 3
weWsg weWs

for all strictly dominant w, where Wy is the Coxeter group generated by reflections around
simple roots s with s € S.
Taking w = p + w, with 7 ¢ S, we get (N 4, — A_4,,)C = 0 with

weWg

Hence N, = A, for all » ¢ S. We deduce that vy € U,(ts)vy, and so the image of vy in
Ind. (V) is zero. This implies that Ind.(V) = V™. |

The case ¢ € Char{,LO,l}(QJr) is not so easy to treat in general. In the following, we will
restrict ourselves to the case where we have one ¢; < 0 while €, > 0 for r % t. This will in
particular comprise the ‘symmetric Hermitian’ case.

Theorem 2.7. Let € be such that there is a unique simple root oy with e, < 0, while e, € {0,1}
forr #t. Let A € Charg+(P). Then V;’Jr s unitarizable if and only if )\4% c ¢2N for all v with

e # 1.

Proof. By a same kind of limiting argument as in Proposition 2.3, the general case can be
deduced from the case with €, = 1 for r # t.

Suppose then that e, < 0 and &, = 1 for r # t. Write S = ®* \ {t}. We have the algebra
automorphism ¢ : Uy(g;e,+) — Uy(g) appearing in (1.1). By means of this isomorphism, we
obtain a natural isomorphism M§’+ >~ M", where v € Charc(P) is such that Vo = erAh
for all r. In particular, 72, € C\ R. It follows from [18, Proposition 5.13] that Ind.(Vy)
is irreducible, where V) denotes the irreducible representation of Uq(q;r) at highest weight .
Hence the signatures of the Hermitian inner products on the Ind.(V)) are constant as &, < 0
varies. Indeed, these spaces can be identified canonically with a fixed quotient of Uy(n™), see
[31, Proposition 2.81], and then the Hermitian inner products clearly form a continuous family
as € varies.

From Proposition 2.6, we know that the Hermitian inner product on Ind.(V)) for ¢, = 0 is
positive definite. It follows that the Hermitian inner product on a weight space of Ind.(V)) is
positive for ¢, < 0 small. As the signature is constant, this holds for all £, < 0. |
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3 Quantized homogeneous spaces

Definition 3.1. For £, € Charg(Q™), we denote by U,(g;e,m)sn the space of locally finite
vectors in Ugy(g;e,n) with respect to the right adjoint action by U,(g;n,n) (cf. Definition A.2),

Uq(g;€,m)ein = {z € Uy(g;2,m) | dim(z < Ug(g; m,m)) < oo}

It is easily seen that the space Uy(g;e,n)fin is a *-subalgebra of Uy(g;e,n) (cf. [16, Corol-
lary 2.3]), and in the following it will always be treated as a right U,(g)-module by <.

A similar definition of ¢,U,(g;¢,7) can be made with respect to the left adjoint action
of Uy(g;e,¢), and the two resulting algebras U, (g; €,7)fin and £inUg(g; €,n) should in some sense
be seen as dual to each other. For example, the Ug,(g;e, +)in Will lead to compact quantum
homogeneous spaces, while the ,Uy(g; €, +) should lead to non-compact quantum homogeneous
spaces such as quantum bounded symmetric domains [31]. However, in this paper we will restrict
ourselves to the compact case.

The U,(g;€,n)sin are sufficiently large, as the next proposition shows, extending Lemma 2.4.

Proposition 3.2. As a right U,(g)-module, Uy(g; €, +)gin is generated by the K;* with w € P*.
The algebra generated by Uq(g; €, +)gin and the Kf,r equals the subalgebra of Uy(g; €, +) generated
by the Kf:l and the K, XF.

Proof. Again, the proof of [16, Theorem 6.4] can be directly modified. |

Note that for €, # 0 for all r, the above proposition follows more straightforwardly from [16]
by a rescaling argument.

The dependence of Uy(g;€,n)sin on € and 7 is weaker than for U,(g;e,n) itself. We consider
a special case in the following lemma. Recall that A denotes the Cartan matrix.

Lemma 3.3. Consider €,1 € Charg,(o}(Q"), and write sgn(e,/n.) = (=1)X". If x is in the
range of Amod2, then Uy(g;e, +)ein = Ug(9;1, +)in as right Uy(g)-module *-algebras.

Proof. Choose b € Charc(P) such that b3 =, /e,. Then

+ ~1ly+
X = by X5,

Ve Uylgie, +) = Uglgsn, +),
o Uglgse, ) = Uglgim, +) {waw[(w

is a unital <-equivariant algebra isomorphism. Hence V. ;, induces a unital <i-equivariant algebra
isomorphism v, : Uq(g; €, +)tin — Uyg(@; 1, +)tin-
As the K% with w € PT generate U,(g;e, +)gn as a module, ¢, will be *-preserving if
and only if b}, € R for all r. This can be realized if we can find ¢, € {—1,1} such that
s Cosm = sgn(n,/er), which is equivalent with the condition appearing in the statement of the
lemma. |

In particular, we find for example that Uy (sl(2m+1); €, +)gin for m € Ny is independent of the
choice of € € Charg, (0} (@"). On the other hand, Uy(sl(2); &, +)tin are mutually non-isomorphic
as *-algebras for € € {—1,0, 1}, see [8].

Definition 3.4. Let ,n € Charg(Q™), A € Charg+(P), and let V" be the irreducible highest
weight module of Uy(g;e,7) at A with associated representation 73", We write

Bi(g;e,m) = 7, (Uq(g;€.1m))
and

BY"(g:2,m) = 73" (Ug(g: €. M)tin).
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Remark 3.5. The space Bg\i“(g;s, n) is not defined as the space By(g;€,n)sin of locally finite
<-elements in B)(g;e,n), although conceivably they are the same in many cases. In the case
g = 1, the equality of these two algebras goes by the name of the Kostant problem, cf. [19,
Remark 3].

Notation 3.6. We will use the following notation for particular elements in the B)(g;e, +):

Zy=m (KLY, Xe= a2 (e = a)my T (Ko, KGIXT),
Yr’ = X:7 W'r‘ = 7T§\7+ (KéT K;T8>7
T = (g0 — ¢, )’n T (K2, KA X)) + e0q a5 (KL KDY + o T (KD

Qp ™ " Wr

1\ 2 d _ _ _
= (q7’ - q’f‘ 1) 7T§\7+ (Kg'r KUJT4XT' X7'+) + €rq7~7Ti7+ (Ki'r KUJT4) + q'r' 17T§\7+ (Kw'r4) :
The following commutation relations will be needed later on.

Lemma 3.7. The elements W, and T, commute with X,, Y., Z,., T, and W,.. Moreover,
XoZr = 32, Xy, YoZp =22,y
and

XY, =—-eWr+ a1 2 — ¢} 2}, VX, = —eW, + ;. T, 2, — g, 2 Z}.

rTery

We further have that T, and W, are invariant under <1XTi and <K, while

X, aXt =0,  Ye<aX'=-¢q" +a)% +¢/T,

_ (w,ar) (w,ar)
X, < K,=q 2 X, Y.< K,=q 2 X,

X, Xy =q (g + )2 — ¢ VPTL, Ve X; =0
and
ZTQXj:q%/QXT’ ZTQKQ_):O, ZTQX;:_q;1/2}/T

Finally, all elements X,., Y,, Z., T,., W, are inside Bf\in(g;é?, +).

Proof. All these assertions follow from straightforward computations. As the Z, = 7['§\7+(K;T4)
and W, are in Bf\i“(g;e, +) by Proposition 3.2, and the latter is <-stable, it follows from the
above computations that also X, Y, and 7). are in Bg\in(g; g,+). |
Proposition 3.8. The only <-invariant elements in Bf\in(g; g,4) are scalar multiples of the unit
element.

Proof. Assume that z € Uy(g; €, +)fin with ﬂ'i7+(.%') invariant. As Uy(g;€,+)sin is a semi-simple
right U, (g)-module, we have an equivariant projection E of U,(g; €, +)fin onto the *-algebra of its
invariant elements. The latter is simply the center 2°(U,(g;¢,+)) of Uy(g; €, +), by Lemma A.3.
As 75" is <-equivariant by construction, we deduce that 75" (z) = 757 (E(z)). But the latter
is a scalar. |

Remark 3.9. An alternative proof consists in applying Schur’s lemma to the simple modu-
le V", Indeed, x € Bi(g;e,+) is <-invariant if and only if it commutes with all 75" (y)
for y € Uy(g;e,+). As V; " is simple, Schur’s lemma implies that the algebra of <-invariant
elements in Bﬁ\in(g;s, +) forms a field of countable dimension over C, hence coincides with C.
(I would like the referee for pointing out this approach).
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fin

Proposition 3.10. Let (V,7) be a *-representation of B\"(g;e,+) on a pre-Hilbert space.
Then 7 is bounded.

The proof is based on an argument which is well-known in the setting of compact quantum
groups.

Proof. As Bg\in(g;e, +) consists of locally finite elements, any b € Bﬁ\in(g; g,4+) can be written
as a finite linear combination of elements b; € Bi"(g;e,+) for which there exists a finite-di-
mensional *-representation m of Uy(g) on a Hilbert space such that b; <h =3, m;;(h)b; for all
h € Uy(g), the m;; being the matrix components with respect to some orthogonal basis. An
easy computation shows that ). bfb; is an invariant element, hence a scalar by Proposition 3.8.
Hence there exists C' € RT such that for any £ € V and any 4, we have ||7(b;)¢|| < C||€]]. We
deduce that the element 7(b) is bounded. [

Definition 3.11. A Bﬁ\in(g;e,—k)—module V is called a highest weight module if there exists
a cyclic vector v € V' which is annihilated by all X, and which is an eigenvector for all Z, with
non-zero eigenvalue. A pre-Hilbert space structure on V' is called invariant if (z€,n) = (£, z*n)
for all £,n € V and x € Bi"(g;e, +).

We aim to show that the Bg\in(g; €,+) have only a finite number of non-equivalent irreducible
highest weight modules. Of course, each Bg\m(g;aﬂ—) admits at least the highest weight mo-
dule V; T Also note that, by an easy argument, each highest weight module decomposes into

a direct sum of joint weight spaces for the Z,.

Proposition 3.12. Fach Bf\i“(g; g,+) admits only a finite number of non-equivalent irreducible
highest weight modules.

Proof. As the statement does not depend on the *-structure, we may by rescaling restrict to
the case that e, € {0, 1} for all » upon allowing A € Charc(P).

By Proposition 3.2 and the fact that any highest weight module is semi-simple for the torus
part, it is easily argued that any irreducible highest weight module of Bf\in(g; g,+) is obtained
by restriction of a Uy(g; €, +)-module V/\E,’+ for some A" € Charc(P). As the center of Uy(g; ¢, +)
acts by the same character on Vf *and V5T, we find by Lemma 2.5 that the expression

> Ewwwq 29PN Temains the same upon replacing A by X, for each w € P*. Writing S
weWw
for the set of r with e, = 0, it follows as in the proof of Lemma 2.5 that

S N = 3 CON
weWg weWg

for all w € PTT, the strictly dominant weights. As (invertible) characters on a commutative

semi-group are linearly independent, and as PT+ — PTT = P, it follows that the functions

w— g 2@PN 4, and w — ¢ 2@P)N , on P lie in the same Ws-orbit. As the highest weight

vector in an irreducible highest weight module is uniquely determined up to a scalar, and as

the equivalence classes of +such highest weight modules are then determined by the associated
g,

eigenvalue of the Z, = 7y (K;:l), this is sufficient to prove the proposition. |

Remark that the above proof also gives the upper bound |Wg| for the number of inequivalent
highest weight representations, but of course this estimate is not sharp if one only considers
unitarizable representations.

Proposition 3.13. Let 7 be a *-representation of Bg\in(g; e,+) on a Hilbert space €. If 0 is not
in the point-spectrum of any of the Z,, then S is a (possibly infinite) direct sum of completions
(A4, k) of unitarizable highest weight modules of Bﬁ\in(g; g,4).
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Proof. By a direct integral decomposition, and using Proposition 3.12, it is sufficient to show
that any such irreducible *-representation 7 of Biin(g; g,+) on a Hilbert space # is the com-
pletion of a highest weight module with invariant pre-Hilbert space structure. We then argue
as in [27, Section 3]. Write xx for the characteristic function of a set. By assumption, there
exists t € R! with ¢, # 0 for all r and P, = X1, lgrtrt](T(Z1), - - ., w(Z1)) non-zero. Suppose now
that r is such that 7(X,)P; # 0. From the commutation relations between the X, and the Zj,
we deduce that P(t1,...,qf2tr,-..,tz) # 0. As the m(Z,) are bounded, this process must necessarily
stop. Hence we may choose ¢ such that P; # 0 but 7(X, )P, = 0 for all r.

Let V be the union of the images of the spectral projections of (Z1, ..., Z;) corresponding to
the IT, (R\ (=%, 1)) with n € N. As Bi"(g;¢, +) is spanned by elements which skew-commute
with the Z,, it follows that V is a Bf\in(g; g,4)-module on which the 7(Z,) are invertible linear
maps. This entails that the restriction of 7 to V can be extended to a representation 7 of
Bfi"(g; e, 4 )ext, the sub*-algebra of B(g;e, +) generated by X, Y, and the Z*! (which contains
Bg\in(g; e,+) by Proposition 3.2). Note that this *-algebra admits a triangular decomposition (in
the obvious way with respect to the above generators).

Pick now a non-zero £ € P,.¢. Suppose that £ were not in the pure point spectrum of
some 7(Z;). Then we can find g t, < a < t, such that X(g,, 4(7(Zr))§ # 0 # X(ay,](7(Zr))§.
However, [qit1,t1] X -+ X [grtr,a] X -+ % [qity, 1) N [ [q2F T s, g2Fots] = @ for all ks € N with
at least one ks > 0. From the commutation relations between the Ys and Z, and the fact that
7(Xs)§ = 0 for all 5, we deduce that x|, 4, 4 (7(Z;))§ is orthogonal to the Biin(g; e, +)exi-module
spanned by X(q4,1(7(Z;))€. As m is irreducible, this would entail x(q,4, 4)(7(Z))§ = 0. Having
arrived at a contradiction, we conclude that £ is a joint eigenvector of all 7(Z,).

As ¢ is annihilated by all 7(X,) and is a joint eigenvector of all 7(Z,.), the module generated
by it is a highest weight module. As 7 was irreducible, this module must necessarily be dense
in 47, and the proposition is proven. |

We now want to consider analytic versions of the Bi(g; e, +).

Definition 3.14. Let B be a unital *-algebra. We say that B admits a universal C*-envelope
if there exists a non-trivial unital C*-algebra C' together with a unital *-homomorphism 7, :
B — C of unital *-algebras such that any *-homomorphism B — D with D a unital C*-algebra
factors through C.

Of course, the above C*-algebra C is then uniquely determined up to isomorphism.

Definition 3.15. We define Pol(GY) to be the Hopf *-algebra inside the dual of Uy(g) which is
spanned by the matrix coefficients of finite-dimensional highest weight representations of Uy (g)
associated to positive characters. We define

a5 BiM(gie, +) — Pol(G%) ® Bi™(g;e, +)
as the comodule *-algebra structure dual to the module *-algebra structure < by U,(g).

Note that the latter definition makes sense, since B{"(g; ¢, +) is integrable as a right U,(g)-
module.

It is known [26] that Pol(G% ) admits a universal C*-algebraic envelope C(G% ), which becomes
a compact quantum group in the sense of [32]. We will denote by e the invariant state on

C(GY), which is faithful by co-amenability of G .

Lemma 3.16. Assume that Bf\in(g; g,+) admits at least one *-representation on a Hilbert space.
Then Bg\in(g;e, +) admits a C*-algebraic envelope Cy(g;e,+).
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Proof. The universal C*-algebraic envelope of Bg\in(g;é‘, +) exists for precisely the same rea-
son as in Proposition 3.10, since for any element b € Bﬁ\in(g;s,—l—) there exists a universal
constant Cj, such that [|7(b)|| < C for all *-representations m of Bi®(g;e,+) by bounded
operators on a Hilbert space. As Bg\in(g;e,+) admits at least one *-representation, we have

CA<g;€7+) 7é 0. [ |

Remark 3.17. If V; T is unitarizable, it is of course clear that we get a faithful map from
B{"(g; ¢, +) into Cx(g; e, +).

Lemma 3.18. Let C\(g;¢,+) be the universal C*-envelope of Bg\in(g;s, +), whenever it exists.
Then o™ induces a C*-algebraic coaction by C(GL) on Cy(g;e, +).

Proof. The map ai’+ gives a C*-representation of B{"(g; e, +) into C(G%) @ Cx(g; €, +), which
hence factors over Cy(g;e,+). It is straightforward to argue that this is a C*-algebraic coac-
tion. |

As Bg\in(g; g,4) only had scalar multiples of the unit as invariants, it follows that the coac-
tion a5 on Cx(g;e, +) is ergodic [3], i.e. if a5 " (z) = 1 ® x, then x € C1. We will write ™"
for the unique invariant state on Cy(g;e,+), so

(ngi ® L)af\’Jr(x) = goi’+(a:)1, Vo e Cx(g;e, +).
As e is faithful, also goi’+ is faithful.

Notation 3.19. We write Qi’;g for the GNS-representation of (Cy(g; €,+), cpi’Jr), and Wy (g;¢,+)
for the von Neumann algebraic completion of C)\(g;e,+) in this GNS-representation.

From Lemma 3.16, it follows that a C*-algebraic envelope of Bf\m(g;a,—i-) exists if V)‘\E g
unitarizable. In this case, we can say something explicit about Wy(g; e, +).

Theorem 3.20. Assume that Vf’Jr is unitarizable. Then Wy(g;e,+) is a finite direct sum of
type I factors.

The proof will make use of the following standard lemma.

Lemma 3.21. Let A be a unital C*-algebra with faithful state . Let M be the von Neumann
algebra closure of A in its GNS-representation with respect to . Let w be a representation of A
on a Hilbert space S such that there exists a faithful state w € B( )y withwom = ¢. Then 7
extends to a normal faithful *-representation of M.

Proof. As w is faithful, the bicommutant w(A)” is faithfully represented on the GNS-space
Z?(n(A),w). The unitary U : £%(A, ) — £L?(n(A),w) induced by 7 then provides an isomor-
phism M — 7w(A)” extending . [ |

Proof of Theorem 3.20. As mentioned, the C*-algebraic envelope C)(g; €, +) certainly exists.

To prove the remaining part of the theorem, we first make some preparations. Recall that
the dual of U,(sl(2,C)) can be identified with Pol(SU,(2)), Woronowicz’s twisted quantum
SU(2)-group [33]. It is well-known that its von Neumann algebraic envelope £*°(SU4(2)) is
isomorphic to B(I2(N)) ® £Z(Z), and as such admits a faithful representation on the Hilbert
space ;. = I2(N) ® [2(Z) (cf. [26, 29)]).

More generally, write Uy, (su(2)) for the sub-Hopf-*-algebra generated by the XF and KZ!
inside Uy (g). By duality, one obtains a surjective *-homomorphism 7, : Pol(G%) — Pol(SUy,, (2)).
This induces a *-representation of Pol(G%) on ., which we will denote by the same symbol ~,.
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Suppose now that ¢ = (r1,...,7,) is an ordered n-tuple of elements in /. Then we obtain
a *-representation of Pol(G%) on /" by means of the *-homomorphism

Wt:('le@"'@%n)oAg)

q
+

where Agi) denotes the n-fold coproduct. Let now tg = (71, ...,rn) be such that wg = s, - - - 57y
is a reduced expression for the longest element in the Weyl group of g. By [29], we know that el]
can be realized as w o 7y, for some faithful normal state w € B(%ﬁr@N )* By Lemma 3.21, this
implies that v, can be extended to a faithful normal *-representation of .£>°(G%).

Let us turn now to the proof of the theorem. The main step is to prove that the point-

l
spectrum of 657 Z, | does not contain zero. Indeed, if this is the case, then we can
p Areg )
’ r=1

use Proposition 3.13 to conclude that Hi’;g

modules for Bi®(g;e, +). It then follows that Wy (g;e,+) is simply @7, B(54,) with 74, the

Hilbert space completion of the highest weight modules which appear in Gi’ reg"

decomposes into a direct integral of highest weight

!
To show that Of\’;“eg <H1 Zr> does not contain zero in its pointspectrum, it is sufficient to
r=

l
show that the operator (v, ®657) <ai’+ (H ZT>> does not contain zero in its pointspectrum,
r=1

where 65 is the *-representation of B{™(g;e,+) on the Hilbert space completion 72" of V™.
Indeed, the invariant state cpi’Jr = (goGgr ®id)ai’Jr can be extended to a faithful normal functional

on B(,%”f’+ ® #,%N), which implies, again by Lemma 3.21, that (73, ® 9§’+)af\’+ extends to
a faithful normal *-representation of W (g;¢e,+).

l
Finally, to show that (Hi’Jr ®Yto) <ai’+ ( 11 ZT>> does not contain zero in its pointspectrum,
r=1

we can reason by induction, using the following lemma. |

Lemma 3.22. Let (V, ) be an irreducible highest weight module for Bi"(g;e,+) with an in-

variant pre-Hilbert space structure, and let € be the completion of V.. Fizx r € I, and put
l
T = (T ® ’yr)ai’+. Then m, (H ZS> does not contain 0 in its point spectrum.

s=1

Proof. It is easy to see that 7,.(Zs) = 1 ® m(Zs) for r # s, so that none of these operators have
zero in their point-spectrum. Let now A, be the sub-*-algebra of Bf\in(g; g,4) generated by Z,,
T, X;, Y,, W,, see Lemma 3.7. By that lemma, A, is stable under the right action by U,, (su(2)),
and W, and T, are invariants in the center of A,. By invariance, m,(W,) = 1 ® n(W,) and
m(T,) = 1 ® w(T,) are bounded self-adjoint operators. Hence, to investigate the spectrum
of m(Z,), we may by disintegration treat the above operators as scalars, say w, and t,. Denote
the resulting quotient of A, by A, (w,,t,).

From Lemma 3.7, we find commutation relations between the generators X, Y, and Z, of
Ay (wy, t,), as well as the resulting action of U, _(su(2)). It follows that A, (w,, ) is an equivariant
quotient of a generalized Podle$ sphere Sgh_r for SU,, (2) [27], for some T depending on ¢, and w.
Moreover, as ¢gy, (2) can be realized on the Hilbert space 7%, the von Neumann algebraic
envelope of A, (w,,t,) will be isomorphic to the von Neumann algebraic envelope of S(?TJ, which
is equal to M, (C), B(I*(N)) or B(I*(N)) @ B(I*(N)), depending on whether &,w, is positive,
zero or negative (cf. [27]). In any case, the corresponding image of Z, will not contain 0 in its
point-spectrum. |
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4 More on the € € Charyg13(Q7")-case

The case of the non-standard Podles spheres already shows that Wy (g;e,+) is in general not
a factor. However, for ¢ € Charg1)(Q") and A\ € Charg+ (P) such that Wy(g;e,+) is well-
defined, we show that Wy(g;e,+) does become a type I-factor, and we can then also say some-
thing more about the invariant integral cpf\’Jr on Wi (g;e,+).

Proposition 4.1. Let ¢ € Char{()’l}(QJ“), A € Charg+(P), and suppose V/\‘E’Jr is unitarizable
with completion %”/\E’Jr. Identify Bi®(g;e,+) C B(%€’+). Then this inclusion completes to
a natural identification Wy(g; e, +) = B(,%”/\a’Jr).

Proof. From the proof of Theorem 3.20 and Lemma 3.22, and from the commutation relations
in Lemma 3.7, we get that the A,(w,,t,) appearing in the proof of Lemma 3.22 can only be
matrix algebras or standard Podles spheres. As the Z,. in the von Neumann algebraic completion
of these algebras are always positive operators, it follows by induction that the components
appearing in W) (g;e,+) arise from restrictions of highest weight modules Vf,’Jr of Uy(g;e,+)
with A" € Charg+(P). Our aim is to show that necessarily A’ = .

Let S be the set of r with €, = 1. Suppose that X' € Charg+(P) is such that the repre-
sentation of Uy(g;e,+) on V" factors over Bi®(g;e, +). Suppose that V;/" then admits an
invariant pre-Hilbert space structure as a Bg\in (g; €, +)-module, hence as a Uy(g; €, +)-module by
Proposition 3.2. From the proof of Proposition 3.12, we deduce that there exists w € Wg such
that ¢(72PIN_ 4 = 720N, for all w € P. In particular, \,, = A, forr ¢ S.

On the other hand, let ﬁq(kss) be the subalgebra of U,(g; ¢, +) generated by the X;= and Kair1

with » € S. Let ‘7)\5 T be the ﬁq(kss)—module spanned by vi’+, and similarly for Vf,’+. Then
by Proposition 2.6, these are irreducible highest weight modules for U, (£s) associated to the
restrictions of A and X to the root lattice Qg of £s. But as Vf,’+ admits an invariant pre-
Hilbert space structure (and tg is compact), it is necessarily finite-dimensional. However, as
the restriction of A lies in the Wg-orbit of A (for the so-called ‘dot’-action), it is well-known
that this can happen only if the restrictions of A and X to Qg coincide. Combined with the
observation at the end of the previous paragraph, this forces A = X inside Charg+ (P). |

Proposition 4.2. Under the assumptions of Proposition 4.1, the invariant state on Wy(g; €, +)
s given by

o5 (x) = w

l
where Z, = [] Z,.
r=1

Proof. Consider the projection E=F of Uy(g;e, +)in onto its direct summand 2 (Uy(g; e, +)),
the space of <-invariants. For &, > 0 for all r, it follows from [16, Chapter 7] that BT (xy) =
E=t(yo(z)) for all z,y € Uy(g; €, +)rin, where o(z) = K_4P$K:ip. By continuity, this then holds
for all ¢ € Charg(Q™). Clearly o induces an automorphism of Bg\in (g;€,+), which we will denote
by the same symbol. As 5" factors over E=*, we have as well that ¢ (zy) = ¢5 (yo(z)).

However, by general theory [3] we know that the modular automorphism group oy of gpi’+
leaves Bi%(g;e,+) invariant and is diagonalizable (and hence analytic) on it. From the above,
we can hence conclude that o, = Ad(Z;t) (where we use that Z, is a positive operator by
Proposition 4.1). As W (g;¢,+) is a type I-factor, again by Proposition 4.1, we know that gpf\’Jr
is completely determined by its modular automorphism group up to a scalar. Hence we obtain
our expression for goi’Jr as in the statement of the proposition. |
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A Cogroupoids

In this section, we recall the notion of cogroupoid due to J. Bichon [1, 2] (cf. also the notion of
face algebra [13]).

Definition A.1l. Let I be an index set, and let {H;;|i,j € I} be a collection of *-algebras.
Suppose that for each triple of indices 4, j, k € I, we are given a unital *-homomorphism

AE Hiy = Hig @ Hij, e by ® by

We call ({Hy;}, {AZ}) a connected cogroupoid over the index set I if the following conditions
are satisfied:
e (Connectedness) None of the H;; are the zero algebra.

e (Coassociativity) For each quadruple i, j, k, [ of indices, we have
(id @AR)A) = (A], @id) A,

e (Counits) There exist unital *-homomorphisms ¢; : H;; — C such that, for all indices i, j,

e (Antipodes) There exist anti-homomorphisms S;; : H;; — Hj; such that, for all indices 4, j
and all h € H;;, we have

Sij(hyij)he)ji = €i(h) = h(1)ijSji(h)ji)-

As for Hopf *-algebras, it is easy to show that the S;; are unique, and that Sj;(S;;(h)*)* = h
for each h € H;;. Note that each (Hu', A;Z) defines a Hopf *-algebra.

Definition A.2. Let (Hij, Afj) be a cogroupoid. The right adjoint action (or Miyashita—Ulbrich
action) < of Hj; on H;j is given by

One easily proves that <1 defines a right Hj;-module *-algebra structure on H;;. The com-
patibility with the *-structure means that (x < h)* = 2* < S;;(h)*.

Lemma A.3. The space of <-invariant elements in H;; coincides with the center of H;;.

Proof. (Cf. [16, Lemma 2.4].) If x € H;; is in the center, clearly  <h = ¢;j(h)x for all h € Hj;,
by definition of the antipode. Conversely, if Sj;(h1)j;)Th(2); = €;(h)z for all h € Hj;, we have
for y € H;; that xy = y(l)iiji(y(Q)ji)xy(g)ij = yx. |

Suppose now that B is a unital *-algebra, and that for some i, j we have a unital *-homo-
morphism 7 : H;; — B. As the right action of Hj; on H;; is inner, it descends to a right action
on B,

b<th = 7(Sji(ha);i))bm(heyis)-

Note that the central elements in B are invariant for the action.

A particular case of cogroupoid can be constructed from a Hopf algebra (H,A) together
with a collection of real 2-cocycle functionals {w;|i € I} on it. Here we mean by real 2-
cocycle functional an element w € (H ® H)* which is convolution invertible and such that
w(l,h) =e(h) =w(h,1) for all h € H, while w(h*, k*) = w(k, h) and

w(hay, kay)w(hoykey, 1) = wlkay, la)w(h, koyley),  Vhkle H.
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Let us write H;; for the vector space H with the new multiplication
My @ HxH — H, h®k— wi(h(l), k(l))h@)k@)wj_l(h(g), k(3)),

and write Afj for the given coproduct A seen as a map H;; — Hj, ® Hy;. Then the (H;j, Afj)
form a connected cogroupoid.

B Continuous one-parameter families of Lie algebras

We introduce the real Lie algebras whose quantizations we studied in Section 1. We refer to
standard works as [14, 15, 22] for the basic background on Lie algebras and Lie groups.

We keep the notation as in Section 1. We further write {h,} C b for the basis dual to {w;},
and write br for its real span, which we may identify with the real dual of hy. We write g. C g
for the compact real form of g, and T for the corresponding anti-linear anti-automorphism such
that 2 = —z for = € g..

Finally, for each o € A, we choose root vectors X € n* such that (X])I = X for all
a€ AT and [X;F, X7] = h, for all a,. € ®T.

Fix £ € Charg(Q*). We can define on g the linear maps

i ) XE el XE, ae AT,
S g—g:
Z >z, z€bh+nt.

Definition B.1. We define g. to be the complex vector space

{(S7(2),87(2)) |z € gt Cady.

Proposition B.2. The vector space g is a Lie *-subalgebra of the direct sum Lie algebra g P g
equipped with the involution (w, z)* = (27, w'). Moreover, dim¢(g.) = dime(g).

Proof. From the definition, we see that g. is the linear space generated by elements of the form
(eaXF, X1), (X, ,e0X,) and (hy, h;). Accordingly, g. has dimension dimc(g) and inherits the
*-operation from g ® g. Since €443 = €463 Whenever «, 3 and o + 3 are positive roots, we find
that g. is closed under the bracket operation. |

In the following, we consider g. with its *-operation inherited from g & g.

Remark B.3. By rescaling the X, we see that g. = gy as Lie *-algebras whenever e, = A1,
for certain A\, > 0. Hence we may in principle always assume that ¢ € {—1,0, l}l. It is however
sometimes convenient to keep the continuous deformation aspect into the game. In the physics
literature, this type of deformation goes by the name of ‘the contraction method’. (In low
dimensions, it can easily be visualized, cf. [12, Chapter 13].)

Definition B.4. We define g& = {z € g. | 2* = —2}.

Hence g¥ is a real Lie algebra with g. as its complexification. We can also realize g& more
conveniently inside g as follows.

Proposition B.5. Write
X© =Xt e Xy, VO =i(X}] +e.Xy)

as elements in g. Consider the R-linear span of the X(gf), YOEE) and th,. Then this space is closed
under the Lie bracket of g, and forms a real Lie algebra isomorphic to gX.
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Proof. As areal Lie algebra, one can embed g inside the direct sum g g by means of the map
g—90Dg, zn—>(z,—zT).

Under this identification, it is immediately verified that the elements in the statement of the
proposition get sent to a basis of gﬂf. |

Proposition B.6. Suppose e, # 0 for all r. Then gﬁ:R s a semi-simple real Lie algebra.

Proof. In this case, the projection onto the first coordinate of g ® g provides an isomorphism
between g. and g. |

Hence if € € Char{_lvl}(Qﬂ, the Lie algebra g¥ is the real form of g corresponding to the
involution

(X =e. X, h' = h,.

Accordingly, gX is a real Lie algebra of equal rank, meaning that we can take a Cartan decom-
position gf = t® p with t compact and ibg C t. Conversely, it is easy to see that any equal rank
semi-simple real Lie algebra can be realized as some g&. We recall that the equal rank semi-
simple real Lie algebras are precisely those which admit an irreducible unitary representation of
discrete type.

As an example, let us present the simple equal rank real Lie algebras of type (A) (see [14,
Chapter X]). For r € {0,...,l}, choose o, € {£1} such that ¢, = o,_10, for r € {1,...,1}.
Then g& is always of type (AIII), and ¢ corresponds to su(p,l + 1 — p) with p the number of
negative o,. This precise correspondence between the € and the various real Lie algebras is easy
to determine explicitly from the standard descriptions of the Cartan decompositions.

More generally, we obtain from Proposition B.5 the following characterization of which Lie
algebras appear as some g..

Corollary B.7. Let p = [ & u be a parabolic Lie subalgebra of g with Levi factor | and largest
nilpotent ideal u. Let ] be a real form of | which is of equal rank on each simple summand and
compact on the center. Then [® ©u =2 g¥ as real Lie algebras for some ¢ € Charg(Q71), and
all g& arise in this way.

Our next step is to present g. by means of generators and relations.

Definition B.8. Fix ¢ € Charg(Q™). We define g. as a universal Lie algebra in the following
way. A set of generators is given by a triple of elements X and H, for each simple root a.
The relations can be grouped into four parts, which we label as ‘(H)-condition’, ‘(T)orus action’,
‘(S)erre relations’ and ‘(C)oupling conditions’: for all r,s € I,

(H) [Hy, H] =0,
(T) [Hy, X{] = Far: X7,
(S) ad(XF)!=%s(XZF) =0 when r # s,
(C)e [vaXs_] = OpserH,y.
+

It is immediate that g. can be endowed with a *-operation such that (X;F)* = X~ and
H! = H,.

r

Proposition B.9. The Lie *-algebras g- and g- are isomorphic.

Proof. It is straightforward to verify that there is a unique Lie *-algebra homomorphism ¢ :
g: — 0. C g@gsuch that ¢(X;7) = (e, X7, X.1), ¢(X) = (X, &, X)) and ¢(H;) = (hy, hy). Tt
is obviously surjective. On the other hand, it is easy to see by induction that each element of g.
can be written in the form z + y + 2 with z in the Lie algebra generated by the X;I’s, z in the
Lie algebra generated by the X ’s, and y in the linear span of the H,. Since n® are universal

with respect to the relations (S), we find that dim(g.) < dim(g.), hence ¢ is bijective. [
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