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Abstract. A novel family of —1 orthogonal polynomials called the Chihara polynomials
is characterized. The polynomials are obtained from a “continuous” limit of the comple-
mentary Bannai-Ito polynomials, which are the kernel partners of the Bannai—Ito polyno-
mials. The three-term recurrence relation and the explicit expression in terms of Gauss
hypergeometric functions are obtained through a limit process. A one-parameter family of
second-order differential Dunkl operators having these polynomials as eigenfunctions is also
exhibited. The quadratic algebra with involution encoding this bispectrality is obtained.
The orthogonality measure is derived in two different ways: by using Chihara’s method for
kernel polynomials and, by obtaining the symmetry factor for the one-parameter family of
Dunkl operators. It is shown that the polynomials are related to the big —1 Jacobi polyno-
mials by a Christoffel transformation and that they can be obtained from the big g-Jacobi
by a ¢ — —1 limit. The generalized Gegenbauer/Hermite polynomials are respectively seen
to be special/limiting cases of the Chihara polynomials. A one-parameter extension of the
generalized Hermite polynomials is proposed.

Key words: Bannai—Ito polynomials; Dunkl operators; orthogonal polynomials; quadratic
algebras
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1 Introduction

One of the recent advances in the theory of orthogonal polynomials is the characterization of —1
orthogonal polynomials [11, 13, 21, 22, 23, 24, 25]. The distinguishing property of these poly-
nomials is that they are eigenfunctions of Dunkl-type operators which involve reflections. They
also correspond to ¢ — —1 limits of certain g-polynomials of the Askey tableau. The —1 polyno-
mials should be organized in a tableau complementing the latter. Sitting atop this —1 tableau
would be the Bannai-Ito polynomials (BI) and their kernel partners, the complementary Bannai—
Ito polynomials (CBI). Both families depend on four real parameters, satisfy a discrete/finite
orthogonality relation and correspond to a (different) ¢ — —1 limit of the Askey—Wilson poly-
nomials [1]. The BI polynomials are eigenfunctions of a first-order Dunkl difference operator
whereas the CBI polynomials are eigenfunctions of a second-order Dunkl difference operator.
It should be noted that the polynomials of the —1 scheme do not all have the same type of
bispectral properties in distinction with what is observed when ¢ — 1 because the second-order
g-difference equations of the basic polynomials of the Askey scheme do not always exist in
certain ¢ — —1 limits. In this paper, a novel family of —1 orthogonal polynomials stemming
from a “continuous” limit of the complementary Bannai-Ito polynomials will be studied and
characterized. Its members will be called Chihara polynomials.
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The Bannai-Ito polynomials, written B, (x;p1,p2,71,72) in the notation of [11], were first
identified by Bannai and Ito themselves in their classification [2] of orthogonal polynomials
satisfying the Leonard duality property [18]; they were also seen to correspond to a ¢ — —1 limit
of the g-Racah polynomials [2]. A significant step in the characterization of the BI polynomials
was made in [21] where it was recognized that the polynomials B, (x) are eigenfunctions of
the most general (self-adjoint) first-order Dunkl shift operator which stabilizes polynomials of
a given degree, i.e.

where T f(z) = f(x + 1) is the shift operator, Rf(z) = f(—=z) is the reflection operator and
where I stands for the identity. In the same paper [21], it was also shown that the BI polynomials
correspond to a ¢ — —1 limit of the Askey—Wilson polynomials and that the operator (1.1) can
be obtained from the Askey—Wilson operator in this limit. An important limiting case of the
BI polynomials is found by considering the “continuous” limit, which is obtained upon writing

ai a2

X al a9
xr— - p1 = — + b, p2 = — + ba, =, rg = —

h’ h h h (12)

and taking h — 0. In this limit, the operator (1.1) becomes, after a rescaling of the variable x,
the most general (self-adjoint) first-order differential Dunkl operator which preserves the space
of polynomials of a given degree, i.e.

(a+b+1)2%+ (ac — bz +c

: ](RH)+[2(;U—1)($+C)

x

M= } 0, R. (1.3)

xT

The polynomial eigenfunctions of (1.3) have been identified in [23, 25] as the big —1 Jacobi
polynomials J,(x;a,b,c) introduced in [25]. Alternatively, one can obtain the polynomials
Jn(z;a,b,c) by directly applying the limit (1.2) to the BI polynomials. The big —1 Jacobi
polynomials satisfy a continuous orthogonality relation on the interval [—1,—c] U [1,¢|. They
also correspond to a ¢ — —1 limit of the big ¢-Jacobi polynomials, an observation which was
first used to derive their properties in [25]. It is known moreover (see for example [16]) that the
big ¢-Jacobi polynomials can be obtained from the Askey—Wilson polynomials using a limiting
procedure similar to (1.2). Hence the relationships between the Askey—Wilson, big g-Jacobi,
Bannai—Ito and big —1 Jacobi polynomials can be expressed diagrammatically as follows

Askey—Wilson g——1 Bannai-Ito

S N
(50,0, ¢,d|q) By(x; p1, p2,71,72)

z—z/2a | a—0 z—z/h | h—0 (14)
big g-Jacobi g——1 big —1 Jacobi
Po(z; 0, 8,7 q) Jn(x;0,b,c)

where the notation of [16] was used for the Askey—Wilson p,,(z;a,b,c,d|q) and the big ¢-Jacobi
polynomials P, (x;a, 8,7 q).

In this paper, we shall be concerned with the continuous limit (1.2) of the complementary
Bannai-Ito polynomials I,,(x; p1, p2, 71, 72) [11, 21]. The polynomials C),(z; «v, 5, ~y) arising in this
limit shall be referred to as Chihara polynomials since they have been introduced by T. Chihara
in [5] (up to a parameter redefinition). They depend on three real parameters. Using the limit,
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the recurrence relation and the explicit expression for the polynomials Cy,(z;a, 8,7) in terms
of Gauss hypergeometric functions will be obtained from that of the CBI polynomials. The
second-order differential Dunkl operator having the Chihara polynomials as eigenfunctions will
also be given. The corresponding bispectrality property will be used to construct the algebraic
structure behind the Chihara polynomials: a quadratic Jacobi algebra [15] supplemented with
an involution. The weight function for the Chihara polynomials will be constructed in two
different ways: on the one hand using Chihara’s method for kernel polynomials [5] and on the
other hand by solving a Pearson-type equation [16]. This measure will be defined on the union
of two disjoint intervals. The Chihara polynomials Cy,(x; «, /3,7) will also be seen to correspond
to a ¢ — —1 limit of the big ¢-Jacobi polynomials that is different from the one leading to the
big —1 Jacobi. In analogy with (1.4), the following relationships shall be established:

Askey—Wilson g——1 complementary Bl
_
pn(x;G/’b?C?d’q) In(x;p17p27r17r2)

x%x/?aJ{aﬁO x—m/hlihﬁxo

big g-Jacobi g——1 Chihara
Pn(xvaaﬁufy‘Q) Cn(m7a7677)

Since the CBI polynomials are obtained from the BI polynomials by the Christoffel transform [6]
(and vice-versa using the Geronimus transform [14]), it will be shown that the following relations
relating the Chihara to the big —1 Jacobi polynomials hold:

Bannai-Ito Christoffel complementary BI
—

————
B, (x; p1,p2,71,72)  Geronimus I, (x; p1, p2,71,72)

x—x/h | h—0 z—x/h| h—0
blg —1 Jacobi Christoffel Chihara
In(z;a,b,c) Geronimus Chn(z; o, 8,7)

Finally, it will be observed that for v = 0, the Chihara polynomials C,(x;, 3,7) reduce to
the generalized Gegenbauer polynomials and that upon taking the limit 3 — oo with v = 0,
the polynomials Cy,(z; «, 3,7) go to the generalized Hermite polynomials [6]. A one-parameter
extension of the generalized Hermite polynomials will also be presented.

The remainder of the paper is organized straightforwardly. In Section 2, the main features
of the CBI polynomials are reviewed. In Section 3, the “continuous” limit is used to define
the Chihara polynomials and establish their basic properties. In Section 4, the operator having
the Chihara polynomials as eigenfunctions is obtained and the algebraic structure behind their
bispectrality is exhibited. In Section 5, the weight function is derived and the orthogonality
relation is given. In Section 6, the polynomials are related to the big —1 Jacobi and big ¢-Jacobi
polynomials. In Section 7, limits and special cases are examined.

2 Complementary Bannai—Ito polynomials

In this section, the main properties of the complementary Bannai—Ito polynomials, which have
been obtained in [11, 21], are reviewed. Let pi, pa, 71, r2 be real parameters, the monic CBI
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polynomial I,,(x; p1, p2,71,72), denoted I,,(x) for notational ease, are defined by

—n,n+g+1,po+ax,po—x ‘1]

ptpet+lpo—r1+1/2,p0—ro+1/2" |
—nn+g+2,po+x+1,p0—x+1 .1]

p1+p2+2,p2—11+3/2,p0—12+3/2" "]

IQn(x) = 772n4F3 |:

ny1(z) = mony1(z — p2)aFs [ (2.1)
where g = p1 + p2 — r1 — 2 and where ,Fj, denotes the generalized hypergeometric series [8]. It
is directly seen from (2.1) that I,,(x) is a polynomial of degree n in = and that it is symmetric
with respect to the exchange of the two parameters ri, ro. The coefficients 7,,, which ensure
that the polynomials are monic (i.e. I,(z) = 2" + O(2" 1)), are given by

(p1+p2+ Dnlp2 —r1+1/2)n(p2 =12+ 1/2)n
(n+g+1n

(p1+p2 + 2)n(p2 — 11+ 3/2)n(p2 — 2+ 3/2)n
(n+g+2)n

2n — )

Mn+1 =

)

where (a), = ala+1)---(a+mn—1), (a)p = 1, stands for the Pochhammer symbol. The CBI
polynomials satisfy the three-term recurrence relation

zln(2) = Int1(2) + (=1)"p2In(x) + Tnln-1(2), (2.2)
subject to the initial conditions I_j(x) = 0, Ip(z) = 1 and with the recurrence coefficients

n(n+pr—ri+1/2)(n+p1 —ro +1/2)(n —r1 —12)
(2n+g)(2n+g+1) ’
(n+g+1)(n+p1+p2+1)(n+p2—7r1+1/2)(n+ p2 — 12+ 1/2)
2n+g+1)2n+g+2)

Toan = —

Ton4+1 = — . (23)

The CBI polynomials form a finite set {I,,(z)}_, of positive-definite orthogonal polynomials
provided that the truncation and positivity conditions 7541 = 0 and 7, > 0 hold for n =
1,..., N, where N is a positive integer. Under these conditions, the CBI polynomials obey the

orthogonality relation

N
Z Wil () I (1) = B S,
i=0

where the grid points x; are of the general form
zi=(-1)"(a+1/4+1i/2) —1/4, or  x;=(-1)"(b—1/4—i/2)—1/4.

The expressions for the grid points x; and for the weight function w; depend on the truncation
condition 741 = 0, which can be realized in six different ways (three for each possible parity
of N). The explicit formulas for each case shall not be needed here and can be found in [11].

One of the most important properties of the complementary Bannai—Ito polynomials is their
bispectrality. Recall that a family of orthogonal polynomials { P, (x)} is bispectral if one has an
eigenvalue equation of the form

AP, () = A\ Py(2),

where A is an operator acting on the argument x of the polynomials. For the CBI polynomials,
there is a one-parameter family of eigenvalue equations [11]

KT, (x) = A9, (2), (2.4)
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with eigenvalues A,({l)

A —nn+g+1), AP =nn+g+2) +w+a, (2.5)
where

w=p1(1—=r;—ry)+rry—3(r1 +1r2)/2+5/4, (2.6)

and where « is an arbitrary parameter. The operator K(®) is the second-order Dunkl shift
operator1

K@ = A (TY =T) + B,(T~ — R) + Co(I— R) + D(T*R —T), (2.7)
where T* f(z) = f(x £ 1), Rf(z) = f(—x) and where the coefficients read

@+tp+D)@+p+1)(@—r+1/2)(x—r2+1/2)

Ay = ;
2@ +1)(2z+1)
g - @=—p—D@=—p)@+r—1/2)(+r-1/2)
* 2222 — 1) ’
o (x+p1+1)(x—p2)(z—11+1/2)(x —r2+1/2) N (a—2%)(xz — p2)
T 2z(2x + 1) 2z '
p, = 2@t t@—n+1/2)(@—r+1/2) (2.8)

2e(z+1)(2z +1)

The complementary Bannai—Ito correspond to a ¢ — —1 limit of the Askey—Wilson polyno-
mials [21]. Consider the Askey-Wilson polynomials [1]

" abedg™ !, az, azt
‘% q

. _ _-n . q
pn(z> a, b7 ¢, d ‘ Q) =a (a‘b’ ac, ad’ Q)n4¢3 ( ab, ac, ad

(2.9)

where ,¢, is the generalized ¢-hypergeometric function [8]. Upon considering

a= i66(2p1+3/2), h— _Z'(26(21J2+1/2)7 c = jef(—2r2+1/2) d— Z.ee(,ngJrl/Q)’

)

_ € _ . —2e(x+1/4
q = —e€", 2 = je 2 /),

and taking the limit € — 0, one finds that the polynomials (2.9) converge, up to a normalization
factor, to the CBI polynomials I, (x; p1, p2, 71, 72).
3 A “continuous” limit to Chihara polynomials

In this section, the “continuous” limit of the complementary Bannai-Ito polynomials will be
used to define the Chihara polynomials and obtain the three-term recurrence relation that they
satisfy. Let p1, po, r1, 79 be parametrized as follows

al a2 ay a2
=— == =— == 1
pr=-+ b1, p2 =+ ba, "= ry= oo (3.1)
and denote by
F\W (2) = "I, (z/h) (3.2)

!One should take o — w + « in the operator obtained in [11] to find the expression (2.7).
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the monic polynomials obtained by replacing z — z/h in the CBI polynomials. Upon taking
h — 0 in the definition (2.1) of the CBI polynomials, where (3.1) has been used, one finds that
the limit exists and that it yields

. (@3 —ad) (b2 +1/2), —n,n+b +by+1 a2 — x?
lim F,," = 1 v 2|
h—0 (’I’L—|—b1—|—b2+1)n b2—|—1/2 asy — aj
(a3 — af)" (b2 +3/2)n
(n+b1+bg+2)n

—”’"+bl+b2+2.a%—m1 (3.3)

— F’ .
(z — az) 1[ by +3/2 "a% — a?

T O
}ng% Fopta =

It is directly seen that the variable x in (3.3) can be rescaled and consequently, that there is
only three independent parameters. Assuming that a% #* a%, we can take

T — x\/a? — a3, a=by—1/2, B=0b+1/2, v =az/y/a} — a3, (3.4)

to rewrite the polynomials (3.3) in terms of the three parameters o, 8 and . We shall moreover
assume that ~ is real. This construction motivates the following definition.

Definition 3.1. Let «, 5 and 7 be real parameters. The Chihara polynomials Cy,(x; «, 3,7),
denoted C,,(x) for simplicity, are the monic polynomials of degree n in the variable x defined by

1\ (a+1)n —n,nt+a+pf+1 o 4

Cunle) = (-1 O | T ],

2)n —n, 2
Cuniae) = (-1 O (oo | TR, (35)

The polynomials Cy,(z; «, 5,7) (up to redefinition of the parameters) have been considered
by Chihara in [5] in a completely different context (see Section 5). We shall henceforth refer to
the polynomials C,(x;«, 8,7) as the Chihara polynomials. They correspond to the continuous
limit (3.1), (3.2) as h — 0 of the CBI polynomials with the scaling and reparametrization (3.4).

Using the same limit on (2.2) and (2.3), the recurrence relation satisfied by the Chihara
polynomials (3.5) can readily be obtained.

Proposition 3.2 ([5]). The Chihara polynomials Cy(x) defined by (3.5) satisfy the recurrence
relation

2Cn(x) = Cny1(x) + (=1)"7Cn(2) + 0nCp1(z), (3.6)
where
oy n(n+ p) >  (nta+l)(nt+a+p+1) (37)
T Cnta+B)n+a+pB+1) TN T Gnta+ B+ D)2nta+pB+2)

Proof. By taking the limit (3.1), (3.2) and reparametrization (3.4) on (2.2), (2.3). [

As is directly checked from the recurrence coefficients (3.7), the positivity condition o, > 0
for n > 1 is satisfied if the parameters a and 3 are such that

a>—1, 8> —1.

By Favard’s theorem [6], it follows that the system of polynomials {C,,(z;a, 5,7)}22, defined
by (3.5) is orthogonal with respect to some positive measure on the real line. This measure shall
be constructed in Section 5.
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4 Bispectrality of the Chihara polynomials

In this section, the operator having the Chihara polynomials as eigenfunctions is derived and the
algebraic structure behind this bispectrality, a quadratic algebra with an involution, is exhibited.

4.1 Bispectrality

Consider the family of eigenvalue equations (2.5) satisfied by the CBI polynomials. Upon chan-
ging the variable x — x/h, the action of the operator (2.7) becomes

K f(x) = Aypp (f(z +h) = f(@) + Ben(f(x = h) — f(—x))
+ Cun(f(@) = f(=2)) + Dy (f(—z — h) — f()).

Using the above expression and the parametrization (3.1), the limit as h — 0 can be taken
in (2.5) to obtain the family of eigenvalue equations satisfied by the Chihara polynomials.

Proposition 4.1. Let € be an arbitrary parameter. The Chihara polynomials Cy(x;a, 3,7)
satisfy the one-parameter family of eigenvalue equations

DEC,(z;a, 8,7) = MOCy(z; 2, 8,7), (4.1)

where the eigenvalues are given by

A;iz:n(n%—a%—ﬁ—i—l), )\(22+1:n(n+a+5+2)+e, (4.2)
forn =0,1,.... The second-order differential Dunkl operator D'©) having the Chihara polyno-

mials as eigenfunctions has the expression
D) = 5,0? + T,0, R + U0y + Vo(I— R), (4.3)
where the coefficients are

(2?2 = 9%) (2 —~+* - 1) vz —7)(@* —4*-1)

SLB: T(E:

422 ’ 43 ’
@ =P -2y —a2) (@ —)(a+B+3/2) a+1/2
Uy = + - :
423 2z 2z
yoo @ = = D@ =37/2) (@ -)(e+F+3/2) a+l/2 z—y (4.4)
* 4ot 422 422 2x )

Proof. We obtain DO first. Consider the operator K(~*). Upon taking z — x/h, the action
of this operator on functions of argument z can be cast in the form

KED f(z) = Ay [f(x + h) = f(@)] + Boyn [f(z — h) — f(2)]
+ [Bujn + Coyn — Dyjn) f(@) + Dyyp f (=2 — h) = [Byyn + Cyyp) f(—2). (4.5)

Assuming that f(x) is an analytic function, the first term of (4.5) yields

[ e o,

lim (A, [f (@ + 1) — f(@)] + By [f(z — h) — f(2)]) =

h—0 4.%2

—asw — a3(1+ 2by) — 2a?by n a?as B 2a%a3

i i 2(2by + 2by + 3) + ] (@),

x 2 3
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where (3.1) has been used and where f’(x) stands for the derivative with respect to the argu-
ment z. With (3.4) this gives the term S92 + U9, in D). Similarly, using (3.1), the second
term of (4.5) produces

}1112%) (Ba:/h + Cyn — Dx/h)f(x)

_ 3@%@% a%ag a%bl + a%bg as  2by +2by+ 3
T 8zt 43 + 472 + dr 8 f(@).

With the parametrization (3.4), this gives the term V,I in D(®). The third term of (4.5) gives

as(z® — af)(ag — x)

}Lig}) (Dyjnf (=2 —h) = [Byp + Cyyp] f(—2)) = 13 f'(—x)
3a%a§ a%ag a%bl + a%bg as  2by +2by+ 3
N [ 8t 48 T a2 4w 8 f(=x).

Using (3.4), this gives the term —V, R+ 71,0, R in DO, The arbitrary parameter ¢ can be added
to the odd part of the spectrum since the Chihara polynomials satisfy the eigenvalue equation

0 if n is even,
1 if n is odd,

(x2—x’7) (I — R)Cp(z) = ppChr(x) with Pn = {

as can be seen directly from the explicit expression (3.5). This concludes the proof. |

4.2 Algebraic structure

The bispectrality property of the Chihara polynomials can be encoded algebraically. Let k1, Ko
and P be defined as follows

k1 =D, Ko = x, P:R—i—%(H—R),

where D) is given by (4.3), R is the reflection operator and where ko corresponds to multipli-
cation by x. It is directly checked that P is an involution, which means that

P? =1.
Upon defining a third generator
R3 = [/431, KJQ],
with [a,b] = ab — ba, a direct computation shows that one has the commutation relations
1
[Hg, Hg] = 5:‘% + (52%%P + 253H3P — (55P — (54,
1
[m, Hg] = 5{/%1, Hg} — 52H3P — 53H1P + (51/’%2 — (5153P, (4.6)

where {a, b} = ab+ ba stands for the anticommutator. The commutation relations involving the
involution P are given by

[k1, P] =0, {ko, P} = 243, {rk3, P} =0, (4.7)
and the structure constants d;, ¢ = 1,...,5 are expressed as follows

o =€ela+B+1—¢), dy = (a+ B+ 3/2 = 2e¢), 83 =7,

o= (V*+1)/2, S5 =7*a+B+3/2—2)+a+1/2

The algebra defined by (4.6) and (4.7) corresponds to a Jacobi algebra [15] supplemented with
involutions and can be seen as a contraction of the complementary Bannai—Ito algebra [11].
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5 Orthogonality of the Chihara polynomials

In this section, we derive the orthogonality relation satisfied by the Chihara polynomials in
two different ways. First, the weight function will be constructed directly, following a method
proposed by Chihara in [5]. Second, a Pearson-type equation will be solved for the operator (4.3).
It is worth noting here that the weight function cannot be obtained from the limit process (3.1)
as h — 0. Indeed, while the complementary Bannai-Ito polynomials ol (x) = h"I,(z/h)
approach this limit, they no longer form a (finite) system of orthogonal polynomials. A similar
situation occurs in the standard limit from the g-Racah to the big g-Jacobi polynomials [16] and
is discussed by Koornwinder in [17].

5.1 Weight function and Chihara’s method

Our first approach to the construction of the weight function is based on the method developed
by Chihara in [5] to construct systems of orthogonal polynomials from a given a set of ortho-
gonal polynomials and their kernel partners (see also [19]). Since the present context is rather
different, the analysis will be taken from the start. The main observation is that the Chihara
polynomials (3.5) can be expressed in terms of the Jacobi polynomials P,S"’B ) (x) as follows

. _ (=) ()
an(l'70£,ﬂ,'7) - (n+04+5+ 1)nPn (y(l‘))a
Canna(sia,8.7) = (e BT Pty (), 6.1

where
y(x) =1 — 22 + 292

The Jacobi polynomials piP )(z) are known [16] to satisfy the orthogonality relation

1
/ PO (2) PP (2)dgp @B (2) = X b, (5:2)
-1
with
gatB+1 r nr 1
o) — (n+a+1I'(n+ 6+ )’ (5.3)

C2nta+B+1 T(n+a+B+1)n!
where I'(z) is the gamma function and where
dy@f(2) = (1 — 2)*(1 + 2)Pdz. (5.4)

The relation (5.2) is valid provided that a > —1, 8 > —1. Since the Chihara polynomials
are orthogonal (by proposition 3.2 and Favard’s theorem) and given the relation (5.1) and
orthogonality relation (5.2), we consider the integral

Tay = /f Car(2)Civ (2)dé (@),

where the interval 7 = [ — /142, —|v|]] U [|7],v/1 + 7?] corresponds to the inverse mapping
of the interval [—1, 1] for y(z) and where ¢(x) is a distribution function. Upon taking M = 2m

and using (5.1), one directly has (up to normalization)

VIR
Tom,on = /| ' P (y(2)) P (y(x)) [d(2) — d(—x)],

ol

1+~2
Tomont1 = /| | PleB (y(if))Pr(zaH’B) (y(x)) [(x = v)do(x) + (z + 7)de(—x)].
v
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In order that Zop 21 = Zon,2m+1 = 0 for n # m, one must have for |y| <z < /1 + 42
dp(z) — dp(—=z) = dp P (y(2)),  (z—7)de(z) + (z + 7)dp(—z) =0, (5.5)

where t(®F) (y(z)) is the distribution appearing in (5.4) with z = y(z). The common solution
to the equations (5.5) is seen to be given by
<w@y:@;r%¢@@@—2ﬁ+af) (5.6)
x
It is easily verified that the condition Zpy41,2m+1 = 0 for n # m holds. Indeed, upon using (5.6)
one finds (up to normalization)

Vit?
Dont19mt1 = /| | " P () P (y(2)) [(w — 7)d6() — (2 +7)?d ()]
v
_ / Vit P£a+1,,8) (y(x))pélcwrlﬂ) (y(m))dw(a“ﬂ) (y(x)) — x,(f‘“’ﬁ)%m,
vl

which follows from (5.2). The following result has thus been established.

Proposition 5.1 ([5]). Let a, 5 and 7y be real parameters such that o, > —1. The Chihara
polynomials Cy,(x; «, 5,7) satisfy the orthogonality relation

A@m@mw@mzm%“ (5.7)

on the interval £ = [— V1472, —]7” U [|’y|, V1+ Wz]. The weight function has the expression
w(z) = 0(x)(x + ) (@ = ") (1 ++° = %), (5.8)

where 0(x) is the sign function. The normalization factor ky, is given by

f _Tnta+)I(n+5+1) n!

n Fln+a+B+1)  (n+a+B8+D[(n+a+p8+ 1),
I'n+a+2)(n+8+1) n!

ony1 = (5.9)

Tn+a+B+2) (n+a+B+2)[(n+a+p+2).°

Proof. The proof of the orthogonality relation follows from the above considerations. The
normalization factor is obtained by comparison with that of the Jacobi polynomials (5.3). W

5.2 A Pearson-type equation

The weight function for the Chihara polynomials Cy,(z) can also be derived from their bispectral
property (4.1) by solving a Pearson-type equation. A similar approach was adopted in [23]
and led to the weight function for the big —1 Jacobi polynomials. In view of the recurrence
relation (3.6) satisfied by the Chihara polynomials C),(x), it follows from Favard’s theorem that
there exists a linear functional ¢ such that

with non-zero constants h,. Moreover, it follows from (4.1) and from the completeness of the
system of polynomials {Cy,(z)} that the operator D(©) defined by (4.3) and (4.4) is symmetric
with respect to the functional o, which means that

(0, DIV @)W (@) = (o, V(@{DOW (@)}),
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where V(x) and W (x) are arbitrary polynomials. In the positive-definite case « > —1, § > —1,
one has h,, > 0 and there is a realization of (5.10) in terms of an integral

b
(0, Col@)Cn(@)) = [ Culw)Cr(w)o(a),

where o(z) is a distribution function and where a, b can be infinite. Let us consider the case
where w(x) = do(x)/dz > 0 inside the interval [a, b]. In this case, the following condition must
hold:

(w(@)D9)" = w(a)D, (5.11)

where A* denotes the Lagrange adjoint operator with respect to A. Recall that for a generic
Dunkl differential operator

N
A=Y Ap(x)0f + > Br(z)0iR,
k=0 =0

where Ay (z) and By (z) are real functions, the Lagrange adjoint operator reads [23]

N

N
A" =) (1) 05 Ap(z) + Y 98 Br(—2)R.
k=0 /=0

These formulas assume that the interval of orthogonality is necessarily symmetric. Let us now
derive directly the expression for the weight function w(z) from the condition (5.11). Assuming
¢ € R, the Lagrange adjoint of D) reads

(D] =928, + 0, T_w R — 3,U, — V_, R+ V, 1,

where the coefficients are given by (4.4). Upon imposing the condition (5.11), one finds the
following equations for the terms in 9, R and 0,:

(z +7)w(—2) + (-2 + 7)w(z) = 0,
« a+1 2z
+ - w
r—y T+ Y2+1-—22

(2). (5.12)

W(r) =

It is easily seen that the common solution to (5.12) is given by
w(z) = 9(:p)(x—|—7)(:132 —72)a(1+72 —:L‘2)’8, (5.13)

which corresponds to the weight function (5.8) derived above. It is directly checked that
with (5.13), the equations for the terms in 92, R and I arising from the symmetry condi-
tion (5.11) are identically satisfied. The orthogonality relation (5.7) can be recovered by the
requirements that w(z) > 0 on a symmetric interval.

6 Chihara polynomials and big q and —1 Jacobi polynomials

In this section, the connexion between the Chihara polynomials and the big ¢-Jacobi and big —1
Jacobi polynomials is established. In particular, it is shown that the Chihara polynomials are
related to the former by a ¢ — —1 limit and to the latter by a Christoffel transformation.
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6.1 Chihara polynomials and big —1 Jacobi polynomials

The big —1 Jacobi polynomials J,(z; a, b, ¢) were introduced in [25] as a ¢ — —1 limit of the big
g-Jacobi polynomials. In [23], they were seen to be the polynomials that diagonalize the most
general first order differential Dunkl operator preserving the space of polynomials of a given
degree (see (1.3)). The big —1 Jacobi polynomials can be defined by their recurrence relation

xdp(x) = Jpt1(z) + (1 = Ay — Cp)Jn(x) + Ap1Cpdpn—1, (6.1)

subject to the initial conditions J_j(xz) = 0, Jo(z) = 1 and where the recurrence coefficients
read

(14+c)la+n+1) (I—-¢c)n
n even, —_— n even,
A — 2n+a+ b+ 2 C - 2n+a+b (6.2)
" )A-omntatbdb+]) ") A+)(ntd) ‘
odd, —_— odd,
2n+a+b+2 2n4+a+d

for 0 < ¢ < 1. Consider the monic polynomials K, (x) obtained from the big —1 Jacobi polyno-
mials J,(x) by the Christoffel transformation [6]

Kale) = oy [Juae) = B @) = (0= D W) =A@, (63)

where we have used the fact that

Jn+1(1)/Jn(1) = An;

which easily follows from (6.1) by induction. As is seen from (6.3), the polynomials K, (x)
are kernel partners of the big —1 Jacobi polynomials with kernel parameter 1. The inverse
transformation, called the Geronimus transformation [14], is here given by

In(z) = Kp(x) = CpKp—1(x). (6.4)

Indeed, it is directly verified that upon substituting (6.3) in (6.4), one recovers the recurrence
relation (6.1) satisfied by the big —1 Jacobi polynomials. In the reverse, upon substituting (6.4)
in (6.3), one finds that the kernel polynomials K, (z) satisfy the recurrence relation

Ky (x) = Kpya(x) + (1 — Ay — Cpg1) K () + A Cp Kp—1 ().

Using the expressions (6.2) for the recurrence coefficients, this recurrence relation can be cast
in the form

2K, (x) = Kpy1(z) + (=1)" ek, (2) + fuKn_1(x), (6.5)

where

(1-cAnn+a+1)

f_]@ntathntatbt) even, 66)
" (1-c)(n+b(n+a+b+1) odd '
2n+a+b)(2n+a+b+2) '

It follows from the above recurrence relation that the kernel polynomials K, (x) of the big —1
Jacobi polynomials correspond to the Chihara polynomials. Indeed, taking z — zv/1 — ¢ and
defining

a=b2-1/2  B=af2+1/2 oS =y,
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it is directly checked that the recurrence relation (6.5) with coefficients (6.6) corresponds to the
recurrence relation (3.6) satisfied by the Chihara polynomials. We have thus established that
the Chihara polynomials are the kernel partners of the big —1 Jacobi polynomials with kernel
parameter 1. In view of the fact that the complementary Bannai—Ito polynomials are the kernel
partners of the Bannai—Ito polynomials, we have

Bannai-Ito Christoffel complementary BI
—

—
Bn(m;pl,pg,rl,rg) Geronimus In(x;pl,pg,rl,rg)

z—z/h | h—0 x—x/h | h—0
big —1 Jacobi Christoffel Chihara
In(z;a,b,c) Geronimus Chn(z; o, 8,7)

The precise limit process from the Bannai—Ito polynomials to the big g-Jacobi polynomials can
be found in [21].

6.2 Chihara polynomials and big g-Jacobi polynomials

The Chihara polynomials also correspond to a ¢ — —1 limit of the big g-Jacobi polynomials,
different from the one leading to the big —1 Jacobi polynomials. Recall that the monic big
g-Jacobi polynomials P, (z;«, 8,7|q) obey the recurrence relation [16]
xPp(z) = Ppt1(x) + (1 — vy — vn) Po(2) + Un—1vn Pr—1(2), (6.7)
with P_j(xz) =0, Po(x) = 1 and where
(1 —ag"™)(1 - aBg"th)(1 —~¢"t)
V. =
n (1 — aB@" 1) (1 — afq?+2) )
nt1 (1= @)"(1 —apy'¢")(1 - Bg")
(1—aBg®)(1 —apg**)

vn = —aq

Upon writing

€

g=—¢, a=e*f  f= et 4= 4 (6.8)

and taking the limit as € — 0, the recurrence relation (6.7) is directly seen to converge, up to
the redefinition of the variable x — z+/1 —~2, to that of the Chihara polynomials (3.6). In
view of the well known limit of the Askey—Wilson polynomials to the big g-Jacobi polynomials,
which can be found in [16], we can thus write

Askey—Wilson g——1 complementary BI
_—
pn(x;a>b7cad|Q) In(x§Plap277"177”2)

x—)w/Qa‘aﬁO x%w/h‘/h—)o

big g-Jacobi g——1 Chihara
Po(z;0, 8,7 q) Cn(z; 2, 8,7)

It is worth mentioning here that the limit process (6.8) cannot be used to derive the bispectrality
property of the Chihara polynomials from the one of the big g-Jacobi polynomials. Indeed, it
can be checked that the g-difference operator diagonalized by the big g-Jacobi polynomials does
not exist in the limit (6.8). A similar situation occurs for the ¢ — —1 limit of the Askey—Wilson
polynomials to the complementary Bannai—Ito polynomials and is discussed in [11].
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7 Special cases and limits of Chihara polynomials

In this section, three special /limit cases of the Chihara polynomials C), (z; «, 3, 7y) are considered.
One special case and one limit case correspond respectively to the generalized Gegenbauer and
generalized Hermite polynomials, which are well-known from the theory of symmetric orthogonal
polynomials [6]. The third limit case leads to a new bispectral family of —1 orthogonal polyno-
mials which depend on two parameters and which can be seen as a one-parameter extension of
the generalized Hermite polynomials.

7.1 Generalized Gegenbauer polynomials

It is easy to see from the explicit expression (3.5) that if one takes v = 0, the Chihara polyno-
mials Cy,(z; a, 5,7) become symmetric, i.e. Cp(—z) = (—1)"Cyp(x). Denoting by G, (x; «, ) the
polynomials obtained by specializing the Chihara polynomials to v = 0, one directly has

(=DM + 1), —n,n+a+pB+1 ,

G2n($)—(n+a+5+1)n2ﬂ atl A

D)™ a+2), —n,n+a+5+2
G2n+1(w):(7(L+2)é—(|-ﬁ+)2) @FI[ a2 ;xﬂ'

The polynomials G, (z) are directly identified to the generalized Gegenbauer polynomials (see
for example [3, 7]). In view of proposition (3.2), the polynomials G, (x) satisfy the recurrence
relation

2Gp(z) = Gpy1(x) + 0,Gr-1(x),

with G_1(z) = 0, Go(x) = 1 and where o, is given by (3.7). It follows from proposition (4.1)
that the polynomials G,,(z) satisfy the family of eigenvalue equations

WG, (z) = M9G, (2), (7.1)
where the eigenvalues are given by (4.2) and where the operator W has the expression
W = 5,82 + U0, + Vo (1 - R),

with the coefficients

szarrz—l7 Um:xQ(a+ﬁ+3/2)—a—1/2’
4 2z
a+1/2 a+pB+3/2
Vo= =2~ 4 e/2

Upon taking

e— (a+1)(n+1/2), B — a, a—u—1/2,
the eigenvalue equation (7.1) can be rewritten as

QG (z) = Tp,Gn(z), (7.2)
where

Q= (1—-2%)[D"? - 2(a + 1)z DY, (7.3)
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where DX stands for the Dunkl derivative operator

7

Dl =0, + " (I-R). (7.4)

and where the eigenvalues Y, are of the form
YTon = —2n(2n + 2a + 2 + 1), Tont1 = —2n+2u+1)(2n + 2o + 2). (7.5)

The eigenvalue equation (7.2) with the operator (7.3) and eigenvalues (7.5) corresponds to the
one obtained by Ben Cheikh and Gaied in their characterization of Dunkl-classical symmetric
orthogonal polynomials [4]. The third proposition leads to the orthogonality relation

1
/ Gn(2)Gr(x)w(z)de = kyppm,
-1
where the normalization factor &, is given by (5.9) and where the weight function reads
w(z) = |zt (1- x2)ﬁ.

We have thus established that the generalized Gegenbauer polynomials are —1 orthogonal poly-
nomials which are descendants of the complementary Bannai—Ito polynomials.

7.2 A one-parameter extension of the generalized Hermite polynomials

Another set of bispectral —1 orthogonal polynomials can be obtained upon letting
$%5_1/2$7 O[—)/L—l/Q, 7_>ﬁ_1/2’77

and taking the limit as 8 — oco. This limit is analogous to the one taking the Jacobi polynomials
into the Laguerre polynomials [16]. Let Y,,(z; i, y) denote the monic polynomials obtained from
the Chihara polynomials in this limit. The following properties of these polynomials can be
derived by straightforward computations. The polynomials Y, (x;~) have the hypergeometric
expression

Yon(x) = (—1)"(u+1/2)n1F1[ c2? —72],

-no 2 2
pr )

-n
p+1/2
Vausa(0) = (-1)" -+ 3/2n(c 2 hF2 |
They satisfy the recurrence relation
rYn () = Vo1 (z) + (=1)"Ya(2) + 90 Vo1 (),
with the coefficients
Yo, = n, Vo1 =n+pu+1/2.
The polynomials Y,,(z;7) obey the one-parameter family of eigenvalue equations
2OV, (z) = MOV, (),
where the spectrum has the form

)\gen):n, )\geTzH:n—Fe.
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The explicit expression for the second-order differential Dunkl operator Z(© is

2 = 8,82 — T,0,R + U, + Vi (1 - R),

with
g = r -2z
€T 4552 9 T — 4$3 9
o A e B Y s ke R - 4 U BUNY s ko M. Sk GG
T2 4x2 223 2x T8zt 4a3 422 2x 4’

The algebra encoding this bispectrality of the polynomials Y;,(z) is obtained by taking
Ki=29,  Ky=z, P=R+1(I-R),
x
and defining K3 = [K1, K3]|. One then has the commutation relations

[Klap]:()? {K27P}:277 {K3,P}:O,
(Ko, K3) = (2¢ = 1)K2P — 2yK3P + (7% — 2ve + p)P + 1/2,
(K3, K] = (1 —2€)K3P + e(e — 1)Ko + ve(e — 1) P.

The orthogonality relation reads
/ Yo ()Y (z)w(x)de = 1,0n0m
S

with § = (—o0, —|v|] U [|7], 00) and with the weight function
—1/2 _g2
w(z) = 0(z)(x +7) (2% - 42)" e

The normalization factors

lop = n!e_'YQF(n +u+1/2), lont1 = n!e_'YQI‘(n +u+3/2)

are obtained using the observation that the polynomials Y,,(x;~) can be expressed in terms of
the standard Laguerre polynomials [16].

7.3 Generalized Hermite polynomials

The polynomials Y;,(z; i, y) can be can be considered as a one-parameter extension of the ge-
neralized Hermite polynomials. Indeed, upon denoting by H} (x) the polynomials obtained by
taking v = 0 in Y,,(x; p,y), one finds that

-n
HY, = (=1)"(u +3/2)p21 F ;
brl@) = (0432 | T,
which corresponds to the generalized Hermite polynomials [6]. It is thus seen that the gene-
ralized Hermite polynomials are also —1 orthogonal polynomials that can be obtained from the
complementary Bannai—Ito polynomials. For this special case, the eigenvalue equations can be
written (taking e — €/2) as
QOHE () = NOH, (),  with A =20, A —on e

n
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and where the operator Q) reads

1 —1
Q<f>:—283+<x—“)ax+<“+e >(]I—R).

x 222 2

The orthogonality relation then reduces to
o0 2
/ HH(x)HE (z)|x|*e™ da = 1,0nm.
—o0

Upon taking 0l = e*’”2/29(6)612/2, the eigenvalue equations can be written as
Q(E)¢n(x) = )\516)7/171@),
with ¢, = e **/2H}(z) and with the eigenvalues

AN =172, A =4 pu+3/24e

n

The operator 09 can be cast in the form

~ 1 1
O = ——(D")2 + a2 + S(I— R),

2 2
where DY is the Dunkl derivative (7.4). The operator Q) corresponds to the Hamiltonian of
the one-dimensional Dunkl oscillator [20]. Two-dimensional versions of this oscillator models
have been considered recently [9, 10, 12].

8 Conclusion

In this paper, we have characterized a novel family of —1 orthogonal polynomials in a con-
tinuous variable which are obtained from the complementary Bannai—Ito polynomials by a limit
process. These polynomials have been called the Chihara polynomials and it was shown that
they diagonalize a second-order differential Dunkl operator with a quadratic spectrum. The
orthogonality weight, the recurrence relation and the explicit expression in terms of Gauss
hypergeometric function have also been obtained. Moreover, special cases and descendants of
these Chihara polynomials have been examined. From these considerations, it was observed
that the well-known generalized Gegenbauer/Hermite polynomials are in fact —1 polynomials.
In addition, a new class of bispectral —1 orthogonal polynomials which can be interpreted as
a one-parameter extension of the generalized Hermite polynomials has been defined.

With the results presented here, the polynomials in the higher portion of the emerging tableau
of —1 orthogonal polynomials are now identified and characterized. At the top level of the
tableau sit the Bannai—Ito polynomials and their kernel partners, the complementary Bannai-
Ito polynomials. Both sets depend on four parameters. At the next level of this —1 tableau,
with three parameters, one has the big —1 Jacobi polynomials, which are descendants of the BI
polynomials, as well as the dual —1 Hahn polynomials (see [22]) and the Chihara polynomials
which are descendants of the CBI polynomials. The complete tableau of —1 polynomials with
arrows relating them shall be presented in an upcoming review.
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