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Abstract. For any variable number, a non-stationary Ruijsenaars function was recently
introduced as a natural generalization of an explicitly known asymptotically free solution
of the trigonometric Ruijsenaars model, and it was conjectured that this non-stationary Rui-
jsenaars function provides an explicit solution of the elliptic Ruijsenaars model. We present
alternative series representations of the non-stationary Ruijsenaars functions, and we prove
that these series converge. We also introduce novel difference operators called T which, as
we prove in the trigonometric limit and conjecture in the general case, act diagonally on the
non-stationary Ruijsenaars functions.
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1 Introduction

The celebrated quantum Calogero-Moser—Sutherland systems [16] have natural relativistic gene-
ralizations discovered by Ruijsenaars [17]. The Ruijsenaars systems come in four kinds: rational,
trigonometric, hyperbolic, and elliptic, with the latter case being the most general and reducing
to the others in certain limits [17]. While the explicit solution of the trigonometric Ruijsenaars
model is known since a long time: it is given by the celebrated Macdonald polynomials [13],
and a construction of eigenfunctions of the hyperbolic model was completed recently [10], only
partial results about the explicit solution in the general elliptic case exist [7, 18, 19]. Recen-
tly, one of us (S) conjectured an explicit solution of the elliptic Ruijsenaars model as a limit
of special functions defined by explicit formal power series and called non-stationary Ruijsenaars
functions [21]. In particular, it was shown in [21] that these functions reduce to the known
solutions of the trigonometric Ruijsenaars model in the trigonometric limit; they have several
remarkable symmetry properties; and they arise in a quantum field theory related to the elliptic
Ruijsenaars system in a way that is a natural generalization of how the known solutions of the
trigonometric Ruijsenaars model arise in a quantum field theory related to the trigonometric
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Ruijsenaars model (this is only a partial list of results in [21]). The validity of this conjecture
was also tested by symbolic computer computations.

In this paper we prove some properties of the non-stationary Ruijsenaars functions which,
we hope, will be useful to find proofs of the conjectures in [21]. In particular, we give alternative
representations of these functions which are simpler than the original definitions; we prove that
the series defining these functions are absolutely convergent in a suitable domain; and we present
novel difference operators, called 7, which, we conjecture, acts diagonally on the non-stationary
Ruijsenaars functions (by this we mean that the latter are eigenfunctions of the former).

Notation: Throughout the paper, the symbols g, ¢, p, k (complex parameters) and N (variable
number) have special significance. We use the following standard notation,

(z10)eo = [[ 1 =2¢")  (lal <1),
n=0
v~ (B9
(27 Q)k - (qu, q)oo (k S Z),
(ziep)o= [ @=a""2) (<1, |pl <1),
n,m=0

0(2;p) = (2:P)00(P/ % P) o

for z € C. Moreover, T , = % ie.,

(Tq.:1)(2) = f(q2)

for functions f(z) of z € C. For z € C, Re(z) and Im(z) are the real- and imaginary parts

of z, and sinarg(z) = Im(2)/|z|. For z = (z1,...,zx) and A = (A1,...,\n), 2 is short
for x?l . -x}\VN, 2~ is short for (a:l_l, - ,:c&l), and zt! = . We denote as C|[[z1, ..., zx]] the
space of all formal power series f(z) = EMEZQVO ¢zt -+ 2% in formal variables z = (z1,...,2n)

with complex coefficients c,,.

2 Prerequisites

We recall some known facts about the Macdonald polynomials [13] and certain special functions
generalizing the Macdonald polynomials and constructed so as to solve the trigonometric Rui-
jsenaars model [15, 20] (Section 2.1). We also recall the eigenvalue problem defining the elliptic
Ruijsenaars model, and the definition of the non-stationary Ruijsenaars functions (Section 2.2).

2.1 Trigonometric Ruijsenaars model

For fixed N € Z>1, the Macdonald polynomials Py(z;q,t) = PA(a?;qfl,tfl) are symmetric
polynomials in variables z = (z1,...,7x) € CV depending on two complex parameters g, ¢ and
labeled by partitions A of length less than or equal to N, i.e., A = (A1,...,An) with \; € Z>g
such that Ay > Ay > --- > Ay > 0. They can be defined as common eigenfunctions of the
following commuting Macdonald—Ruijsenaars operators,

D3 (g, 1) ZH Sl xz/%)% (2.1)

pacindy (1 —a/xj)

with corresponding eigenvalues Zf\; 1 tEN=1) g together with a convenient normalization con-
dition [13].
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The operators D]j\t, (z|q,t) are related by similarity transformations to the operators defining
the trigonometric Ruijsenaars model [17].

As conjectured by one of us (S) [20] and proved by two of us (NS) [15], these eigenfunctions
are naturally generalized to a special function fy(z|s|q,t) depending on another set of variables,
s = (s1,...,8N) € CY, and determined by the following requirement, up to normalization:
for A € CV, the function

P fn(@lslg.t), s =tV g (2.2)

is a common eigenfunction of DY (|g, t) with corresponding eigenvalue Z AR s ; if A is a par-
tition, then the function in (2.2) is equal to the Macdonald polynomial P)\(a: q, t) [15]. The
function fy(x|s|q,t) is called the asymptotically free solution of the trigonometric Ruijsenaars
model.

One remarkable property of this function is that it has a simple explicit series representation
which converges absolutely in a suitable domain [15]:!

fu(alsla,t) = > en(Olslg,t)  [[  (wn/a)’ (2.3)
0eM 1<i<k<N
with My the set of N x N strictly upper triangular matrices with nonnegative integer entries:
My = {0 = (6ir) e | ik € Zo (Vi k), 05 =0 (1 <k <i<N)}, (2.4)
and?

(q2a>k(9ia*9ja)tsj/si; q)

~(0]slg,t) H H (qza>k(9ia_9ja)q5j/5i; q)

i=13<j<k<N
N
<1111
i=1i<j<k<N
(note that (2.3)—(2.5) is equivalent to (1.10)—(1.11) in [15]).

For later reference, we also define the function?

11 (qxj/txi;q)OOfN(x‘s‘q7t>7 26)

1<i<j<N (q7j/7i;q)oo

Oik

Oik
(q_ejk_za>k(Gja_eia)qu/tsi; )
(q Ojk—> 0>k (05a—0ia) /81, )

Oir

(2.5)

N(‘r|8|q7t)

which, as proved in [15], has the following remarkably symmetry properties:

N(z|s|g, t) = on(s|z|q,t) (bispectral duality),

~(z|s|g, t) = on(s|z|g,q/t) (Poincaré duality). (2.7)
2.2 Non-stationary Ruijsenaars functions

The analogue of the operators in (2.1) for the elliptic Ruijsenaars model depends on a further
complex parameter, p such that |p| < 1:

D (.1, p) ZH tHa;/zjip), O @i/2;:p) a1 2.8)

.’E X
=1 j#i z/ J’p

with the theta function 6(z;p) given in the introduction; note that D3 (z|q,t) = D3 (z|g,t,0).

!Note that f(z|s|q,t) here is pn(z;s|g,t) in [15].

*We write (2.5) in a way that emphasizes the similarity with (3.3) below, for reasons that will become clear
later on. Due to this, we include the empty factors for ¢ = N.

3Note that @n (z|s|q,t) here is ¥n (x; s|g, t) in [15].
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The non-stationary Ruijsenaars function f8'~(x,pls,k|q,t) is a conjectured eigenfunction
of a deformation of the operators in (2.8), depending on a further complex parameter, x, and
reducing to the operators in (2.8) in the limit k — 1 [21].

Definition 2.1 (non-stationary Ruijsenaars functions). For N € Zx1, four parameters ¢, ¢, p, s,

and two sets of variables z = (z1,...,zn) and s = (s1, ..., SN ), the non-stationary Ruijsenaars
function is defined as a formal power series in (pza/z1,...,prN/TN—1,pr1/TN) as follows,
N)
N N(y l‘ tSJ/SZ|Qa

gl A X( )
fg[N(x7p’$7"{|Q7t) = Z H G Z|sz) H H pxa+5/t:ra+5 ) (29)

AL AW epij=1 N)\(i))\(a)( 5;j/5ila; k) pZ1a31

with Zo4/n = o for all @« = 1,..., N and ¢ € Z>1, P the set of all partitions A of arbitrary
length, i.e., A = (A1, Ag,...) with \; € Z>( such that Ay > A2 > --- and A\; = 0 for i > 0, and

N(kIN)(“|q7 K) = H (ugHetAort gmat?; q)/\b Abt1 H (g™~ K" o q)uﬂ —HB+1 (2.10)

b>a>1 B>a>1
b—a=k(modN) B—a=(—k—1)(modN)

for \, u € P, k€ Z/NZ, and u € C.

As discussed in [21], the expressions in (2.10) are Nekrasov factors [14]. Moreover, by chan-
ging (p, k) — (pl/N, nl/N) and scaling variables z — p®/Nz = (p(N_l)/le,p(N_Q)/%g, e :EN)
and similarly for s, one obtains a function, f9'~ (p‘s/Nm,pl/NWS/Ns, xYN|q, q/t), that converges
to the asymptotically free solution of the Ruijsenaars model, fx(z|s|q,t), in the limit p — 0 [21].

Remark 2.2. To explain the scaling just mentioned, we point out one important technical
point: in Definition 2.1, equations (2.11) and (2.12) below, and equations (4.10) and (4.11)
in Section 4, we use balanced coordinates xp, pp, sp, kp and tp (written without the subscript B
for simplicity), whereas elsewhere in the paper we use unbalanced coordinates xy, py, su, ku
and ty (also written without subscript U) related to the balanced coordinates as follows,

(sp)i = (k)N N(sy);  (i=1,...,N), ke = (ky)V, tg = q/tu.

Thus, the scaling just described can be understood as a transformation from balanced to unbal-
anced coordinates.

The main conjecture in [21] is that eigenfunction of the operator in (2.8) can be obtai-
ned by dividing this rescaled function f9'~ (pé/Nx,pl/N\/ﬁ;é/Ns, xN|q, q/t) by a (known) factor
a(pl/N\/ﬁ‘s/Ns, /ﬁl/N|q,t) and taking the limit k — 1; see Conjecture 1.14 in [21]. One impor-
tant open problem is to find the operator depending on x having these rescaled non-stationary
Ruijsenaars functions as eigenfunctions and reducing to the Macdonald—Ruijsenaars operator
in (2.8) in the limit x — 1. At this point, this operator is only known in limiting cases: the
non-relativistic limit ¢ — 1 where the Ruijsenaars systems reduce to the non-stationary elliptic
Calogero—Sutherland system [21], and the limit ¢,p — 0 with fixed p/t leading to the affine
Toda system [21]. We stress that the non-stationary T-operators introduced in this paper do
not reduce to the elliptic Macdonald—Ruijsenaars operators in the limit Kk — 1: the T-operators
are of a different kind, and they are new even in the trigonometric limit; only the affine Toda
limit of the non-stationary 7-operator was known before [21].

4There is, however, a recent proposal mentioned in Section 5.
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A natural generalization of the function in (2.6) is

11 (ap’~"wj /trisq.p™)
1<i<j<N (qufixj/ﬂfi;qapN)oo
@P %ﬁ%mp)
x H

"N (z,pls, Klg,t) =

N—j+i
mfg[N(x pls,klg,t) (2.11)

and, as conjectured in [21], it has the following symmetry properties generalizing the ones
n (2.7).

Conjecture 2.3. The functions in (2.11) satisfy

Q)

SOE[N (s, K|z, plq,t) (bispectral duality),
gog[N (z,p|s, klg,q/t) (Poincaré duality). (2.12)

N(x,pls, Klq,t) =

Q)

©
©¥N (z,pls, klg, t) =

3 Results on the non-stationary Ruijsenaars function

We give alternative series representations of the non-stationary Ruijsenaars functions (Sec-
tion 3.1) and prove convergence of these series in a suitable domain (Section 3.2).

3.1 Alternative series representations

Our first result makes manifest that the non-stationary Ruijsenaars function in (2.9)—(2.10) is
a natural generalization of the asymptotically free solutions of the trigonometric Ruijsenaars
model in (2.3)-(2.5) . For that, we extend the variables x = ()}, and s = (s;))Y, to infinitely
many variables T = (x;)2; and 5 = (s;)°;; as we will see, the pertinent extension is provided
by the parameters p and &, respectively — see (3.5).

We first introduce a natural generalization of the function in (2.3)—(2.5) to infinitely many
variables.

Definition 3.1. For N € Z>;, two parameters ¢, ¢, and two sets of infinitely many variables
z = (z1,29,...) and 5 = (s1,82,...), let the following define a formal power series in the
infinitely many variables (zo/x1,x3/x2, 24/ 3, .. ),

fN.0o(Z|5|g, 1) Z CN,o0(0]5]q, HH g/ x;) Oik (3.1)

0eM N 1=1k>i

with M ~ the set of infinite, N-periodic, strictly upper triangular matrices with nonnegative
integer entries which are non-zero only in a finite strip away from the diagonal:

My = {0 = (k)51 | ik = Oiinporn € Lo (i,k >1), 05, =0 (k<i, k>d)},  (3.2)

and

N (qza>k(9ia_9ja)t3j/5i; Q)
CNOO QISIQ7 = g E[ (q2a>k(9ia_6ja)q5j/5i; )

Sl

(qfejkfza>k(9ja*9m)qs./tsi; ) k
i=1i<j<k<oo (4~ O35~ La> (00— 0ia) 55/8i; )

Oik

(3.3)
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Note that the product in (3.3) always contains only a finite number of factors different from 1.
Moreover, by the condition 8;;, = 0,4y 4N, a matrix § € My is fully determined by the matrix
elements 6;; for 1 < ¢ < N and 1 < k < oco. Furthermore, matrices in My can be naturally
identified with matrices 6 in My by setting 0; = 0if ¢ > N, or k > N, or both.

To state out result we use the N-vector § = (d1,...,0n) with 6; = N — i, and the notation
p®/Nz and k%/Ns for the N-vectors with components ( 3/N ) = pWN=9/Nyg. and (,{J/Ns)i =
kWN-)/Ng. respectively (i = 1,...,N). As explained in Remark 2.2, this can be understood as

a transformation going from balanced to unbalanced coordinates.

Theorem 3.2. The non-stationary Ruijsenaars function in (2.9)—(2.10) is related to the func-
tion in (3.1)—(3.3) as follows,

TN P p V| s, Vg, 1) = o231, ) (3.4)
with the variables * = (z;)Y; and s = (s;)X, on the left-hand side extended to variables T =
(2;)22, and 5 = (s;)2, on the right-hand side by the rules’

Tit N = DXy, SitN = KSj (i>1). (3.5)

(The proof is by straightforward computations given in Appendix A.)
In the following, it is sometimes convenient to use a notation for the functions fy ., that
emphasizes that the arguments T and § are fixed by x, s, p and «:

Definition 3.3. We write

fN,OO(‘Tvp|57 K|Q7t) = fN,oo(j|§|q7t)

if z=(x1,x2,...) and s=(s1, s2,...) on the right-hand side are determined by z = (z1,...,zn),
p, s = (s1,...,8n), and k as in (3.5). Thus

Froo(@pls,kla, ) = 3 enoo(0s, 1, e (02, p)
9€|\7|N
with
0

N
CN,oo (0|5, Klg, t) = N 00(8]5]g, 1), en,oo(f|z,p) = H H (1) x)? (3.6)

and the identifications in (3.5) on the right-hand side in (3.6).

Theorem 3.2 makes manifest the following important result in [21]: After suitably scaling
the variables, the non-stationary Ruijsenaars function reduces the asymptotically free solution
of the trigonometric Ruijsenaars model, fx(x|s|q,t) (2.3)—(2.5), in the limit p — 0; in particular,
it becomes independent of x in this limit:

Corollary 3.4. We have

lim £~ (p/Na, pUN (k9N s 15N g, q/t) = Fuv(alslg,t). (3.7)
p—0

Proof. By Theorem 3.2, (3.7) is equivalent to
lim fN,oo(xvp|57 K’|q7 t) = fN(x|S|q’ t)v
p—0

, (xg/z;) — 0 for k > N as p — 0; therefore, the
sum over # € My on the right-hand side in (3.1) collapses to a sum over § € My in this limit;
obviously, for § € My, the coefficients ¢y, (0|5/¢,t) in (3.3) do not depend on s;~n and are
identical with the coefficients cy(6|s|g, t) in (2.5). [

5

but this is obvious from definitions: by (3.5)

Ti+N = px; (1 > 1)” is short for “ziypn = pkxi (i=1,...,N, k€Z>1)".
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We prove Theorem 3.2 by a direct computation in Appendix A. This proof uses an alternative
representation of the function fy o (Z|5|q,t) which is interesting in its own right:

Lemma 3.5. The formal power series in (3.1)—(3.3) can be written as

N
’ ‘Q7 Z CNOO A’ ‘Q7 HH xz—i—k/xz-‘rk 1) ko, (38)
XepN i=1k>1
with PN the set of all N-partitions X = ()\(1), A2 ,)\(N)), N partition of arbitrary length
fori=1,...,N, and

(q k i1 k—J+1tSj/5i; ))\(Z) )\“)

11
NG )
i<k

N
k—it1 “k—j+1gg./g.- ) )
(q A /Su q) A;clzi_Al(cZZiJﬁl

N
CN,oo(A]5]g, t) H

1<J

_)\(J) >\(’L>
(7= Mitrgs;ftsiig) o o

N
k—1i k—i+1
Xl_[l 11 NSO (3.9)
(2

—1i<j<k<oo (g % 18/ si; )AU A

setting )\E-HN) =\,

J
Proof. Straightforward computations, using that 6;; = )\() — )\Ig)l 41 defines a one-to-one
correspondence between multi-partitions A = ()\(1), - )\(N)) in PV and matrices 6 = (Oir) 5521
in My (the interested reader can find the details in Appendix A.1). [

It is interesting to note that

(qx;/tx;q)
¥ N,00 x|S|Q7 | | | | L T fNOO(:L‘|S|q7 )
OO

T
i=175>1 q J/ i

is a natural generalization of the function in (2.6) due to the following implication of Theorem 3.2.

Fact 3.6. The following holds,
O (PN, p NN 5, 5N g, g /t) = oo (T4, T)

with the variables z = (z;)Y; and s = (7;); on the left-hand side extended to variables
z = (2;)72, and 5 = ()52, on the right-hand side by the rules in (3.5). Moreover, the conjectures
in (2.12) are equivalent to

©N,00(Z]5q,t) = ©N.0(5|Z|g, 1) (bispectral duality),
PN,00(Z[8|¢: 1) = on,0(Z|5]g,q/t)  (Poincaré duality), (3.10)
under the conditions in (3.5).

Proof. Since pl—9/N (p5/Nm)j/(p5/Nx)i =z /x; for all i, = 1,..., N, we only need to show
that

HH (gz;/tes; @)oo I (g /twi; 4, P)oo 11 (gpi/taj; 4, p)oo

(qz;/i; q) (q2j/%i34:Ploo | ooy (aPTi/%j4:P)oo

i=1j>1 1<i<j<N

This is proved in Appendix D, Lemma D.1. |
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3.2 Convergence

We prove that the non-stationary Ruijsenaars functions fn(x, p|s, k|q, t) in Definitions 3.1 and 3.3
are absolutely convergent in a certain domain of variables and parameters.

Theorem 3.7. For fized N € Z>1, assume that the variables s = (s1,...,sny) € CN and the
parameters q and k satisfy the following conditions,

(1) for some o >0,

|sinarg(s;/s;)| > o (1<i<j<N),

(i7) q and K both are real, and either |q| <1 and || > 1, or |q| > 1 and |k| < 1.

Then, there exists a constant p > 0 such that the formal power series

fN,OO(J:)p;Sa’€IQ7t) € C[[$2/$1, s 7xN/folupx1/$NH

in Definitions 3.1 and 3.3 is absolutely convergent in the domain

Ip| < p%, |ze/x1| < p, ce len/zNn-1] < p, lpz1/zN| < p. (3.11)

Remark 3.8. In our proof, we actually show convergence for any p < 1/C1Cy where

I
Cy =1+|1—t/qmax <,>,
o’ |1 -k

1 1
Cy =141 — ¢/t max <,) (3.12)
o |1 —lql|

Remark 3.9. We believe that it is possible to refine this convergence result. In particular,
we believe that there are regions of convergence where s;/sj, 1 < i < j < N, are real and ¢
and k have non-trivial imaginary parts.

Proof of Theorem 3.7. Our strategy of proof is to show that our assumptions imply simple
upper bounds on the terms appearing in the series in (3.8)—(3.9):

N (i
T @ivr/aicn—a)

i=1k>1

<M, |Cneo(Aslg 1) < CPCPY (3.13)

with [A] = Zi\i 12 k>1 )\l(j) and a = pC1Cy < 1. With that, absolute convergence follows from
the comparison test: the series in (3.8)—(3.9) is of the form ), p~ ax with |ay| < oAl for all
X € PV, and the series 3°, cpv ol converges absolutely for |af < 1.

The first estimate in (3.13) is a simple consequence of the conditions in (3.11): since
ziy N = px; for all ¢ > 1, these conditions are equivalent to

[wiv1/zi| <p  (i=1),

which clearly implies the result.

The proof of the second estimate in (3.13) is more involved and, for this reason, we sup-
plement our somewhat descriptive arguments in the main text below by a detailed argument
in Appendix B.

We observe that Cn,oo(A[5]g,t) in (3.9) is a product of fractions (1 — ¢'au)/(1 — ¢'u) with
a = t/q in the first group of products and a = ¢/t in the second group, [ € Z, and u = s;/s;
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fori =1,..., N and j > ¢; moreover, sj /N = fiij for £ € Z>1. Such a fraction can be estimated
in a simple way:

q'u

T i

1_1
1-gau l ’Slﬂl_a‘ _|
U 1—q'u

1—qlu
If j — 4 is not an integer multiple of NV, we can estimate this further using

1
~ |sinarg(z)|

z

1> (z € C\ {R}) (3.14)

(to see that the latter inequality holds, write z = |z|e!¥ and note that (3.14) is equivalent to
|z|?sin? p <14 |22 = 2|z|cosp & 0 < (1 — |z] cos p)?,

which is obvious). Since we assume that ¢ and x both are real,
| sinarg (qlﬂaésj/si)‘ = |sinarg(s;/s;)| > o >0 (j —i# NZxo)

for all integers [, £, we get a simple universal bound for these fractions:

1 — dlas;/s;
1—qs;/s

for all integers [. However, thib bound does not work for j = 7 + (N with ¢ € Z>¢ since, in
these cases, ¢lu = qls /si=¢ ! is real. However, one can check that, in all these latter cases,
either I <0 and £ > 0, or I < 0 and £ > 0, and thus, by our assumptions, z = ¢'u = ¢'s* always
satisfies either |z| > min (Jg|™*,[s]) > 1 (if |¢| < 1 and |s] > 1) or |z| < max (|¢|,|x]7!) <1
(if [¢| > 1 and |k| < 1); we therefore can use the inequality

1 L.
§1—|—\1—a|; (j —i ¢ NZso)

S
=]

(lz] # 1)

z
1—2

to get simple universal bounds for the cases j = i + ¢N with ¢ € Z>( as well (we spell our the
details of this argument in Appendix B.2.2). We thus get estimates

‘1 — dlau

T <Cip2
with different upper bounds, C7 and Cb, for all fractions in the first and second groups of pro-
ducts on the right-hand side in (3.9), respectively. The arguments above allow to compute the
constants C7 and Cy and give the results in (3.12); the interested reader can find the details
of this computation in Appendix B.

Inserting these bounds into (3.9) we obtain

N NOIENG) NCIENG
|CNoo)\||q,| H Ckzkz+1 H CkzkH»l

=1 \i<j<k<oo 1<j<k<oo
(%) (®)
:H< IT e )( [T e )
=1 \i1<j<oo 1<j<oo

N i i
11 (Hcﬁ*) (Hc;?) _ Mo, a1s)

k>1
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computing telescoping products in the second step and using sz\i 1D k>1 A,(;) = |A| in the last
step. This proves the second estimate in (3.13).

To conclude, we prove that the series )y pn oM for |a| < 1 is absolutely convergent by the
following computation,

3 o= Z H O _ HZ O _ (ZQ|A|>N:(W11)N7

AcPN A AN epi=1 =1 )\() P AeP

using the definition |A| = Y.<, A for partitions A; for clarity, and for the convenience of the
reader, we give in Appendix D the well-known identity used in the last step, together with its
elementary proof making absolute convergence manifest; see (D.1)—(D.2). [

4 T-operators

For fixed N € Z>1, we define an operator 7 which acts diagonally on the asymptotically
free solution of the trigonometric Ruijsenaars model (Section 4.1). We also present a natural
non-stationary generalization of this operator which, as we conjecture, acts diagonally on the
corresponding non-stationary Ruijsenaars function (Section 4.2).

4.1 Trigonometric case

We find it convenient to work with formal power series.

Definition 4.1. For
N
A=Y (20, + (N —1i)B)? (4.1)

with 5 = log(t)/log(q), let

Tn@at)= Y I (@i/z)liqz%en@lala,t) ] M (4.2)

QEMN 1Sl<]§N 1§’L<]§N (tmj/xUQ)OO

on 22 C[[x2/z1,...,ox/2Nn_1]] for A € CV, with My in (2.4) and ey (6]s|q,t) in (2.5).

Clearly, the operator Tx(x|q,t) is complicated: it has the same complexity as the func-
tion fn(x|s|q,t); cf. (2.3). Still, it is interesting since, different from the elliptic Macdonald-
Ruijsenaars operators in (2.8), we know its natural generalization to the non-stationary case;
see Section 4.2.

The following is our main result in this section.

Proposition 4.2. The T-operator in (4.2) is well-defined, it commutes with the trigonometric
Macdonald-Ruijsenaars operators in (2.1):

[T (zlq.t), Dy (g, t)] =0 (4.3)

on 22 C[[xa/x1,...,on/TN_1]] for all X\ € CN, and it acts diagonally on the asymptotically free
solutions of the trigonometric Ruijsenaars model in (2.3)—(2.5):

T (g, )2 fn(xlsla, t) = en(slg)a v (alslg,t), s =tV g™, (4.4)
N(s|q) = g3 Zicallog(s:)/ log(q))? (4.5)

(note that log(s;)/log(q) = A\i + B(N —1i)).
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(A proof based on results in the rest of this section can be found in Appendix C.)
Our proof of Proposition 4.2 is based on the following convenient representation of the
T-operator.

Lemma 4.3. For f(z) € Cl[z2/z1,...,2n/xNn_1]] and X\ € CV,

N
Tn (], t)a? f(z) = e(N)a? H193(8i$i/yi|Q)XN($|y\q7t) H (1= yj/yi) f(y) (4.6)

i=1 1<i<j<N Ly
with
e(\) = g2 ZA QA (N8
93(2|q) = ez q%"2z" the third Jacobi theta function,
walyla, )= futalyle.ty [ (Wbt (4.7
L<icien WWilYi @)oo

and [---]1,y is the constant term in y, i.e., for formal Laurent series g(y) = 3 ,czn guy* as
n (4.6), [9(¥)y = g0-

Remark 4.4. We use [---], only for g(y) € Hf\il I3(sizi/vi|l)Clly2/y1, - - -, yn/yn—1]], and
our definition of [---]; , is non-ambiguous for these.

Proof of Lemma 4.3. We use that C[[xa/z1,...,zx/zNn_1]] is spanned by (a subset of) mono-
mials z* with p € ZV. For fixed A € CV, we compute the action of q%A on zzH, p e ZN:

N
O gk = g Tita Cituit(N=08) pAbi — () H(xisi)mq% PR,
i=1

equal to

N
g [HﬁS(Sm/yiM)y“] :
i=1 1y
and thus

N
g3 f(2) = e(A)2 [Hﬁs(sz‘fvi/wlqv(y)]
=1 1,y
for all f(x) € C[lx2/z1,...,2n/xNn-1]]. This and the definition in (4.2) give

N
T (zlg, ) f () = (V)2 [Hﬁz(sm/yi@
i=1

<Y 1 menblen T] B0

9EMy 1<i<j<N 1<i<j<N
and using (2.3) and the definition in (4.7) we obtained (4.6). [
We note that xn(zlylg,t) = xn(y|x|g,q/t) (this is proved in Appendix C, Lemma C.1);

inserting this in (4.6) and backtracking, one obtains the following alternative representation
of the T-operator:

Telalg,t) = 2105000 N~ ool g/ngi® T (agfe® [ (= wi/m). (48)

(q‘rj/txl? ) 9€M 1<1,<j<N 1<i<j§N
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4.2 Non-stationary case
We present a non-stationary generalization of the T-operator.

Definition 4.5. For A in (4.1) with g = log(t)/log(q), let
il 1A (/x5 q
_ . N\Oii 5 \Lj/dis 4 )oo iiq oo
TN,OO($7P|Q7t’ H) - Z HH(xj/xl) qu pCNoo 9|$|Q) HH t.’I)]/.’I}z, - (49)
0eM N 1=1j5>1 i=175>1

with x; 1 n = px; for i > 1 on 2*C[[xa/x1,23/T2, ..., 28 /TN_1,pr1/2N]] for A € CV, with My
in (3.2) and ¢y 00 (0|Z]g, t) in (3.3).

Remark 4.6. To make the p-dependence of this operator manifest, one can write it as

1
TN7OO(:U?p|q7t’ ’%): Z eN,OO(aj7p)q2ATN,PCN,OO(9|xap|q7t)

11 (/%5 4, )0 1T (pi/255 4, D)oo

X
(tzj/xi;q,p)o0 (ptxi/xji ¢, D)oo

1<i<j<N 1<i<j<N

using the definitions in (3.6) and Lemma D.1 in Appendix D.

By comparing with (3.1)—(3.3), it is clear that the operator in (4.9) is a natural non-stationary
generalization of the trigonometric 7-operators in (4.2); however, there is one important new
feature: the shift operator 7T}, acting on p.

We propose the following generalization to Proposition 4.2; this conjecture is a complement
to the ones in [21].

Conjecture 4.7. The non-stationary T -operator in (4.9) has a well-defined diagonal action on
the non-stationary Ruijsenaars function in Definitions 2.1 and 3.3:

TN,OO(xvp|q7 ta H)'CL‘)\.}C]V,OO(z)p|57 H|Q) t) - EN(S‘Q)J’)\fN,OO(x7p|S7 K"(L t)? q

with en(s|q) given in (4.5).

In the rest of this section, we present two generalizations of results about the trigonomet-
ric T-operators: (i) the constant-term representation of the 7T-operator in Lemma 4.3(ii) the
alternative representation in (4.8) obtained with the duality in (2.12). We also rephrase Con-
jecture 4.7 in terms of the non-stationary Ruijsenaars functions as defined in [21].

One can adapt the proof Lemma 4.3 to obtain the following constant-term representation
of the T-operator in (4.9):

Lemma 4.8. For f(x,p) € C[[xa/x1,pr3/x2, ..., oN/TN_1,pT1/2N]] and X € CV,

TN oo (2, plg, 1, H);&f(;,; p)

Hﬂ:a i /Yil4) T 7= X0 (2. D1y, ulg. 1) HH (1 —yj/yi) f (y, )

=1 / i=1j>1i 1,y,u

with

qyj yla

XN00 (@, Py, ulq,t) = 00, ply, ulg, 1) H (o o
i/ Yis 4

i=1j>1

setting yiyn = wy; for all i > 1, fnoo(z,ply,ulq,t) in (3.1)~(3.3), and [---]1,yu, short for
[+ ]1yl1u, the constant term in y € CN and u € C.
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Proof. This is proved by a straightforward generalization of the arguments given in the proof
of Lemma 4.3; the only new ingredient is

1

T no_ no_

Un:| (TL < Zzo),
1u

and therefore
) N 1

=A A _ A e oy, .

qz2 Tn,p-r f(l'?p) = 5()‘)3} lell 193(31-751/%‘(]) 1— rp/u

for all f(z,p) € Cl[xa/z1,px3/22, ..., 2N/TN-1,DT1/TN]]. [ |

Moreover, by an argument similar to the one for the trigonometric 7T-operator above, the
conjectured duality in (3.10) implies

XN,o00 (%, Py, ulq, ) = XN,00(¥, u|z, plg, q/t)

and the following alternative representation of this 7-operator

(qzj/zisq
TN,OO(:L'ap|q7taH HH ]/ : OO Z CN,c0 9|$|qa )
)

i=1j5>1 qzcj/txz,
x H [ Ces/2i)% HH<1 — /)
i=1j>i i=1j>i

with ;4 ny = px; for all ¢ > 1.
To conclude, we rephrase Conjecture 4.7 using balanced coordinates.

Definition 4.9. For A as in (4.1) with 8 = log(q/t)/log(q), let

T (2, plg, t, k)
N NJ ZIN

= Z H H pxa-ﬁ-ﬁ/tl‘a—kﬁ & q ,p H )E;)jl\m

AD AN ep =1a>1 =1 NA( ) )\(])(x]/xl‘q )
(P /2 q,pN) N‘”’

tx]/xl]q )

M\H

(p zi/zq,0N)

x " _ (4.10)
191;[-@ (P ~"qz; [t q,pN) 191;[@ (PN *iqa; ftrjq,p)
with 2; 1 n = z; for i > 1 on 2 C[[pxa/x1, pr3/Ta, ... ,prN/2N_1,p21/2N]] for A € CV, with P

(’C|N)(

the set of all partitions and N u|g, k) the Nekrasov factors given in (2.10).

Fact 4.10. Conjecture 4.7 is equivalent to the following diagonal action of the non-stationary
T-operator in (4.10) on the non-stationary Ruijsenaars function in (2.9)—(2.10),

TN (z, plg, )z fON (, p|s, kg, t) =en(s|q)z” O (2, p|s, klq,t),  si=(q/t)" gM. (4.11)

Proof. This is implied by Theorem 3.2, using that the shift operator 7}, commutes with the
following operator, ®, switching from unbalanced to balanced coordinates:

(@f)(2,pls,klg, t) = f(pz, pV | s, " ]q,t/q),

and noting that Theorem 3.2 implies (® fn o0)(, pls, Kk|q, t) = ng[N (x,pls, klg, t). [



14 E. Langmann, M. Noumi and J. Shiraishi

5 Final remarks

The main conjecture in [21, Conjecture 1.14] can be tested systematically using a perturbative
solution of the elliptic Ruijsenaars model that generalizes the perturbative solution of the elliptic
Calogero—Sutherland (eCS) model in [12]. We plan to present this elsewhere.

As already mentioned, one important outstanding problem is to find k-deformations of the
elliptic Ruijsenaars operators in (2.8) that have the non-stationary Ruijsenaars functions as
eigenfunctions. As conjectured in [21], the limit ¢ — 1 of this hypothetical non-stationary
Ruijsenaars model is a known non-stationary eCS model depending on parameters 3, p and
related to the non-stationary Ruijsenaars parameters as follows, t = ¢ and k = ¢=*.% Recently,
a rigorous construction of integral representations of eigenfunctions of the non-stationary eCS
model for s = 8 was presented [2]. We hope that, by combining the latter results with recent
results on the non-stationary Ruijsenaars functions for the corresponding special value of k [9],
it will be possible to prove the main conjecture in [21] in the non-stationary eCS limit ¢ — 1
and for » = 3. Another possible strategy to prove the conjecture in [21] for ¢ — 1 and general
»-values is to try to generalize the perturbative solution of the non-stationary Lamé equation
in [1] (note that the latter equation reduces to the non-stationary eCS model for N = 2 in special
cases).

The elliptic Ruijsenaars model is invariant under the exchange p <+ ¢ [17].” The non-sta-
tionary Ruijsenaars functions do not have this property manifest; we plan to report elsewhere
on how this duality is recovered from the non-stationary Ruijsenaars function.

It was suggested more than 20 years ago that the elliptic Ruijsenaars model has a double-
elliptic generalization with remarkable duality properties [4, 8], and recently an explicit formula
for an operator defining such a model was conjectured [11]. It would be interesting to obtain
a better understanding of the relation between the non-stationary Ruijsenaars functions and
this double elliptic system recently proposed in [3].

Since the non-stationary T-operator proposed in this paper contains a factor q%AT,@p, its
eigenvalue equation can be regarded as a g-deformed heat equation. We mention the work
of Felder and Varchenko on the ¢-deformed KZB heat equation [5, 6] which seems related;
it would be interesting to understand this relation in detail.

A Alternative series representation

We prove Theorem 3.2. We start with details complementing the concise proof of Lemma 3.5 in
the main text (Appendix A.1). The main part of the proof is in Appendix A.2.

A.1 Details on Lemma 3.5

One can check that the following two formulas provide a correspondence between multi-partitions

A= ()\(1), e )\(N)) in PV and matrices 6 = (aik);‘)jc:l in My that is one-to-one:

Oir. = )‘1(31 - )‘l(cizi—i-l

and

M= 0 (A1)

a>k

5The elliptic deformation parameter p is the same in both cases.
"We thank S. Ruijsenaars for pointing this out at the NORDITA workshop “Elliptic integrable systems, special
functions and quantum field theory” in June 2019.
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setting A\OtN) = \®) for all § > 1. With this identification, Ciy (A|3]g,t) in (3.9) is clearly
equal to ¢n o0 (0|5]g,t) in (3.3), and

N oo N oo
IT IT /e’ =11 11 ler/oe0) @i /ons) - (@i /@)

i=1k=i+1 i=1k=i+1
N _ _ N ,
_ ,\ Voo AW
=11 H (/o) i = T [ (/g -0)
i=1i<j<k< i=1j>1
N
—HH(%‘M/%M )
i=1k>1

inserting a telescoping product in the second step, using (A.1) in the third, and computing
a telescoping product in the fourth. This proves the result.

A.2 Proof of Theorem 3.2

We show by direct computations that the function on the left-hand side in (3.7) is equal to
the function fn oo (Z|5]g,t) in (3.8)—(3.9) with =,y N = pz; and s;;n = ks;, for all ¢ > 1. This,
together with Lemma 3.5, proves the result.
We compute the function on the left-hand side in (3.7) using (2.9)—(2.10):
S (p N pH NN s, 51N g, g 1)

2 NG (a/0) (5/Ns) /(67N s)ifg, w4)

B A (@)
= Z H J i|N) ((56/N5)j/(,{5/N5)i|q, n)

AM AN ep =1 )\( 9 A0
1/N(, 6/N §/N A
x H [T @70 0y st 00" g 5o1)
B=1a>1
By Definition 2.1 of the non-stationary Ruijsenaars functions, the variables (p‘s/ N x)z above are
extended from ¢ =1,..., N to all ¢ > 1 by the rule (p‘S/N )z+N ( §/N ) ., whereas z; v = px;
for all # > 1 implies (p‘S/Nx)HkN = pWN=0/Ng, = plV (’+kN)]/in+kN forall i =1,...,N

and k € Z>1, and thus
(p"Na), =p NNy (i 2 1),

Therefore,
Al LN (/N ) SIN Ay
LTI @Y @) ot/a( ™) o)™
B=1a>1

N
_ H H 1/N (N— a—ﬁ)/Nma+ﬁt/qp(N—a—B+1)/Nxa+ﬁ_1))\515)
=1la>1

(B)
= (t/q) H H($a+ﬂ/l’a+6—1))‘“
B=1a>1
using the abbreviation |A| = Zgzl D>t N Renaming indices (a, ) — (k, i), we thus can
write the function on the left-hand side in (3.7) as
N
(#)
fglN( /N g pl/N|f£5/Ns /il/N]q q/t Z CN A; s, t, k) HH (Tigtn/Tigr—1) A’“
AeP¥N i=1k=>1
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with ;4 ny = px; for all ¢ > 1 and

Cn(ssla, b, k) = (/)™ H N o ((@/8) (=°7s) / (5/5) la “1/N)_ (A.2)
o NYOI ((59/Ns) /(59N s) g, k1)

To complete the proof, we have to show that Cn(X; slq, t, k) in (A.2) is equal to C oo (A; 5[g, t)
in (3.9) for s;yn = ks; (i > 1). For that, we compute the Nekrasov factors in (2.10), partially
specializing to the variables we need:

’LN _)\(7) /\()
N(J( I)\(j) (u‘% 1/N) _ H (uq 001 o (—atb)/N. Q)/\(w )\221
b>a>1
b—a=(j—1i)(modN)
A2 (a—p-1)/N
X H (uq Pk 1)\ _\G) -
B>a>1 B Al

B—a=(i—j—1)(modN)

We note that the constraints on b in the first product is solved by b = a + j + {N — i with £
an arbitrary integer > x(i > j), using the definition x(i > j7) = 1 for j < i and 0 otherwise;
similarly, the constraints on 8 in the second product is solved by f = a + i+ /N — j — 1 with
arbitrary integer ¢/ > x(j > i). We thus can write these Nekrasov factors as

(] ZIN) 1N ,\(J)Jr,\(“ L ON—4)/N .
|\| AW (u‘q,ﬁ / H H ati+eN—i+1 g (J i)/ q))\m Z
a>1 £>( l>j) N

<1 T (ua®

a>10>x(j>1)

@
a+j+LN—i+1

) )\J) 'N

i—f N.
atit+l/ N—j— 1/{(] )/ q) %) _A(J) .
atit+l/N—j—1 atit+l/ N—j

We now specialize further to the arguments of interest to us:
u= C(K,é/NS)j/(Iia/NS)i = ckWNDNg ) gW=D/N g, — e (=Ng, /s, ce{l,q/t}.
For these arguments, the manifest xk-dependence disappears:

NG (e(s7s) / (57/5) g, 51/

2@\ ®
= | I | | (Cq Ad H AN — z+15]+gN/Sl, )A(z> ENCH .
CLZl EZX(Z>‘]) a+j+LN—1i a+j+ElN—i+1

)\(Z) )\(7) ,
X || || (cq™® TatieN=i- 13]/31+€’N7Q)>\(J) O
a1 0>y (j>1) ati+l/ N—j—1 a+it+l/ N—j

. _p . . .
using /iZSj/SZ‘ = Sj44N/5 and K ¢ sj/si = s;j/siven implied by s;1n = ks; for i > 1. We now

take the product of these Nekrasov factors over i,j = 1,..., N, change variables j + (N — j
in the first group of products and i + ¢/ N — i in the second group, and obtain

HNA‘?J'(X% (&) /(5N s) la, 6MN)
i,j=1

+j—1 a+j—i+1

N
(1) _ ()
< [TITIT (e mrsyfsia) o o

j=1i>j a>1 atimyml Tati

N
()4 ()
VRSN
=TI 1T (™ Peimiersi/sina) o o
i=1j>i ¢
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N (7) (i)
=ITIIIT (o ™ mis/sia) o o

i=1 j>i k>j

AD A0
X HHH cq kTR s 8 )/\m ENOREE
k—j “k—j+1

J=1>j k>i

where we changed variables a -+ k =a+ j and @« - k = a4+ i — 1 in the last step. We find
it convenient to write this result as
N N

i (J)
H Nf\jm %)) (C(“é/Ns)j/(“é/N ila: K ) H H (g~ =

1,7=1 1= 1z<]<k<oo

) (1)
A
X H H gt Mg /55 q ))\I(j)._/\g) -

i=11<j<k<oo

7

®
Roitlsg /i )A<> VO

swapping variable names i <> j in the second group of products. We insert this into (A.2)
to obtain

(J) (i)
(q s ftsig) o o
Cn(A;slg,t, k) = (t/q) ‘)"H H kei " Mboit1

(J) (@)
Ai AL
i=1i<j<k<oo (q it l+1sj/sz, ))\() )\()

)\(.7)
(q =341 igs; [ts;; ) © 0

N
i i
XH H NG @

—AL
imticjzhooo (€0 W sifsia) 0 o
—i —it

)\(U

To proceed, we use the well-known identity

@™/ @)m _ (b/a)mw (a,b € C, m € Zso).

(¢ /b;q)m (ab; Q)m
Applying this to the factors in the second group of products for m = A,(j)l — A,(;) i1 b=
() )
q)‘k—i+1_)‘k]—j+l sj/si, a = tb/q yields

)\(J) )\(1)
(¢ M=t mivigs; ftsiig) o o
C (}\ s]q,t /ﬁ; t/q \)\|H H k—i~ “k—itl

(]) (%)
Ai AL
i=14i<j<k<oo (q it ZJrlS]/Sz; ))\(z) )\(1)

NOREENOE
q k—i+1 k—j+1t8. S @) @)
( ]/ Z))‘k—i_)‘k—i-H

N
NCIENGE
<[[ I (/e NG 0

. . . A
i=1i<j<k<oo (q k—itl J+1q8j/81)>\(’b> _\® -

To complete the proof that Cx(;s|g,t, %) in (A.2) is identical with Cy o (A|5]q,t) in (3.9),
we swap the order of the two groups of products and compute the overall power of (g/t):

I I @ =TT I Tl e

i=11i<j<k<o0 1=1 j=1i+1 k=j
N oo - N
11 I @™ =TT [T = /o™,
i=1j=i+1 i=1k>1

cancelling the factor (t/¢)!*. This proves the identity in (3.4) with fx .o (%|5]q,t) in (3.8)-(3.9)
and x;4 N = px;, Si+N = ks; (i > 1). This, together with Lemma 3.5, implies the result.
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B Estimates

We give a complementary proof of the second estimate in (3.13), to compute the upper
bounds C1 2 in Theorem 3.7.
B.1 Complementary proof of the second estimate in (3.13)

We prove that, under the assumptions in Theorem 3.7, the following estimates hold true for the
fractions appearing in the formula (3.9) for Cn o (A|5]q, 1),

©) (4)
ALl A
(q ki1 T k1S 5 [ 5 q))\](j) .—Aff) - /\,(f> _)\](Ci)
—1 —1 —1 —i+1 . . .
NG o) <C (I1<i<N,i<j<k<o), (B.1)

P S
k—i+1” “k—j+1gg. /g.- ) )
(4 il 0

©)

IR
k—j k—it+1 . L. . . . .
(q qsj/tsi; Q),\ i) '*Aﬁm RORENG!

(
et <Oy TR (1<i<N,i<j<k<oo) (B.2)

(4) (%)

B D = S
q TETTREELS Si3q) o) G

( ]/ v )Al(cli_)\lilﬂ—l

for all N-partitions A = (A, ..., AMV)) € PN with Cy and Cs in (3.12). This and (3.9) imply
the estimate in (3.15) which, by the computation in (3.15), is equivalent to the second estimate

in (3.13).
We observe all estimates in (B.1)—(B.2) are of the form

l .
(dlasi/si30)| o
(¢'si/sj:q),
where
L= )‘l(cizzdrl - Al(cjszrl + 1, a=t/q, 0= )\;(22 - A@M, C=0 (B.3)
in (B.1) and
=2 420 a=qit. 6=, N c=0 (B.4)

in (B.2). We prove (B.1)—(B.2) using three different kinds of estimates:

Lemma B.1. Let 0 € Z>o, a € C, g,k € R with either |g| < 1 and || > 1 or |q| > 1 and
|k| < 1. Then the following estimates hold true,

(a) foralll € Z and u € C\ {R}:

(d'au; q),
(d'usq),

<(1+ e ’ (B.5)
- |sinarg(u)| ) ’ '
(b) for all m € ZZO’ l e Zzl:

(q—e—m—&-laﬁl)e
(q707m+1,{€) )

k| \°
§<1+]1—a]‘1_|ﬁ” : (B.6)

(C) for all m € Zzo, { e Zzo.‘

(q—O—mal{Z) ;
(q—é)—mﬁé) )

0
< (1) .
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(The proof is given in Appendix B.2.)

Case A: For j —i ¢ NZ>(, we can use the estimate in (B.5): Since s;yn = ks; and &
is real, we have |sinarg(s;/s;)| = |sinarg(s;4+n/s:)| = |sinarg(s;/s;)| for all j > i; since
|sinarg(s;/s;)| > o for all 1 <i < j < N by assumption, |sinarg(s;/s;)] > o forall 1 <i< N
and j > i such that j — i # NZ>¢, and we get

‘ (qlasi/sj; Q)e

1—al\’ -
(d'si/sj: )0 §<1+ o ) g NEz)

for all cases in (B.3)—(B.4). This proves that the estimates in (B.1)—(B.2) for all

1—t 1—q/t
0121+| /Q|, 0221+| q/t|

- - (B.8)

and for all cases j —i ¢ NZ>q.
We consider the remaining cases for (B.1) and (B.2) below in Cases B and C, respectively.
Case B: For j —i € NZ>1, we have s;/s; = sj1yn/si = k¢ for some ¢ € Z>1, and we can use
the estimate in (B.6):
(g0t E
||k = 1]

CLSi/Sj; Q)g
(q=0-m+1si/s55q),

We check that all cases in (B.1) for j —i € NZ>; are covered by this: all [ in (B.3) for j = i+{N

can be written as (recall that )\,(:MN) = )\,(f))

6
S(l—l—‘l—a‘ > (j—iENZZl,mEZZO).

with m = )‘I(Qi—eNH — )‘1(21 > (0 since £ > 1 and \&) = ()\gi), )\g), .. ) is a partition. This proves
that (B.1) holds true if

|~

Cy > 1—|—|1—t/q||1_’l{||

(B.9)

for all cases j —i € NZ>.
Case C: For j —i € NZx(, we have s;/s; = sj1yn/si = k! for some ¢ € Z>p, and we can use
the estimate in (B.7):

(¢ ™asi/sj:q),
(g0 msi/s55q),

0
) (j—iENZZ(), mEZZO).

5(”“‘“‘11—@“

We check that all cases in (B.2) for j — i € NZx>( are covered by this: all [ in can be written as

b=- [/\l(cifi - )‘l(ciziJrl] - P‘l(jziffN - )‘J(Qz] =—0-m

with m =AU, =AY > 0. This proves that (B.2) holds true if

Cy>1+|1-q/t] (B.10)

1
1 —1gll
for all cases j —i € NZ>o.

We proved that (B.1)—(B.2) holds true for all cases provided the conditions in (B.8), (B.9)
and (B.10) all hold true; this is the case if we choose C and C5 as in (3.12).
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B.2 Proof of Lemma B.1
B.2.1 Proof of the estimate in (B.5)

We have
6—1 I+n 6—1 I+n
1—qg™au q "
LHS = Hi :H 1+(1-—a)————
_ gl+ _ A+
ol 1 — ¢ thu o 1 —q¢thu
— 4
< 1+1— < ———— ) =RHS
H( ) H< () = S
using the estimate in (3.14) and !sin arg (q””u)’ = |sinarg(u)| since ¢ is real.
B.2.2 Proof of the estimate in (B.6)
We have
61 01
1— qn—H—m—HaKﬁ q—n—mﬁé
LHS = H 1— qn707m+1,%£ = H L+ (1 o CL) 1— qfnfm,{E
n=0 n=0
<H A ] s ﬂ 141 —a ) — rus
T—gmef]) = 14 \1 — |l ’
using
—1,.0
q 'K ||
[>0,0>1);
|l ezeezy

the latter follows for the case |x| < 1 and |¢| > 1 from the following inequality: z/(1 — z) <
y/(1 —xz) for 0 <z <y < 1, and for the case || > 1 and |¢| < 1:

qlﬂﬁ
1—q~

1 sl
=1k 1 —=]kl|

lt|

-

1— qlﬁfé

since 1/(1—z)<1/(1—y)for0<z<y<l.

B.2.3 Proof of the estimate in (B.7)

We have
0—1 0
1— qn—O—ma q—n—mfif
LHSzHl_qnGerl@ 1;[1+1_a1_q7n7m,i€
4 q —n—m Z 1
< 1—|—|1—a| >< (+|1 )zRHS,
n1< 1—gmst H U —Tqll
using
—1,.0 -1
1
‘ | < le 1 _ (1>1, £>0),
l1—¢q g~ =1 |1 —qll

as in the proof of (B.6).



Basic Properties of Non-Stationary Ruijsenaars Functions 21

C Proof of Proposition 4.2
We prove Proposition 4.2 using Lemma 4.3 in the main text.

C.1 Proof of commutativity

We prove (4.3). We note that the action of the Macdonald-Ruijsenaars operators in (2.1) on
functions z* f(z) can be written as [15]

Dy (lq, t)a* f(x) = 2 Ex(xlslg,t) fx), s =tV ""g™ (C.1)

with the modified Macdonald—Ruijsenaars operators

Ex(|slq.t) ZANz C G Er (C.2)
N
r1— ¢t Yoi/x; 1 -ty /z;
Ay i(z|tth) = -7 -t C.3

(this can be proved by simple computations which we skip).
We also need properties of the function xn(z|y|g,t) in (4.7) which we summarize as follows.

Lemma C.1. The function xn(x|y|q,t) satisfies the following duality relation,
N (zlylg t) = xn(ylzlg, t/q). (C.4)
Moreover,
Ex(xlyla, t)xn (elyla, t) = ex (v ) xw (lyla. £),
Ex(ylela,a/t)xn (zlyla, 1) = ex () xw (alyla. t)
with
er(z*) = a7t + -+ a3k (C.6)

Proof. The definitions in (2.6) and (4.7) imply

wllen= ] (qzj/i5 @)oo (aYj/Yis @)oo o (lyla. 1)

\<icieN (qzj/txii @)oo (tyj/Yi3 @)oo

The product on the right-hand side is manifestly invariant under the transformation (z,y,t) —
(y,x,q/t); the function ¢ (z|y|g,t) has this invariance by (2.7). This proves (C.4).

The first identity in (C.5) is implied by F3 (x]s|q, t) fx(z]s]g,t) = e1 (s*1) fw(z]s|g, t) proved
n [15]; the second follows from the first and the duality in (C.4). [

Equation (C.1) and Lemma 4.3 imply that the result we want to prove:

Dy (g, t)Tw (zlg, t)a* f () = T (xlq. t) Dy (zlg, )2 f(z),

is equivalent to

N
Ex(zlslg,t) [ [ Os(simi/wila)xn (zlyla, t) [ (1 —wi/vi) f(w)
=1

1<i<j<N 1,y
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N

[T 0sGizi/vloxn(@lyla,t) T (0= yi/v)(Ex(ylsla,t)f(y))

i=1 1<i<j<N 1y

The latter is obviously implied by the following two identities: first,

N
B (xlslq,t) [ ] 9s(sixi /yila)xn (xlylg, t)
=1
N
= EJ (y|s™ ) [T 9s(sizi/vila)xn (zlyla 1), (C.7)
=1

and second,

N
(Eﬁ(y!s‘l\qﬂ/t)Hﬁs(simi/yz-IQ)XN(:rlqu,t)) 11 (1—yj/y@-)f(y)]
=1

1<i<j<N 1y

N
:[Hﬁ?,(sixi/yz'M)XN(ﬂy’%t) 11 (1—yj/yi)(Eﬁ(ylsm,t)f(y))] : (C.8)

i=1 1<i<j<N 1y

We first prove (C.7) in three steps, using the shorthand notation in (C.6). We start with

N —-1/2 N
Ey(xslg,t) Hﬁ3(5i$i/yi|Q) = 1q_ = H193(Si$i/yi|Q) le1 (z¥1), By (lylq, 1)] (C.9)
i=1 i=1

proved by the following computation (we insert definitions and change the summation variable
n; £ 1 — n; in the third equality),

N .
LHSZZAN,i(CEHﬂ iqui,acll Z H <5]x3) i %"i

=1 nezZN j=1
Z Z g\ s\ e B s\ 1,
_ ANz x\til ( z) < 7 z> qiniini H< J J) qian;,:a}i
nezZN =1 Yi J=1 Yi
J#i

N N " +1
— i g ) +1) [ JE —1/2p%1
= 2.1;[1193(81%/%@ ;AN# (a:\t ) (%) q T,., = RHS
since

[el(ﬁl) Ex(xlyla,t)]
N\ £
_ZANZ (2|t 27, T3] = ZANZ (z|t*) () T
Next,

le1 (z¥1), BN (zlyla. t) [ xnv (zlyla, t) = [ex (v="), EX (ylala, a/t) | xn (lyla. 1), (C.10)

which is proved by

LHS = (e1(2¥')e1 (y™') — Ex(zlyla, ) EX (ylzla. ¢/t)) xn (z[ylg, t)
= (e1(y™")ex (2™') — EFlzla, /) Ex(zlyla, t)) xn(zlylg, t) = RHS
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using (C.5) and

[Ex(zlyla.t), Ef (ylzla, /)] = 0
the latter is verified by a simple computation using the definition in (C.2)—(C.3). Third,

N
ES (yls g, a/t) [ [9s(sizi/uilg)
i=1
g2 N

R [19s(siwi/vila) [ex (v™), B (yllg, /1)), (C.11)
=1

which is proved similarly as (C.9):

LHS_ZANz y!(q/t :Fl Z;i:l L Z H <Sj$]) i %n

LI\

=1 nezN j=1
Yy g\ L N\,
=2 ZAM (yl(a/t) j“)( l) < . l) el | (3 J> ¢ TFL
nezZN i=1 Y paiey Y;
i
N N yi\
= Hﬁ3(8z’$z‘/yi|Q) ZAN,i(qu/t):Fl) <”> q—l/Qquyli — RHS
i=1 =1 7
since
e (™), E (ylzlg, q/t)]
al yi\ AL
=3 Ana(lla/D™)aF [y T = (1 —a ZANZ yl(q/t)T") < z> T3
i=1 X

We are now ready to prove (C.7): we insert (C.9) into the LHS in (C.7), use (C.10) and (C.11),
and obtain the RHS in (C.7).

To conclude our proof of (4.3), we prove (C.8) by the following computation, using the
definitions in (C.2)~(C.3) and the basic property [(T.7,}g1(y)) gg(y)] = [a1(y) (TjEl 2(y))]

a9 a9 1,y
of the constant term:

[ N
LHS = | Ani(yl(g/t)™)s ﬂ(T;F; H193(3ixi/yi’(J)XN(y‘m|Q7t)) [Ta —yj/yi)f(y)]
Li=1 1 Ly

i=1 <i<j<N

[ N
= | [] 9s(simi/wila)xn (ylala, t Z(T;Z}ZAN% yl(g/)™)s ] (l—yj/yz-)f(y)>]

Li=1 i=1 1<i<j<N
= RHS

)

provided

T30 AN (Wl (/D)) TThcicjen(X = y5/v:)
H1§i<j§N(1 —Y5i/Yi)

= An; (y|tF);

the latter holds true for the coefficients Ay ;(z|t) in (C.3), as is easily verified:

i—1 N i—1
1— tﬂFlili ) _ +1 ili _:l:li i
LS = [ (a/O)F 4= yi/y; 11 L= (/D" ye/a" y Hl T Yi/y;

o Ve dtwlyy 2n Tow/aty o T wily;
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N o /
~ H yk q yz — RHS.
k=it1 Yk/Yi

C.2 Eigenfunction property

The eigenfunctions 2 fx (z|s|q,t) of D (x|s|g,t) are unique, and (4.3) therefore implies that
2 fn(x|s|q,t) also are eigenfunction of T (x|q,t).

We are left to determine the eigenvalues. For that, we introduce some notation: the space
of formal power series C[[z2/x1,...,2N/xN_1]] is spanned by monomials

(wa/m) -+ (o)™

with a = (a1,...,an-1) € Z%;". Any such monomial can be written as z# = z}* - - - zh¥ with
= p(c) given by

pi(a) = —ay, pi(o) = i1 — oy (t=2,...,N—1), pun(o) = an_1.

One can verify that the action of the operator in (4.2) is triangular on this basis in the following
sense,

T (z|g, ) a2 @) = (A + p(a))a? <xu(a) + Z vagm“(ﬁ)>
B>«

for some coefficients v,g, where § > o means that §; > «; for all i = 1,..., N — 1 (this follows
from

AP = e+ ), O+ p) =q? SN it pit(N=i)8)?

used already in the main text, and the fact that all functions of x appearing in the definition

of Tn(z|g,t) in (4.2) can be expanded as power series in C[[za/z1,...,xn/zN-1]]). Since
2 f(xlslg, t) (1 +> baat a)>
a>0

for some coefficients b, the eigenvalue is €(\) = £(s|q) in (4.5).

D Identities

For clarify, and for the convenience of the reader, we state and prove two identities used in the
main text.
First, the identity

Sal = (al<). (D.1)

AeP

which goes back to Euler, is important in our proof of Theorem 3.7. It is proved by the following
elementary computation making absolute convergence of the series manifest,

LHS = lim > a Azt An

M—oo
)\1>/\2>-..>>\M>0

o0

SCIp D IS S SLS
M—)oo

=A2 A2=A3 AM—1=Anm A =0
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= lim § . E E 2)\2+)\3+ A
M~>oo 1 -

=A3 AM—1=Apm Ap=0

:J\/}znoo Z ) Z Z oo 1—a2) oBs At A

=\ AM—1=AM A= 0
1 1 1

ST () ary S (D-2)

summing repeatedly the geometric series.
Second, we state and prove an identity used in the proof of Fact 3.6 and Remark 4.6.

Lemma D.1. Forp € C, let x; € C be given fori=1,...,N, and extend this definition to all
12> 1 by xjon = px;. Then

HH ZZZ ):: 11 (aw]:/w?;qvp)oo I (paxf/wj;.;q,p)oo

Pl e reicjen BT/ 0 D)oo | it (PbTi/25d: D)oo

for all a,b,q € C.

Proof. We note that (z;¢,p) = [[_o(»"%; ¢)so, and thus

LHS = H ﬁ (al'J—f—mN/fI»'za Q)oo H H ax]:‘ﬁ‘mN/x%fQ)oo

1<i<j<Nm:O (bxj+mN/$wQ)oo 1<j<Z<Nm 1 b$]+mN/xlyq)oo

_ (pmaxj/$i§Q)oo p al’j/l”u )oo _
- H H mbmj/xi; 7)o H H mbx]/xz’ @)oo RHS,

1<i<j<N m=0 1<j<i<N m=1

inserting = 1mn = p"'T;. |
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