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Abstract. Quantum mechanical systems whose symmetry is given by Z3-graded version of
superconformal algebra are introduced. This is done by finding a realization of a Z3-graded
Lie superalgebra in terms of a standard Lie superalgebra and the Clifford algebra. The
realization allows us to map many models of superconformal quantum mechanics (SCQM)
to their Z3-graded extensions. It is observed that for the simplest SCQM with osp(1]2)
symmetry there exist two inequivalent Z3-graded extensions. Applying the standard pre-
scription of conformal quantum mechanics, spectrum of the SCQMs with the Z3-graded
osp(1]2) symmetry is analyzed. It is shown that many models of SCQM can be extended to
Zy-graded setting.
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1 Introduction

In the recent works [2, 3, 14], Z3-graded extensions of supersymmetric quantum mechanics
(SQM) were introduced and their properties were investigated (Z% denotes the direct product
of n copies of the Abelian group Zsz). They are a quantum mechanical realization of Z5-graded
version of supersymmetry algebra introduced by Bruce [12] (see also [18]), i.e., the Hamiltonian
is a matrix differential operator acting on a Z3-graded Hilbert space and the symmetry is given
by a Z3-graded Lie superalgebra. As a Z§-graded Lie superalgebra (see Appendix for definition)
is an extension of Lie superalgebra to more complex grading structure [23, 24, 25, 26], the Z5-
graded SQM is a natural generalization of the standard SQM. It is observed in [2, 3] that the
Z5-graded SQM is constructed by a combination of the standard SQM and Clifford algebras.
In fact, it is known that a tensor product of a Clifford algebra and a standard Lie superalgebra
realizes a Z5-graded Lie superalgebra [1, 25]. Such realization is not unique since for a given
Lie superalgebra there exist some distinct ways of tensoring Clifford algebras. Usually, the
distinct tensoring produces inequivalent Z3-graded extensions of the Lie superalgebra. However,
it can happen that those Z5-graded extensions are identical and the different tensoring produces
inequivalent representations of a single Z3j-graded Lie superalgebra. This is the case of Zj-
graded SQM studied in [2] where tensor product of a standard SQM and a sequence of Clifford
algebras gives inequivalent representations of the Zj-graded version of supersymmetry algebra.

The realizations in [2] are restricted to the standard SQM and it is not clear that it can
be applicable to other Lie superalgebras. On the other hand, the realization presented in [3] is
applied to a larger class of Lie superalgebras though it produce only Z%—graded extensions. Thus
one can use it to define a Z2-graded extension of superconformal quantum mechanics (SCQM).
It is shown that by this realization many models of the standard SCQM are mapped to their
Z3-graded extension. The simplest case, Z3-graded osp(1|2) SCQM, is investigated in some
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detail [3] and an abstract representation theory of the Z3-graded osp(1]2) is developed in [10]
where the richness of irreducible representations of the Z2-graded osp(1[2) is observed.

As a continuation of the works on quantum mechanical realizations of Z5-graded Lie su-
peralgebras, in the present work we explore Ziy-graded version of SCQM and present models
of Z3-graded SCQM explicitly. Although we focus on Z3-graded SCQM, models of Z%-graded
SCQM for any n are also introduced. In fact, our result is more general since we start with a new
way of mapping a standard Lie superalgebra to its higher graded version. This means that higher
graded extensions of physically relevant algebras such as super-Poincaré, super-Schrodinger etc
are also obtained in our formalism.

The present work is motivated by the recent renewed interest in Z5-graded superalgebras in
physics and mathematics. In physics side, they give a new symmetry different from the ones
generated by Lie algebras and superalgebras. Here we mention only some of them. It was found
that symmetries of some differential equations such as Lévy-Leblond equation (non-relativistic
Dirac equation) are generated by Z2-graded Lie superalgebras [5, 6]. Some supersymmetric
classical theories are extended to Z3-graded setting [8, 9, 13]. It is shown that non-trivial physics
can be detected in the multiparticle sector of the Z32-graded SQM [28]. Z3-Graded version of
spacetime symmetries are proposed by several authors, e.g., [27]. In mathematics side, Z5-
graded supergeometry which is an extension of supergeometry on supermanifolds, is studied
extensively, see, e.g., [22]. More exhaustive list of references of physical and mathematical
aspects of Z3-graded Lie superalgebras is found in [10].

We organise this paper as follows: We start Section 2 with the definition of Z3-graded Lie
superalgebra. Then we review briefly the results of [2] on Zj-graded SQM. An emphasis is put
on the fact that there exists a sequence of inequivalent models of Z3-graded SQM for a given
standard SQM because we also consider the sequence of Z3-graded SCQM in this work. In
Section 3 the first member of the sequence (there are three members), Cl(4) model, is presented.
We give a realization of a Z3-graded Lie superalgebra in terms of the Clifford algebra Cl(4) and
a standard Lie superalgebra. This realization is applied to osp(1]2) SCQM, then we obtain its
Z3-graded extension. The spectrum of Z3-graded o0sp(1]2) SCQM is investigated by employing
the standard procedure of conformal quantum mechanics. In Section 4 other two members of
the sequence, for which CI1(6) is used, are considered and it will be shown that one of them is
irrelevant as it does not give an irreducible representation of Z3-graded osp(1|2). For the relevant
one which defines an another Z3-graded extension of 0sp(1]2), the same analysis as Cl(4) case
is repeated. We close the paper with some remarks in Section 5.

2 Preliminaries

2.1 Z3-graded Lie superalgebras

We define the Z3-graded Lie superalgebra according to [24, 25]. Let @ = (ai,az,as), b =
(b1,b2,b3) be elements of Z3. Here we regard an element of Z3 as a three-dimensional vector
and their sum and inner product are computed in modulus 2

6+5:(a1+b1,a2+b2,a3+b3), 6'gzzakbk.

3
k=1

We also introduce the parity of @ defined by

3

|d| == Zak mod 2.

k=1
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Consider a complex vector space g consisting of eight subspaces each of which is labelled by an
element of Z3:

9= 900,000 D 8(0,0,1) P 8(0,1,0) D 9(1,0,0) D 9(0,1,1) D 9(1,0,1) D 9(1,1,0) D 9(1,1,1)-

The vector space g is refereed to as a Z3-graded Lie superalgebra if its elements are closed in
commutator or anticommutator which is chosen according to the following rule

[Xa, Xjl,
{Xa, Xz}

)

Xz € 93, Xg € g5 (2.1)

Ql
S S

I
_= O

[Xa X3 == {

ST}

)

We use [+, -] as a unified notation of commutator and anticommutator. See appendix for more
rigorous definition of Z5-graded Lie superalgebras.

2.2 A sequence of Z}-graded SQM

We review the results of [2] briefly as the present work is an algebraic generalization of them. The
Z3-graded SQM is defined as a realization of Z3-graded supersymmetry algebra in a Z3-graded
Hilbert space. The Z3-graded supersymmetry algebra consists of one Hamiltonian, 2"~ super-
charges of parity 1 and 272 (2”_1 — 1) central elements of parity 0.

It was shown that a tensor product of N' = 1 standard SQM and a complex irreducible
representation (irrep) of the Clifford algebra C1(2m) can give the realization which define a model
of the Zj-graded SQM. The N/ = 1 standard SQM is generated by one supercharge @ and its
defining relations are given by

{Q,Qt=2H, [HQ]=0.

Both Q and H are 2 x 2 matrix differential operators acting on Zs-graded Hilbert space.
The Clifford algebra Cl(2m) is generated by v; (j = 1,2,...,2m) subject to the conditions

{7} = 20

The Hermitian complex irrep of Cl(2m) is 2"-dimensional and given explicitly as follows [15, 20]

Y1 = Ui@mv ’YJ = O-i@(mij;kl) ® g3 & Hég(jimy 2 S j S m,
3= Yipm =0t " N @opIZUTY 1< <m, (2.2)

where oy, is the Pauli matrix and Iy denotes the 2 x 2 identity matrix. Therefore, a model of
ZB-graded SQM is a set of 2T !-dimensional matrix differential operators.

For a fixed value of n, one may have a sequence of inequivalent models of Z3-graded SQM
by tensoring the standard SQM and the following sequence of the Clifford algebra

Cl(2(n —1)), Cl(2n), Cl(2(n+1)), ..., CI2"—-2). (2.3)
For instance, we have five distinct models of Z3-graded SQM from the Clifford algebras
Cl(6), CI(8), CI(10), CI(12), CI(14).

The difference in the models is the number of linearly independent central elements. The Zj-
graded supersymmetry algebra has a lot of central elements. Some of the central elements are
realized as dependent operators unless the Clifford algebra of the maximal dimension in the
above sequence is used. Lower the dimension of the Clifford algebra, more central elements are
realized as dependent operators.

In the next two sections, we show the existence of a sequence of realizations of Z3-graded Lie
superalgebra and by which one may introduce models of Z3-graded SCQM.
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3 Cl(4) model of Z3-graded SCQM

In this and the following sections, we deal with Z3-graded Lie superalgebras and Z3-graded
SCQM. Setting n = 3 in (2.3), we see that the sequence has only two Clifford algebras: C1(2(n —
1)) = Cl(4), Cl(2n) = Cl(2" — 2) = CI(6). However, realizations for Cl(2n) and Cl(2" — 2)
considered in [2] are not identical. We thus explore three cases, one for Cl(4) and two for CI(6).
It will then turn out that, contrary to Z3-graded SQM, we have two inequivalent Z3-graded
extensions of 0sp(1]2). In this section, we focus on Cl(4).

In the sequel, we denote a standard (Zg-graded) Lie superalgebra by s and its even and odd
subspaces by sg and 1, respectively. We use a Hermitian representation of s to realize a Zg—
graded Lie superalgebra. Recalling that |@| = 0 or 1 for @ € Z3, we denote a Hermitian matrix
representing an element of s3 by X3 and suppose its size is 2m X 2m.

3.1 CI(4) realization of Z3-graded Lie superalgebra
The irrep (2.2) for Cl(4) is given by

M =01®o01, V2 =01 ® 03, V3 =01 ® 02, Y4 =02 @ Io.
Let T" be a matrix subject to

(X0, T1=0, {X1,T}=0, I?*=Iyn, VX Espa (3.1)
Then the matrices defined by

Xz =@ a2 g XgTutez, f(@) = ajaz + |d|(a1 + a2) mod 2 (3.2)
are Hermitian and define a Z%—graded Lie superalgebra. More explicitly, Xz is given by

X (0,0,0) = L1 ® Xo, X100 =in @ XTI, X010 =172®XiIl,

X001 =11 ® X, Xagny=imreeX,  Xaqu =inr ® Xo,
Xaon=mn®XI, X1 =27 ® Xl

It is immediate to see Xz is Hermitian
(Xd‘)T — (_i)f(d'),yém,ytlll ® Iwal—l-asz — (_1)f((i)—i—a1ag—|—|6|(a1+a2))(CY _ XE[~

To verify the Z3-graded Lie superalgebra structure, we need to prove the closure in (anti)com-
mutator and graded Jacobi relations (A.1). This will be done by showing that the Z3-graded
commutators and Jacobi relations are reduced to those for the Lie superalgebra s. It is not
difficult to see the (anti)commutators (see (A.2)) are computed as

[Xa X5 = XaX; — (—1)"X;X5
= (—1)mbr @)l @ ) ymth et @ (x ¥

|E\>Fa1+a2+bl+b27 (3'3)

where
Xjal

— al|b
(Xja, Xg) = Xja X — (=1)IAX

is the (anti)commutator of the Lie superalgebra s. Writing the (anti)commutation relations of s
in the form

. Ly — ji-lallel I R .
(Xjap, Xpgy) =1 Xiajp =1 Xaa):
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(3.3) yields

[Xa, X;] = (—1)ebrHarta B f@+fO-1@-lal x

with

X. - = if(5+l;),yil1+b1,y§tz+b2 X, L [artaz+bi+by

a-+b |a+b|

Therefore, [X3z, X;] € g Gl 1€ closure of Z3-graded (anti)commutator has been proved.
By the similar computation one may see

(_1)&’.5[[)(6, [[X X*]]]] ( )n f(a)+f(b)+f(é') a1+b1+clfya2+b2+02
® (- )\a||61<X| - <X| |’X|6,I>>sz:1(ak+bk+ck)’

where

2
= Z(akbk + brcp + ckak) + a1by + bico + crag

+ a1bs 4 bics + craz + asbs + bacs + coas.

k is invariant under the cyclic permutation of a, b, c. This shows that the graded Jacobi relations
are reduced to those for 5. It follows that the graded Jacobi identity holds true and the Z3-graded
Lie superalgebra structure has been proved.

The realization (3.2) is able to generalize to a realization of ZJ-graded Lie superalgebras by s
and Cl(2(n —1)):

n—1
DI @ Xar=im o, (3.4)
j—l

f(a) :Zak H al+|a]Zal mod 2.
k=1 l=k+1

1

X; =il

ST

One may prove this in the same way as Z3-graded Lie superalgebras so we do not present the
proof.

3.2 Cl(4) model of Z3-graded osp(1]|2) SCQM

As shown in Section 3.1, any Lie superalgebra satisfying the condition (3.1) can be promoted
to a Z3-graded superalgebra. If one starts with a matrix differential operator realization of
a superconformal algebra, i.e., a model of SCQM, then one may obtain its Z3-graded version.
Many models of SCQM have been obtained so far (see, e.g., [17, 19, 21]). Some of the models,
e.g., the ones in [4, 7], satisfy the condition (3.1) so that we may have the Z3-graded SCQM of
N =2,4,8 and so on.

Here we analyse the simplest example of Z3-graded SCQM obtained from the o0sp(1]2) su-
perconformal algebra. Let us consider the following realization of osp(1]|2) which is a N =1

SCQM:

QZ\} <01p—02§), S = —=o1,

_ i B B a2
H* 2 <p + LU HQ + 2 2 D - 4{x7p}]127 K - ]127 (35>
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where 3 is a coupling constant. The non-vanishing relations of 0sp(1]2) read as follows

D, K] = iK, [H,K]=2D, [D,H]=—iH,
{Q?Q}:2H? {575}22[(7 {Q75}2_2D7
D.Ql=—3@  ID.SI=3S  [@K]=-is
IS, H] = iQ.

One may immediately see that I' = o3 satisfies the condition (3.1). Thus by (3.2) we obtain
twenty operators: the diagonal degree (0,0, 0) operators are given by

Hyp =14 ® H, Dy =1, ® D, Kyo=L® K. (3.6)

Here and in the following sections we use a simplified notation X 4,405 = X (41 ,a5,05)- The oper-
ator Hggg is the Hamiltonian of the model and these three operators form the one-dimensional
conformal algebra so0(1,2). The other parity even operators, which are not diagonal, are given
by

X110 =M1 ® X, X101 =7 ® Xog, Xo11 =72 ® Xog, X=H,D, K,
and the parity odd ones are given by

Q100 = i1 ® Qoz,  Si00 =in ® Sos,

Qoo =72 ®Qos,  So10 =iy2 ® Sos,

Qoo =L ® Q, Soo1 =14 ® S,

Qin=im7n®Q, Sui=imreSs. (3.7)
(Anti)commutator of these operators are closed and define a Z3-graded extension of osp(1]2)
which we denote simply by G;. We note that dim G; = 20.

For the range of 8 where the potential is repulsive, the Hamiltonian H in (3.5) has continuous
spectrum. It is known that the eigenfunctions of H with the positive eigenvalue are plane
wave normalizable, however, the zero energy state is not even plane wave normalizable [16].
This property is inherited to the Hamiltonian Hogg of the Z3-graded SCQM (3.7). In order to
analyse the syetem (3.7) we follow the standard prescription of conformal mechanics. That is,
the eigenspace of Hgg is not taken as the Hilbert space of the theory. Instead, the eigenspace

of an operator which is a linear combination of Hyyy and Koo is chosen as the Hilbert space.
We thus introduce the following operators

R;=H;+K; L;=-(K;—Hz) +iDg,
a; = S; +1Q;, ag =5 —1Q;.

The diagonal operator Ry is the new Hamiltonian and it has discrete eigenvalues due to the
oscillator potential (see (3.5) and (3.6)). The eigenspace of Rgg is # = L*(R) ® C® which is
taken to be the Hilbert space of the model. The space % has a vector space decomposition
according to the Z3-degree

H =P

aczs
The operators az, al;, Lg generate the spectrum of Rggg

[Rooo, az] = —ag, [Rooo,azz] = —a,;, [Rooo, LE] = +2L7, (3.8)
{aa,aj;} = 2Ro00,
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and the operators az, a,:g., together with F' defined below, form a Klein deformed oscillator algebra

[az,al] =1 —28F, F:=L®os,

F2 =g, {F,az} = {F,al} = 0.
It follows that

Rogo = a:fiaa + %(Hg — 28F).
Thus the ground state is obtained by

a;V(z) =0,
where

U (x) = (Yooo(x), oo1(x), Y110(z), Y111 (), Yo11 (), Yo10(x), Y101 (2), b100(2)) T € 2.

For all az this condition is reduced to the set of relations for the components of ¥(x)

(ax +a— i) Yva(z) =0, a@=(0,0,1),(1,1,1),(0,1,0),(1,0,0), (3.9)
<az o+ i) Ya(z) =0, @=(0,0,0),(1,1,0),(0,1,1),(1,0,1). (3.10)

The solution of these equations are given by ¥z(z) = 28e=*/2 and the normalizability of
the functions are studied in detail in [4]. For § > 1 (repulsive potential) only one of them is
normalizable so that the ground state is either

mﬁeix2/2(07 Cla 07 C27 07 C37 07 C4)T
with the energy 3(1 + 28) or
v Pe ™ /2(C1,0,05,0,C3,0,Cy,0)"

with the energy %(1 —20) where Cj; is a constant. Thus the ground state is four-fold degenerate
and belongs to either parity odd or even subspaces of JZ.

The excited states with various Zg’—degree are obtained by repeated application of a,:% on the
ground state and one may see from (3.8) that the operator R ) has equally spaced spectrum.
We remark that no need to consider the action of Lz{ because of the relation {a:%,a:;} = 4L;.
The excited state is also four-fold degenerate. This is verified as follows. Let ¢z € 4% and
¢y € H; be eigenfunctions of Rggo V\iith the same eigenvalue. Then azp; equals to a;¢; up to
a constant multiple if @ + ¢ = b 4 d. For instance, it is not difficult to see the following two
functions in J#(; o 1) are identical up to a constant

al()(ﬂ/]()()l) ¢001 - .1756712/2 (Oa Cl; 07 07 O) O) 07 0)7
0'0101/]1117 ¢111 - xﬁe_x2/2(050505 02)0)0)070)'

This C1(4) model of Z3-graded SCQM gives irreps of G;. Recalling that the order of Z3 is
|Z§" = 8, the minimal dimension of non-trivial irreps of G; in a Z3-graded vector space is also
eight which is the dimension of the Cl(4) model.

As mentioned at the end of Section 3.1, we have a realization of Z3-graded Lie superalgebras
by s and Cl(2(n—1)) where the condition (3.1) is required. The condition is satisfied for osp(1|2)
SCQM (3.5) as we have seen. It is also satisfied for other models of SCQM. For instance,

I' =03,03 ® 3 and (Hg ]1(:;) for the 0sp(2|2), D(2,1; ) and F'(4) models, respectively (see [4, 7]
for the models). These models are promoted to their Z5-graded version by using (3.4). Thus,

there exists various Cl(2(n — 1)) models of Z5-graded SCQM and we may analyze its properties
in a manner similar to this section.
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4 Cl1(6) models of Z3-graded SCQM

In this section, we explore the models of Z3-graded SCQM obtained via C1(6) in a way similar
to the ones via Cl(4). As already mentioned, we investigate two realizations of Z3-graded Lie
superalgebras via Cl(2n) and Cl(2" — 2). These two Clifford algebras are degenerate for n = 3,
however the way of realizing the Z3-graded Lie superalgebras are not identical.

The irrep (2.2) for CI(6), which is common for Cl(2n) and Cl(2" — 2), is given by

v1 =01 ®o01® oy, Y2 =01 ® 01 ® o3, v3 =01 ® 03 ® Iy,
V4 =01 Q01 R 03, V5 =01 @ 02 ® Ia, Y6 =02 Qo ®I>.

4.1 Cl(2n) model

The realization of Z3-graded Lie superalgebra in terms of Cl(2n) and a ordinary Lie superal-
gebra s is given in [1]. Thus we are able to use the result to investigate a model of Z3-graded
SCQM. For n = 3, the realization of Z3-graded Lie superalgebra by X, € s, reads as follows

Xooo = Iz ® Xo,
X100 =711 ® Xy, Xo10 = 72 ® Xy, Xoo1 = 713 ® X1, X111 = imyey3 ® Xi,
X110 =M1 ® Xo, X101 =i ®Xo,  Xour = iyey3 ® Xo.

Contrast to Cl(4), there is no condition like (3.1) so that any models of SCQM can be extended
to Z3-grading by this realization. We consider again the osp(1]|2) model (3.5) as the simplest
example. The Z3-graded SCQM so obtained is the set of matrix differential operators

Xooo = Is ® X,

Q100 =71 ® Q, S100 =711 ® S,

Qo10 =12 ® Q, So10 =72 ® S,

Qoo1 = 13 ® Q, Soo1 =13® S,

Qi1 =i eQ, S =iney S,

X1o=imn®X, X101 =imy X, Xonn =173 @ X (4.1)

with X = H, D, K.

It is not difficult to see that these twenty operators form an closed algebra whose (anti)com-
mutation relations are identical to the ones for C1(4) model (3.7). Namely, the operators in (4.1)
give 16-dimensional representation of G;. However, this is a reducible representation of G;. To
see this, let F(R) be a space of complex valued functions on a real line and # = F(R) @ C'.
The operators (4.1) act on % and it is readily seen from the explicit form of the operators that
the following subspaces .71 and % are invariant under the action of (4.1):

H = J( ® I,
A4 = (Y000, 0, %110, 0, %011, 0, %101, 0, 0, Y01, 0, Y111, 0, %010, 05 %100) T 5
6 = (0,000, 0, %110, 0, o1, 0, %101, Yoo1, 05 111, 0, %010, 0, %100, 0) T

This shows that the operators (4.1) are a reducible representation of Gj.

Although the combination of C1(2n) and osp(1]|2) are not physically relevant for n = 3. This
does not implies other models such as D(2,1; «), F'(4) are irrelevant, either. At least, one may
see the existence of various models of Zj-graded SCQM. Because the realization given in [1]
does not require any further conditions like (3.1) so than any models of standard SCQM can be
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promoted to their Z3-graded counterparts. Physical relevance of those models should be studied
case by case.

As already mentioned, some inequivalent realizations of Zi-graded Lie superalgebras in terms
of the Clifford algebra and a standard Lie superalgebra are known. However, the present example
elucidates not all such realizations are suitable for physical applications. We need to find an
appropriate one to discuss physical problems. Therefore, general study of realizations of Z3-
graded Lie superalgebra by ordinary superalgebras is an important research problem.

4.2 Cl(2™ — 2) model

A non-trivial C1(6) model is obtained by an analogy of Z3-extension of SQM considered in [2].
First, we introduce the following ordering into the parity odd elements of Z3:

g = (17171)7 a; = (17070)7 62:(07170)7 as = (0707 1)~
Define the following Hermitian matrices

X (00,0 = Is ® Xo,

X =79 X,

X =17 %%y, @ X0,  p<v,

Xywp = 177y ® X, p<v<op,

Xo123 = imM17273 @ Xo, (4.2)
where the Greek indices run from 0 to 3 and 7o = Is. The suffix (0,0,0) of X o) denotes

its Z3-degree where the original notation is restored to avoid confusion. The Z3-degree of the
matrices with the Greek indices is determined as follows

deg(X ) = dy, deg(X ) = dy + dy,

deg(XWp) = 6N +d, + C_L'p, deg(X0123) = (0, 0, O).
With this assignment of Z3-degree the matrix operators of (4.2) define a Z3-graded Lie superal-
gebra. This is verified by observing that the Z3-graded (anti)commutators are reduced to those

for a standard superalgebra. In order to see this we write the relations of the superalgebra s as
follows

[XO,Yb] = iZOv [X07Yi] = iZla {bei} = WO‘

By definition [X 90,0),Y] = [X(0,0,0),Y] for any Y. One may compute the commutator as
follows

X (0,000, Y (0,0,0)] = Is ® [Xo, Yo] =1Z(0,0,0);

0,000, Y u] = 7 @ [Xo, V1| =12,

(0,0,0)7Y,u1/] = ilid’“.ayryu’ﬁ ® [X[)u 1/O] = iZul/a

00,00, Y wp] = V1 vp @ [Xo, Y1] =12 ),

0,0,0): Y 0123] = i717273 ® [Xo, Yo| = iZ0123.

NN X

S

Similarly for X123

[(Xo0123,Y ] = iv1v2v3 v, ® [Xo, V1] = Z JuvpoZvpos

v,p,0
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[X01235Yw/] = _iiduhd‘u’)/l'm’m’)/u’)/r/ b2 [X07 Yb] = iZgMVpO'ZpO'7
Po

(X 0123, Y pvp] = —7172737 707 @ [Xo, Y1) = iz hywpolZ 5,
g

[X o123, Y 0123] = Is ® [Xo, Yo] = iZ0,0,0),

where the structure constants are given as follows

fo123 = fi023 = fao12 = 1, fa013 = —1,
90123 = 90312 = 91203 = 92301 = 1, 90213 = g1302 = —1,
ho123 = ho231 = hi230 = 1, hoiz2 = —1,

and the others are zero.
Other (anti)commutation relations are more involved ((2.1), see also (3.3)):

[[XM,YZ,]] = XuYV - (‘DEM&UYVXH =YV @ {Xlayl} = i_Ha“ﬁUWWv

(X, Y] = XY, — (-1 @40y, X, =i~y 0y, @ [X1, Y] =11 %W,,,

(XYool = XY 0po — (‘Uaﬂ(aﬁaﬁ%)yvmxu
= VN YpYo © {X17 Yl} = W,uz/pcfa

(4.3)

where we introduced Wi € s1 by [X1,Yy] = iW; and W, = ivu77, @ Wi. The indices of W
on the right-hand side of (4.3) do not always respect the restriction given in (4.2). Such W is

converted to the one in (4.2) by the following relations:

Wi =W 0,00 W = ()" %W, p#v,
Wpp =W, Wy = —iW,,

W oo = Wowpn = ()™ %W, Wi = —(—)" %W,

W = i 0W,,, W ooy = —10 %W,

and if all the indices are different value, then

W;wp _ (_1)176H-FiVWVMp — (_1)d‘“-(d’u+6p)Wme

W;wpa _ (71)1—Elb.d‘ywuupa _ (71)Eu-(5y+ﬁp)wypuo_ _ —(—1)6“'(6”+Ep+dd)wypgu.

We further need to check the closure of multi-index matrices
[X 10, Y ool = XY po — (_1)(a“Jray)'(aﬁaa)YpUXW
= i By Yy, © [Xo, Yo =~ e 7,
where Z 0 is understood as in (4.4) and (4.5),

(X1, Y por] = XY por — (—1)(a”Jray)'(aﬁaﬁ@)ymﬁxw

— iy {1y

VYoV Yorr ® [Xo, Y1] = VYo Yo Yo ¥ @ Zo.

(4.4)

(4.6)

There are five gamma matrices in this case so that one or two pairs of identical gamma matrices
exist. When there exist one pair of identical matrices, say v, = v, (4.6) equals to Z,,, up to
a constant factor. When there exist two pair of identical matrices, say v, = v, and v, = 74,
(4.6) equals to Z; up to a constant multiple. In this way, we see the closure of (4.6). Similarly,

there exist identical gamma matrices in the following (anti)commutator
[1X 100, Y oAl = XY orn — (_1)(a}t+au+(1p)~((lo-+(l-r+a)\)Ya_7_>\ X

= =YWV Vo Yr YA & {X17 Yl} = =V VWYp Yo YrIA @ Wh.

(4.7)



Z3-Graded Extensions of Lie Superalgebras and Superconformal Quantum Mechanics 11

A special subcase of this is three pairs of identical gamma matrices
{ X pwp: Xpwpt = Is @ Wy = W(O,O,O)'

Except the special case, there always exist two pairs of identical gamma matrices. Therefore,
(4.7) equals to W, up to a constant factor. We thus have proved the closure of (anti)commu-
tators.

We observed that the Z3-graded (anti)commutator is reduced to the one of superalgebra. It
follows from this fact that a Z3-graded Jacobi relation is also reduced to the one of superalgebra.
Therefore, it is straightforward to verify that (4.2) satisfies the Z3-graded Jacobi relations.

Now we are able to use (4.2) to construct a Cl(6) model of Z3-graded SCQM. Taking s as
any model of SCQM, (4.2) produces a corresponding model of Z3-graded SCQM. As a simplest
example, here we take s = 0sp(1]2) given in (3.5). Then (4.2) gives us 40 operators which close
in a Z3-graded extension of 0sp(1]2). We denote this algebra simply by Ga:

X000 =X,
Qu:’Yu@Qv Su:’Yu@Sa
Xuy — il*&y.-(‘iz/,}/u,yy ® X) ,LL < v,

Q/wp = VY ® Q, Sul/p = VY ® S, n<v<p,
Xo123 = 1117273 © X, X=H,D,K. (4.8)

The number of operator is double of the Cl(4) model discussed in Section 3.2 where we have 20
operators. The reason of this difference is same as the Z3-graded SQM considered in [2] and it
is best seen in the next example:

Q1,Q2] = 27172 ® H = —2iH 12, {Q0,Q3} =2v3® H = 2H 3.

These are the relations of C1(6) model and deg(H12) = deg(Hos) = (1,1,0). As v1v72 # 73,
H s and Hj3 are linearly independent. The corresponding relations in the Cl(4) model are

(@100, Qo10] = 27172 ® H, {Q111,Qo01} = 2iv172 ® H.

Obviously, the operators on the right hand side are not linearly independent. Namely, in
the Cl(4) model degeneracy of operators, which are linearly independent operators in Cl(6)
model, happens and the number of the operators are reduced.

By using the explicit form of (4.8), it is not difficult to see that the space # = F(R) @ C'°
is not decoupled into two subspaces by the action of Go. This is a sharp contrast to the model
in Section 4.1 and suggests the Z3-graded SCQM (4.8) gives an irreducible representation of Gs.
More precise analysis of irreducible representation of Gy will be done in a way similar to [10] but
it is beyond the scope of the present work.

Let us briefly analyse the spectrum of the C1(6) model by employing the standard prescription
of conformal mechanics. That is, we define the operators

1 .
R0,0,0) = H0,0,0) + K(0,0,0)> L?B,o,o) = §(K 0,00 — H(0,0,0)) £iD(0,0,0),
a,=8,+iQ,, al, =8, —iQ,,
auvp = Suvp +1Quup; a’Lup = Sup — 1Quup;

and take the eigenspace of R(g ), which is L?*(R) ® C'6, as the Hilbert space of the theory.
There exist twice many creation and annihilation operators than Cl(4) model

[R((LO,O)vau] = —ay, [R(o,o,o)aam = *GL,
T

[ (07070)"‘#%} = —Quyp, [R(o,o,O)v“Lup] = Q)

+ +
[R(070,0)7L(0,0,0)] = jE2L(o,o,O)'

=
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These creation and annihilation operators satisfy the relations similar to the C1(4) model

{a“,aL} = {auypya;fu/p} = 2R(O:070)’

— _ + _ _ -
{al.al} ={alupali} =200 {owau}t = {aumwp o} = 2L )
Furthermore, a,, and aL satisfy a Klein deformed oscillator algebra

[au,am = [aw,p,azwp] =T — 20F, F:=Is®os,
{Faa/t}:{FaaL :{Faauup}:{FaaLyp}:Oa F2:H16-

With these relations one may have

R0 = GL% + %(HIG —28F) = a’LVpa/Jl/p + %(HIG —208F).
Thus the ground state W(x) or Rg ) is defined by

a,V(r) =a,,¥(r)=0. (4.9)
We write W(x) in components

U(x) = (Y000, Y111, Y110, Yoo1, Yoi11, Y100, Y101, Y010, Y1105 Y001 Yooo,
T
111, Y101, Yo10, Yo11, Yi00) -

Then the condition (4.9) gives the same relations as Cl(4) model (3.9) and (3.10). It follows
that the ground state of Cl(6) model is eight-fold degenerate. The excited states are obtained
by repeated application of aL and aLl,p on the ground state. Repeating the argument same as
the Cl(4) model, one may see that the spectrum of Ry ) is equally spacing and the excited
state has eight-fold degeneracy.

As an abstract Lie algebra we regard Gs is inequivalent to G; as dim Gy = 40 > dim G;.

5 Concluding remarks

We showed that many models of SCQM are able to extend to Z3-graded setting by the use of
the Clifford algebras Cl(2(n — 1)) and Cl(2n). It was also shown the existence of a sequence of
models of Z3-graded o0sp(1]2) SCQM and we analyzed the spectrum of the models. Most likely,
for a given model of standard SCQM there would exists a sequence of models of Z3-graded SCQM
produced via the sequence of the Clifford algebras (2.3). However, full analysis of Z5-graded
SCQM will require lengthy computation and invention of better notations (especially for the
models via higher-dimensional Clifford algebras) which make the presentation simpler and more
readable. Therefore, we are planning to present them in a separate publication. We convince
that the present analysis of Z3-graded SCQM provides all the essentials of Z5-graded extensions.

Although the existence of Zj-graded SCQM has been established, its physical implications
and how much it differs from the standard SCQM are not clear yet. To have better understanding
of Z3 and higher graded SCQM, there would be some more works to be done. For example,
one may consider multiparticle extensions of the models presented in this paper. As showed in
Z3-graded SQM, difference from the standard SQM becomes clear when a multiparticle model
is considered. A multiparticle extension may be done in a way similar to [28].

The second example is classical theories of Z3-graded SCQM which reproduce the models of
this work upon quantization. Such classical theories will shed a new light on Z3-graded SCQM
and they have their own interest. For the simpler grading by Z2, D-module presentation and su-
perfield approach to the classical theory of Z%—graded SQM are discussed in the literature [8, 13].
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It is a very interesting but challenging problem to generalize these to Zj-graded (n > 3) set-
ting since integration on Z§-graded (n > 3) supermanifolds has not been established yet [22].
Nonlinear realization is a widely used approach to superconformal mechanics, see, e.g., [11, 17].
Z3-graded extension of nonlinear realization will be possible and it will give some geometrical
understanding of Z3-graded SCQM.

A Definition of Z3-graded Lie superalgebra

In this appendix we give a rigorous definition of Z§-graded Lie superalgebra [23, 24, 25]. Let g
be a vector space over R or C and @ = (a1,aq,...,a,) an element of Z5. Suppose that g is
a direct sum of graded subspaces labelled by @

s=Poa
a

Homogeneous elements of gz are denoted by Xz, Yz,.... If g admits a bilinear operation (the
general Lie bracket), denoted by [, -], satisfying the identities

[Xa V3] € 9,5 [Xa, Y] = —(=1)°[Y;, Xal,
(—1)%[ Xz, [¥; ZA1 + (-1)"[Y;, [Za, Xal] + (—1)7°[Zz [ Xa, Y3]] =0, (A1)
where
G+b=(a1+by,as+bo,...)EZE, J-EZZakbk,
k=1

then g is referred to as a ZJ-graded Lie superalgebra. The relation (A.1) is called the Z5-graded
Jacobi relation.
We take g to be contained in its enveloping algebra, via the identification

[Xa Vi = X5Y; — (—1)*PY; X, (A.2)

where an expression such as XzY} is understood to denote the associative product on the en-
veloping algebra. In other words, by definition, in the enveloping algebra the general Lie bracket
[-,-] for homogeneous elements coincides with either a commutator or anticommutator.

This is a natural generalization of Lie superalgebra which is defined on Zs-grading structure.
Namely, the vector @ is one-dimensional

9 =90 DP9
with @+ b= (a+b), @- b= ab.
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