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STUDY ABOUT INCLUSION RELATIONSHIPS
AND INTEGRAL PRESERVING PROPERTIES

Imran Faisal and Maslina Darus

Abstract. The object of the present paper is to investigate a family of integral operators
defined on the space of meromorphic functions. By making use of these novel integral operators,
we introduce and investigate several new subclasses of starlike, convex, close-to-convex, and quasi-
convex meromorphic functions. In particular, we establish some inclusion relationships associated
with the aforementioned integral operators. Several interesting integral-preserving properties are

also considered.

1 Introduction and preliminaries

Let 3 denote the class of functions of the form
Fo =S et (1.1)
> £ k< .

which are analytic in the punctured unit disk U* = {z : 0 < |z| < 1} = U\ {0}
where U = {z : |z| < 1} is the open unit disk.

Next we define some well known subclasses of meromorphic functions.

A function f € )’ is said to belong to the class of meromorphic starlike functions of
order ¢ in U, and is denoted by S*(), if it satisfies

2f'(2) eu.
§R< ) > >¢& 0<€&<1,2€U (1.2)

A function f € 3 is said to belong to the class of meromorphic convex functions of
order ¢ in U, and is denoted by C(§), if it satisfies

Zf”(2)>
%<—1— >¢& 0<€<1,2€U- (1.3)
f'(z)
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126 I. Faisal and M. Darus

It is easy to observe from (1.2) and (1.3) that

fecl) e —2f'(z) € S*(&)

Let f € )" and g(z) € S*(§). Then the function f(z) € ) is said to belong to the
class of close-to-convex of order p and type £ in U, and is denoted by K(p,§), if and
only if

§R<_Z{;§Z)> >p, (0<¢&,p<1;ze) (1.4)

A function f € ) is said to belong to the class of quasi-convex of order p and type
¢ in U, and is denoted by K*(p,£), if there exists a function g(z) € C(&) such that

%(*Z{jj”) >p (0<€p<lizel) (15)

We have the following result followed by (1.4) and (1.5) such that
f(2) € K*(p,€) if and only if —zf'(2) € K(p,&)-

For more details about above-defined classes of functions as well as their multivalent
generalizations, we refer to study to [5]-[1].

Next we introduce a new differential operator for the meromorphic functions.
For a function f € )", we define the following differential operator:
0°f(z) = [f(=),
(@+B)ONa, B, f(2) = (n+a+A+p)f(2)+ (u+ N (=f(2),
OX(a, B, ) f(2) = D(OX(a, B, 1) f(2)),

O%a, B, m)f(2) = DO (o, B,1m)f(2)): (1.6)

If f is given by (1.1) then from (1.6) we have

0% (e, B ) f(2) = 7+Z<a+ u+aA+kﬁ+1)+ﬁ) 0t (1.7)

(fEE,—1§a§1,—1§5§1,—1§,u,§1,)\20,a+57§0,n6N0)

Also by specializing the parameters «, 8, pu and A, It generalizes the differential
operators of Cho et al. [3, 4], Aouf and Hossen [2], Liu and Owa [9], Liu and
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Srivastava [10], Srivastava and Patel [13], Uralegaddi and Somanatha [17] and Ashwah
and Aouf [6] respectively.

We now define the following subclasses of the meromorphic functions by means of
the operator O (o, 8, 1) f(2) given by (1.7).

Definition 1. Using (1.2) and (1.7)

Sn (57 A,M,aﬁ) = {f €X:0X(a, b, u)f € 5*(5)}' (1.8)

Definition 2. Using (1.3) and (1.7)

Definition 3. Using (1.4) and (1.7)

K, (paga)‘wuﬂaaﬁ> = {f €X: Gg(avﬁa/‘)f € K(p,f)} (110)

Definition 4. Using (1.5) and (1.7)

K, (m&%mmﬁ) = {f €X:08a,B8,u)f € K*(p,f)} (1.11)

Next we investigate various inclusion relationships and integral preserving properties
for the meromorphic function classes newly introduced above.

2 The main inclusion relationships

First we state the following lemma which we need for our main results.

Lemma 5. [11, 12] Let o(u,v) be a complex function, ¢ : D — C, D C C x C, and
let p = p1+ipr, v =v1+ivy. Suppose that o(u,v) satisfies the following conditions:

(i) o(u,v) is continuous in D;

(i1) (1,0) € D and R{px(1,0)} > 0;

(iii) R{p(ipa,11)} <0 for all (ipz,11) € D such that vy < —1(1+ p3)-
Let h(z) = 1+ c12+ coz? + -+ be analytic in U, such that (h(z),zh'(z)) € D for all
zeU. If R{p(h(z),zh(2))} > 0(z € U) , then R{h(z)} >0 for z € U-
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Theorem 6. If f€ ) and -1 <a<1,-1<<1,-1<u<1,A>0,a+8#
0,n € Ng. Then

S:H—l <£7 )\a M, &, ﬁ) - S;-kb <£7 )\7 u, &, ﬁ) - S:L—l <£7 )\7 M, &, ﬁ) : (21)

Proof. Let f(z) € Sy, (ﬁ,A,u,aﬂ), to prove that f(z) € S} <§,/\,,u,a,ﬁ>, it is
enough to show that

2(O%(a, B, 1) f(2))’
O (a, B, ) f(2)

R( )> = 0<¢<1,2€eU-

We assume that

2(DX (o, B, 1) f(2))'
D3 (e, B, 1) f(2)

Where h(z) = 1+ c12 + c22? + ---- Applying simultaneously (1.7) and (2.2) we
conclude that

OV (o, B, 1) f(2)
O (a, B, ) f(2)

— £ —(1—9h(z), 0<E<1,2€ U (2:2)

_ L(—6— (1= Oh(2)) + L(% 41),0<E<1,z€U (23)

Differentiating (2.3) with respect to z logarithmically, we obtain

2O (0, B, 1) f(2))
O3 (o, B, 1) f (2)

(1-8)zh'(2)
- (Z+D+0-9hz)

+&{=—-(1-9h(z) + (2.4)

wtv
a+

L= ,0<E<1,2z€e U

Taking h(z) = pu = p1+ipe and zh/(2) = v = vy +ive, we define the function ¢(u, v)
by:

(1-&v _
E—(z+D)+0—-&u

o(p,v) = (1 =& pu— (2.5)

Then from (2.5) we have

(L
(i) ¢(u,v) is continuous in D = (C — : éffl)) x C;

(ii) (1,0) € D and R®{p(1,0)} >1—-¢& > 0;
(i) For all (iu2,v1) € D such that vy < —3(1 4 u3),
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Rip(ipa, 1)} = gce{§ —

Sl
+
—
S~—
+
~—~
—_
|
o
S—
<.
=
N
—~
Iy
|

implies

[(z +1-9]0-&m [(z +1-9](1 -+ 43)
E—(z+1))2+ Q-3 ~ 26— (£ +1)2+2(1 €)%
Hence, the function ¢(u, ) satisfies the conditions of Lemma 5, implies %{h(z)} >
0(z € U), that is, f(z) € S} <§,)\,u,a,ﬂ>- This completes the proof of Theorem
6. O

R{p(ipz,v1)} = < -

Theorem 7. If fe > and -1 <a<1,-1<<1,-1<pu<1,A>0,a+8#
0,n € Ng. Then

Cn+1 <£7 )‘) My & /B) g C’I’L (57 )" M, &, B) g Cnfl <§7 >‘7 M, & ﬁ> : (26)

Proof. Let

Fe G (5, Mo a,6> — 07 (o, B 1) f € C(6E),
o (00 (o) )] € S*(E) & O (B, u)(—=f) € 5°(9),

<~ _Zfl € S:H—l <§7 )\7/’L7Q7B> - SZ(&J\;M:%&)a

o es: (s, A,u,a,6> & O (. B.p)(—=f") € 5°(6),

& —2(O3(a, B, 1) f))" € §7(§) = OX(a, B, u) f € C(9),

= feCul& A, B,p) = Cna(§, A a, B, 1) C Cr(& X, B, 1)

]
Theorem 8. If fe ) and -1 <a<1,-1<<1,-1<pu<1,A>0,a+8#
0,n € Ng. Then

Kn+1 <p7€7)‘7,u’7 O[,B) g Kn <p7§7 >‘7M7avﬁ> g Kn—l <P7§a)\7,u«70475>' (27)
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Proof. Let f(z) € Knt1(p,& A, a, B, 1), so by definition there exist k(z) € S*(&)
such that

203 (o, B, 1) f(2))
k(z)

R( )>—p, 0<p<1l,2zeU

Taking the function g(z) which satisfies ©%!(a, 8, 1)g(2) = k(z), implies g(2) €
Spt1(§) and

§R<z<@§“<a,ﬁ,mf(z))'
O3 (a, B, 1m)9(2)

>>—p, 0<p<l,2zelU:

We assume that

2(0% (o, B, 1) f(2))
% (a, B, 1)g(2)

Where h(z) =1+ c12z + 222 + -+ - Using (1.7), we have

:7p7(17p)h(z)7 0§p<1aZ€U'

L(637 a8 () ) = 2( B0, M)Zf’(z)>/ #1+ 1)(OF(0u 8,02 (2) ) 28
And
£(63+ (e pma(e) ) = = BR(a u)9(2)>/ + 0+ 1) (OFa b)) 29

Using (2.8) and (2.9) we conclude that

O gy (@A) ) + (D (O%a s ()

o _ / (2.10)
S (g mat=)) + 1+ 1) (@305, a(2)
Since g(z) € Sy 1(§) C Sy (&), so let
2O%(@ B,1)g()) _ i),
O Auglz) o HTOHE)
So from (2.10) we have
(05 (0, B, W) () Sty + L+ D)(=p— (1= k(=) (2.11)

@S\Zﬂ(a,ﬁ, 1)g(z) - (1-8H(2)+(1+ L)
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As

(92(@757,“)2]“(3)) = (@K(a,ﬁ,u)g(z))[—p - (1 - p)h(z)L 0< p < 1,2: eU
After differentiating with respect to z and some calculation we get

A(OF Bl ()
(©%(, B, 1)g(2)) =[-p— (L= p)h()][-€ = (1 = H(2)] - (1 — p)zh (2]2.12)

After substituting the result of (2.12) in (2.11) we have

2O (o, B, 1) f(2))
OV (e, B, n)g(2)

(L—p)eh(z)
E-1-L+(1-H()

+p=—(1—p)h(z) + (2.13)

Taking h(z) = p = p1+ipe and zh'(2) = v = vy +ive, we define the function ¢(u, v)
by:

(1—pv _
—1-L+(1-&H(2)

e, v) =1 —p)u— ¢ (2.14)

It is easy to see that the function ¢(u,v) satisfies the conditions (i) and (ii) of
Lemma 2.1 in D = C x C. To verify the condition (iii), we proceed as follows;

vi(l=p)(L+1—&) —(1—&hi(x1,y1)] _
[(E+ (1= h(z1,y1) — L =112+ [(1 = §)ha(z2, yo)]?

R{plipz,v1)} =

Where H(z) = hi(x1,y1) + iha(z2,y2), hi(z1,y1) and ha(z2,y2) being functions of

z and y and R(h1(21,91)) > 0. By putting v1 < —1(1 + p3), we obtain

1 (A+p3)A-p)(L+1-¢) — (1 -&h(a1,m)]

2[(€+ (1= Oha(wr,51) — L— 12+ [(1 — Oha(w2,2)]2 <0

R{p(ipz,v1)} =

Hence, the function ¢(u, v) satisfies the conditions of Lemma 5, Implies ®{h(z)} >
0(z € U), that is, f(2) € Kn(p,& A\, o, B, ) This completes the proof of Theorem
8. Similarly we can prove the following theorem.. O

Theorem 9. Let f €3, 0<&<1, o,8,u,A>0,u+A#£0,a+ 8 #0,n € N,,
L= (a+pB)/(pn+ N) then
K:L+1(Pufa>\7ﬂ,aaﬁ) C K;(L(paga)‘alhavﬁ) C K:Lfl(pag’)‘a/"évaaﬁ)-
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3 A set of integral-preserving properties

In this section, we present several integral-preserving properties of the meromorphic
function classes introduced here. We first recall a familiar integral operator L.(f)
defined by

Cc

z
L) = 2 [ €0t (o> 0ip ), (31
which satisfies the following relationship:

2(O%(a, B, p) Lo f(2)) = () (OX (e, B, 1) f(2)) — (¢ + 1)(OX(ev, B, ) Lef(2)) (3:2)
Theorem 10. Letc >0, fe€ X, 0<E<1, o, B, u, A>0,u+X#0,a+ 5 #0, and
n € N,. If f(z) € S:L(f,)\,,u, oz,ﬁ), then L.(f) € S;‘L(f,)\,,u,a,ﬁ)-

Proof. Let f(z) € S;(&)\,u,a,[i’). To prove that L.(f) € Si(&, N\, a, B, p) It is

enough to show

We suppose that
2(O% (o, B, p) Lef(2))'
O%(a, B, 1) Le f(2)
Where h(z) =1+ c1z+co22 +----
Using (3.2) and (3.3) we conclude that

2(O%(a, B, 1) f (2))’
O (a, B, 1) f(2)

Taking h(z) = p = p1+ipe and zh/(2) = v = vy +ive, we define the function ¢(u, v)
by:

= —¢—(1-&h(z) (3.3)

(1-8=h"(z)
§—c—1+(1-8h(2)

+€=—(1-h(z) +

(1-&v
wv)=1-8pu— . 3.4
Pl = (1= U (3.4
It is easy to see that the function ¢(u,v) satisfies the conditions (i) and (ii) of

Lemma 5 in D = ((C - {55211}> x C. To verify the condition (iii), we proceed as

follows;

(c+1-90 = _ —(c+1-01 =+ p3)
€ —c=1P+[(1 = Oua* ~ 2[€ —c — 12 +2[(1 — §pa]?
Hence, the function ¢(u, v) satisfies the conditions of Lemma 5, implies ®{h(z)} >

0(z € U), that is, L.(f) € S;(&, A\, o, 8, ). This completes the proof of Theorem
10. ]

R{p(ipz, 1)} = < 0<(3.5)
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Theorem 11. Letc >0, fe X, 0<&< 1, o, 8, u, A>0,u+A#0,a+ 8 #0, and
ne NO' _[ff(Z) € Cn(€7Aauaa76)7 then LC(f) € Cn(ﬁa)\7ﬂaa75)'

Proof. Since f(z) € Cn(& N . B, 1) & —2f'(2) € SH(& A o, B, 1) = Le(—2f") €
52(57)‘704)67“) A _Z(Lc(f))/ € S’:(g:)‘?avﬁaﬂ) <~ Lc(f) S Cn(ga)‘va7ﬂau)" D

Theorem 12. Letc >0, fe X, 0<&< 1, o, B, A >0, u+X#0,a+ 5 #0, and
ne NO' Iff(Z) € Kn(pvgv)‘vu?avﬁ)) then Lc(f) € Kn(p1§7)\7,u7aa6)'

Proof. Since f(2) € Kn(p,€, ), a, 8, 1) implies 0% (a, 8, 1) f € K (p,€) or

2(O%(a, B, W ()
ace( O (o, B, )9 (2) >> g

We suppose that

<z(e§(a,,6,u)ch(Z))’
O (a, B, 1) Leg(2)

Where h(z) =1+ crz+co22 +----
Since we have

2(O%(a, B, w) Lef(2)) = () (OX (e, B, 1) f(2)) — (¢ + 1)(OX(ev, B, ) Le f(2))-

> o (1-p)h(2), 2 €U (3.6)

Therefore
2O (@) Le (21" (2))’ (8% (a,B.0) Le(2f(2))
C@%m@Mﬂw)_ LT A ) 2T R
O (a, B, 1)g(z) ) 2(0% (@B Le(9(2)) '
3@, 5. m)a(z) 9&(&6#)%9()2) tetl

Since g(z) € S3(€, A, a, B, 1) implies Le(g(2)) € S3(€ A @, B, 1) Let

2(0%(av, B, ) Le(g(2))
0% (v, B, ) Leg(2)

=—¢—(1-¢H(2), R(H(2)) >0, z€ U-

Using (3.2) and (3.6) we conclude that

2O B, WLe(2f"(2)) 1 A — (1 — EVE ()] —(1 — o)zl (2
O (a, B, 1) Leg(2) =[-p— (1 =ph(2)][-€ - 1= H(2)] +[-(1 - p)zh'(2)](3.8)

Simultaneously solving (3.7) and (3.8) we get

(Z(@’i(a, B,u)f(2)
% (a, B, 1)g(2)
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Taking h(z) = p = p1+ipe and 2h'(2) = v = vy +ive, we define the function ¢(u, v)
by:

(I—p) ,
—c—1+(1-¢H(2)

e(p,v) = (1= p)u— ¢ (3.10)
It is easy to see that the function ¢(u,v) satisfies the conditions (i) and (ii) of
Lemma 5 in D = C x C. To verify the condition (iii), we proceed as follows;

n(l—p)llc+1—-¢— (1 —&hi(z1,y1)] .
(€ == 1)+ A = ha(zr,y1)* + [(1 = E)ha(x2, y2)]?

Where H(z) = hi(z1,y1) + iha(z2,y2), hi(z1,y1) and ha(z2,y2) being functions of

x and y and R(hq(x1,y1)) > 0. By putting 14 < —%(1 + p3), we obtain

R{p(ip, 1)} =

, _ 1 1+ 1 =p)lc+1—E—(1—Ehi(z1,11)]
Relina )} = = oo D) 1 (= O @) + [ — Oz, 92)

Hence, the function ¢(u, ) satisfies the conditions of Lemma 5, implies ®{h(z)} >
0(z € U), that is, L.(f) € Kn(p, &, A, , 8, ). This completes the proof of Theorem
12. Similarly we can prove the following theorem.. O

<0

Theorem 13. Letc >0, f€ X, 0<&<1, a,B8,u, A>0,u+A#0,a+ 8 #0, and
n € No. If £(2) € K2 (p, € A, B), then Le(f) € K3 (p,€ A iy, B):
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