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POSITIVE BLOCK MATRICES ON HILBERT AND
KREIN C*-MODULES

M. Dehghani, S. M. S. Modarres and M. S. Moslehian

Abstract. Let s and % be Hilbert C*-modules. In this paper we give some necessary and
sufficient conditions for the positivity of a block matrix on the Hilbert C*-module A4 & 5. If
(74, J1) and (3, J2) are two Krein C*-modules, we study the J-positivity of 2 X 2 block matrix

(&)

on the Krein C*-module (/4 ® z%,j = J1 @ J2), where X" = J,X*J; is the (J2, J1)-adjoint of the

operator X. We prove that if A is Ji-selfadjoint and B is Jz-selfadjoint and A is invertible, then
A X -

B ) is J-positive if and only if A >71 0, B >72 0 and X*A~'X <’2 B. We
also present more equivalent conditions for the j—positivity of this operator.

the operator (

1 Introduction and preliminaries

Hilbert C*-modules are generalizations of Hilbert spaces by allowing the inner
product to take values in a C*-algebra rather than in the field of complex numbers.
The theory of Hilbert C*-modules has applications in the study of locally compact
quantum groups, non-commutative geometry and KK-theory. Actually Hilbert C*-
modules can be considered as a ‘quantization’ of the Hilbert space theory; see e.g.
[10].

Let A be a C*-algebra. A complex linear space ¢ is said to be an inner product
A-module if JZ is a right A-module together with a C*-valued map (z,y) — (z,y) :
I x H# — A such that

(1) (x,ay+ Bz) = alx,y) + Bz, 2) (x,y,z € H,a, B € C);

(17) (z,ya) = (x,y)a (x,y € H,a € A);

(i11) (y,z) = (z,y)" (z,y € H);

(iv) (x,z) >0 and if (z,x) =0, then 2 =0 (z € 7).

An inner product A-module 52 which is complete with respect to the induced norm
llz|| = ||{z, :E>H% (x € J) is called a Hilbert A-module or a Hilbert C*-module over

2010 Mathematics Subject Classification: Primary 47B50; Secondary 461.08; 46C20; 47B65.
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A. Every Hilbert space is a Hilbert C-module.

Suppose that 4 and .74 are two Hilbert A-modules. We denote by L£(.74,.743) the
set of all bounded linear operators 1" : 5 — .74 which are adjointable in the sense
that there is a map T : 5% — 77 such that

(Tz,y) = (x,T"y) (x € HA,y € H3).

Let (47, (-,-)) be a Hilbert C*-module. Then L(5¢) := L(H, ) is a C*-algebra
with the identity operator I . An operator T' € L() is called selfadjoint if T* = T
and is positive if (Tz,z) > 0 for all z € 5. We denote by T3 the unique positive
square root of T'. If T' is a positive invertible operator we write T' > 0. For selfadjoint
operators T and S on 7, wesay T < S if S —T > 0. A selfadjoint idempotent
operator T € L(#) is called a projection.

Let 74 and 4% be Hilbert A-modules. The operator T' € L(74,.753) is called a
contraction if T*T < I, and is called an isometry if T*T = I . We write Z(T')
and A4 (T) for the range and null space of the operator T, respectively.

Let A4 and 7% be Hilbert C*-modules over A. Every operator A € L(74 & H5)
is uniquely determined by operators A;; € L(5,75) (1 < i,j < 2) defined by
A;; = m;ATj, where 7; is the canonical embedding of JZ; in J# ® J% and ; is the
natural projection from J# © J% onto 4. Note that 77 = 7;. Let us represent A
by the block matrix

A Agg >
A= . 1.1
( A1 Az (L.1)

A A
Ay Az )’
where Ai; and Ags are selfadjoint operators on 7, and %43, respectively. The

An 0 is denoted by Ai1 @ Aso.
0 Ay

Clearly the operator A is selfadjoint if and only if A is of the form <

diagonal block matrix (

Proposition 1. [7, Lemma 2.1] Suppose that 76 and % are Hilbert A-modules.

Let A € L(7A), C € L(5,74) and B € L(5). Then ( él* g ) > 0 if and

only if A>0, B>0 and

p((Cy, 2))I” < p((Az, 2)) o ((By, y)). (1.2)
forallz € 74, y € 5 and all p € S(A), where S(A) is the state space of A.

Linear spaces with indefinite inner products were used for the first time in
the quantum field theory in physics by Dirac [6]. Krein spaces as an indefinite
generalization of Hilbert spaces were formally defined by Ginzburg [8]. The notion
of a Krein C*-modules is a natural generalization of a Krein space. In sequel we
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Positive block matrices on Hilbert and Krein C*-modules 25

present the standard terminology and some basic results on Krein spaces and Krein
C*-modules. For a complete exposition on the subject see [1, 2, 9, 11].

Let (4,(-,-)) be a Hilbert C*-module over a C*-algebra A. Suppose that a
nontrivial selfadjoint involution J on J#, i.e. J = J* = J~!, is given to produce an
A-valued indefinite inner product

[.I,y]J = <J.73,y> (%,y € %)

Then (4, J) is called a Krein C*-module. Trivially a Krein space is a Krein C*-
module over A = C. The Minkowski space is a well-known Krein space.

Example 2. Let M, (C) be the algebra of all complex n x n matrices and let (-,-)
be the standard inner product on C". For selfadjoint involution

I,.1 O
JO:( 01 —1>’

where I,—1 denotes the identity of My,_1(C), let us consider the indefinite inner
product [-, -5, on C" given by

n—1
[, 9]0 = (Jox,y) = > Trk — TnTn
k=1

forallx = (1, -+ ,xn) , y= (Y1, -+ ,yn) € C". The Krein space (C",Jy) is called
a Minkowski space.

Let (74, J1) and (%3, J2) be Krein C*-modules. The (.J1, J2)-adjoint operator
of A e L(7A,75) is defined by

[Ax7y]J2 = [vaﬁy]J1 (:I" € jﬁv Yy e %)7

which is equivalent to say that A* = JyA*J,. Trivially (A%)* = A. Let (2, J) be a
Krein C*-module. An operator A € L(J) is said to be J-selfadjoint if A* = A, or
equivalently, A = JA*J. For J-selfadjoint operators A and B, the J-order, denoted
as A <’/ B, is defined by

[Az, x|y < [Bz,x]y (x € ).

It is easy to see that A </ B if and only if JA < JB. The J-selfadjoint operator
A € L(s) is said to be J-positive if A >7 0. Note that neither A > 0 implies
1 -1
1 -3
Minkowski space (C2,.Jp). Then A is Jp-positive, but A is not positive.

A >7 0nor A >’ 0implies A > 0; for instance, let A = ( : > in 2-dimensional
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Positivity of 2 x 2 block matrices of operators on Hilbert spaces have been studied
by many authors; see e.g. [4, 5, 12, 13] and references therein. In section 2, we study
the positivity of 2 x 2 block matrices of adjointable operators on Hilbert C*-modules.
We give a necessary and sufficient condition for the contractibility of an adjointable
operator on a Hilbert C*-module via positivity of a certain block matrix. Then
we characterize the positive block matrices of adjointable operators on Hilbert C*-
modules (Theorem 6).

In section 3, we assume that (74, J1), (#2, J2) are Krein C*-modules and consider
the Krein C*-module (%Z = e,I=J6 J2). We investigate the positivity
of 2 x 2 block matrices on Krein C*-module (Jf J ). We give some necessary and

X' B
Krein C*-module (,%Z ,J ). We also give the relation between contractions and 2 x 2
block matrices in the setting of Krein C*-modules.

sufficient conditions for the J-positivity of 2 x 2 block matrix ( 4 X > on the

2 Positivity of block matrices of adjointable operators
on Hilbert C*-modules

The following lemma characterize the relation between contractions and the positivity
of a block matrix of operators on Hilbert C*-modules.

Lemma 3. Let 54 and 7 be Hilbert A-modules. An operator C € L(, 74) is a

¢ > € L(7A & H53) is positive.

contraction if and only if the block matriz I%:l
C I(yé

Iy C
C* Ly

<< Ic{ﬁ 1;2 ) ( :;)a(i)>:<$7w>+2Re<0y,x>+<y,y>zo

for all x € A4, y € 4. Now put x = —Cy. Then
(Cy,Cy) — 2Re(Cy, Cy) + (y,y) > 0.

It follows that (Cy, Cy) < (y,y) for all y € 4. Therefore C*C < I,.

Conversely, suppose that C*C < I, and ¢ € S(A). The map (-,-) — ¢((-,-)) is a

positive sesquilinear form. Using the Cauchy—Schwarz inequality we conclude that
le((Cy, 2))[* < o((Cy, Cy)e((z, ) < o({y, y)p((z, ).

Let A= I, and B = I 4 in (1.2). Then Proposition 1 implies that

Iy C )
> 0.
( Cc* nyé -
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A closed submodule . of a Hilbert C*-module 57 is called orthogonally complemented
if # = F @+, where F+ = {x € H# : (v,y) = 0 forally € F}. It is
well-known that the closed submodules of Hilbert C*-modules are not orthogonally
complemented, in general. However, the null space of an element of £(J74, 7%) with
closed range is orthogonally complemented, which can be stated as follows:

Proposition 4. [10, Theorem 3.2] Let 56 and 7% be two Hilbert C*-modules and
let A € L(7A,75). If Z(A) is closed, then Z(A*) is closed and the following
orthogonal decompositions holds:

K = N (A) @ R(AY), Ho=R(A)®N(A).

Furthermore, The closeness of any one of the following sets implies the closeness of
the remaining three sets:

H(A), #(A"), R(AA™), #(ATA).

Let s and 7% be Hilbert C*-modules. An operator U € L(.76,.74]) is called a
partial isometry if Z(U) is orthogonally complemented and there exists an orthogonally
complemented submodule .# of .7 such that U is isometric on .% and U|z1 = 0. It
is well-known that U is a partial isometry if and only if U*U (or UU™) is a projection;
cf [10, Chapter 3]. To get our next result we need the following lemma, which is a
generalization of a known result [3, Lemma 2.4.2].

Lemma 5. Let 57, 71 and 5 be Hilbert A-modules. Suppose that T € L(H,.77)
and S € L(I, ) such that Z(T) and Z(S) are orthogonally complemented. If
T*T = S*S, then T =US for some partial isometry U : 56 — .

Proof. Assume that T*T = S*S. Let y € #(S). Then y = Sz for some z € 7.
Define Uy := Tz. Suppose that 2/ € # and Sz = Sz’/. Hence S(xz — 2') = 0. We
have

(T(x—2),T(x—2")) = (IT"T(x—2'),z—2')
= (S*S(x —a'),z —2)
= (S(x—2),8(x —2")) =0.

It follows that Tz = Ta’. Therefore U is well-defined on Z(S). In addition,

lUyl? = ||IT|?
= [Tz, z)|
= [[{S"Sz, z)]]
= |ISz)* = 1llyl* (v € 2(5)).
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So U is an isometry on Z(S).
Next, let y € Z(5) and z,, € S such that y, = Sz, and lim, ooy = y. Then
Uy, = Tx, for all n and

1Uyn = Uyml* = KT (zn — zm), T(2n — )|
[(S(zn — 2m), S(zn — zm)) |
= [{Un = YmsYn — Ym) |l
lyn — ym||2

As {y,} is a Cauchy sequence, so is {Uyy}. Therefore we can define

Uy := lim Uy, = le Tz, (y € Z(9)).

n—oo

We define U to be zero from the orthogonal complement of Z(.S) into the orthogonal
complement of Z(T). Note that U can be regarded as a diagonal matrix.

Clearly T'= US. The operator U is a partial isometry, indeed, let z € Z(T). Then
z = limy, 00 T2}, for some z), € 7. Analogue to the above construction, we can
define

U*z:= lim U*z, := lim Sz, (z e 2(T))

n—oo n—oo

and U* to be zero from the orthogonal complement of Z(T") onto Z(S) and conclude
that S = U*T. Therefore

_ . _ . % _ . . * /
Oz = g, Ton 2 = 10 (0n, T72) = Jig (on, J0 T T m)

o . . * / _ . . / _ *

= Al G, 55 m) = R (S, i Smd =, U72)

for all y € Z(S),z € Z(T) and so U* is actually the adjoint of U. Moreover

U'Uy = lim U'Tz, = lim Sz, =y (y € Z(9)).

n—o0

and

UU*z = lim USz), = lim T2, =z (z e 2(T)).

n—o0 n—oo

Hence U*U = Pasy and uv* = Pgery are projections onto #(S) and Z(T),
respectively. It follows that U is a partial isometry. O

A characterization of positive 2 x 2 block matrices can be obtained by using
Lemma 3 as follows:
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Theorem 6. Let 74 and 7 be Hilbert C*-modules and let A € L(FA) and B €
L(76) such that Z(A) and Z(B) be closed submodules of 74 and 7, respectively.
Then the block matrix < 64* g > € L(JA © H5) is positive if and only if A >0,
B > 0 and there exists a contraction G such that C = A%GB%.

Proof. Let A > 0 and B > 0 and let C = A%GB 3 for some contraction G. Then

Lemma 3 forces that I%:} ¢ > 0. It follows from
G* In

(A C>: Az 0 (I,f G) Az 0
C* B 0 B: G* Lg 0 Bz )’

A C . -
that ( c* B ) is positive.

Conversely, suppose that M = <

N

A C
C* B
L(7A @ ). We can write N = ( P Q ), where P € L(7A4,74 @ #3) and
Q € L(H5, 74 ® H#3) are defined by P = N7p and Q = N7y, respectively. To see
this, let 1 € 4 and x9 € 4. Then

) > (0. Then M = N*N for some N €

(P Q) < 2 > = Pr1 + Quz = N(21,0) + N(0, 22) = N(z1, 72).

Therefore

(A CN\ e [P (PP PYQ
M=( G p)=Nn=(g ) r )=(gr g )

It follows that A = P*P > Of B=Q*Q >0 and C = P*Q.

Due to Z(A) is closed, Z(Az) = Z(A) is closed. Moreover, it follows from Z(A) =
Z(P*P) and Proposition 4 that Z(P) is closed. Similarly, %(B%) and Z(Q) are
closed. Since A2A3 = A = P*P and B3B> = B = Q*Q Lerglma 5 implie§ that
there exist partial isometries U; and Us such that P = UjA2, Q = UsB2 and
Ur1UY = Pypy, U3Uz = Pyp(p) are projections onto Z(P) and Z(B), respectively.
Therefore C = P*Q = AzU;UsB2. Set G := Ui Us. Then

G*'G =UU,U{Uy = UQ*P%(P)UQ <UsLyenUs=UsUs = P%’(B) < I
and C = A2GB:. O

kst sk ok sk ok ok s ok sk sk ok ok sk sk ok sk sk sk ok sk sk sk s sk sk sk ok sk sk sk sk ok sk sk sk s sk sk sk ok sk ok sk sk ok sk sk sk s sk sk sk sk ok sk sk ok ok sk ok sk sk ok ok sk skok ok sk ok

Surveys in Mathematics and its Applications 8 (2013), 23 — 34
http://www.utgjiu.ro/math/sma


http://www.utgjiu.ro/math/sma/v08/v08.html
http://www.utgjiu.ro/math/sma

30 M. Dehghani, S. M. S. Modarres and M. S. Moslehian

3 Positivity of block matrices of operators on Krein C*-
modules

In this section we study the positivity of a block matrix of operators acting on Krein
C*-modules.

Let (77, J1) and (76, J2) be Krein C*-modules. Note that a selfadjoint involution
on J4 ® /4 may be defined in some different ways. It is easy to see that J = J; @ Jo
is a selfadjoint involution on J# @ 4. Let A be the block matrix introduced in
(1.1). Then we have

A App

Therefore A is J-selfadjoint if and only if A = ( §
Aly Az

> in which A11 is J1—

selfadjoint and Ao is Jo-selfadjoint.
To get our next result we need the following lemma.

Lemma 7. Suppose that R and S are J-selfadjoint operators on a Krein C*-module
(A, J). Then R >7 S if and only if WIRW >7 WESW for all W € L().
Specially R >" 0 if and only if WERW >7 0 for all W € L(H).

Proof. Clear. O

Theorem 8. Let (74, J1) and (75, J2) be Krein C*modules. Suppose that A is Jy-

selfadjoint and B is Ja-selfadjoint. If A is invertible, then the operator ( ;(411 )é >

is J-positive if and only if A>710, B >72 0 and X*A™1X <’ B.

Proof. By the assumptions, A is an invertible Jj-selfadjoint operator. It follows
that AJj is invertible and selfadjoint. Then AJ; = (AJy)* = J1A*. It follows
that JJA™! = (A1)*J,. Therefore A~! is Ji-selfadjoint. Hence X*A~'1X is Jo-
selfadjoint. By the definition, we have

Ly -A'x\' (7 0 Ly 0 Ji 0
0 L - 0 Jo —(A7IX)* Ly 0 Jo
_ Ly 0
~XPATY I )

Therefore

Ly —-AX\'/ A X\ [ Ls —A'X\ [ A 0
0 L X* B 0 L “\ 0 B-XfATlX )

kst sk ok sk ok ok s ok sk sk ok ok sk sk ok sk sk sk ok sk sk sk s ok sk sk sk sk sk sk sk ok sk sk sk sk sk sk sk ok sk ok sk sk ok sk sk sk ok sk sk ok ok sk sk ok ok sk ok sk sk ok ok sk sk ok ok sk ok

Surveys in Mathematics and its Applications 8 (2013), 23 — 34
http://www.utgjiu.ro/math/sma


http://www.utgjiu.ro/math/sma/v08/v08.html
http://www.utgjiu.ro/math/sma

Positive block matrices on Hilbert and Krein C*-modules 31

From this relation, Lemma 7 and taking into account that the operator

Iy —-A7'X
0 Ly

is invertible, we deduce that the operator ( ;ﬁ )é ) isJ -positive if and only if the
A 0 .= . A X ). = .

operator < 0 B-XiA-lx ) is J-positive. Therefore < xi B ) is J-positive

if and only if A >/10, B >72 0 and X*A~'X </2 B, O

The following corollary is well-known for operators on Hilbert C*-modules which
we present it as a result of Theorem 8.

Corollary 9. Let 54 and 7 be Hilbert C*-modules and let A € L(), B € L(5)

such that A > 0 and B > 0. The block matriz < él* g > € L(4 @ H5) is positive
if and only if C*A~1C < B.
= I 0 .
Proof. Let J = in Theorem 8. O
0 Ly

Theorem 10. Let (4, J1) and (76, J2) be Krein C*-modules. Suppose that A €
L(7A) is Ji-positive and B € L(H3) is Ja-positive. If A and B are invertible
and Z(J1A) and Z(J2B) are closed submodules, then the following statements are
equivalent.

(i) ( ;?ﬂ )B< > is J-positive.

(i1) (JlA)féJlX(JgB)fé is a contraction.
(iii) XPA-1X <2 B,
Proof. (i) = (ii).

" JiA X
By the definition, < (LX) JoB
(JlA)%G(JQB)% for some contraction G. Since A and B are invertible we conclude
that G = (JlA)_%JlX(JgB)_% is a contraction.
(i) = (iid).
The condition (i7) is equivalent to

> > 0. Then Theorem 6 implies that J1 X =

(LA 2(J1X)(oB)"2 < L.

NI

(JoB) 2X*JAT'X(J;B) "7 = (JaB) 2 (1 X)*(J1A)

It follows that X*J;A~1X < J,B. Therefore X#A~1X </2 B.
(i) = (i).
It follows from Theorem 8. Il
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An operator X € L(J6,74) is called a (Jo, J;)-contraction if X¥X <72 I, or
equivalently, X*J1 X < Js.

X

7 ) € L(IA © H5) implies

p )

that J1 > 0 and Jo > 0 which is impossible. Therefore in contrast to operators
on Hilbert C*-modules Lemma 3 is not valid in the setting of Krein C*-modules.
Moreover the following example show that the (Ja, J1)-contractibility of X, i.e. Xtix </2

Remark 11. The j—posz’tz’m’ty of block matriz ( %ﬁ

1, does not imply the j—positivity of block matriz I}? X .
XP Iy

Example 12. Consider the Minkowski space (C?,Jo) with Jy = ( L0 ) Let

Xz(z. Z.).Then
T 2%
1 0 i —i 1 0 —i i
X — _
X_JoXJ°_<0 —1><—z‘ —2¢><0 —1>_<i —22'>

e (11
JO—XJOX—<1 2>>0.

and

Therefore X*X <70 I, where I = < é (1) It means that X is a Jy-contraction.
X

)
)

- I
Now let Jg = Jyg® Jy ande(Xﬂ I Then
1 0 i i
jp_ (% O I X\ Jo JoX N\ [ 0o -1 —i —2
=\ o J xtr ) \Vaxt g )| =i i 10
5 2 0 -1

The matriz JoT is not positive, because it has negative eigenvalues. It follows that
T is not Jg-positive, while X is a Jy-contraction.

In the following theorem we introduce a good candidate for description of contractions
by means of J-positive 2 x 2 block matrices.

Theorem 13. Let (74, J1) and (A5, J2) be Krein C*-modules. Then < }?ﬁ ? )
2

18 j—positive if and only if X is a contraction.
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Proof. Let T = < )'?ﬁ f ) By the definition, T Zj 0 if and only if JT > 0. Tt
2
means that
Jl 0 Jl X I,)f’l JlX
= > 0. .

<0 JQ><Xti J2> ((JlX)* Ly, =0 (3:-1)
Lemma 3 forces that (3.1) is equivalent to (J1.X)*(J1X) < I,,. Also we have
X*X = X*2X = (N1 X)* (N1 X) < L. O
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