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ON APPROXIMATION OF FUNCTIONS BY
PRODUCT OPERATORS

Hare Krishna Nigam

Abstract. In the present paper, two quite new reults on the degree of approximation of
a function f belonging to the class Lip(a,r), 1 < r < oo and the weighted class W (L., &(t)),
1 <r < oo by (C,2)(E,1) product operators have been obtained. The results obtained in the

present paper generalize various known results on single operators.

1 Introduction

Let Y"°° ,uy, be a given infinite series with the sequence of its n'* partial sum {s,}.

The (C,2) transform is defined as the n* partial sum of (C,2) summability and
is given by

1

" A Do)

(n—k+1)sp > s asn— o
k=0

then the series > > ;uy is summable to s by(C,2) method.

If

n

1
(E,l):E}l:ZrLZ<Z>Sk—>sasn—>oo (1.1)
k=0

then the series Yo% u,, with the n'* partial sum s,, is said to be summable (E,1)

to s [3].

The (C,2) transform of the (E,1) transform defines (C,2)(E,1) product transform
and we denote it by C2E}.
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Thus if
n
21 _

CnEn—(n+1 Y kz_: DE} —s as n— oo, (1.2)

]

where E} denotes the (E,1) transform of s, and C2 denotes the (C,2) transform of
Sn, then the series > 7 u,, is said to be summable by (C,2)(E,1) means or summable

(C,2)(E,1) to s.

Let f(x) be periodic with period 27 and integrable in the sense of Lebesgue. The
Fourier series of f(x) is given by

flz)~ 24 Z an cos nx + by, sinnx) (1.3)

with n?? partial sum s, (f; ).

Loo-norm of a function f: R"™ — R is defined by
[flloc = sup{| f(z) |: x € R} (1.4)

L,-norm is defined by

21
1l = ( /0 | @) " o), r> 1 (1.5)

The degree of approximation of a function f : R — R by a trigonometric polynomial
t,, of order n under sup norm || || is defined by

| tn — f lloo= sup{| tn(x) — f(z) : * € R} Zygmund [14] (1.6)

and E,(f) of a function f belongs to L, is given by

En(f) = min|[t, — £l (1.7)
One says that a function f belongs to the class Lipa if
flx+t)—f(z)=0(t]%) for0<a<1 (1.8)

and that f belongs to the class Lip(a, ) if

27 %
(/0 ]f(x+t)—f(x)\rd$> =0(t]*), 0<a<landr>1 (1.9)
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(Mc Fadden [6], definition 5.38)
Given a positive increasing function &(¢)and some r, 1 < r < oo, one says that a
function f belongs to the class Lip((£(t),r) if

</027r | flz+t)— fx) " dgc))i = 0(£(1)) (1.10)

and that f belongs to the class W(L;,£(t)), 1 <r < oo if

27 %
( [ 1t - sy sinte d:c>) — O(E(1)). B> 0. (L.11)

If 5 =0, our newly defined class W (L,,&(t)) reduces to the class Lip({(t),r) and
if £(t) = t* then Lip(&(t),r) class reduces to the class Lip(a,r) and if r — oo then
Lip(a, 1) class reduces to the class Lipa.

We use the following notations throughout this paper:

o(t) = flz+1) + fz —t) = 2f ()

Ku(t) = (n+11)(n+2) k” {(T>i<i>W}

0

2 Main Theorems

Several researchers ([1], [2], [4], [5], [7], [8], [9], [10], [11], [12]) initiated the studies
of error estimates of function belonging to the classes Lipa, Lip(a,r), Lip(&(t), ),
W (L,,&(t)) using different linear operators. But till now nothing seems to have been
in the direction of present work. Therefore, in this paper, two quite new theorems
on degree of approximation of a function belonging to the class Lip(«,r) and the
weighted class W (L., £(t)) by (C,2)(E, 1) summability means on Fourier series have
been established. In fact, we proved the following theorems.

Theorem 1. If f is a 2w-periodic function, Lebesgue integrable on [0, 27] belonging
to the class Lip(a,r), 1 < r < oo, then its degree of approzimation by (C,2)(E,1)
means on Fourier series (1.3) is given by

| CT%E%—fHT:O{ ! _1} for0<a <1, (2.1)

(n+1)2~F
where § is an arbitrary number such that 0 < § < % — a, where r~t 4+ 571 =1,

1 <r < oo and C2E} is (C,2)(E, 1) means of the series (1.3).
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Theorem 2. If a positive increasing function £(t) satisfies the conditions

() e <o(h) e

1
T

and

{/Tlr (té;(f)(t) |>’” dt }i _ O{(n+ 1)5} (2.3)

n+1

uniformaly in x, in which § is an arbitrary number with s(1 — &) — 1 > 0, where
rl4st=1,1<r < oo and

t
{f(t ) } 18 non increasing in t, (2.4)

then the degeree of approximation of a 2mw-periodic function f belonging to the
weighted class W(L",&(t), 1 < r < oo, by (C,2)(E,1) means on Fourier series
(1.3) is given by

1

| C2EL — f |,= O {<n+ 1)+ f<n+1> } 25)

where C2E} denote the sequence of (C,2)(E,1) means of the series (1.3).

3 Lemmas

Following leemas are required for the proof of our theorems.

Lemma 3.

1
= << -
| K,(t) |=O(n+1), forOZtZThLl
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Proof. F0r0<t<— sinnt < nsint
B 1 - n—k+1 k smv+
‘Kn(t)|_7r(n—l—l)(n+2) kzzo _< )g( ) sm
1 - n—k+1 b (2v+1 sm2
T (n+1)(n+2) kZ::O < 2k >Z< > 51112 ]
1 g k:+1 i
EACERICES < ) ks Z%( >”
1 n
= n—=k 2k +1
SR kzo( DR+
B n+1 - 1 -
_ﬂ(n+1)(n+2)k:0(2k+1)_ (D +2) 2 F T
1 n
=) (2k+1) - 2) k? k
7T(n+2)kzo( +1) 7w (n+ n+2) Z +Z
_ (1) 1 [ n(n +1)(2n+1)+ (n—l—l)}
1 (n+2) w(+1)(n+2) 3 2
~ (n+1)? _n(2n+1) n
o (m+2) 3r(n+2) 27 (n+2)
207+ Tn+6
 6m (n+2)
=0(n+1)
]
Lemma 4.
K |20 () or Sy Sesn
Proof. For —+ <t = m, by applying Jordan’s lemma Sln% > % and sinnt <1
| Kn(t) |
B = n—k—i—l k O\ sin(v+ 3)t
_w(n+ (n+2) ;0 [( )UZ()(v) sin £
n+1 = 1 1
T (n+1)(n+2) kz:: [2k2< ) ” ™ (n+1)(n+2) z% lzkz( );]
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1 "1k 1 "k Sk
~tn+2) kg [%§<v> ‘t(n+1)(n+2) kZ:O [Wf;(v )”
1 - 1 i
_t(n—|—2)k:0l_t(n+1)(n+2)kz:0k
. on+1 B 1 {n(n—i—l)}
Cttn+2) tn+1)(n+2) 2
_ n—+1 _ n
Ctn+2) 2t(n+2)
1
o

()

Lemma 5. (Mc Fadden [6], lemma 5.40) If f(x) belongs to Lip(c,r) on [0, 7] then
o(t) belongs to Lip(a,r) on [0, 7.

4 Proof of the main theorems

4.1 Proof of theorem 1

Following Titchmarsh [13] and using Riemann-Lebesgue theorem, s,(f;z) of the
series (1.3) is given by

n sin(n + 1
salli) = 1) = o | oSt 2)l

2T sin 5

Therefore using (1.3), the (E,1) transform E} of s,(f;z) is given by

n .
1 1 ™ n \ sin(k + )t
En - f(.f) = o1 on ¢(t) § : k sin t dt
0 k=0 2
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Now denoting (C,2)(E,1) transform of s, (f;x) by C2E}, we write
ChE, — f(@)

T n+11)(n+2) no [(n_217“+1) 0 s1n2 {é( )sin(U—I—;)t}dt]

iy

' /m
(say

=hi+1i2 ) (4.1)

We consider,

1

I |§/0"“ | () || Ku(t) | dt

Using Holder’s inequality and leema 3,

e[ o] [
[y ]

1

_ 1
1 1 S s
=0 / +1 {tl_a} dt] by lemma 1
0

=0

L1 =0 <n i 1>a_1] (4.2)
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Similarly as above, we have

[ {00 )

W |

ﬁ
—
—
‘H 3
—
~
L
eI
——
@
QL
Lt

n+1 n+1
_ 5 S | 1
L T K,t) 1% . |°
ol [PV al Tf {101y ol
1 e 1| toa
L n+t+1 i n+1
_ 1 1
B T _1_6 r s T 1 S s
-0 /1 {t } dt] /1 twa} dt]
L n+l L™ n+1
1

_ 1
=0 / 1 10 gy

L n+1

Combining (4.1), (4.2) and (4.3) we get

I By —flr =0

o
(n+1)°"

This completes the proof of theorem 1.

4.2 Proof of theorem 2

Following the proof of theorem 1

C2E! — !/"Hﬁi/

=Ir1+ Iy (say)

) dt

we have

(4.3)

(4.4)

¢ +t)—o(@) | < [flute+t)—flutz)|+]|flu—z—1)—flu-2)]
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Hence, by Minkowiski’s inequality,

1
s

[/02” | {¢(x +t) — p(x)}sin” 2 |" dx}i < [/02” [ {flu+z+t)— flu+a)}sin’z ]| d:v]

1

21 r
+[/0 | {flu—2z—t)— flu—x)}sin’ z |" d:x] = O{&(t)}.
Then f € W(L,,£(t)) = ¢ € W(Ly, £(1)).

Using Holder’s inequality and the fact that ¢(t) € W(L,,&(t)) condition (2.2),
sint > %, lemma 1 and second mean value theorem for integrals, we have

o (] (t) |sint)” C [ e £@) | Kn(t) [1° :
[ e ‘“] [/0 S ‘“]
) 1
<n—|—1>
1 o dt : 1
_O{§<n+1>}[/€ t(l-FB)SI forsome0<€<n+1

Iy :0{(n+1)5+i §<ni1>} (4.5)

Now using Holder’s inequality, | sint | 1, sint = %, conditions (2.3) and (2.4),
lemma 2 and second mean value theorem for integrals, we have

| I21 |

174N

I
.

s [, {1 o] [ (Soby )
ot [, {05} o]

1
1 ntl d s 1
— ) Y
—O{(n—i—l) §<n 1)}[/77 ys(5—1—5)+2:| for some —F<77<n+1

1
1 ntl dy s 1
_ d
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=0 {(n +1)° ¢ <n Jlr 1)} [(n - 1)<1+ﬂ—5>—%}
I :O{(n+1)ﬁ+i g<ni1>} (4.6)

Now combining (4.4), (4.5) and (4.6), we get

czeb - )l =o{m+ v (1)}

n—+1

Hence,

T

| C2EL Hrz{ feiom (w)\’“dx}
O {/ {(n+1)ﬂ+ig<
ofierie(et)
)

:O{(n+1)ﬂ+i g(

This completes the proof of theorem 2.

S
=+
—_

S
+
—

5 Applications

Following corollaries can be derived from our main theorems:

Corollary 6. If £(t) = t“ then the weighted class W (Ly,£(t)), 1 < r < oo reduces
to the class Lip(a, ) and then the degree of approzimation of a function f belonging
to the class Lip(a,7), r~! < a <1 is given by

1
| C2EL — /(@) = O ——— ¢
(n+1)*" 7
Proof. The result follows by setting = 0 in (2.5) O

Corollary 7. If r — oo in corollary 6, then the class f € Lip(a,r) reduces to the
class Lipa and the degree of approximation of a function f belonging to the class
Lipa, 0 < a < 1 is given by

| C2EL — f(a >ur:0{(1a}

n+1)
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