Electronic Journal: Southwest Journal of Pure and Applied Mathematics Internet: http://rattler.cameron.edu/swjpam.html ISBN 1083-0464 Issue 1 June 2001, pp. 75 – 78 Submitted: March 24, 2001. Published: June 30, 2001

On Self-Similar Centralizers of Circle Maps

Robert Cowen

Abstract

In this paper we introduce the notion of self-similar centralizers and give sufficient conditions for certain circle maps not to have a self-similar centralizer (we say f has a self-similar centralizer if g ∈ Z(f) ⇒ Z(g) ∼= Z(f)).

A.M.S. Subject Classification Codes: 28D Key Words and Phrases: Circle maps, Centralizer

Let Imm^n(S^1) be the space of C^n immersions of the circle (i.e.maps of S^1 onto itself for which f^′(z) ≠ 0 for for all z ∈ S^1) endowed with the C^n topology where 1 ≤ n ≤ ∞. For f ∈ Imm^n(S^1) let Z(f) denote the set of elements of Imm^n(S^1) that commute with f. This semi-group is called the centralizer of f. We say that Z(f) is trivial if it is just the itterates of f (i.e Z(f) = {f^m : m ∈ N}).Wesaythat f ∈ Imm^n(S^1) is expanding if |f^′(z)| > 1 for all z ∈ S^1 and these maps are denoted by Exp^n(S^1). The expanding map z → z^m will be denoted by T_m(z). In this paper sufficient conditions for an element of Exp^n(S^1) not to have a self-similar centralizer are given. We shall need the following theorem:

Department of Mathematics, University of Botswana, Botswana E-mail: cowenr@mopipi.ub.bw Copyright © 2000 by Cameron University

THEOREM 1 [4]

Let f_1, f_2 be expanding orientation-preserving maps of S^1 that commute, have degrees p and q respectively and are of class C^{n−}(n ≥ 2). Then if p and q are coprime, there is a diffeomorphism h of class C^{n−} satisfying h(f_1(z)) = T_p(h(z)) and h(f_2(z)) = T_q(h(z)) for all z ∈ S^1.

We now state a sufficient condition for a centralizer semi-group not to be self-similar:

THEOREM 2

Let f ∈ Exp^n(S^1) be orientation preserving with degree p. If these exists g ∈ Z(f) with degree q where p and q are coprime then Z(f) is not selfsimilar.

Proof: From Theorem 1 there exists a diffeomorphism h of S^1 such that h(f(z)) = T_p(h(z)) and h(g(z)) = T_q(h(z)) for all z ∈ S^1. In [1] it was shown that if h is the homeomorphism conjugating f and T_p (whose existence is guarenteed by a Theorem of Shub in [5]) then Z(f) is a subset of {h^{−1} o θT_m o h : m ∈ N, θ^{p−1} = 1}. From above, we have h is a diffeomorphism of the same class as f and so:

Z(f) = {h^{−1} o θT_m o h : m ∈ N and θ^{p−1} = 1}.

Similarly we have that:

Z(g) = {h^{−1} o ωT_m o h : m ∈ N and ω^{q−1} = 1}.

We now show (by contradiction) that there is no bijective semi-group homomorhism between Z(f) and Z(g):

Suppose Z(f) ∼= Z(g) and Φ : Z(f) → Z(g) is the isomorphism. Assume p > q (otherwise consider a homomorhism from Z(g) to Z(f)). Let {θ_i : 1 ≤ i ≤ p−1} be the p−1 roots of unity and let {ω_i : 1 ≤ i ≤ q−1} be the q −1 roots of unity. The identity element of both the semi-groups Z(f), Z(g) is h^{−1} o T_1 o h and so Φ(h^{−1} o T_1 o h) = h^{−1} o T_1 o h. Let i ∈ {1, ..., p − 1} be arbitrary and denote Φ(h^{−1} o θ_iT_1 o h) by h^{−1} o ω_{j(i)}T_{k(i)} o h. Now: h^{−1} o T_1 o h = Φ(h^{−1} o T_1 o h)

= Φ((h^{−1} o θ_iT_1 o h) o ... o (h^{−1} o θ_iT_1 o h)) (where we take p − 1 compositions of h^{−1} o θ_iT_1 o h) = Φ(h^{−1} o θ_iT_1 o h) o ... o Φ(h^{−1} o θ_iT_1 o h) = h^{−1} o ω_{j(i)}T_{k(i)} o h o ... o h^{−1} o ω_{j(i)}T_{k(i)} o h = h^{−1} o ω^{1+k(i)+k(i)2+...+k(i)p−2} j(i) Tk(i)^{p−1} o h. Thus (k(i))^{p−1} = 1 ⇒ k(i) = 1 , and so Φ(h^{−1} o θ_iT_1 o h) = h^{−1} o ω_{j(i)}T_1 o h. By injectivity of Φ we must have that ω_{j(i)} ≠ ω_{j(s)} if i ≠ s for all i, s ∈ {1, ..., p − 1}. But this is impossible since p > q and so Z(f) is not isomorphic to Z(g) and the Theorem is proved. □

A semi-group of N is called nonlacunary if it is not contained in a single generated semi-group. For example 2 and 6 form a nonlacunary semi-group but 4 and 8 do not. It was shown in [2] that if f and g have a common fixed point then the condition that p and q be coprime in Theorem 1 can be replaced by the weaker condition that p and q form a nonlacunary semi-group of N. Thus we have:

COROLLARY 1

Let f ∈ Exp^n(S^1) be orientation preserving with degree p. If there exists g ∈ Z(f) with degree q and:

(i) p and q form a nonlacunary semi-group of N (ii) f and g have a common fixed point. Then Z(f) is not self-similar.

We now give an example of a map in Exp^n(S^1) whose centralizer is not selfsimilar:

EXAMPLE

Let f : S^1 → S^1 be given by f(z) =

(z −^4_{21} )(z +^4_{13} ) (1 −^4_{21} z)(1 +^4_{13} z)

. Then f(z) is the

restriction to S^1 of a Blaschke product defined on the closed unit disk so f(z) is anlytic on S^1. The map f(z) has degree 2 and as

1 −^4_{21} 1 +^4_{21} + 1 −^4_{13} 1 +^4_{13} = 17 25 + 11 17 = 564 425 > 1 we have that f(z) is expanding (c.f [3]). Let h(z) be the Möbius map on S^1 defined by h(z) = z +^1_{16} 1 +^1_{16} z

. As the measure theoretic entopy of f(z) is equal to the topological entopy of f (where the measure is derived from using the Poisson kernal of the unique fixed point of f(z) in the open unit disk) we have that h o f o h^{−1} = cT_2 for some c ∈ S^1 (c.f [3]). Evaluating this equation

REFERENCES

[1] C. Arteaga, Centralizers of immersions of the circle, Proc. Amer. Math. Soc 109 (1990), 849 - 853.

[2] A.S.A Johnson and D.J. Rudolph, commuting endormorphisms of the circle, Ergod. Th. and Dynam. Sys. 12 (1992), 743 - 748.

[3] N.F.G. Martin, On finite Blaschke products whose restrictions to the unit circle are exact endomorphisms, Bull. Lond. Math. Soc. 15 (1983), 343 - 348.

[4] R. Sacksteder, Abelian semi-groups of expanding maps. Springer Lecture Notes in Mathematics 318. Springer, New York 1972, 235 - 238.

[5] M. Shub, Endomorphisms of compact differentiable manifolds, Amer. Jour. Math. 91 (1969), 175 - 199.