Electronic Journal: Southwest Journal of Pure and Applied Mathematics Internet: http://rattler.cameron.edu/swjpam.html ISSN 1083-0464 Issue 1, July 2002, pp. 135–142.

Submitted: December 7, 2001. Published: July 1 2002.

FIXED POINT THEOREM AND APPLICATION IN MODULAR SPACE

B. Marzouki

Abstract. In this paper, by analogy with Banach contraction principle, we establish a result concerning fixed point in modular space, an application of the result is given in Orlicz space for the integral equation of Voltera type.

1991 A.M.S. (MOS) Subject Classification Codes. 47H10

Key Words and Phrases. Fixed point, modular space, integral equation.

1 Introduction and Preliminaries

In [1], the author has proved the following result using the fact that the modular ρ satisfies the Δ_2 condition and the Fatou property, the proof was based on the theorem of Cantor which he showed in a modular space. Also, let us note that the author used implicitly (without indicating it) the fact that B is ρ-bounded (for the notations and definitions, see the preliminaries below).

In this paper and by a simplified method, we show that the result remains true without supposing that the modular ρ verifies neither the Δ_2 condition nor the Fatou property.

Theorem 1.1. Let B be a ρ-closed subset of a ρ-complete modular space X_ρ and T : B −→ B satisfying ρ(2(T x − T y)) ≤ kρ(x − y) ∀x, y ∈ B, where 0 < k < 2, we suppose also that ρ is convex and satisfies the Δ_2 condition and the Fatou property, then T has a unique fixed point.

Now let us recall some basic definitions in the theory of modular spaces. For more details we refer the reader to the book of Musielak [6].

Département de Mathématiques, Faculté des Sciences, Oujda, Maroc E-mail : marzoukib@yahoo.fr © 2002 Cameron University

Typeset by AMS-TEX 135

Definition 1.1. Let X be a vector space over K (K = R or C), a functional ρ : X −→ [0, +∞] is called a modular if for all x and y in X, there holds a) ρ(x) = 0 if and only if x = 0, b) ρ(αx) = ρ(x) for every α ∈ K with |α| = 1, c) ρ(αx + βy) ≤ ρ(x) + ρ(y) for every α, β ≥ 0, and α + β = 1. If we replace c) by ρ(αx + βy) ≤ αρ(x) + βρ(y), then the modular ρ is called convex.

A modular ρ defines a corresponding modular space X_ρ given by

X_ρ = { x ∈ X / lim_{λ→0} ρ(λx) = 0 } . Definition 1.2. Let X_ρ be a modular space.

a) A sequence x_n is called ρ-convergent to x and write x_n →_ρ x, if and only if ρ(x_n − x) → 0 as n → +∞.

b) A sequence x_n is called ρ-Cauchy whenever ρ(x_n − x_m) → 0 as n, m → +∞. c) The modular space X_ρ is called ρ-complete if any ρ-Cauchy sequence is ρconvergent.

d) The modular ρ is said to satisfy the Δ_2 condition if ρ(2x_n) → 0 whenever ρ(x_n) → 0 as n → +∞.

e) ρ is said to have the Fatou property if ρ(x) ≤ lim inf_{n→+∞} ρ(x_n) whenever x_n →_ρ x. f) A subset B ⊂ X_ρ is called ρ-closed if for any sequence x_n ⊂ B ρ-convergent to x ∈ X_ρ, we have x ∈ B.

g) A subset B ⊂ X_ρ is said to be ρ-bounded if sup{ρ(x − y) : x, y ∈ B} < +∞.

2 Main result

Theorem 2.1. Let B be a ρ-closed and ρ-bounded subset of a ρ-complete modular space X_ρ and T : B −→ B satisfying ρ(2(T x − T y)) ≤ kρ(x − y) ∀x, y ∈ B, where 0 < k < 2, we suppose also that ρ is convex, then T has a unique fixed point.

Proof. Select x_0 ∈ B and put x_{n+1} = T x_n, (n ≥ 0) and α_{n+1} = ρ(x_{n+1} − x_n), then α_{n+1} = ρ(x_{n+1} − x_n) = ρ(T x_n − T x_{n−1}) ≤ 1 2 ρ(2(T x_n − T x_{n−1})) ≤ k 2 ρ(x_n − x_{n−1}) = k 2 α_n, so α_{n+1} ≤ ( k 2 )^{n+1}α_0, hence lim_{n→+∞} ρ(x_{n+1} − x_n) = 0.

Now we have to show that x_n is ρ-Cauchy.

Let ε > 0, if we show that ρ(x_{n+1} − x_n) ≤ ε =⇒ ρ(x_{n+2} − x_n) ≤ ε, then by the same way we show that ρ(x_{n+3} − x_n) ≤ ε and so on we show that ρ(x_{n+m} − x_n) ≤ ε ∀m = 1, 2, ...

We have lim_{n→+∞} ρ(x_{n+1} − x_n) = 0, so for n large we have ρ(x_{n+1} − x_n) ≤ ε and ρ(x_n − x_{n−1}) ≤ ε(1 −^k_2 ), thus

ρ(x_{n+2} − x_n) = ρ(T x_{n+1} − T x_{n−1}) = ρ(T x_{n+1} − T x_n + T x_n − T x_{n−1}) ≤ 1 2 ρ(2(T x_{n+1} − T x_n)) + 1 2 ρ(2(T x_n − T x_{n−1})) ≤ k 2 ρ(x_{n+1} − x_n) + k 2 ρ(x_n − x_{n−1}) ≤ k 2 ρ(x_{n+1} − x_n) + ρ(x_n − x_{n−1}) ≤ k 2 ε + ε(1 − k 2 ) = ε, repeating the same argument, we have

ρ(x_{n+3} − x_n) = ρ(T x_{n+2} − T x_n + T x_n − T x_{n−1}) ≤ 1 2 ρ(2(T x_{n+2} − T x_n)) + 1 2 ρ(2(T x_n − T x_{n−1})) ≤ k 2 ρ(x_{n+2} − x_n) + k 2 ρ(x_n − x_{n−1}) ≤ k 2 ρ(x_{n+2} − x_n) + ρ(x_n − x_{n−1}) ≤ k 2 ε + ε(1 − k 2 ) = ε. So x_n is ρ-Cauchy and consequently there exists x ∈ B such that x_n →_ρ x, that is lim_{n→+∞} ρ(x_n − x) = 0.

Let us show that x is a fixed point of T , we have ρ( x − T x 2 ) = ρ( x − T x_n 2 + T x_n − T x 2 )) ≤ ρ(x − T x_n) + ρ(T x_n − T x) ≤ ρ(x − x_{n+1}) + ρ(2(T x_n − T x)) ≤ ρ(x − x_{n+1}) + kρ(x_n − x), thus, letting n → +∞, we obtain ρ( x − T x 2 ) = 0, hence x = T x.

Now assume that there is y ∈ B such that y = T y, then ρ(x − y) = ρ(T x − T y) ≤ 1 2 ρ(2(T x − T y)) ≤ k 2 ρ(x − y), since k < 2 and B is ρ-bounded, we obtain a contradiction □

Remarks 2.1.

1) If we suppose in the previous theorem that 0 < k < 1, then we can suppress the hypothesis : ρ is convex.

2) If we suppose that there is x_0 ∈ B such that ρ(x_0 − T x_0) < +∞, then we can eliminate the hypothesis : B is ρ-bounded, but in this case, the fixed point of T is not necessarily unique. If in particular the modular ρ is with values in [0, +∞[, then the fixed point is unique without assuming that B is ρ-bounded. From theorem 2.1 we deduce the following corollary, Corollary 2.1. Under the same hypothesis of theorem 2.1, suppose that T satisfies ρ(θ(T x − T y)) ≤ kρ(x − y) with θ ≥ 2 and k < θ, then T has a unique fixed point Proof. We have ρ(2(T x − T y)) = ρ( 2θ θ (T x − T y)) ≤ 2 θ ρ(θ(T x − T y)) ≤ 2k θ ρ(x − y) = k^′ρ(x − y) where k^′ = 2k θ < 2, so from theorem 2.1, T has a unique fixed point. □

3 Application to the integral equation of Voltera type We look for a solution of the integral equation

x(t) = x_0(t) + μ ∫_t 0 K(t, s)Rx(s)ds (∗) in Orlicz space L^φ, where x_0(.) and K(., .) and R are given. We consider the vector space X defined by X = { f : [0, 1] −→ R measurable } , we define in X the following modular : for f ∈ X, we put ρ(f) = ∫_1 0 φ(t, |f(t)|)dt, where φ : [0, 1] × R^+ −→ R satisfies :

i) φ is continuous and increasing and convex with respect to the second variable. ii) lim_{x→+∞} φ(t, x) = +∞, φ(t, 0) = 0, φ(t, x) > 0 ∀x > 0. iii) φ is measurable with respect to the first variable.

Then it is known (see for example [6]) that ρ is a convex modular and : 1) L^φ = { f ∈ X / lim_{λ→0} ρ(λf) = 0 } is a modular space.

2) L^φ is ρ-complete.

3) L^φ is a Banach space equipped with the Luxembourg norm defined by

‖x‖_ρ = inf { α > 0 / ρ( x α ) ≤ 1 } . 4) ρ satisfies the Δ_2 condition and the Fatou property.

5) lim_{n→+∞} ‖x_n − x‖_ρ = 0 ⇐⇒ lim_{n→+∞} ρ(x_n − x) = 0, note that for an arbitrary modular ρ which does not satisfy the Δ_2 condition, we have lim n→+∞ ‖x n − x‖_ρ = 0 ⇐⇒ lim_{n→+∞} ρ(α(x_n − x)) = 0 ∀α > 0. To resolve the integral equation (*), we construct another complete modular space on which the operator T defined by

(T x)(t) = x_0(t) + μ ∫_t 0 K(t, s)Rx(s)ds admits a fixed point which corresponds to a solution of (*). We consider the vector space Y defined by Y = { x : [0, 1] −→ L^φ continuous with respect the norm ‖.‖_ρ } , we define on Y the functional ρ_∞ by ρ_∞(x) = sup_{t∈[0,1]} ρ(x(t)), where ρ is the modular of L^φ, we can verify easily that ρ_∞ : Y −→ [0, +∞] satisfies all the properties of a convex modular, we obtain then the modular space Y_{ρ∞} = { x ∈ Y / lim_{λ→0} ρ_∞(λx) = 0 } . lemma 3.1. Y_{ρ∞} is ρ_∞-complete.

Proof. Let x_n be a ρ_∞-Cauchy sequence in Y_{ρ∞} , then ∀ε > 0 ∃n_0, ∀n, p ≥ n_0, ∀t ∈ [0, 1] ρ(x_n(t) − x_p(t)) ≤ ε, (∗∗) so ∀t ∈ [0, 1] x_n(t) is ρ-Cauchy in L^φ, hence x_n(t) →_ρ x(t) and x(t) ∈ L^φ. In the relation (**), we fix n ≥ n_0, we obtain lim inf_{p→+∞} ρ(x_n(t) − x_p(t)) ≤ ε, but ρ satisfies the Fatou property, thus

∀t ∈ [0, 1] ρ(x_n(t) − x(t)) ≤ lim inf_{p→+∞} ρ(x_n(t) − x_p(t)) ≤ ε,

so ρ_∞(x_n − x) ≤ ε, hence x_n →_{ρ∞} x.

Now we have to show that x ∈ Y_{ρ∞} , that is, x is continuous and lim_{λ→0} ρ_∞(λx) = 0.

i) x : [0, 1] −→ L^φ is continuous, indeed lim n→+∞ ρ_∞(x_n − x) = 0 =⇒ ∀t ∈ [0, 1] lim_{n→+∞} ρ(x_n(t) − x(t)) = 0, since ρ satisfies the Δ_2 condition, we deduce that lim_{n→+∞} ‖x_n(t) − x(t)‖_ρ = 0, hence ∀ε > 0 ∃n_0, ∀n ≥ n_0 ∀t ∈ [0, 1], ‖x_n(t) − x(t)‖_ρ ≤ ε. Let t_0 ∈ [0, 1], then ∃η > 0 such that |t−t_0| ≤ η =⇒ ‖x_{n0} ((t)−x_{n0} (t_0)‖_ρ ≤ ε, so ‖x(t) − x(t_0)‖_ρ ≤ ‖x(t) − x_{n0} (t)‖_ρ + ‖x_{n0} (t) − x_{n0} (t_0)‖_ρ + ‖x_{n0} (t_0) − x(t_0)‖_ρ ≤ 3ε. ii) lim_{λ→0} ρ_∞(λx) = 0, indeed

ρ_∞(λx) = ρ_∞(λ(x − x_n) + λx_n) ≤ ρ_∞(2λ(x − x_n)) + ρ_∞(2λx_n),

we can suppose that 2λ < 1, so ρ_∞(λx) ≤ ρ_∞(x−x_n)+ρ_∞(2λx_n), therefore lim sup λ→0 ρ_∞(λx) ≤ ρ_∞(x−x_n), since this inequality is satisfied for all n, we deduce that lim_{λ→0} ρ_∞(λx) = 0. □

Now we return to the integral equation (*) :

x(t) = x_0(t) + μ ∫_t 0 K(t, s)Rx(s)ds where μ > 0, x_0 ∈ Y_{ρ∞} , K : [0, 1] × [0, 1] −→ R^+ is continuous and R : L^φ −→ L^φ satisfies ρ(Rx − Ry) ≤ θρ(x − y) ∀x, y ∈ L^φ with θ ≥ 2 and μθ < 1, then we have the following result

Theorem 3.1. We suppose also that :

a) sup_{t∈[0,1]} ∫_t 0 K(t, s)ds ≤ 1. b) There exists f_0 ∈ Y_{ρ∞} such that ρ_∞(f_0 − T f_0) < +∞.

c) ρ(R(0)) < +∞ and ρ(εRx) ≤ ρ(R(εx)) ∀x ∈ L^φ, ∀ε with ε sufficiently small. Then we have : 1) ∀x ∈ Y_{ρ∞} , T x ∈ Y_{ρ∞} . 2) ∃k < θ such that ρ_∞(θ(T x − T y)) ≤ kρ_∞(x − y).

We deduce that the operator T : Y_{ρ∞} −→ Y_{ρ∞} has a fixed point, and consequently the equation (*) has a solution.

Proof. Without loss of generality, taking R̃(x) = R(x)−R(0), we can suppose that R(0) = 0.

1) i) Let x ∈ Y_{ρ∞} , then the map (T x)(.) is continuous on [0, 1], indeed, it suffices to show that the map t −→ Rx(t) is continuous.

Let t_0 ∈ [0, 1], then since x(.) is continuous, we have lim_{t→t0} ‖x(t) − x(t_0)‖_ρ = 0, but since ρ satisfies the Δ_2 condition, we deduce that lim_{t→t0} ρ(x(t) − x(t_0)) = 0, hence lim_{t→t0} ρ(Rx(t) − Rx(t_0)) = 0, and so lim_{t→t0} ‖Rx(t) − Rx(t_0)‖_ρ = 0.

ii) lim_{λ→0} ρ_∞(λT x) = 0, indeed ∀t ∈ [0, 1], we have ρ(λ(T x)(t)) = ρ ( λx_0(t) + λμ ∫_t 0 K(t, s)Rx(s)ds )

≤ ρ(2λx_0(t)) + ρ ( 2λμ ∫_t 0 K(t, s)Rx(s)ds )

≤ ρ_∞(2λx_0) + ρ ( λ ∫_t 0 K(t, s)Rx(s)ds ) . To conclude, it is enough to show that ρ ( λ ∫_t 0 K(t, s)Rx(s)ds ) ≤ θρ_∞(λx). We have ρ ( λ ∫_t 0 K(t, s)Rx(s)ds ) = ρ ( ∫_t 0 K(t, s)(λRx(s))ds ) , On the other hand, from the mean value theorem,(see for example [5]), we have ∫_t 0 K(t, s)(λRx(s))ds ∈ ( ∫ t 0 K(t, s)ds ) Co { λRx(τ), τ ∈ [0, t] }

⊂ ( ∫ t 0 K(t, s)ds ) Co { λRx(τ), τ ∈ [0, 1] } , so ∫_t 0 K(t, s)(λRx(s))ds = ( ∫_t 0 K(t, s)ds ) y(τ) with y(τ) ∈ Co { λRx(τ), τ ∈ [0, 1] } , hence

y(τ) = lim_{p→+∞} (^{np}∑ i=0 λ^p_i λRx(τ^p_i ) ) with n_p∑

i=1 λ^p_i = 1,

now since ρ satisfies the Δ_2 condition and the Fatou property, we deduce that lim p→+∞ ρ ( y(τ) − n_p∑

i=0 λ^p_i λRx(τ^p_i ) ) = 0 and ρ(y(τ)) ≤ lim inf_{p→+∞} ρ (^{np}∑ i=0 λ^p_i λRx(τ^p_i ) ) , but we have ρ (^{np}∑ i=0 λ^p_i λRx(τ^p_i ) ) ≤ n_p∑

i=0 λ^p_i ρ(λRx(τ^p_i ))

≤ n_p∑

i=0 λ^p_i ρ(R(λx(τ^p_i )))

≤ n_p∑

i=0 λ^p_i θρ(λx(τ^p_i ))

≤ n_p∑

i=0 λ^p_i θ sup_{t∈[0,1]} ρ(λx(t)) = θρ_∞(λx). 2) We have T x(t) − T y(t) = μ ∫_t 0 K(t, s)Rx(s)ds, so ρ ( θ(T x(t) − T y(t)) ) = ρ ( θμ ∫_t 0 K(t, s)(Rx(s) − Ry(s))ds ) .

Put L(t_0) = sup_{t∈[0,1]} ∫_t 0 K(t, s)ds, then using the mean value theorem and the same

technique as the previous one, we obtain ρ ( θ(T x(t) − T y(t)) ) ≤ θ^2μL(t_0)ρ_∞(x − y) ∀t ∈ [0, 1], so ρ_∞ ( θ(T x − T y) ) ≤ kρ_∞(x − y) with k = θ^2μL(t_0) < θ.

Hence we conclude from corollary 2.1 and remark 2.1 that T has a fixed point. □

Remark 3.1. If R is reduced to the identity, then the solution of the integral equation (*) can be obtained directly using the Banach fixed point theorem.

References

[1] Ait Taleb, A, Points fixes et applications aux équations intégrales dans les espaces modulaires.

Thèse de 3^{eme} cycle, Faculté des Sciences, Rabat. Maroc, 1996.

[2] Khamsi, M.A and Koslowski, W.M and Reich, S, Fixed point theory in modular function spaces, Nonlinear Analysis, Theory, Methods and Applications. 14, No 11, (1990), 935–953.

[3] Khamsi, M.A and Koslowski, W.M and Chen, Shutao, Some geometrical properties and fixed point theorems in Orlicz spaces, Journal of Mathematical Analysis and Applications. 155 (1991), 393–412.

[4] Khamsi, M.A, Contribution à la théorie du point fixe metrique. Thèse d’état, Faculté des Sciences, Rabat. Maroc, 1994.

[5] Martin, R.H, Non-linear operators and differential equations in Banach spaces. John-Wiley, New-york, 1976.

[6] Musielak, J, Orlicz spaces and modular spaces. L.N.M Vol 1034, New-york, 1983.