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MONADIC APPROACH TO GALOIS DESCENT AND
COHOMOLOGY

Dedicated to Dominique Bourn at the occasion of his sixtieth birthday.

FRANCIS BORCEUX, STEFAAN CAENEPEEL AND GEORGE JANELIDZE

ABSTRACT. We describe a simplified categorical approach to Galois descent theory. It
is well known that Galois descent is a special case of Grothendieck descent, and that
under mild additional conditions the category of Grothendieck descent data coincides
with the Eilenberg-Moore category of algebras over a suitable monad. This also suggests
using monads directly, and our monadic approach to Galois descent makes no reference
to Grothendieck descent theory at all. In order to make Galois descent constructions
perfectly clear, we also describe their connections with some other related constructions
of categorical algebra, and make various explicit calculations, especially with 1-cocycles
and 1-dimensional non-abelian cohomology, usually omitted in the literature.

Introduction

The so-called Galois descent theory is an old tool used in algebraic geometry, algebraic
number theory, and related topics of ring and module theory. It allows to describe certain
structures of algebra and geometry defined over a base field B using similar structures
defined over a Galois extension E of B. Its results are descent theorems that are of the
form: “The category of B-structures is canonically equivalent to the category of descent
data of E-structures”, usually supplied by descriptions of the set of isomorphism classes
of B-structures with a fixed extension to E in terms of 1-dimensional cohomology of the
Galois group of the Galois extension £/B. If one replaces the Galois extension E/B with
an arbitrary morphism p : E — B in a category C equipped with a Grothendieck fibration
(A, F) of categories over C, there is still a canonical comparison functor K : AP —
Des(p) from the fibre AZ of (A, F) over B to the category Des(p) of suitably defined
descent data. In the Galois descent constructions the role of C is usually played by the
dual category of commutative rings, which explains the direction of the arrow p (and
this is why we use the opposite direction in our Section 4). According to Grothendieck
descent theory, the morphism p : E — B is said to be an effective descent morphism if
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K? is a category equivalence. Under certain additional conditions on (A, F) that hold in
many known examples, p : E — B is an effective descent morphism if and only if the
change-of-base functor p* : A® — AF is monadic. This follows from the fact that KP?
becomes nothing but the comparison functor, in the sense of monad theory, from A® to
the category of algebras over the monad determined by p* and its left adjoint.

In this paper we develop a simplified categorical approach to Galois descent by pre-
senting the category of Galois descent data as the category of algebras over a suitable
monad directly, i.e. not involving the intermediate context of Grothendieck fibrations
and Grothendieck descent. We also show that the monadic approach is helpful in pre-
senting the (1-dimensional) cohomological side of the story by transforming descent data
into suitable 1-cocycles - again directly, i.e. not using Grothendieck’s cocycle condition.
In spite of our goal of simplification, we present some intermediate categorical construc-
tions and various explicit calculations usually omitted in the literature; we believe they
are necessary. On the other hand we omit some other important constructions and their
natural generalizations; e.g. we do not consider torsors, do not discuss generalizations
involving categorical Galois theory whose Galois groupoids are internal groupoids in an
abstract category, and do not even consider infinite Galois extensions of fields.

Section 1 begins with 1-dimensional cocycles and cohomology H'(G, A) of a group
G with abelian and then with non-abelian coefficients. We then extend it replacing a
G-group A with a G-category X, but also show that in some case the G-category case
reduces to the G-group case (Proposition 1.4). Next, we show that involving 2-dimensional
category theory makes all constructions more natural. In particular the category Z'(G, X)
of 1-cocycles G — X becomes nothing but the category PsNat(1,X) of pseudo-natural
transformations 1 — X, and the reduction above can be obtained from a canonical
factorization of pseudo-natural transformations 1 — X.

Section 2 presents a G-category structure on X as a special (“split”) monoid in the
monoidal category Fam(XX) of families of endofunctors of X. A l-cocycle G — X
then becomes an action of X on an object in X. The coproduct functor Fam(C) —
C, in the case of C being the monoidal category XX, transforms the monoid above
into a monad on X, provided X admits G-indexed coproducts. That monad, denoted
by G(—), plays a crucial role in Galois descent theory. It is in fact extensively used
in Galois theory of commutative rings, where, for a Galois extension F/B, GE is the
algebra of all maps from G to E; however, as far as we know, it was never considered
there as a monad. Note also, that involving the monoidal category Fam(XX) (instead of
just X*) is not absolutely necessary, but makes all constructions more elegant since the
monoidal structure of Fam(XX) is automatically distributive with respect to coproducts,
while in X* it only happens for coproducts of very special objects. Section 2 ends with
Theorem 2.5, according to which a 1-cocycle G — X is nothing but a G(—)-algebra.

Section 3 begins by comparing split and connected monoids in Fam(C), where “split”
(as above) means being “a family of unit objects” while “connected” means being “inside
C”, i.e. being “a one-member family”. This allows to construct a canonical morphism
from G(—) to any monad 7" on X that is invariant (in a suitable sense) under the G-action,
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and T is said to be a G-Galois monad if that canonical morphism is an isomorphism. A
monadic adjunction (F,U,n,¢) from X to Y is then called a G-Galois adjunction if it
determines a G-Galois monad on X. The main descent theorem (Theorem 3.6) that
establishes and describes the equivalence Y ~ Z'(G,X) for a Galois adjunction, is a
straightforward consequence of monadicity in this context. In particular Z'(G,X) plays
the role of the category of descent data. The second main result (Theorem 3.7) describes,
using Theorem 3.6 and abovementioned Proposition 1.4, the full subcategory Y[Yy] of Y
with objects all Y in Y with U(Y') = U(Y)) for a fixed Yy, as the category of 1-cocycles
G — End(U(Yp)), where the monoid End(U(Yy)) is equipped with a G-action induced (in
a suitable sense) by the 1-cocycle &, corresponding to Y. Accordingly, Theorem 3.7 also
describes the set of isomorphic classes of objects in Y[Yy], presented its bijection with
HY(G, End(U(Ye))g,) = H'(G, Aut(U(Yy))e,).

Section 4 applies our results to the adjunction (E-Mod)°? — (B-Mod)°? determined
by a homomorphism p: B — E of commutative rings, where E is equipped with a right
G-action making (E-Mod)° a G-category. We show that this adjunction is a G-Galois
adjunction if and only if p : B — FE is a G-Galois extension of commutative rings in
the sense of [Chase, Harrison, Rosenberg, 1965]; in particular this implies that G' must
be finite. After that we present the Galois descent/cohomology results obtained as direct
translations of Theorems 3.6 and 3.7. The rest of Section 4 is devoted to three classical
examples. Much more examples could be presented of course, but we only wanted to
explain how the general theory works in practice.

Finally, let us mention that it is not clear how old the idea of Galois descent really
is. Apart from Grothendieck’s work, relatively recent sources (among many others) are
[Serre, 1964] (mentioning “descent for forms”), [Knus, Ojanguren, 1974], [Greither, 1992,
[Jahnel, 2000]. As it was pointed out to the third named author during his talk in
Budapest by Tamés Szamuely, Galois descent is also mentioned by J.-P. Serre in [Serre,
1959] with a reference to [Weil, 1956], although Serre himself also mentions there an older
work of F. Chatelet.

1. G-categories and cohomology

ORDINARY NON-ABELIAN COHOMOLOGY OF GROUPS. Let G be a group, and A a G-
module - which is the same as a module over the integral group ring Z[G]. Classically, a
map ¢ : G — A is said to be a 1-cocycle if

¢(hg) = p(h) + he(g) (1.1)

for all g,h € G. The set Z1(G, A) of all 1-cocycles forms an abelian group under the
pointwise addition, and the map A — Z(G, A) defined by a — (g — ga — a) is a group
homomorphism. Denoting the image of that map by B'(G, A) (=the group of boundaries)
one then defines the 1-dimensional cohomology group H!(G, A) as the quotient group

H'(G, A) = Z\(G, A)/B'(G, A). (1.2)
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More generally, this extends to the non-abelian context as follows:

e First of all the non-abelian version of the notion of G-module is to be chosen. Since
a G-module is the same as a G-object in the category of abelian groups, the obvious
candidate is a G-group, i.e. a G-object in the category of groups. Such a G-group A is a
group A equipped with a G-action satisfying g(ab) = g(a)g(b), for all ¢ € G and a,b € A.
Equivalently, a G-group is an internal group (=group object) in the category of G-sets.
e We then repeat the definition of a 1-cocycle p : G — A with

w(hg) = (¢(h))(he(g)) (1.3)

instead of (1.1). However, now the set Z!(G, A) does not have any natural group struc-
ture - it is just a pointed set with the trivial group homomorphism G — A being the
distinguished point.

e Yet, the group A acts on Z'(G, A) via

(ap)(g) = a(e(g))(ga) ", (1.4)

and we can now define the non-abelian H'(G, A) as the pointed set H' (G, A) = Z'(G, A) /A
of orbits. Another well-known way to do this is to regard Z'(G, A) as a groupoid, and
then define H'(G, A) as the set H'(G, A) = mo(Z (G, A)) of its connected components.
Accordingly the objects of Z1(G, A) are 1-cocycles G — A, and a morphism ¢ — 1) is an
element a in A such that ag = v under the action (1.4).

FrROM G-GROUPS TO G-CATEGORIES. We are now going to replace a G-group A by
a G-category X defined as a G-object in the category Cat of all categories. We will
hence consider X as an ordinary category equipped with a G-indexed family of functors

g(—): X = X, with 1(—) = 1x and (hg)(—) = h(—)g(—). We introduce
1.1. DEFINITION. Let G be a group and X a G-category. Then:
(a) A l-cocycle (X,€): G — X is an object X in X together with a family £ = (§;),ec

of morphisms &, : ¢(X) — X in X satisfying & = 1x and &,, = &,h(E,) for all
g,h € G.

(b) A morphism f : (X,§) — (X', &) of 1-cocycles is a morphism f : X — X' in
X such that f&§, = & g(f), for all g € G the thus obtained category of 1-cocycles
G — X will be denoted by Z'(G, X).

(c) The isomorphism class of an object (X, ¢) in Z1(G, X) will be denoted by [X, €], and
the set of all such classes by H*(G, X); we will call it the 1-dimensional cohomology
set of the group G with coefficients in the G-category.

This indeed generalizes the definition for groups, but we have to make
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1.2. REMARK. (a) Let (X,&): G — X be a 1-cocycle. Then each &, is an isomorphism.
Indeed, applying & = lx and &, = &,h(,) to the case h = ¢!, we conclude that
each &1 is a split epimorphism and each g~*(&,) is a split monomorphism; since every
element of G can be presented as a g~!, and all functors of the form g(—) (g € G) are
isomorphisms, this tells us that each &, is a split epimorphism and a split monomorphism
at the same time, i.e. each ¢, is an isomorphism. This yields an alternative definition of a
1-cocycle: if we require each £, to be an isomorphism (or just & to be an isomorphism),
then & = 1y can be deduced from &, = &§,h(,). Indeed, applying it to g = h = 1 we
obtain &1& = &, and so & is an identity whenever it is an isomorphism. In particular,
when X is a groupoid (i.e. every morphism in it is an isomorphism) we can simply omit
the condition & = 1x in Definition 1.1(a).

(b) If X is a groupoid, then obviously Z'(G,X) also is a groupoid, and in this case
H'(G,X) is the same as mo(Z' (G, X)).

(¢) When X has only one object, a 1-cocycle (X,€) : G — X becomes just a map
¢ from G to the monoid of endomorphisms of the unique object of X written as g — &,
satisfying & = 1 and &, = &,h(&,) above. If in addition that monoid is a group, then (by
(a)) we can omit the first of these two equalities, and the second one becomes precisely
(1.3) if we write ¢(g) for &, etc. Thus, when X is a G-group A regarded as a one
object G-category, the category Z!(G,X) and the set H'(G, X) coincide with the ordinary
(groupoid) Z1(G, A) and (set) H'(G, A) respectively.

(d) Unlike the case of a G-group, the general H'(G,X) has no distinguished point; in
order to get such a point we have to take X itself to be pointed, i.e. to have a distinguished
object Xy such that g(Xy) = X, for all g € G.

FrROM G-CATEGORIES TO G-GROUPS. Given an object X in a G-category X, let us com-
pare:

e the 1-cocycles (X, €) : G — X with the same fixed X; their full subcategory in Z!(G, X)
will be denoted by Z'(G,X)x, and the corresponding subset in H'(G, X) will be denoted
by H(G, X)x

e the 1-cocycles G — End(X),, where End(X), is the endomorphism monoid of X consid-
ered as a category (= the full subcategory in X with the unique object X) and equipped
with a G-category structure p;

e the 1-cocycles G — Aut(X),, where Aut(X), is the automorphism group Aut(X) of X
in X equipped with a G-group structure p.

1.3.  OBSERVATION. Clearly the G-category structure of X restricts to a G-category
structure on End(X) if and only if the object X is G-invariant. However there is another
way to make such a structure. For any l-cocycle (X ) : G — X (with the same X),
g € G, and an endomorphism a : X — X, we define ga = §,g(a)(&,) " (writing ga for the
new G-action in distinction from the old g(a)). We will denote this structure by p(&), and
write Z'(G, End(X)¢) for the corresponding category of 1-cocycles and H'(G, End(X);)
for the corresponding 1-dimensional cohomology set respectively. The action p(&) clearly
restricts to a G-group structure on Aut(X); we will then write Z'(G, Aut(X)) and
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H'(G, Aut(X)¢) respectively. Of course Z'(G, Aut(X)¢) is just the groupoid whose mor-
phisms are all isomorphisms in Z'(G,End(X)¢), and therefore H'(G, Aut(X)¢) is the
same as H'(G, End(X);)

After this a straightforward calculation proves

1.4. PROPOSITION. Let (X,€) : G — X be a fized 1-cocycle. The assignment ¢ +—
(X, (go(g)fg)geg) extends to a category isomorphism Z'(G,End(X)¢) = Z1(G,X)x, and
i particular

HY(G,Aut(X)e) = H'(G,End(X)¢) & H' (G, X) x.

1.5.  REMARK. Proposition 1.4 almost reduces the description of H'(G,X) to the case
where X is a G-group. Since H'(G,X) obviously is the disjoint union of H'(G,X)x for
all objects X from any fixed skeleton of the category X, and each H'(G,X)x is either
empty, or bijective to H*(G, Aut(X)¢) for some &, it gives a bijection of the form

Hl(Gv X) = l—l(X,ﬁ)GEHl(Gv Aut(X)é)v (1.5)

where = is any set of 1-cocycles (X, §) : G — X satisfying the following conditions:
(a) if (X,€) and (X', ¢') are in =, then X and X' are not isomorphic in X;
(b) Z is a maximal set with the property (a).

INVOLVING 2-DIMENSIONAL CATEGORY THEORY. Consider the following two questions:
Question A: What is an appropriate notion of a morphism of G-categories?

Question B: Are the ordinary and the generalized notions of 1-cocycle merely technical,
or do they occur as special cases of natural categorical constructions?

Considering G-categories as G-objects in Cat, or as internal categories in the category
Sets® of G-sets, one would of course define the morphisms between them as the G-
functors, i.e. as the morphisms of G-objects in Cat, or, equivalently, as internal functors
in Sets®. However, thinking of a G-category as a functor from G to Cat, and having
in mind that Cat is a 2-dimensional category, we have a choice between the natural
transformations which will give us the G-functors again, and the so-called pseudo-natural
transformations. The second choice suggests the following answer to Question A:

1.6. DEFINITION. Let C and D be G-categories. A morphism from C to D is a pair
(F,€), in which F' is a functor from C to D considered as ordinary categories, and £ =
(£g,0)gec.ceob(c) @ family of isomorphisms & ¢ : ¢g(F(C)) — F(g(C)) natural in C' and
satisfying 1,0 = 1pc) and &ugc = Engcyh(&g,c) for all objects C' € C and all g,h € G.

Furthermore, there are morphisms between pseudo-natural transformations called
modifications, and for given C and D, they together form a category PsNat(C, D). The
objects of PsNat(C,D) are thus the morphisms from C to D in the sense of Defini-
tion 1.6, and a morphism f : (F,§) — (F’,{') in PsNat(C, D) is a natural transformation
f: F — F' such that

fo)6a.c =&, c9(fo) (1.6)
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In particular if we take C = 1 (the category with only one object and one morphism) and
write X instead of D, then PsNat(C, D) becomes nothing but what we called Z'(G, X),
yielding a good affirmative answer to our Question B.

2-FUNCTORIALITY OF Z'(G,X) IN X. In order to take X — Z'(G, X) into a 2-functor
we need to make one more step into 2-dimensional category theory:
Given three G-categories C, D, E, we construct the composition functor

® = ®cpEk: PsNat(D,E) x PsNat(C,D) — PsNat(C,E)

as follows

o ([, ®(F,§) = (EF,§®£) on objects, where ® is the argumentwise pasting operation,
i.e. £ ®¢ is defined by (£ ® {)y0 = (E(fgp))ggf(o);

e on morphisms the functor ® is the ordinary horizontal composition of natural trans-

formations, i.e. for f: (F,§) — (£, ¢) in PsNat(D,E) and f : (F,§) — (F',¢) in

PsNat(C, D), the co?nposite_i@) [ (B8 @ FE — (E’,g’) ® (F',¢') is defined by
(f®fle= (iF’(C))(E(fC)) (which is the same as (E’(fc))(ip(c))).

The collection of all G-categories, their pseudo-natural transformations, and modifi-
cations with the composition ® and the obvious identity pseudo-natural transformations
lc : C — C (for all C) form a 2-dimensional category G-Cat, in which the hom-categories
homg-cat(C, D) are the categories PsNat(C, D). In particular, in the notation above, we

have

ZMG, X) = homg-cat(1,X) = PsNat(1, X), (1.7)
yielding a 2-functor Z'(G, —) : G-Cat — Cat.
A REMARK ON Z°(G,X) AND HY(G, X). Let us repeat our constructions “decreasing the
dimension by one”. That is, we take the G-category X to be a discrete category, i.e. a
category with no nonidentity morphisms, X = Dis(.S) - denoting the G-set of its objects
by S. Then it is easy to see that the pseudo-natural transformations above become just

the natural transformations, the modifications become identities, i.e. Z'(G,Dis(S)) is
discrete, and we have

ZY(G,Dis(S)) 2 Dis{s € S | gs=s forall g€ G}. (1.8)

Since the classical definitions of Z°(G,S) and H°(G, S) say
H°(G,S)=27°G,S) =Dis{s € S| gs =s forall gec G}, (1.9)
we conclude that Z'(G,X) and H'(G,X) defined for an arbitrary G-category X, gener-

alize not only Z'(G, A) and H'(G, A) for a G-group A, but also Z°(G, S) and H°(G, S)
for a G-set S.
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A CATEGORICAL CONSTRUCTION BEHIND PROPOSITION 1.4. Any functor F': C — D
canonically factorizes as

c - fact(F) L4 p (1.10)

where:

e the objects in fact(F') are as in C and the morphisms as in D, that is

homgaee(r) (C, C') = homp (F(C'), F(C"));

e the functor F') is defined by F(V(C) = C on objects and F)(u) = F(u) on morphisms;
e the functor F'® is defined by F(C) = F(C) on objects and F® (u) = u on morphisms.

If C and D are G-categories and F' is a G-functor, then, since the factorization (1.10) is
functorial, this makes fact(F) a G-category and F'") and F®) G-functors. More generally,
if (F,¢) : C — D is a morphism of G-categories in the sense of Definition 1.6, then
fact([F) can still be regarded as a G-category and there are canonical £V and ¢ making
(FOW WY and (F®, £3)) morphisms of G-categories. Explicitly:

e For each g € G, the functor g(—) : fact(F) — fact(F) is defined as g(—) : C'— C on
objects and via
&9,

gF(C) Fg(C) (1.11)
g(a)l lg(a)
gF(C") —2< . Fy(C)

on morphisms; here the first vertical arrow represents the image under g(—) : D — D of
an arbitrary a : F(C) — F(C”) in D, but the second one is the new g(a) to be defined
as a morphism from Fg(C') to Fg(C") in D.

e Since {, ¢ is natural in C, it is easy to check that the diagram

c—" . fact(F) (1.12)
g<—>l o(-)
c— " fact(F)

commutes for every g € G, and so £ is to be defined as the appropriate family of identity
morphisms.
e For a morphism a : C'— C’ in fact(F), the diagram (1.11) can now be rewritten as

Eg,C

gFO(C) Fig(C) (1.13)
gF(Q)(a)l J{F(”g(a)
§g.c7
gF(Q)(C’) e F(2)g<(j/)

and accordingly @) is defined as the family of isomorphisms

&ot gFP(C) = gF(C) — Fg(C) = FPg(C).
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1.7.  DEFINITION. Let (F,£) : C — D be a morphism of G-categories. With notation
as above, we will say that (F,¢) = (F® ¢®) @ (FM ¢M) is the canonical factorization
of (F,¢).

1.8. EXAMPLE. Let (X,£): G — X be a 1-cocycle as in Proposition 1.4 and (F, &) =
(F® @)@ (FM, 1) the canonical factorization of the corresponding morphism (F,¢) :
1 — X. Then

(a) the category fact(F) is the same as the monoid End(X);

(b) the G-category structure p(¢) on End(X) described in Observation 1.3 is the same as
the G-category structure on fact(F") described now ((1.11));

(¢) the composite of the isomorphism Z'(G,End(X),) & Z'(G, X)x described in Propo-
sition 1.4 and the embedding Z' (G, X)x — Z'(G,X) is the same as the functor

ZHG, (F® ). ZYG, fact(F)) — Z4(G,X).

2. 1-Cocycles as algebras over a monad

G-CATEGORY STRUCTURES AS MONOIDS. Given a category C, let Fam(C) be the category
of families of objects in C. Recall that the objects of Fam(C) are all families (A;);c; with
A; € C, and a morphism (A;);er — (Bj)jes is a pair (f,u) in which f: I — J is a map
of sets, and u is a family of morphisms u; : A; — Byu). If Cis a monoidal category
C=(C,®,1,a, A, p), then so is Fam(C) = (Fam(C), ®, 1,a/, N, p') with

(Ad)icr ® (Bj))jes = (A ® Bj)ajyerxs, (2.1)

with 1 in Fam(C) being the one-member family corresponding to the 1 in C, and with
obvious o/, N, p/. According to this description, a monoid in (Fam(C), ®,1) can be iden-
tified with a system ((M;);er, €, m), in which:
e [ is an ordinary monoid;
e m is a family of morphisms m; ;) : M; ® M; — M;; in C satisfying the suitable asso-
ciativity condition;
e ¢ is a morphism in C from 1 to M; (where the index 1 of M; is the identity element of
the monoid ) satisfying the suitable identity condition.
In particular, if C = (C,®,1) is a strict monoidal category, and (M;);c; an object in
Fam(C) in which
e [ is equipped with (an ordinary) monoid structure;
o M; ® M; = M,; for all 7, j € I;
o My =1
- then the system ((M;);cs,e,m), in which all m; ;) and e are identity morphisms, is a
monoid in Fam(C) (although Fam(C) is not strict!); let us call such a monoid split. Com-
paring this notion with the notion of G-category considered in Section 1, we immediately
observe:

Let G be a group. To make a category X a G-category is the same thing as to give
a split monoid (M;);e; in the monoidal category Fam(XX*) associated to the monoidal
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category XX = (XX, o, 1x) of endofunctors of X, with [ = G. According to the notation
of Section 1, (the underlying object of) that monoid is to be written as

(9(=))gec- (2.2)

SPLIT MONOID ACTIONS AS 1-COCYCLES. Let M = (M, e, m) be a monoid in a monoidal
category C. Recall that an M-action in C is a pair (X,¢), where X is an object in C
and £ : M ® X — X a morphism in C satisfying the associativity and identity properties
with respect to the monoid structure of M. We will also say that £ is an M-action on X.
Consider the following

2.1. SITUATION. We take:
e C to be a strict monoidal category, but then replace it by the monoidal category Fam(C)
as defined above.
o M = ((M,;)ier,e,m) a split monoid in Fam(C).
e X an object in C regarded as a one-member family, and therefore an object in Fam(C).
In this case an M-action on X can be described as a family & = (&;);e; of morphisms
& M, ® X — X with

§i1=1x and &; = &(M; ®E)). (2.3)

After that consider a further special case:

2.2.  SITUATION. We take (C,®,1) = (XX, o0,1x) (where X is a G-category as in Sec-
tion 1), (M;);e; the monoid (2.2) , and X an object in X regarded as a constant functor
X — X. We will say that (X, &) is a (g(—)),eq-action on an object in X, if £, is a constant
natural transformation for each g in G.

Comparing the formulae (2.3) with those in Definition 1.1(a), we obtain:

2.3.  PROPOSITION. A pair (X, &) = (X, (§)sec) is an object in Z'(G,X) if and only if
itis a (g(—))geq-action (on X ). This yields a canonical isomorphism between the category
ZYG,X) of 1-cocycles G — X and the category of (9(—)),ec-actions on objects in X.

INVOLVING THE COPRODUCT FUNCTOR Fam(C) — C. In (say) Situation 2.1, if C had
coproducts preserved by the functors C @ —, — ®C' : C — C for every object C' in
C, then the monoid structure of (M;);c; would of course induce a monoid structure on
the coproduct [[,., M;, and there would be a straightforward way to compare the actions
of these two monoids. However having in mind Situation 2.2, we cannot assume the
preservation of coproducts by C' ® — for every C'; what we really need is the following:

2.4. PROPOSITION. Let C be a monoidal category with coproducts preserved by —® C':
C — C for each object C in C, and M = ((M;)ier,e,m) a monoid in Fam(C) such that
M, ® —: C — C preserves coproducts for each i € I. Then the monoid structure of
(M;)ier induces a monoid structure on the coproduct [],.; M; and there is a canonical
isomorphism between the category of (M;);cr-actions (i.e. M-actions) on one-member
families in Fam(C) and the category of [1,.; M;-actions in C.
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In Situation 2.2, assuming the existence of G-indexed coproducts in X, all the required
conditions hold since all the functors g(—) (g € G) are isomorphisms and therefore pre-
serve coproducts. Here [[;.; M; = [] ¢ 9(—) being a monoid in (XX o,1x) is a monad
on X; let us denote it by G(—). From Propositions 2.3 and 2.4, we obtain

2.5. THEOREM. Let G be a group and X a G-category with G-indexed coproducts. Then
there is a canonical isomorphism between the category Z1(G,X) of 1-cocycles G — X and
the category X% of G(—)-algebras. For a 1-cocycle (X,€) : G — X with £ = (&;),ec,
the corresponding G(—)-algebra is the pair (X, &) with the same X and & : G(X) =
[,ec9(X) — X induced by all §;: g(X) — X (g€ G).

Convention: we will identify ¢ and &,, and just write &.

3. G-Galois monads and adjunctions

RELATING SPLIT AND CONNECTED MONOIDS. Let M = ((M;);es, e, m) be a split monoid
as in Situation 2.1, and M’' = (M’, €', m’) a monoid in the monoidal category C. Regarding
C as a monoidal subcategory of Fam(C), we can regard M’ as a monoid in Fam(C), and
we will call such a monoid in Fam(C) connected. We need the description of monoid
homomorphisms from M to M’, i.e. morphisms v : M — M’ in Fam(C) making the

diagrams
uQRu

M - M’ M® M M' @ M (3.1)
1 M w M/

commute. Since M’ regarded as an object in Fam(C) is a one-member family, a morphism
u: M — M’ in Fam(C) is nothing but an I-indexed family of morphisms w; : M; — M’
- and the commutativity of (3.1) expressed in the language of u;’s becomes

Ml ul M/ MZ ® MJ U QU M, ® M, (32)
1 M;; i M’
ie.
¢ =uy, muQuj)=uy (i,5€I). (3.3)

We will use an example of such a homomorphism provided by
3.1. LEMMA. Let M = ((M,)icr,e,m) and M' = (M’ e',m’) be as above, and let
M @M; =M and m'® M; =m' (3.4)
for every i € I. Then the family uw = (u;);er, where u; = € @ M; is the morphism

M, = My, = M, @ M, —

is a monoid homomorphism from M to M’.

M'® M; = M, (3.5)
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PROOF. We have that ¢/ = e’ ® 1 =€’ ® M; = u;, and
m'(u; @u;) = m' (M ®u;)(u; @ M;) (since ® is a bifunctor)
W (' @ M) (M ® ¢ @ M;)(e' ® M; @ M,)
= ((mM'(m ®¢€)) @ M;)(e @ M;) (since (—) ® M; is a functor)
= (lyr ® M;)u;; (since M’ is a monoid)
= Uy,
as desired (see (3.3)). =
Lemma 3.1 easily gives
3.2. COROLLARY. Under the assumptions of Proposition 2.4 and Lemma 3.1, the mor-

phism [[,c; M; — M’ induced by the family of morphisms (8.5) is a monoid homomor-
phism in the monoidal category C.

Applying this to Situation 2.2, we obtain

3.3.  COROLLARY. Let (T,n,u) be a monad on X with T(g(—)) =T and u(g(=)) = p
for all g € G. Then the natural transformation v : G(—) = [{,eq 9(—) — T induced by
the natural transformations

9(-) = x(g(-)" " T(g(-) =T (g€ C), (3.6)
1s a morphism of monads.

G-GALOIS MONADS AND ADJUNCTIONS. Take a monad 7' = (T,n,u) on X, and let
(FT,UT) be the associated free-forgetful adjunction between X and X”', with unit 7 :
I1x — UTFT and counit e : FTUT — 1xr. The assumptions T'(g(—)) = T and u(g(—)) =
11 of Corollary 3.3 can be reformulated as F'(g(—)) = F", and v : G(=) = [[,cq9(—) —
T being a morphism of monads induces a functor

K7 XT - X9 = 7Y@, X). (3.7)
Explicitly, for a T-algebra (X, (), we have
K7'(X, () = (X,§) with § = (nyx) (9 €G). (3.8)

3.4. DEFINITION. Let G be a group and X a G-category with G-indexed coproducts.
A monad T = (T, n, ) on X is said to be a G-Galois monad if

() T(9(=)) = T and p(g(~)) = s for all g € G;
(b) the morphism v : G(—) = [[,cq 9(—) — T is an isomorphism.

Equivalently, T is a G-Galois monad if the free functor F7 satisfies FT(g(—)) = FT for
all g € G and the functor K7 is an isomorphism.

If instead of a monad T" we begin with an adjunction
F
X—Y, n: 1x—UF, ¢: FU — 1y (3.9)
U

where X is a G-category again, Definition 3.4 should be reformulated as
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3.5.  DEFINITION. An adjunction (3.9) is said to be a G-Galois adjunction if
(a) F(g(—)) =F, for all g € G;

(b) the category X admits G-indexed coproducts and the morphism 7y : ngG’ 9(X) —
UF(X) induced by the collection of morphisms 7yx) : ¢(X) — UF(g(X)) =
UF(X) (g € G) is an isomorphism for each object X € X;

(c) the functor U is monadic.

Recall that for a general adjunction (3.9) with the corresponding monad 7' = (T, n, u) =
(UF,n,UcF), the comparison functor K : Y — X7 is defined by K(Y) = (U(Y),Ul(ey)),
and when U is monadic the quasi-inverse L : X’ — Y of K can be described via the
coequalizer diagram

EF(X)

FUF(X) F(X)—= L(X, () (3.10)

()

where (X, () is any T-algebra. Moreover, if Y admits coequalizers, then K always (i.e.
even under no monadicity assumption) has a left adjoint L defined in the same way.

Let us provide another construction for the functor L in the situation of Definition 3.5,

using the fact that the monad involving there is isomorphic (by 3.5(b)) to the monad G(—).
At the same time this will describe the composite of L with the isomorphism between the
categories Z1(G,X) and X7, i.e. show how to calculate the object in Y corresponding to
a given 1-cocycle G — X. For, we observe:
e Since vy : ngc g(X) — UF(X) in Definition 3.5 is an isomorphism, we can replace the
two parallel arrows in (3.10) by their composites with F'(yx). Moreover, since the functor
F being a left adjoint sends coproducts to coproducts, we can make a further replacement
by composing with the canonical isomorphism [[ . F'(9(X)) — F([1,cq9(X)). After
that, instead of defining L(X, () via the coequalizer diagram (3.10), we can define it via
the morphism F(X) — L(X, () that composed with

F(g(X)) "2 P(a(X)) " FUR(X) - F(X) (3.11)
and with
Fg(x)) L p(a(x) 2 Fup(x) " F(X) (3.12)

makes them equal for every g € G, and is universal with this property (where ¢, is the
coproduct injection corresponding to g).
e For the composite (3.11), we have, using the definition of « for the second equality,

3.5(a)
erco F(vx)F (1) = ercn F(vxtg) = erco) F(ngx) = eronF (Ngx)),

which is the identity morphism of F'(g(X)) = F(X) by one of the triangular identities for
adjoint functors.
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e And for (3.12): F(¢)F(vx)F (¢g) = F(Cyxty) = f(Cngx)) = (&), with £ as in (3.8).
e It follows easily from 1.1(a) and 3.5(a) that the assignment g — F({,) determines a
group homomorphism G — Aut(F(X)), i.e. it makes F'(X) a G-object in Y. Moreover, if
we regard Y as a G-category with the trivial action of G then the category Z'(G,Y) of 1-
cocycles G — Y is of course nothing but the category Y¢ of G-objects in Y, and then F,
obviously being a G-functor, induces a functor Z1(G, F) : ZY(G,X) — Z*(G,Y) = Y©.
Of course the G-object in Y obtained above is nothing but Z'(G, F)(X,¢).
e If Y admits “all” colimits (say, as large as its hom-sets), then there is the colimit functor
colim : Y% — Y, sending a G-object Y to its universal quotient with the trivial G-action.
We will briefly write colim(Y') = Y/G, also when that colimit exists just for a given object
Y. In particular L(X, () = F(X)/G.

Summarizing, and using the isomorphism (3.7) defined by (3.8) and the definition of
the comparison functor K : Y — X7 we obtain

3.6. THEOREM. (a) For an adjunction (3.9) satisfying 3.5(a) and (b) the left adjoint
L: X" =Y of the comparison functor K : 'Y — X can be described as

L(X,¢) = F(X)/G, (3.13)

where F(X) is regarded as a G-object in 'Y via g — F (&) = F(Cngx)) : F(X) — F(X).
(b) If (3.9) is G-Galois adjunction then there is a category equivalence

Y ~ 741G, X), (3.14)

under which an object Y in Y corresponds to the 1-cocycle (U(Y), (U(ey ) nywv)))gec) :
G — X; conversely, a 1-cocycle (X,&) : G — X corresponds to the object F(X)/G,
where F(X) is regarded as a G-object in'Y via g — F(&,) : F(X) — F(X).

Furthermore, applying Proposition 1.4, we obtain:

3.7. THEOREM. If (3.9) is a G-Galois adjunction, then every object Yo in' Y admits a
category equivalence

Y[Yf)] ~ 7' (Gv End(U(YO))Eo)’ (3'15)

in which Y[Yp| is the full subcategory in' Y with objects all Y in'Y with U(Y") isomorphic
to U(Yp), and (U(Yp), &) = (UYo), (U(eyy)ngwve)))gec) is the I-cocycle G — X corre-
sponding to Yy under the equivalence (3.14). In particular the set of isomorphism classes

of objects in Y[Yo] is bijective to H (G, End(U(Yp))e,) = H' (G, Aut(U(Y))s, )-

3.8.  REMARK. The equivalence (3.15) is “less canonical” than the equivalence (3.14) in
the following sense: let Y[Yy] be the full subcategory in Y with objects all Y in Y with
U(Y)=U(Yp), and let

Y (Yo) — ZYG, X)upy and ZYG, X))y — Y[Yo) (3.16)
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be the functors induced by the equivalence (3.14). Since both of them obviously are
category equivalences, so are the composites

Y(Yb) — Zl(G, X)U(Yo) — ZI(G, End(U(Yb))go) and

ZYG,End(U(Yy))ey) — Z1G, X)vve) — Y[Yal, (3.17)

where & is as in Theorem 3.7, and the isomorphism Z'(G, X)y ) = Z1(G, End(U(Y)))e,)
is obtained from Proposition 1.4. However, since the category Y (Yp) is only equivalent,
but not equal to Y[Yy], the functors (3.17) are not exactly quasi-inverse to each other.
One can say that the equivalence (3.15) is only canonical up to a choice of the quasi-
inverse of the inclusion functor Y (Yy) — Y[Yp]. Yet, since the second functor in (3.17)
is uniquely determined only up to the choice of colimits in Y, it is useful to describe
it explicitly. And, since it is a composite of explicitly given functors, the description is
straightforward:

(¢ € ZY(G, End(U(Yo))g,)) — F(¥o)/G, (3.15)

where G acts on F(Yp) by
9= F(o(9)U(evynewvo))s (3.19)

since g — F(&,) in (3.13), the role of &, is played by ¢(g)&o, here according to Proposi-
tion 1.4, and &y, = U(ey, Mg (vy))) as in Theorem 3.7.

4. Galois descent for modules and algebras

(GALOIS ADJUNCTIONS CORRESPOND TO FINITE GALOIS EXTENSIONS. Let us take the
adjunction (3.9) to be

F=(-)p

(E-Mod)° (B-Mod)® , (4.1)

U=E®p(—-)

n: lg-Moayr — UF, €: FU — 1(B-Mod)e»,

where
e p: B — FE is a homomorphism of non-trivial commutative rings with 1;
e [': (E-Mod)°® — (B-Mod)? is the (dual of) the restriction-of-scalars functor from
the dual (=opposite) category of E-modules to the dual category of B-modules, for which
we shall write F'(D) = D,;
e U : (B-Mod)® — (E-Mod)® is the (dual of) the induction functor, for which we
shall write U(A) = E ®p A;
en=(np: E®p D, = D,)pe(e-Moa)r is defined by np(e ® d) = ed (here and below,
whenever it makes sense, we keep the direction of arrows as in the categories of modules,
not as in their duals);
ec=(ea: A= (E®p A)p)Ae(B—Mod)OP is defined by €4(a) =1 ® a.

We will also assume that (£, p) is equipped with a right action of a group G, i.e. G
acts on E on the right (via ring automorphisms of F) with p(b)g = p(b) for each b € B
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and g € G. This makes (E-Mod)°? a G-category, in which g(D) = D,, i.e. g(D) =D as
abelian groups and, for e € F and d € D, we have:

ed € g(D) is the same as (eg)d € D. (4.2)

4.1. THEOREM. The adjunction (4.1) equipped with the G-category structure on (E-Mod)°P
defined by (4.2) is a G-Galois adjunction if and only if the following conditions hold:

(a) p: B — E is an effective (co)descent morphism, i.e., considered as a homomor-
phism of B-modules, it is a pure monomorphism;

(b) the map h: E®p E — GE, where GE denotes the E-algebra of all maps from G
to E, defined by h(e ® €')(g) = (eg)€’, is bijective;

(c) the group G is finite.

PROOF. (a) simply means that the functor U : (B-Mod)°® — (E-Mod)®P is monadic (see
[Janelidze, Tholen, 2004] for details). On the other hand condition 3.5 (b) now becomes:
the map

Yp: E®p D;D — GD, ")/D(e ® d)(Q) = (69)d7 (43)

is bijective for each D in E-Mod.

Since this condition implies 4.1(b), it suffices to prove that, under conditions 4.1 (a) and
4.1(b), condition 3.5(b) is equivalent to condition 4.1(c). For, note that we can identify
h with vg, and consider the commutative diagram

(E®p E) @p D, 22 (GE) ®5 D, (4.4)

| l

E®B Dp L GD7

whose vertical arrows are obvious canonical maps. Since its top arrow is bijective by 4.1
(b), and its left-hand vertical arrow is always bijective, the bijectivity of its bottom arrow
is equivalent to the bijectivity of its right-hand vertical arrow. Therefore all we need to
observe is that the canonical map (GE) ®g D, — GD is bijective for every E-module D
if and only if G is finite. [

4.2.  REMARK. One can replace ordinary modules with modules equipped with various
kinds of additional structure, and, in particular, with various kinds of algebras. To be
more precise, Theorem 4.1 still holds if instead of F-Mod and B-Mod we have F-Alg
and B-Alg respectively, where “-Alg” refers to, for example, (a) arbitrary (not necessarily
associative or commutative) algebras, with or without 1; (b) associative algebras, with or
without 1; (¢) (associative and) commutative algebras, with or without 1; (d) Lie algebras;
(e) Jordan algebras; (f) differential algebras.

All we need here is to know that the functors F' and U of (4.1) induce similar functors
for these kinds of algebras, and that replacing modules with algebras does not affect
monadicity. For this, see [Janelidze, Tholen, 2004, Sec. 6.
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TRANSLATION OF THEOREMS 3.6 AND 3.7 FOR MODULES AND ALGEBRAS. Theorem 4.1
allows us to apply Theorems 3.6 and 3.7 to modules and algebras. This gives:

4.3. THEOREM. Suppose the equivalent conditions of Theorem 4.1 hold. Then the cate-
gory of B-modules is equivalent to the category Z' (G, (E-Mod)°P)°P, which can be identi-
fied with the category of E-modules D on which G acts on the right via B-module automor-
phisms with (ed)g = (eg)(dg) for alle € E, d € D, and g € G. Under this equivalence:
(a) a B-module A corresponds to the E-module E @p A, on which G acts on the right via
B-module automorphisms with (e ® a)g =eg @ a for alle € E, a € A, and g € G;

(b) an E-module D equipped with a right G-action as above corresponds to the B-module
DY =1{d e D |dg=dforall g € G}, where the scalar multiplication B x D¢ — D¢ is
induced by the scalar multiplication B X D, — D,,.

PROOF. A 1-cocycle (D,§) : G — (E-Mod)® is an E-module D together with a family
§ = (&)gec of E-module isomorphisms &, : D — D, in X satisfying & = 1x and
Eng = £4&n (having in mind that h(§,) = &,, since h(—) : (E-Mod)°® — (E-Mod)® is
the restriction-of-scalars functor corresponding to k). Since the E-module structure on D,
is given by (4.2), it is easy to see that to say that {, : D — D, is an E-module isomorphism
is to say that {,(ed) = (eg){,(d) for all e € E, d € D, and g € G. After that we put
dg = &,(d), and this gives the desired description of the category Z'(G, (E-Mod)°P)°P. It
remains to prove (a) and (b).

(a) By Theorem 3.6(b), the 1-cocycle G — (E-Mod)®°P corresponding to a B-module
A, is the pair (F ®p A, (Ng(pez4) (£ ®p €4))gec). Using the explicit formulae for ¢ and
n given in the description of the adjunction (4.1), we have

(Ng(EopA)(E ®pca))le ®a) = Nyrezanle® (1®a)) =e(l®a) =eg®a,

where the last equality follows from the fact that e(1 ® a) is calculated in g(F ®p A).
According to our way of defining a right G-action out of a 1-cocycle G — (E-Mod)°P
this gives
(e®a)g = (Ngresa)(E ®pea))le®a)=eg®a,
as desired.
(b) now follows immediately from Theorem 3.6(b). n

4.4. THEOREM. Suppose the equivalent conditions of Theorem 4.1 hold, and Aqy is a
fired B-module. Then the full subcategory of the category of B-modules

B-Mod[Ay] ={A€ B-Mod | ERp A= E®p A[O] in £-Mod}

is equivalent to the category Z'(G,End(E ®p Ao)P¢,)P, where (E ®@p Ao, &)+ G —
(E-Mod)®P is the 1-cocycle, corresponding to Ay, which makes End(E ®p Ag)°® a one-
object G-category, as in Observation 1.3. Moreover:

(a) The G-category constructed above on End(E ®p Ag)°P, written as

G x End(E @5 A9)® — End(E ®5 Ag)®,  (g,u) — gu,
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has, for each g € G, the E-module isomorphism g(u) : E®p Ay — E ®@p Ay defined by

(gu)(t) = (u(tg))g™ (t € E@p A), (4.5)

using the right action of G on E ®p Ay described in 4.3 (a).
(b) In particular, we have a bijection between B-Mod[Ag]/ = and H'(G, Aut(F ®p
Ap)°?, where B-Mod[Ag]/ = is the set of isomorphism classes of objects of the category

B-Mod|[Ay] and the action of G on Aut(E ®@p Ag)°P is defined by (4.5).

PROOF. The first assertion of the theorem is really a direct translation of Theorem 3.7
and the same is true for the assertion 4.4(b) provided we can use 4.4(a). Therefore we
only need to prove 4.4(a). For, we observe:

(1) As we see from the proof of 4.3 (a), §o = (og)gec, Where &, @ EQpAg — (E®QpAp),
is defined by &p,(e ® a) = eg ® a.

(ii) Recall the formula ga = £,g(a)(&,)~" from Observation 1.3. It tells us that gu in
4.4 (a) is defined by gu = &,u(&oy) ™" (since g(—) : (E-Mod)®® — (E-Mod) is the dual
restriction-of-scalars functor, we write u instead of g(u)).

(ili) eg ® a) above is the same as (e ® a)g in £ ®p Ay (on which G acts via B-module
automorphisms as described in 4.3(a)).

(4.5) follows from these three observations. n

4.5. REMARK. The following obvious reformulations are useful:

(a) Formula (4.5) implies that (gu)(1 ® a) = (u(1 ® a))g~!, for each a € Ay - which
determines gu since it is an E-module homomorphism and F ®p Aj is generated by the
elements of the form 1 ® a (a € Ap) as an E-module.

(b) Since Aut(E ®p Ap)°® and Aut(E ®p Ap) are isomorphic (by sending automor-
phisms to their inverses), 4.4(b) can be restated as a bijective correspondence between
B-Mod[Ay]/ = and H' (G, Aut(E ®@p Ap), where the action of G on Aut(E ®p A) is
defined by (4.5).

4.6. REMARK. If we are not interested in the cohomological side of the story, the first
assertion of Theorem 4.3 reduces to:

(a) Under the equivalent conditions of Theorem 4.1, the category B-Mod is equivalent
to the category of E-modules D on which G acts on the right via B-module automorphisms
with (ed)g = (eg)(dg) for alle € E,d € D, and g € G.

After that 4.3(a) implies that:

(b) Under the equivalent conditions of Theorem 4.1, the category B-Mod[Ay] is equiv-
alent to the category defined as follows:

e the objects are right actions of G on E ®p Ay via B-module automorphisms with

(et)g = (eg)(tg), foralle € E, t € E®p Ay, and g € G}; (4.6)

e the morphisms are EF-module homomorphisms that preserve G-action.

This suggests to ask if Theorem 4.4 provides a better (non-cohomological) description
of the category B-Mod[A]? It is easy to check that the direct translation of the first two
assertions of Theorem 4.4 gives:



110 FRANCIS BORCEUX, STEFAAN CAENEPEEL AND GEORGE JANELIDZE

(c) Under the equivalent conditions of Theorem 4.1, the category B-Mod|[Ay] is equiv-
alent to the category defined as follows:
e the objects are right actions * of G on ¥ ®p Ay via E-module automorphisms, which
together with the fixed right G-action defined as in 4.3(a), satisfy

txhg=((t*h)hxg)h™' forallt € E®p Ay, and g,h € G; (4.7)

e the morphisms are the E-module homomorphisms that preserve the G-action .
Indeed, using (1.3) with (1.4), and denoting ¢(g)(t) by t * g, we have

t*hg— p(hg)(t) = ((he(9))(p(h))(E) = (he(9))((p(h)(1))
= (hp(9)(t*h) = ((e(g)((t + W))h™" = ((t = h)hx g)h™"

where the reason of writing (hy(g))(p(h)) instead of (¢(h))(he(g)) is that we are applying
(1.3) to 1-cocycles G — End(F ®p Ay)°P.

In comparison with (b), the advantage of (c) is that the variable G-actions are actions
via E-module automorphisms, although formula (4.7) looks complicated unless it is in-
terpreted cohomologically.

Again, all these calculations and results can be copied for various kinds of algebras
(see Remark 4.2).

)
)

GALOIS COHOMOLOGY OF COMMUTATIVE RINGS.

4.7. 'THEOREM. With notation as above, suppose conditions 4.1(b) and 4.1(c) hold.
Then the following conditions are equivalent:

(a) condition 4.1(a);

(b) p is injective and makes E a finitely generated projective B-module;

(c) p induces an isomorphism B = E¢.

PROOF. (a) = (¢): Under the category equivalence described in Theorem 4.3, the B-
module E corresponds to the E-module £ ®p B = E, on which G acts as originally on
E (see 4.3(a)), and then 4.7(c) follows from 4.3(b). (¢) = (b) follows from the results
of [Chase, Harrison, Rosenberg, 1965] (see also [Chase, Sweedler, 1969] and [DeMeyer,
Ingraham, 1971]). (b) = (a) is well-known, and can be proved easily as follows. FE is
finitely generated and projective and faithful as a B-module, hence it is a B-progenerator
(see for example [DeMeyer, Ingraham, 1971, Corollary 1.1.10]), and a fortiori faithfully
flat as a B-module. We need to show that, for any B-module N, the map iy : N —
N ®p E, in(n) = n ®p lg is injective. It suffices to show that iy ®p F is injective. If
r=>.n;®pe; € Ker(iy®pFE), then ), n;®plg®@pe; =0, and, multiplying the second
and third tensor factor, we find that x = 0. [

From the results of [Chase, Harrison, Rosenberg, 1965] we also conclude:

4.8. COROLLARY. The equivalent conditions of Theorem 4.1 hold if and only ifp: B —
E is a Galois extension with Galois group G in the sense of [Chase, Harrison, Rosenbery,

1965].



MONADIC APPROACH TO GALOIS DESCENT AND COHOMOLOGY 111
References

F. Borceux and G. Janelidze, Galois Theories, Cambridge Studies in Advanced Mathe-
matics 72, Cambridge University Press, 2001.

S. U. Chase, D. K. Harrison, and A. Rosenberg, Galois theory and cohomology of com-
mutative rings, Mem. Amer. Math. Soc. 52 (1965), 15-33.

S. U. Chase and M. E. Sweedler, Hopf algebras and Galois theory, Lecture Notes Math.
97, Springer, Berlin, 1969.

F. R. DeMeyer and E. Ingraham, Separable algebras over a commutative ring, Lecture
Notes Math. 181, Springer, Berlin, 1971.

C. Greither, Cyclic Galois extensions of commutative rings, Lecture Notes Math. 1534,
Springer, Berlin, 1992.

A. Grothendieck, Revétements étales et groupe fondamental, SGA 1, exposé V, Lecture
Notes Math. 224, Springer, Berln, 1971.

J. Jahnel, The Brauer-Severi variety associated with a central simple algebra, Linear
Algebraic Groups and Related Structures 52 (2000), 1-60.

G. Janelidze and W. Tholen, Facets of Descent I1I: Monadic descent for rings and algebras,
Appl. Categ. Structures 12 (2004), 461-467.

M.-A. Knus and M. Ojanguren, Théorie de la descente et algbres dAzumaya, Lecture
Notes Math. 389, Springer, Berlin, 1974

A. R. Magid, The separable Galois theory of commutative rings, Dekker, New York, 1974.
J.-P. Serre, Groupes algbriques et corps de classes, Hermann, Paris, 1959.

J.-P. Serre, Cohomologie Galoisienne, Lecture Notes Math. 5, Springer, Berln, 1964.

A. Weil, The field of definition of a variety, Amer. J. Math. 78 (1956), 569-574.



112 FRANCIS BORCEUX, STEFAAN CAENEPEEL AND GEORGE JANELIDZE

Département de Mathématique, Université Catholique de Louvain,
Chemin du Cyclotron 2, B-1347 Louvain-la-Neuve, Belgium

Faculty of Engineering, Vrije Universiteit Brussel,
Pleinlaan 2, B-1050 Brussels, Belgium

Department of Mathematics and Applied Mathematics,
University of Cape Town,
Rondebosch 7701, South Africa

Email: borceux@math.ucl.ac.be
scaenepe@vub.ac.be
janelg@telkomsa.net

This article may be accessed at http://www.tac.mta.ca/tac/ or by anonymous ftp at
ftp://ftp.tac.mta.ca/pub/tac/html/volumes/23/5/23-05.{dvi,ps,pdf}



THEORY AND APPLICATIONS OF CATEGORIES (ISSN 1201-561X) will disseminate articles that
significantly advance the study of categorical algebra or methods, or that make significant new contribu-
tions to mathematical science using categorical methods. The scope of the journal includes: all areas of
pure category theory, including higher dimensional categories; applications of category theory to algebra,
geometry and topology and other areas of mathematics; applications of category theory to computer
science, physics and other mathematical sciences; contributions to scientific knowledge that make use of
categorical methods.

Articles appearing in the journal have been carefully and critically refereed under the responsibility of
members of the Editorial Board. Only papers judged to be both significant and excellent are accepted
for publication.

Full text of the journal is freely available in .dvi, Postscript and PDF from the journal’s server at
http://www.tac.mta.ca/tac/ and by ftp. It is archived electronically and in printed paper format.

SUBSCRIPTION INFORMATION. Individual subscribers receive abstracts of articles by e-mail as they
are published. To subscribe, send e-mail to tac@mta.ca including a full name and postal address. For in-
stitutional subscription, send enquiries to the Managing Editor, Robert Rosebrugh, rrosebrugh@mta. ca.

INFORMATION FOR AUTHORS. The typesetting language of the journal is TEX, and IATEX2e
strongly encouraged. Articles should be submitted by e-mail directly to a Transmitting Editor. Please
obtain detailed information on submission format and style files at http://www.tac.mta.ca/tac/.

MANAGING EDITOR. Robert Rosebrugh, Mount Allison University: rrosebrugh@mta.ca
TEXNICAL EDITOR. Michael Barr, McGill University: barr@math.mcgill.ca

ASSISTANT TEX EDITOR. Gavin Seal, Ecole Polytechnique Fédérale de Lausanne:
gavin_seal@fastmail.fm

TRANSMITTING EDITORS.

Clemens Berger, Université de Nice-Sophia Antipolis, cberger@math.unice.fr
Richard Blute, Université d’ Ottawa: rblute@uottawa.ca

Lawrence Breen, Université de Paris 13: breen@math.univ-paris13.fr
Ronald Brown, University of North Wales: ronnie.profbrown (at) btinternet.com
Aurelio Carboni, Universita dell Insubria: aurelio.carboni@uninsubria.it
Valeria de Paiva, Cuill Inc.: valeria@cuill.com

Ezra Getzler, Northwestern University: getzler(at)northwestern(dot)edu
Martin Hyland, University of Cambridge: M.Hyland@dpmms.cam.ac.uk

P. T. Johnstone, University of Cambridge: ptj@dpmms.cam.ac.uk

Anders Kock, University of Aarhus: kock@imf .au.dk

Stephen Lack, University of Western Sydney: s.lack@uws.edu.au

F. William Lawvere, State University of New York at Buffalo: wlawvere@acsu.buffalo.edu
Tom Leinster, University of Glasgow, T.Leinster@maths.gla.ac.uk
Jean-Louis Loday, Université de Strasbourg: loday@math.u-strasbg.fr

Teke Moerdijk, University of Utrecht: moerdijk@math.uu.nl

Susan Niefield, Union College: niefiels@union.edu

Robert Paré, Dalhousie University: pare@mathstat.dal.ca

Jiri Rosicky, Masaryk University: rosicky@math.muni.cz

Brooke Shipley, University of Illinois at Chicago: bshipley@math.uic.edu
James Stasheff, University of North Carolina: jds@math.unc.edu

Ross Street, Macquarie University: street@math.mq.edu.au

Walter Tholen, York University: tholen@mathstat.yorku.ca

Myles Tierney, Rutgers University: tierney@math.rutgers.edu

Robert F. C. Walters, University of Insubria: robert.walters@uninsubria.it
R. J. Wood, Dalhousie University: rjwood@mathstat.dal.ca



