ISSN 1472-2739 (on-line) 1472-2747 (printed) 31

Algebraic & Geometric Topology ATG Volume 1 (2001) 31–37 Published: 15 November 2000

A universal bound for surfaces in 3-manifolds with a given Heegaard genus

Mario Eudave-Muñoz Jeremy Shor

Abstract It is shown that for given positive integers g and b, there is a number C(g, b), such that any orientable compact irreducible 3-manifold of Heegaard genus g has at most C(g, b) disjoint, nonparallel incompressible surfaces with first Betti number b1 < b.

AMS Classification 57N10; 57M25

Keywords Incompressible surface, Haken manifold.

1 Introduction

Let M be a compact, orientable, irreducible 3-manifold, possibly with boundary. As usual, by a surface we mean a connected, compact 2-manifold; if it is contained in a 3-manifold, then it is assumed to be properly embedded. There are several results which bound the number of disjoint incompressible surfaces in M .

The Haken–Kneser finiteness theorem says that given M , there exist an integer c(M), such that any collection of pairwise disjoint, non-parallel, closed, incompressible surfaces in M has at most c(M) components. This can be extended to surfaces with boundary, if the surfaces are taken to be incompressible and ∂ -incompressible (for a proof see [3] and [5]).

However, this theorem is false if the surfaces are not ∂ -incompressible. Howards [4] has shown that if a 3-manifold M has a boundary component of genus 2 or greater, then there are in M arbitrary large collections of disjoint, nonparallel, incompressible surfaces. This was proved previously by Sherman [11] for F × I , where F is a closed surface of sufficiently high genus. But in these constructions, when there are large numbers of surfaces, the Betti numbers of the surfaces are also large. If we bound the Betti numbers, then the number of surfaces will be bounded by in the following theorem, proved by Freedman and Freedman [2].

© Geometry & Topology Publications

Theorem 1 (Freedman and Freedman [2]) Let M be a compact 3-manifold with boundary and b an integer greater than zero. There is a constant c(M, b) so that if F_1, . . . , F_k , k > c is a collection of disjoint, incompressible surfaces such that all Betti numbers b_1(F_i) < b, 1 ≤ i ≤ k, and no F_i , 1 ≤ i ≤ k, is a boundary parallel annulus or a boundary parallel disk, then at least two members P_i and P_j are parallel.

However in all of these theorems, the bound depends on a given manifold, i.e., the bound is not universal. We intend to look for some kind of universal bound. For example, if we restrict to the class of closed, irreducible 3-manifolds, then as said above, each manifold has a bounded number of incompressible surfaces, but clearly there is no universal bound, for it is easy to construct closed manifolds with a large number of incompressible surfaces, even with surfaces of a given genus. If we bound the Heegaard genus of the 3-manifolds, then there is no such bound, for in [1] a construction is given, so that for each integer N , we can find a closed, irreducible 3-manifold with Heegaard genus 2 and having more than N disjoint, non-parallel, incompressible surfaces. But in those examples, when the number of surfaces is high, the genus of the surfaces is also high. If we bound also the genus of the surfaces, say, if we restrict to tori, then it follows from [6] and [8], that there is an integer N(g), depending only on g, such that any closed 3-manifold with Heegaard genus g, has at most N(g) disjoint, non-parallel, incompressible tori. All this suggests that a result such as the following could exist. This is an extension of Theorem 1 to all manifolds of a given Heegaard genus.

Theorem 2 (Main theorem) Consider the class M^3(g) of all compact, orientable and irreducible 3-manifolds with Heegaard genus g. Let b be an integer greater than zero. Then there is a constant C(g, b), depending only on g and b, such that for any M in M^3(g), if P_1, . . . , P_k , k > C(g, b) is a collection of disjoint, incompressible surfaces in M , such that all Betti numbers b_1(P_i) < b, 1 ≤ i ≤ k, and no P_i , 1 ≤ i ≤ k, is a boundary parallel annulus or a boundary parallel disk, then at least two members P_i and P_j are parallel.

Here is an outline of the proof. We consider a 3-manifold M with a Heegaard splitting of genus g. If the splitting is not strongly irreducible, we untelescope it [9], decomposing M into a union of submanifolds, glued along incompressible surfaces, and such that each submanifold has a strongly irreducible Heegaard splitting. Given a collection of surfaces in M , these can be isotoped to intersect the surfaces of the decomposition of M essentially. Then we can apply Theorem 1 to each of the pieces, which is a compression body of genus at most g, and by a counting argument, similar to the one in the Haken–Kneser Theorem which

Algebraic & Geometric Topology, Volume 1 (2001) counts bad pieces in a tetrahedra, but now counting bad pieces in a compression body, we get the required bound.

For closed manifolds we deduce.

Corollary 3 Consider the class M^3_c (g) of all closed, orientable and irreducible 3-manifolds with Heegaard genus g. Let h be an integer greater than zero. Then there is a constant C(g, h) depending only on g and h, such that for any M in M^3_c (g), if P_1, . . . , P_k , k > C(g, h) is a collection of disjoint, incompressible surfaces in M , all of genus less than h, then at least two members P_i and P_j are parallel.

Acknowledgements This work was done while the first author was visiting the University of California at Santa Barbara, and he was partially supported by a NSF grant and by a sabbatical fellowship from CONACYT (Mexico). The first author is grateful to Eric Sedgwick by suggesting him that something like Corollary 3 could be true.

2 Proof and estimates

A compression body is a 3-manifold W obtained from a connected closed orientable surface S by attaching 2-handles to S × {0} ⊂ S × I and capping off any resulting 2-sphere boundary components. We denote S × {1} by ∂_+W and ∂W − ∂_+W by ∂_−W . Dually, a compression body is a connected, orientable 3-manifold obtained from a (not necessarily connected) closed orientable surface ∂_−W × I by attaching 1-handles. Define the index of W by J(W ) = χ(∂_−W ) − χ(∂_+W ) ≥ 0. The genus of a compression body W is defined to be the genus of the surface ∂_+W .

A Heegaard splitting of a 3-manifold M is a decomposition M = V ∪_S W , where V , W are compression bodies such that V ∩ W = ∂_+V = ∂_+W = S . We call S the splitting surface or Heegaard surface. We say that the splitting is of genus g if the surface S is of genus g. We say that a 3-manifold has Heegaard genus g if M has a splitting of genus g, and any other splitting has genus ≥ g.

A Heegaard splitting is reducible if there are essential disks D_1 and D_2 , in V and W respectively, such that ∂D_1 = ∂D_2 . A splitting is irreducible if it is not reducible. A Heegaard splitting is weakly reducible if there are essential disks D_1 and D_2 , in V and W respectively, such that ∂D_1 ∩ ∂D_2 = ∅. A Heegaard splitting is strongly irreducible if it is not weakly reducible.

Algebraic & Geometric Topology, Volume 1 (2001)

A generalized Heegaard splitting of a compact orientable 3-manifold M is a structure M = (V_1 ∪_{S1} W_1) ∪_{F1} (V_2 ∪_{S2} W_2) ∪_{F2} . . . ∪_{Fm−1} (V_m ∪_{Sm} W_m). Each of the V_i and W_i is a union of compression bodies, ∂_+V_i = S_i = ∂_+W_i , (i.e., V_i ∪_{Si} W_i is a union of Heegaard splittings of a submanifold of M) and ∂_−W_i = F_i = ∂_−V_{i+1} . We say that a generalized Heegaard splitting is strongly irreducible if each Heegaard splitting V_i ∪_{Si} W_i is strongly irreducible and each F_i is incompressible in M . We will denote ∪_iF_i by F and ∪_iS_i by S . The surfaces in F are called the thin levels and the surfaces in S the thick levels.

Theorem A Let M be a compact irreducible 3-manifold. Suppose the Heegaard genus of M is g. Then M has a strongly irreducible generalized Heegaard splitting M = (V_1 ∪_{S1} W_1) ∪_{F1} (V_2 ∪_{S2} W_2) ∪_{F2} . . . ∪_{Fm−1} (V_m ∪_{Sm} W_m), such that ∑ J(V_i) = ∑ J(W_i) = 2g − 2.

A proof of this Theorem can be found in [9] and [8]. The following Theorem is proved in [10]. A different proof is given in [7].

Theorem B Let P be a properly embedded, not necessarily connected, incompressible surface in an irreducible 3-manifold M , and let M = (V_1 ∪_{S1} W_1) ∪_{F1} (V_2 ∪_{S2} W_2) ∪_{F2} . . . ∪_{Fm−1} (V_m ∪_{Sm} W_m) be a strongly irreducible generalized Heegaard splitting of M . Then F ∪ S can be isotoped to intersect P only in curves that are essential in both P and F ∪ S .

Proof of Theorem 2

Let M be an orientable, irreducible, compact 3-manifold of Heegaard genus g, that is, there are compression bodies V and W in M , with S = ∂_+V = ∂_+W = V ∩ W , M = V ∪_S W , and genus(S) = g.

By Theorem A, M possesses a strongly irreducible Heegaard splitting M = (V_1 ∪_{S1} W_1) ∪_{F1} (V_2 ∪_{S2} W_2) ∪_{F2} . . . ∪_{Fm−1} (V_m ∪_{Sm} W_m), such that ∑ J(V_i) = ∑ J(W_i) = 2g − 2. For a fixed i, V_i ∪_{Si} W_i is a union of strongly irreducible Heegaard splittings, only one component of it is not a product, this is called the active component. If V_{ij} is a component of V_i , then J(V_{ij} ) = 0, only if V_{ij} is a product, and J(V_{ij} ) ≥ 2 otherwise. It follows that m ≤ g − 1, and that there are at most g − 1 active components.

Let P_1, P_2, . . . , P_n be a collection of disjoint, properly embedded, incompressible surfaces in M . Suppose that b_1(P_i) < b, for all i. By Theorem B, F ∪ S can be isotoped to intersect P_1, P_2, . . . , P_n only in curves which are essential in both P_1, P_2, . . . , P_n and F ∪ S . If some component of V_i ∪_{Si} W_i is a product, say, it is of the form S × [−1, 1], then by taking the product sufficiently small,

Algebraic & Geometric Topology, Volume 1 (2001) we can suppose that (S × [−1, 1]) ∩ P_j = ((S × {0}) ∩ P_j ) × [−1, 1] for any surface P_j . So we can disregard the product S × [−1, 1], and consider only the surface S × {1}. Doing this with all product components, we can assume, without loss of generality, that the decomposition of M consist only of the active components. So M is decomposed into at most 2g − 2 compression bodies.

Consider P_j ∩ V_i ; this is a collection of surfaces. Each of the components has b_1 < b, for P_j intersect S and F in simple closed curves which are essential in P_j . We can assume that no component of P_j ∩ V_i is a boundary parallel annulus in V_i , for if there is one, then by an isotopy of P_i , it can be pushed into another compression body, reducing the number of intersections between P_j and F ∪ S .

For each V_i (and W_i ), by Theorem 1, there is a constant c(V_i, b) depending only on V_i and b, such that any collection of incompressible surfaces in V_i , with b_1 < b, no two of them parallel, has at most c(V_i, b) components.

Let W be a compression body. Let F_1, . . . , F_k a collection of incompressible surfaces in W . A component of W − (F_1 ∪ . . . ∪ F_k) is good, if it is of the form F_i × I , I = [0, 1], where F × {0} and F × {1} are surfaces in the collection, and F × ∂I ⊂ ∂W . A component of W − (F_1 ∪ . . . ∪ F_k) is bad, if it is not good. If all the F^′_i s satisfy that b_1(F_i) < b, then it follows from Theorem 1, that for any such collection, W − (F_1 ∪ . . . ∪ F_k) has at most c(W, b) + 1 bad components.

Let C = max{c(V, b); V a compression body of genus ≤ g}. And let

C(g, b) = 4g + (2g − 2)(C + 1)

Note that C(g, b) depends only on g and b. For the collection of surfaces P_1, . . . , P_n , suppose further that n > C(g, b). As M has Heegaard genus g, then b_1(M) ≤ 2g. This implies that M − (P_1 ∪ P_2 ∪ . . . ∪ P_n) has at least C(g, b) − 2g + 1 components. In each V_i and W_i there are at most C + 1 bad pieces, so there are in total at most (2g − 2)(C + 1) bad pieces. Then at least 2g + 1 components of M − (P_1 ∪ P_2 ∪ . . . ∪ P_n) are made of good pieces. A component made of good pieces is a I -bundle over a surface, but again b_1(M, Z_2) ≤ 2g, so at most 2g of them can be I -bundles over a nonorientable surface. Then at least a component of M − (P_1 ∪ P_2 ∪ . . . ∪ P_n) is a product, which implies that some P_i and P_j are parallel. This completes the proof of Theorem 2.

Estimates

A rough estimate for C(g, b) can be obtained from [2]. From that paper it follows that if V is a compression body of genus g, which is not a product,

Algebraic & Geometric Topology, Volume 1 (2001) then a bound c(V, b) is given by c(V, b) = 14 3 c_03^{2b−2} + 5|χ(V )| + T + b_1(V, Z_2)

where c_0 is the constant given by the Kneser-Haken Theorem, and T is the number of tori boundary components. An incompressible and ∂ -incompressible surface in a compression body V is either an essential disk, or an annulus with one boundary component on ∂_+V and the other in ∂_−V . It is not difficult to see that if V has genus g then c_0(v) = 3g − 3. Also T ≤ g, |χ(V )| ≤ 2g − 3, and b_1(V, Z_2) ≤ 2g.

It follows that

c(V, b) ≤ 14(g − 1)3^{2b−2} + 5(2g − 3) + g + 2g = 14(g − 1)3^{2b−2} + 13g − 15.

Define C = 14(g −1)3^{2b−2} +13g −15. So c(W, b) ≤ C for any compression body W of genus ≤ g. Then C can be taken to be the constant defined in the proof of Theorem 2. From this follows that the constant C(g, b) can be expressed as

C(g, b) = p_1(g) + p_2(g)3^{2b−2}

where p_1(g) and p_2(g) are quadratic polynomials in g.

Remarks Theorem 2 can be extended to arbitrary orientable compact 3- manifolds. This follows from the existence of a decomposition on prime 3- manifolds, the additivity of the Heegaard genus, and from the fact that given any collection of incompressible surfaces in a 3-manifold M , then there is a complete collection of decomposing spheres in M which are disjoint from the given surfaces.

An extension of Theorem 2 for nonorientable manifolds would follow from a version of Theorems A and B for nonorientable 3-manifolds.

References

[1] M Eudave-Muñoz, Meridional essential surfaces for tunnel number one knots, To appear in Bol. Soc. Mat. Mex. (third series) 6 (2000).

[2] B Freedman, M H Freedman, Kneser–Haken finiteness for bounded 3-manifolds, locally free groups, and cyclic covers, Topology 37 (1998) 133–147.

[3] J Hempel, 3-manifolds, Annals of Math. Studies 86, Princeton University Press (1976).

[4] H Howards, Arbitrarily many incompressible surfaces in three-manifolds with genus two boundary components, preprint.

Algebraic & Geometric Topology, Volume 1 (2001)

[5] W Jaco, Lectures on Three-Manifold Topology, Regional Conference Series in Mathematics 43, Amer. Math. Soc. (1981).

[6] T Kobayashi, Structures of full Haken manifolds, Osaka J. Math 24 (1987) 173–215.

[7] K Morimoto, Tunnel number, connected sum and meridional essential surfaces, Topology 39 (2000) 469–485.

[8] M Scharlemann, J Schultens, Comparing Heegaard and JSJ structures of orientable 3-manifolds, to appear in Trans. Amer. Math. Soc.

[9] M Scharlemann, A Thompson, Thin position for 3-manifolds, AMS Contemporary Mathematics 164 (1994) 231–238.

[10] J Schultens, Additivity of tunnel number for small knots, preprint. [11] W Sherman, On the Kneser–Haken finiteness theorem: a sharpness result, Ph.D. Thesis, University of California, Los Angeles, 1992.

Instituto de Matemáticas, UNAM, Circuito Exterior, Ciudad Universitaria 04510 México D.F., MEXICO and 250 E. Houston St. no. 3J, New York City, NY 10002, U.S.A. Email: mario@matem.unam.mx Received: 8 August 2000 Revised: 9 October 2000

Algebraic & Geometric Topology, Volume 1 (2001)