ISSN 1364-0380 (on line) 1465-3060 (printed) 1385

Geometry & Topology Volume 8 (2004) 1385–1425 Published: 27 October 2004

Noncommutative localisation in algebraic K –theory I

Amnon Neeman Andrew Ranicki

Centre for Mathematics and its Applications, The Australian National University Canberra, ACT 0200, Australia School of Mathematics, University of Edinburgh Edinburgh EH9 3JZ, Scotland, UK Email: Amnon.Neeman@anu.edu.au, a.ranicki@ed.ac.uk

Abstract

This article establishes, for an appropriate localisation of associative rings, a long exact sequence in algebraic K –theory. The main result goes as follows. Let A be an associative ring and let A −→ B be the localisation with respect to a set σ of maps between finitely generated projective A–modules. Suppose that Tor^A_n (B, B) vanishes for all n > 0. View each map in σ as a complex (of length 1, meaning one non-zero map between two non-zero objects) in the category of perfect complexes D^{perf}(A). Denote by ⟨σ⟩ the thick subcategory generated by these complexes. Then the canonical functor D^{perf}(A) −→ D^{perf}(B) induces (up to direct factors) an equivalence D^{perf}(A)/⟨σ⟩ −→ D^{perf}(B). As a consequence, one obtains a homotopy fibre sequence K(A, σ) −−−−→ K(A) −−−−→ K(B) (up to surjectivity of K_0(A) −→ K_0(B)) of Waldhausen K –theory spectra.

In subsequent articles [26, 27] we will present the K – and L–theoretic consequences of the main theorem in a form more suitable for the applications to surgery. For example if, in addition to the vanishing of Tor^A_n (B, B), we also assume that every map in σ is a monomorphism, then there is a description of the homotopy fiber of the map K(A) −→ K(B) as the Quillen K –theory of a suitable exact category of torsion modules.

AMS Classification numbers Primary: 18F25

Secondary: 19D10, 55P60

Keywords: Noncommutative localisation, K –theory, triangulated category

Proposed: Bill Dwyer Received: 15 January 2004 Seconded: Thomas Goodwillie, Gunnar Carlsson Revised: 1 September 2004

© Geometry & Topology Publications

Introduction

Probably the most useful technical tool in algebraic K –theory is localisation. Localisation tells us about certain long exact sequences in K –theory. Given a ring A, Quillen told us how to assign to it a K –theory spectrum K(A). Given rings A and σ^{−1}A, where σ^{−1}A is a localisation of A, there is a map of spectra K(A) −→ K(σ^{−1}A). A localisation theorem expresses the homotopy fiber as K(R), the K –theory of some suitable R. In the early localisation theorems K(R) was Quillen’s K –theory of some exact category of torsion modules. But in more recent, more general theorems one allows K(R) to be the Waldhausen K –theory of some suitable Waldhausen model category R. In more concrete terms we get a long exact sequence

· · · −→ K_1(A) −→ K_1(σ^{−1}A) −→ K_0(R) −→ K_0(A) −→ K_0(σ^{−1}A) −→ 0.

There has been extensive literature over the years, proving localisation theorems in algebraic K –theory. Let us provide a brief sample of the existing literature. For commutative rings, or more generally for schemes, the reader can see Bass’ [1], Quillen’s [29], Grayson’s [13], Levine’s [20], Weibel’s [39, 40] and Thomason’s [35]. For non-commutative rings see Grayson’s [14], Schofield’s [33], Weibel and Yao’s [41] and Yao’s [42].

Some situations are very well understood. For example, let A be an associative ring with unit. Let σ ⊂ A be a multiplicative set of elements in the center Z(A) of the ring A. It is very classical to define σ^{−1}A as the ring of fractions a/s, with a ∈ A and s ∈ σ. The ring σ^{−1}A is called the commutative localisation of A with respect to the multiplicative set σ. Note that the rings A and σ^{−1}A are not assumed commutative; the only commutativity hypothesis is that σ ⊂ Z(A). If every element of σ is a non-zero-divisor then the existence of a localisation exact sequence is classical.

Over the years people have found more general localisation theorems in the K –theory of non-commutative rings. What we want to do in this article is treat localisation in the generality that comes up in topology. In applications to higher dimensional knot theory and surgery, the ring A might be the group ring of the fundamental group of some manifold, and the set σ almost never lies in the center of A. We first need to remind the reader of the generality in which the localisation of rings arises in topology.

Let us agree to some notation first. Our rings are all associative and have units. Let A be a ring. When we say “A–module” without an adjective, we mean left A–module.

Geometry & Topology, Volume 8 (2004)

Let A be any non-commutative ring. Let σ be any set of maps of finitely generated, projective A–modules. In symbols

σ = {s_i : P_i −→ Q_i | where P_i, Q_i are f.g. projective}.

Definition 0.1 A ring homomorphism A −→ B is called σ–inverting if, for all s_i : P_i −→ Q_i in σ, the map B ⊗_A P_i^{1⊗Asi}−−−−→ B ⊗_A Q_i is an isomorphism.

The collection of σ–inverting homomorphisms A −→ B is naturally a category. A morphism in this category is a commutative triangle of ring homomorphisms: B

� A � � � � � � � � B^′ There is an old observation, due to Cohn [7] and Schofield [33], which says that the category of σ–inverting homomorphisms A −→ B has an initial object.

Definition 0.2 The initial object in the category of σ–inverting homomorphisms is called the Cohn localisation or the universal localisation of A with respect to σ. In this article it will be denoted A −→ σ^{−1}A.

See Vogel [36, 37], Farber and Vogel [10], Farber and Ranicki [9], and Ranicki [30, 31] for some of the applications of the algebraic K – and L–theory of Cohn localisations in topology.

In this article, a perfect complex of A–modules is a bounded complex of finitely generated projective modules. Let C^{perf}(A) be the Waldhausen category of all perfect complexes. That is, the objects are the perfect complexes, the morphisms are the chain maps, the weak equivalences are the homotopy equivalences, and the cofibrations are the degreewise split monomorphisms. Let D^{perf}(A) be the associated homotopy category; the objects are still the perfect complexes, but the morphisms are homotopy equivalence classes of chain maps.

Remark 0.3 Our convention is slightly different from the standard one. In the literature there is a distinction made between perfect complexes and strictly perfect complexes. What we call a perfect complex is what, elsewhere in the

Geometry & Topology, Volume 8 (2004) literature, is often referred to as a strictly perfect complex. We have almost no use for perfect complexes which are not strictly perfect. For this reason we let the adverb “strictly” be understood.

The set σ of maps s_i : P_i −→ Q_i can be thought of as a set of objects in either C^{perf}(A) or D^{perf}(A) (the two categories share the same set of objects). We simply take the chain complexes · · · −−−−→ 0 −−−−→ P_i^{si}−−−−→ Q_i −−−−→ 0 −−−−→ · · · We define a Waldhausen category R ⊂ C^{perf}(A) as follows:

Definition 0.4 The category R is the smallest subcategory of C^{perf}(A) which

(i) Contains all the complexes in σ, in the sense above. (ii) Contains all acyclic complexes.

(iii) Is closed under the formation of mapping cones and suspensions. (iv) Contains any direct summand of any of its objects.

The main K–theoretic result of the article becomes:

Theorem 0.5 Suppose A is a ring, σ a set of maps of finitely generated, projective A–modules. Suppose Tor^A_n (σ^{−1}A, σ^{−1}A) = 0 for all n > 0. Then the homotopy fiber of the map K(A) −→ K(σ^{−1}A) is naturally identified, up to the failure of surjectivity of the map K_0(A) −→ K_0(σ^{−1}A), with the spectrum K(R). By K(R) we mean the Waldhausen K –theory of the Waldhausen category R of Definition 0.4.

Theorem 0.5 gives a precise version of what was stated, slightly less precisely, in the abstract. It turns out that Theorem 0.5 is a consequence of a statement about triangulated categories. Next we explain the triangulated categories results, and why the K–theoretic statement in Theorem 0.5 is a formal consequence.

Let R^c be the smallest triangulated subcategory of D^{perf}(A), containing σ and containing all direct summands of any of its objects. The category R of Definition 0.4 is simply a Waldhausen model for R^c .

Remark 0.6 In the abstract we used the notation ⟨σ⟩ to denote what we now call R^c . The new notation is to avoid ambiguity, clearly distinguishing the subcategory R generated by σ in C^{perf}(A) from the subcategory R^c generated by σ in D^{perf}(A).

Geometry & Topology, Volume 8 (2004)

Let T^c be the idempotent completion of the Verdier quotient D^{perf}(A)/R^c . That is, form the Verdier quotient, and in it split all idempotents. The main theorem, in its triangulated category incarnation, asserts:

Theorem 0.7 Consider the natural functor D^{perf}(A) −→ D^{perf}(σ^{−1}A), which takes a complex in D^{perf}(A) and tensors it with σ^{−1}A. Take the canonical factorisation D^{perf}(A)^π−−−−→ T^{c T}−−−−→ D^{perf}(σ^{−1}A). Then the following are equivalent:

(i) The functor T : T^c −→ D^{perf}(σ^{−1}A) is an equivalence of categories. (ii) For all n ≥ 1 the group Tor^A_n (σ^{−1}A, σ^{−1}A) = 0.^1

We call the localisation A −→ σ^{−1}A stably flat^2 if the equivalent conditions above hold.

Next we will sketch how Theorem 0.5 follows from Theorem 0.7 (more detail will be given in later sections). We have a sequence R^c −−−−→ D^{perf}(A) −−−−→ D^{perf}(σ^{−1}A). This sequence always has a lifting to Waldhausen models R −−−−→ C^{perf}(A) −−−−→ C^{perf}(σ^{−1}A). Assume further that Tor^A_n (σ^{−1}A, σ^{−1}A) = 0 for all n ≥ 1. Theorem 0.7 tells us that the category D^{perf}(σ^{−1}A) is identified, up to splitting idempotents, as the Verdier quotient D^{perf}(A)/R^c . Waldhausen’s Localisation Theorem (Theorem 2.3), coupled with Grayson cofinality (Theorem 2.4), tell us that K(R) −−−−→ K ( C^{perf}(A) )_ϕ −−−−→ K ( C^{perf}(σ^{−1}A) ) identifies K(R) as the (−1)–connected cover of the homotopy fiber of the map ϕ above. By a theorem of Gillet, the Waldhausen K –theory K(C^{perf}(A)) is

1The implication (i)=⇒(ii) may be found in Geigle and Lenzing [11]. The implication (ii)=⇒(i) is related to the telescope conjecture. The relation is studied in Krause [19]. Unfortunately the telescope conjecture is false in general; see Keller [17]. More precisely: there are hardly any non-commutative rings for which the telescope conjecture is known to hold. What we give here is a proof independent of the telescope conjecture.

2In Dicks’ article [8, p. 565] the terminology for such a map is a lifting, while in Geigle and Lenzing’s [11] it would be called a homological epimorphism. When we coined the term stably flat we were unaware of the earlier literature.

Geometry & Topology, Volume 8 (2004) naturally isomorphic to Quillen’s K(A); in other words, we get a commutative square where the vertical maps are homotopy equivalences K(A) −−−−→ K(σ^{−1}A) | ≀_| ≀ K ( C^{perf}(A ) )^ϕ−−−−→ K ( C^{perf}(σ^{−1}A) ) . Hence K(R) may be identified with the (−1)–connected cover of the homotopy fiber of the map K(A) −→ K(σ^{−1}A). In other words: Theorem 0.5 follows easily from Theorem 0.7, modulo well known results of Waldhausen, Grayson and Gillet.

At the level of homotopy groups this means we have an infinite long exact sequence

· · · → K_1(R) → K_1(A) → K_1(σ^{−1}A) → K_0(R) → K_0(A) → K_0(σ^{−1}A)

which continues indefinitely to the left. We are, however, not asserting that the map K_0(A) −→ K_0(σ^{−1}A) is surjective. The homotopy fiber F of the map K(A) −→ K(σ^{−1}A) has in general a non-vanishing π_{−1} , and the map K(R) −→ F is an isomorphism in π_i for all i ≥ 0, but π_{−1}K(R) vanishes.

We have stated the main theorems mostly in the case where the localisation is stably flat (see Theorem 0.7 for the definition of stable flatness). There are examples of Cohn localisations which are not stably flat; see [28]. Even in the non-stably-flat case the study of the functor T : T^c −→ D^{perf}(σ^{−1}A) is illuminating and has K–theoretic consequences. This article is devoted to studying the functor T .

This article contains the proof of the theorems above, and some other formal, triangulated category facts about the functor T . The applications will appear separately. See [26] for K–theoretic consequences, [27] for consequences in L– theory, as well as Krause’s beautiful article [19] which further develops some of our results.

In presenting the proofs we tried to keep in mind that the reader might not be an expert in derived categories. This is a paper of interest in topology and surgery theory. We therefore try to give a survey of the results, from the literature on K –theory and on triangulated categories, which we need to appeal to. We give clear statements and careful references. We also try to break down the proofs into a series of very easy steps.

The result is that the paper is much longer than necessary to communicate the results to the experts; we ask the experts for patience. The other drawback,

Geometry & Topology, Volume 8 (2004) of presenting the proof in many easy steps, is that the key issues can become disguised. We will address this soon, in the discussion of the proof.

It is never clear how much the introduction ought to say about the details of the proofs. Let us confine ourselves to the following. It is easy to produce the functors D^{perf}(A)^π−−−−→ T^{c T}−−−−→ D^{perf}(σ^{−1}A). For any integer n ∈ Z, they induce maps of abelian groups

Hom_{Dperf(A)}(A, Σ^nA)

Hom_Tc (πA, Σ^nπA)^{φn}−−−−→ Hom_{Dperf(σ−1A)}(T πA, Σ^nT πA). If T is an equivalence of categories, then the map φ_n above must be an isomorphism. A minor variant of a theorem of Rickard’s tells us that the converse also holds. To prove that T is an equivalence of categories, it suffices to show that the map φ_n is an isomorphism for every n ∈ Z.

The construction of T gives that T πA = σ^{−1}A. This means that the abelian group Hom_{Dperf(σ−1 A)}(T πA, Σ^nT πA) is just Ext^n_σ−1_A(σ^{−1}A, σ^{−1}A). It vanishes when n ≠ 0. For n = 0, the endomorphisms of σ^{−1}A, viewed as a left σ^{−1}A– module, are right multiplication by elements of σ^{−1}A. Therefore we are reduced to showing

Hom_Tc (πA, Σ^nπA) = { 0 if n ≠ 0 {σ^{−1}A}^{op} if n = 0.

In other words, the proof reduces to computing the groups Hom_Tc (πA, Σ^nπA). It happens to be very useful to turn the problem into one about unbounded complexes. Although Theorem 0.7 deals only with perfect complexes, the proof looks at D(A), the unbounded derived category. It is possible to embed the category T^c in a larger category T, and extend the map π : D^{perf}(A) −→ T^c to a map π : D(A) −→ T. What makes this useful is that the extended functor π has a right adjoint G: T −→ D(A). By adjunction

Hom_Tc (πA, Σ^nπA) = Hom_{D(A)}(A, Σ^nGπA) = H^n(GπA),

and we are reduced to computing H^n(GπA).

Remark 0.8 It turns out that, for n ≥ 0, there is no need to assume the vanishing of Tor^A_n (σ^{−1}A, σ^{−1}A). Without any hypotheses we get H^n(GπA) = 0 if n > 0, while H^0(GπA) = Hom_Tc(πA, πA) = {σ^{−1}A}^{op}.

Geometry & Topology, Volume 8 (2004)

The key lemma, which underpins everything we prove, is Lemma 6.3. The lemma looks like a trivial little fact. It asserts that, for the standard t–structure, the truncations of any object of the form Gπx are also of the form Gπy. This is the one point where we use the fact that we are dealing with a Cohn localisation, not just a general localisation in a triangulated category. The lemma crucially depends on the complexes σ, which generate the subcategory R^c , being of length ≤ 1. In the case where A is a commutative noetherian ring, [21] tells us all the localisations of the derived category. It is easy to see that, without the hypothesis that the complexes generating R^c be of length ≤ 1, essentially all our theorems fail. The proof amounts to following the consequences of Lemma 6.3. We play around with some spectral sequences when necessary, the argument is a little tricky at points, but none of this changes the fact that Lemma 6.3 is the foundation for everything we prove.

This is our second attempt to expose the results; the first may be found in [25]. All but the experts in triangulated categories found the first exposition difficult to read. As we have already explained, this is our attempt to make the article readable. We begin with a survey of the main results we need from the literature. Then follows a sequence of easy steps, reducing the proof of Theorem 0.7 to the computation of H^n(GπA). The computations, which are the hard core of the article, come only at the end, in sections 6, 7 and 8.

Since we want this article to be easy to read, we try not to assume that the reader is very familiar with triangulated categories. We have therefore gone to some trouble to keep our references to the literature focused. In order to read the article, the triangulated category background that is needed is:

(i) The standard t–structure on D(A); [2, Chapter 1]. (ii) Homotopy limits and colimits; [4, Sections 1–3].

(iii) The generalisation of Thomason’s localisation theorem; [22, Sections 1,2]

The reader will note that all the needed information is contained near the beginning of the papers cited. We make a serious effort not to refer any place else. But we feel free to quote any of the results in the brief literature given above.

The fact that we cite only the three papers above leads to historical inaccuracies. For example, the existence of the right adjoint G to the functor π : D(A) −→ T was first proved by Bousfield [5, 6]. The many people who have done excellent work in triangulated categories do not receive the credit they deserve: see for example Keller’s articles [16, 17] or Krause’s [18]. Also, there is a sense in which our main theorems are descended from Thomason’s [35]. In the survey

Geometry & Topology, Volume 8 (2004) article [24] we try to correct at least one of the historical inaccuracies, indicating the crucial role of Thomason’s work.

To keep the length from mushrooming to infinity we have separated off the applications, which now appear in [26, 27].

Acknowledgements The authors would like to thank the referees and editors of Geometry & Topology for many helpful comments, improving the presentation of the results. The first author was partly supported by Australian Research Council grant DP0343239.

1 Notation, and a reminder of t–structures

All our rings in this article will be associative rings with units. Let A be a ring. Unless otherwise specified, all modules are left A–modules. The derived category D(A) means the unbounded derived category of all complexes of A– modules. An object x is a complex · · · −−−−→ x^{n−2} −−−−→ x^{n−1 ∂n−1}−−−−→ x^{n ∂n}−−−−→ x^{n+1} −−−−→ x^{n+2} −−−−→ · · · As the reader has undoubtedly noticed, we write our complexes cohomologically. Since one gets tired of adding a “co” to every word, let it be understood. What we call chain maps is what in the literature is usually called cochain maps. What we call chain complexes is usually called cochain complexes.

The nth homology of the complex x above (which is what most people refer to as the cohomology of the cochain complex) will be denoted H^n(X).

When it is clear which category we are dealing with, we write the Hom–sets as Hom(x, y). When there are several categories around, we freely use the notation T(x, y) for Hom_T(x, y).

In this article, t–structures on triangulated categories play a key role in many of our proofs. For an excellent exposition of this topic see Chapter 1 of [2]. We give here the bare essentials. Let S = D(A) as above. The only t–structure we use in this article is the standard one on S. We remind the reader.

For any integer n ∈ Z there are two full subcategories of S. The objects are given by

Ob(S^{≤n}) = {X ∈ Ob(S) | H^r(X) = 0 for all r > n}, Ob(S^{≥n}) = {X ∈ Ob(S) | H^r(X) = 0 for all r < n}.

The properties they satisfy are

Geometry & Topology, Volume 8 (2004)

(i) S^{≤n} ⊂ S^{≤n+1} . (ii) S^{≥n} ⊂ S^{≥n−1} .

(iii) ΣS^{≥n} = S^{≥n−1} , and ΣS^{≤n} = S^{≤n−1} . (iv) If x ∈ S^{≤−1} and y ∈ S^{≥0} , then Hom(x, y) = 0.

(v) For every object x ∈ S there is a unique, canonical distinguished triangle x^{≤n−1} −−−−→ x −−−−→ x^{≥n} −−−−→ Σx^{≤n−1} with x^{≤n−1} ∈ S^{≤n−1} and x^{≥n} ∈ S^{≥n} .

Remark 1.1 If x is the complex · · · −−−−→ x^{n−2} −−−−→ x^{n−1 ∂n−1}−−−−→ x^{n ∂n}−−−−→ x^{n+1} −−−−→ x^{n+2} −−−−→ · · · then the maps x^{≤n−1} −−−−→ x −−−−→ x^{≥n} are concretely given by the chain maps · · · −→ x^{n−2} −−−−→ Ker(∂^{n−1}) −−−−→ 0 −−−−→ 0 −→ · · ·

· · · −→ x^{n−2} −−−−→ x^{n−1 ∂n−1}−−−−→ x^n −−−−→ x^{n+1} −→ · · ·

· · · −→ 0 −−−−→ 0 −−−−→ Coker(∂^{n−1}) −−−−→ x^{n+1} −→ · · · 2 Preliminaries, based on Waldhausen’s work

We begin with a brief review of Waldhausen’s foundational work. The reader can find much more thorough treatments in Waldhausen’s article [38], or in Section 1 of Thomason’s [35].

Let S be a small category with cofibrations and weak equivalences. Out of S Waldhausen constructs a spectrum, denoted K(S). In Thomason’s [35] the category S is assumed to be a full subcategory of the category of chain complexes over some abelian category, the cofibrations are maps of complexes which are split monomorphisms in each degree, and the weak equivalences contain the quasi-isomorphisms. We will call such categories permissible Waldhausen categories. In this article, we may assume that all categories with cofibrations and weak equivalences are permissible Waldhausen categories.

Geometry & Topology, Volume 8 (2004)

Remark 2.1 Thomason’s term for them is complicial biWaldhausen categories.

Given a small, permissible Waldhausen category S, one can form its derived category; just invert the weak equivalences. We denote this derived category by D(S). We have two major theorems here, both of which are special cases of more general theorems of Waldhausen. The first theorem may be found in Thomason’s [35, Theorem 1.9.8]:

Theorem 2.2 (Waldhausen’s Approximation Theorem) Let F : S −→ T be an exact functor of small, permissible Waldhausen categories (categories of chain complexes, as above). Suppose that the induced map of derived categories D(F ): D(S) −→ D(T) is an equivalence of categories. Then the induced map of spectra K(F ): K(S) −→ K(T) is a homotopy equivalence.

In this sense, Waldhausen’s K –theory is almost an invariant of the derived categories. To construct it one needs to have a great deal more structure. One must begin with a permissible category with cofibrations and weak equivalences. But the Approximation Theorem asserts that the dependence on the added structure is not strong.

Next we state Waldhausen’s Localisation Theorem. The statement we give is an easy consequence of Theorem 2.2, coupled with Waldhausen’s [38, 1.6.4] or Thomason’s [35, 1.8.2]:

Theorem 2.3 (Waldhausen’s Localisation Theorem) Let R, S and T be small, permissible Waldhausen categories. Suppose R −→ S −→ T are exact functors of permissible Waldhausen categories. Suppose further that (i) The induced triangulated functors of derived categories D(R) −→ D(S) −→ D(T) compose to zero.

(ii) The functor φ: D(R) −→ D(S) is fully faithful.

Geometry & Topology, Volume 8 (2004)

(iii) If x and x^′ are objects of D(S), and the direct sum x⊕x^′ is isomorphic in D(S) to φ(z) for some z ∈ D(R), then x, x^′ are isomorphic to φ(y), φ(y^′) for some y, y^′ ∈ D(R).

(iv) The natural map D(S)/D(R) −−−−→ D(T) is an equivalence of categories.

Then the sequence of spectra K(R) −→ K(S) −→ K(T) is a homotopy fibration.

We need one more general theorem, this one due to Grayson [15].

Theorem 2.4 (Grayson’s Cofinality Theorem) Let φ: T −→ T^′ be an exact functor of permissible Waldhausen categories. Suppose the induced map D(φ): D(T) −→ D(T^′) is an idempotent completion. That is, the functor D(φ) is fully faithful, and for every object x ∈ D(T^′) there exists an object x^′ ∈ D(T^′) and an isomorphism x ⊕ x^′ ≃ D(φ)(y), with y ∈ D(T).

Then the map of spectra K(φ): K(T) −→ K(T^′) satisfies

(i) K_i(T) −→ K_i(T^′) is an isomorphism if i ≥ 1. (ii) K_0(T) −→ K_0(T^′) is injective.

In the article we will apply the results of this section. None of the results is very sensitive to changes in Waldhausen models. The additivity theorem, which we did not discuss in this section, is sensitive to changes of permissible Waldhausen categories. In this article, and the two subsequent ones [26, 27], we never once use the additivity theorem. We can afford to confine ourselves to proving the existence of one way to make the choice of models. Of course it is possible that, in the future, someone will want to apply the results of the articles in conjunction with the additivity theorem. Such a person will have to pay more attention to the choice of Waldhausen categories.

Let us discuss one cheap way to produce models.

Lemma 2.5 Let S^c be a small triangulated category, R^c ⊂ S^c a triangulated subcategory containing all direct summands of its objects. Suppose we are given a permissible Waldhausen category S and an equivalence of triangulated categories φ: D(S) −→ S^c . Define R to be the full Waldhausen subcategory

Geometry & Topology, Volume 8 (2004) of all objects x ∈ S so that φ(x) is isomorphic in S^c to an object in R^c ⊂ S^c . Define the permissible Waldhausen category S_R so that the objects, morphisms and cofibrations are as in S, but the weak equivalences in S_R are the maps in S whose mapping cones lie in R.

Then there is a commutative diagram of triangulated functors, where the vertical maps are equivalences D(R) −−−−→ D(S) −−−−→ D(S_R) | ≀_| ≀_| ≀ R^c −−−−→ S^c −−−−→ S^c/R^c . Idea of the Proof The axioms of permissible Waldhausen categories guarantee that the calculus of fractions, in the passage from a permissible Waldhausen category S to its derived category D(S), is quite simple. Every morphism x −→ y in D(S) can be written as βα^{−1} , for maps in S x^α←−−−− x^{′ β}−−−−→ y with α a weak equivalence. If x and y are in R then, since R contains all the isomorphs in D(S) of any of its objects, R must contain x^′ . Hence any morphism in D(S) between objects in the image of D(R) lifts to D(R). The equivalence relation between pairs (α, β) as above is slightly more complicated, but also only involves objects isomorphic in S^c to x. Hence βα^{−1} will equal β^′{α^′}^{−1} in D(S) if and only if they are equal in D(R). Thus the functor D(R) −→ D(S) is fully faithful. The objects in D(R) are, by definition of R, precisely the ones isomorphic to objects in R^c .

The fact that D(S_R) ≃ S^c/R^c is obvious from Verdier’s construction of the quotient S^c/R^c . □

3 The machine to produce examples

In order to apply the theorems of the last section, we will produce triangulated categories R^c ⊂ S^c and a triangulated functor S^c/R^c −→ T^c which is an idempotent completion (as in Theorem 2.4). There is a general machine which constructs examples. It is based on a theorem by the first author. In this section we will set up the notation, state the theorem and explain how it is applied.

Geometry & Topology, Volume 8 (2004)

Definition 3.1 Let S be a triangulated category, containing all small coproducts of its objects. An object c ∈ S is called compact if every map from c to any coproduct factors through a finite part of the coproduct. That is, any map c −−−−→ ∐ λ∈Λ t_λ factors as c −−−−→ n∐ i=1 t_{λi} −−−−→ ∐ λ∈Λ t_λ. Equivalently, c is compact if and only if ⨁ λ∈Λ Hom(c, t_λ) = Hom ( c , ∐ λ∈Λ t_λ ) .

Example 3.2 Let A be a ring, and let S = D(A) be the unbounded derived category of A. The category S contains all small coproducts of its objects; we can form direct sums of unbounded complexes. Let A ∈ D(A) = S be the chain complex which is A in degree 0, and vanishes in all other degrees. For any X ∈ S he have Hom(A, X) = H^0(X), and hence ⨁ λ∈Λ Hom(A, t_λ) = ⨁ λ∈Λ H^0(t_λ) = H^0 ( ∐ λ∈Λ t_λ ) = Hom ( A , ∐ λ∈Λ t_λ ) . Thus A is a compact object of S.

Definition 3.3 The full subcategory S^c ⊂ S has for its objects all the compact objects of S.

Remark 3.4 It is easy to show that the full subcategory S^c ⊂ S is closed under triangles and direct summands.

Example 3.5 In the special case of the category S = D(A) of Example 3.2, we know that A is compact. Any finite direct sum of compact objects is compact, and any direct summand of a compact object is compact. We conclude that all finitely generated, projective A–modules are compact. The subcategory S^c ⊂ S is triangulated, and hence we conclude that all bounded chain complexes of finitely generated, projective modules are compact. In Corollary 4.4 we will see that every compact object in S is isomorphic to a bounded complex of finitely generated, projective modules.

Geometry & Topology, Volume 8 (2004)

Notation 3.6 Next we set up the notation for the main theorem. Let S be a triangulated category containing all small coproducts. Let R ⊂ S be a full triangulated subcategory, closed under the formation of the coproducts in S of any set of its objects. Form the category T = S/R. It is easy to show that the category T contains all small coproducts, and that the natural map S −→ T respects coproducts.

We have R ⊂ S, with T = S/R. The reader might imagine trying to apply Waldhausen’s localisation theorem directly to the triple R, S and T. There are two problems with this:

(i) Since R, S and T contain all small coproducts of their objects they tend to be huge categories. The classes of objects are not small sets. This means that any permissible Waldhausen model would not be small, and there are set theoretic difficulties even in defining the Waldhausen K – theory K(R), K(S) and K(T).

(ii) Even if we are willing to enlarge the universe and define K(R) in this enlarged universe, we still get nonsense. The fact that R contains countable coproducts of its objects permits us to do the Eilenberg swindle, and show that K(R) is contractible. Similarly for K(S) and K(T).

The useful way to produce a non-trivial, interesting example is by passing to compact objects. The categories R, S and T each has a subcategory of compact objects. The main theorem tells us:

Theorem 3.7 Let the notation be as in Notation 3.6. Assume further that there exist:

(i) A set of objects S ⊂ S^c , so that any subcategory of S containing S and closed under triangles and coproducts is all of S.

(ii) A set of objects R ⊂ R ∩ S^c , so that any subcategory of R containing R and closed under triangles and coproducts is all of R.

Then the natural map R −→ S takes compact objects to compact objects, and so does the natural map S −→ T. In other words, we have a commutative diagram R^c −−−−→ S^c −−−−→ T^c

R −−−−→ S −−−−→ T. Geometry & Topology, Volume 8 (2004)

Of course the composite R^c −→ S^c −→ T^c must vanish, since it is just the restriction to R^c of a vanishing functor on R. We therefore have a factorisation of S^c −→ T^c as S^c −−−−→ S^c/R^{c i}−−−−→ T^c. The functor i: S^c/R^c −→ T^c is fully faithful, and every object of T^c is a direct summand of an isomorph of an object in the image of i.

Remark 3.8 Thomason proved this theorem in the special case where S and T are the derived categories of quasi-coherent sheaves on a scheme X (respectively, on an open subset U ⊂ X ). In the generality above, the theorem may be found in the first author’s [22, Theorem 2.1]. In a recent book [23] the first author generalises the theorem even further, to deal with the large cardinal case. There are now two proofs of Theorem 3.7. The proof presented in the old paper [22], and the more general proof in the book [23]. These two proofs are quite different from each other.

Remark 3.9 In the situation of Theorem 3.7 the map R −→ S is fully faithful, and hence so is its restriction to R^c −→ S^c . Furthermore, every idempotent in the category R splits, because R is closed under coproducts; see [4, Proposition 3.2 and Remark 3.3]. Since every direct summand in R of a compact object is obviously compact, every idempotent in R^c splits. It follows that R^c ⊂ S^c is closed under direct summands.

4 The R, S and T to which we apply Theorem 3.7

In sections 2 and 3 we reviewed the general K–theoretic and triangulated category results we will be using. Now it is time to explain how we will apply them. We want to use the general theorems to deduce a K –theory localisation theorem for the Cohn localisation.

The Cohn localisation begins with a ring A and a set σ of morphisms s_i : P_i −→ Q_i , as in Definitions 0.1 and 0.2. To apply the results of Section 3, we need to choose suitable triangulated categories R ⊂ S, and T = S/R. Our choices are:

Definition 4.1 Let A be a ring, σ a set of maps of finitely generated, projective A–modules. We define the triangulated categories

(i) S = D(A) is the unbounded derived category of complexes of A–modules.

Geometry & Topology, Volume 8 (2004)

(ii) We are given a set of maps σ = {s_i : P_i −→ Q_i}. We can view these as objects in S = D(A) just by turning them into complexes · · · −−−−→ 0 −−−−→ P_i^{si}−−−−→ Q_i −−−−→ 0 −−−−→ · · · The category R ⊂ S is defined to be the smallest triangulated subcategory of S = D(A), which contains σ and is closed in S under the formation of arbitrary coproducts of its objects.

(iii) T is defined to be S/R.

Remark 4.2 The categories R, S and T depend on A and on σ. In most of this article we can view A and σ as fixed. For this reason our notation makes no explicit mention of this dependence.

Next we prove that our choices of R, S and T satisfy the technical hypotheses of Theorem 3.7. We need a little lemma:

Lemma 4.3 Let A be a ring, and let S = D(A). The object A ∈ S is the complex which is A in degree 0, and vanishes in all other degrees. If B ⊂ S is a triangulated subcategory which contains A and is closed under coproducts, then B = S.

Sketch of proof This lemma is well-known and there are several proofs. We include a sketch of one just for completeness.

Since A ∈ B and B is closed under direct sums, B must contain all free A modules. Since B is triangulated, it must contain all bounded complexes of free A–modules. If X ∈ B is a bounded-above complex, then X is quasi-isomorphic to a bounded above complex F of free modules. But F is a direct limit of its stupid truncations, all of which are bounded complexes of free modules. The stupid truncations lie in B, and by [4, Remark 2.2] so does the direct limit X ∼= F . Now let Y be an arbitrary (unbounded) object in B. Then Y is the direct limit of its (bounded above) t–structure truncations Y^{≤i} , all of which lie in B by the above. Using [4, Remark 2.2] again, we conclude that Y ∈ B.

In passing we mention the following corollary of Lemma 4.3:

Corollary 4.4 As in Lemma 4.3, let A be a ring and S = D(A). An object c ∈ S is compact if and only if it is isomorphic to a perfect complex; that is, if and only if c is isomorphic in S to a bounded chain complex of finitely generated, projective modules.

Geometry & Topology, Volume 8 (2004)

Proof In Example 3.5 we saw that every perfect complex is compact in S. We need to show that, up to isomorphism in D(A), these are the only compact objects.

It is well known that the natural functor D^{perf}(A) −→ D(A) is fully faithful; D^{perf}(A) may be viewed as a full subcategory of S = D(A). Let ~R be the subcategory of D(A) containing all objects isomorphic to objects of D^{perf}(A) ⊂ D(A). The subcategory ~R is triangulated, and from [4, Proposition 3.4] any direct summand of an object in ~R lies in ~R. The subcategory ~R also contains the object A ∈ S, which generates S by Lemma 4.3. By [22, Lemma 2.2] it follows that ~R contains all the compact objects.

Proposition 4.5 Let the triangulated categories R ⊂ S, T = S/R be as in Definition 4.1. Then R ⊂ S, T = S/R satisfy the hypotheses of Theorem 3.7.

Proof The category S = D(A) clearly contains coproducts of its objects, and by its definition R ⊂ S is closed in S under coproducts. That is, the notation is as in Notation 3.6.

It remains to verify the hypotheses 3.7(i) and (ii). For S ⊂ S^c take the set {A}. Lemma 4.3 tells us that 3.7(i) holds. For the set R ⊂ R of 3.7(ii) we take σ. The definition of R is as the smallest triangulated subcategory of S, closed under coproducts and containing σ. To prove 3.7(ii), it suffices to establish that σ ⊂ S^c .

But every object of σ is a chain complex · · · −−−−→ 0 −−−−→ P_i^{si}−−−−→ Q_i −−−−→ 0 −−−−→ · · · with P_i and Q_i finitely generated and projective. By Corollary 4.4 (or even by Example 3.5) it follows that every object in σ is compact in S = D(A).

Since the hypotheses of Theorem 3.7 hold, so does its conclusion. We deduce a diagram of triangulated categories:

R^c � S^c � � � � �^π

� Tc

S^c/R^c i � � � �

Remark 4.6 Now we make our choices of permissible Waldhausen categories. We let S = C^{perf}(A) be the Waldhausen category of all perfect chain complexes of A–modules, with morphisms the chain maps, weak equivalences the

Geometry & Topology, Volume 8 (2004) homotopy equivalences, and cofibrations the degreewise split monomorphisms. Clearly S = C^{perf}(A) is a model for D^{perf}(A). As in Lemma 2.5 we produce R and S_R . The category R is the full subcategory of all objects in S = C^{perf}(A) which become isomorphic in D(A) to objects in R^c . The category S_R has the same objects, morphisms and cofibrations as S, but the weak equivalences are any morphisms whose mapping cones lie in R. Slightly more delicate is our choice for T. For this we need:

Definition 4.7 For any ring B , the category C(B, ℵ_0) will be defined as follows. The objects are certain chain complexes of projective A–modules, to be specified below. The morphisms are the chain maps, the weak equivalences are the quasi-isomorphisms, and the cofibrations are the degreewise split monomorphisms. The restrictions on the objects are given by specifying that C(B, ℵ_0) is the smallest category which:

(i) Contains the perfect complexes. (ii) Is closed under countable direct sums. (iii) Is closed under the formation of mapping cones.

If A is not just any ring, but comes with a set σ of maps of finitely generated projective A–modules, then C(A, σ, ℵ_0) has the same objects, morphisms and cofibrations as C(A, ℵ_0). Only the weak equivalences change. A morphism in C(A, σ, ℵ_0) is a weak equivalence if its mapping cone maps to R ⊂ S under the functor C(A, ℵ_0) −→ D(A) = S.

Our choice for T is to take the full Waldhausen subcategory of C(A, σ, ℵ_0) whose objects are isomorphic in T = D(A)/R to compact objects.^3

Lemma 4.8 If we take the diagram of permissible Waldhausen categories

R � S � � � � �^π � T

S_R i � � � � and pass to derived categories, we obtain (up to equivalence):

R^c � S^c � � � � �^π

� Tc

S^c/R^c i � � � � �

3The reason for this definition is that T must be essentially small to have a K – theory. Hence we only include countable coproducts.

Geometry & Topology, Volume 8 (2004)

Proof By Corollary 4.4, there is an equivalence of categories D^{perf}(A) −→ S^c . This makes S = C^{perf}(A) a model for S^c . The definitions of the categories R and S_R , together with Lemma 2.5, make the lemma immediate for the part of the diagram R � S � � � � �

S_R

The slight subtlety comes from T. The key point is that the derived category D(A, σ, ℵ_0) of C(A, σ, ℵ_0) maps fully faithfully to T = S/R. This is not entirely trivial;^4 it may be found in [23, Proposition 4.4.1]. Since C(A, σ, ℵ_0) is closed under countable direct sums so is D(A, σ, ℵ_0). From [4, Remark 3.3] we conclude that any idempotent in D(A, σ, ℵ_0) splits. But D(A, σ, ℵ_0) is equivalent to a full subcategory of T containing the image of D^{perf}(A) and closed under direct summands. It follows that T^c ∩ D(A, σ, ℵ_0) is equivalent to T^c. Since T is defined to be the preimage in C(A, σ, ℵ_0) of T^c ∩ D(A, σ, ℵ_0), its derived category must be equivalent to T^c (again by Lemma 2.5).

Corollary 4.9 In the sequence K(R) −−−−→ K(S)^{K(π)}−−−−→ K(T) the spectrum K(R) is the (−1)–connected cover of the homotopy fiber of K(π). Furthermore, K(S) agrees with K(A), the Quillen K –theory of A.

Proof The statement about the fiber is immediate from Theorems 2.3 and 2.4. By definition S = C^{perf}(A), and hence K(S) = K ( C^{perf}(A) ) . The assertion K ( C^{perf}(A) ) = K(A) may be found in Gillet’s [12, 6.2].

5 The map T −→ D(σ^{−1}A)

Let A be an associative ring, and let σ be a set of maps of finitely generated, projective A–modules. Let the categories S = D(A), R ⊂ S and T = S/R be as in Definition 4.1.

In the previous section we showed that in the sequence K(R) −−−−→ K(A)^{K(π)}−−−−→ K(T) 4This is the only point in the article where we appeal to a theorem about triangulated categories which cannot be found in the three basic references [2, 4, 22].

Geometry & Topology, Volume 8 (2004)

K(R) is the (−1)–connected cover of the homotopy fiber of the map K(π). Next we want necessary and sufficient conditions for T^c to be D^{perf}(σ^{−1}A). Under these conditions

K(T) = K ( C^{perf}(σ^{−1}A) ) = K(σ^{−1}A)

where the last equality is by Gillet’s [12, 6.2]. The sequence above becomes, up to some nonsense in the (−1)–homotopy groups, a homotopy fibration K(R) −−−−→ K(A) −−−−→ K(σ^{−1}A) and this is what we are after.

The first step is to find a functor comparing T^c and D^{perf}(σ^{−1}A). We define it at the level of unbounded complexes. Let us remind the reader first of the tensor product of unbounded complexes.

Reminder 5.1 Let B be any (A − A)–bimodule. The derived tensor product with B is a triangulated, coproduct-preserving functor D(A) −→ D(A). We will denote it X → B^L⊗_AX. If B is an A–algebra, we can view this as a functor D(A) −→ D(B). The existence of this functor was first proved by Spaltenstein [34]. A very short proof of the existence may be found in [4, Theorem 2.14]. Very concretely, to form B^L⊗_AX we take a K–projective resolution P −→ X , and define B^L⊗_AX = B ⊗_A P. Recall that a map P −→ X is a K –projective resolution if

(i) P −→ X is a quasi-isomorphism.

(ii) Any chain map P −→ Y , with Y acyclic, is null homotopic.

The references above prove the existence of K –projective resolutions^5.

In this article, we consider tensor products both in the category of modules and in the derived category. We try to be careful to distinguish them in the notation.

It will be helpful to note that, for the categories T ⊂ C(A, σ, ℵ_0) of Remark 4.6 and Definition 4.7, the ordinary tensor product agrees with the derived tensor product.

5The terminology is a little misleading. Note that a K –projective resolution is not necessarily a projective resolution in the ordinary sense of the word. Any null homotopic complex N is a K –projective resolution of the zero complex. But N is not necessarily a complex of projectives.

Geometry & Topology, Volume 8 (2004)

Lemma 5.2 The objects P ∈ C(A, ℵ_0) are all K –projective.

Proof The perfect complexes are clearly K –projective. Furthermore any coproduct of K –projectives is K –projective, and any mapping cone on a map of K –projectives is K –projective.

Lemma 5.3 Let A −→ B be any σ–inverting ring homomorphism (Definition 0.1). By Reminder 5.1 there is a functor D(A) −→ D(B), taking X ∈ D(A) to B^L⊗_AX ∈ D(B). We assert that this functor factors uniquely as D(A) = S^π−−−−→ T^T−−−−→ D(B) where π : S −→ T = S/R is as in Definition 4.1, and T respects coproducts. Furthermore, the functor T : T −→ D(B) takes compact objects to compact objects.

Proof Let s_i : P_i −→ Q_i be a map in σ. Tensoring with B takes it to an isomorphism. Hence tensoring with B takes the chain complex · · · −−−−→ 0 −−−−→ P_i^{si}−−−−→ Q_i −−−−→ 0 −−−−→ · · · to an acyclic complex. Therefore the functor X → B^L⊗_AX : D(A) −→ D(B) kills all the objects in σ. Since derived tensor product preserves triangles and coproducts, the subcategory of S annihilated by X → B^L⊗_AX must be closed under triangles and coproducts, and therefore contains all of R. By the universal property of the Verdier quotient T = S/R, there is a unique factorisation D(A) = S^π−−−−→ T^T−−−−→ D(B) and since T π and π respect coproducts, so does T . It remains to show that T takes T^c ⊂ T to {D(B)}^c ⊂ D(B).

It is clear that the map T π : S −→ D(B) takes a bounded complex of finitely generated projective A–modules to a bounded complex of finitely generated projective B –modules; the map just tensors with B . By Corollary 4.4, this says that the functor T π takes S^c to {D(B)}^c ⊂ D(B). The last statement of Theorem 3.7 says that every object t ∈ T^c is a direct summand of π(s), with s ∈ S^c . Hence T (t) is a direct summand of the compact T π(s), and must therefore be compact.

Geometry & Topology, Volume 8 (2004)

Summary 5.4 For the special R, S and T of Definition 4.1, Lemma 5.3 allows us to extend the diagram of Theorem 3.7 to:

R^c �

�

D^{perf}(A) � � � � π �

�

T^c

�

T � D^{perf}(B)

� D^{perf}(A)/R^c i � � � � (∗∗)

R � D(A) π � T_T � D(B)

Now we construct U, a permissible Waldhausen model for D^{perf}(B). First consider the category C(B, ℵ_0) of Definition 4.7. The category U is defined to be the full subcategory of C(B, ℵ_0) whose objects are quasi-isomorphic to perfect complexes. The map X → B ⊗_A X defines an exact functor C(A, σ, ℵ_0) −→ C(B, ℵ_0), which takes T ⊂ C(A, σ, ℵ_0) to U ⊂ C(B, ℵ_0). The diagram of permissible Waldhausen categories

R � S � � � � � π � T^T � U

S_R i � � � � gives, when we pass to derived categories, precisely the top row of (∗∗).

Before applying Waldhausen’s K –theory to this diagram, it is helpful to extend it a little bit. Put D = C^{perf}(B). Remember that tensor product with B takes perfect complexes to perfect complexes. Therefore we have a commutative square, where the vertical maps are induced by tensor product with B : C^{perf}(A) S −−−−→ T ⊂ C(A, σ, ℵ_0)

C^{perf}(B) D −−−−→ U ⊂ C(B, ℵ_0) The map from C^{perf}(A) = S to C^{perf}(B) = D clearly factors through S_R ; after all, the only change from S to S_R is in the weak equivalences, and the larger class of weak equivalences in S_R maps to weak equivalences in D. We therefore have a commutative diagram:

R � S � � � � � π � T^T � U (∗∗∗)

S_R i � � � � � � D

� � � � �

Geometry & Topology, Volume 8 (2004)

In this diagram, the map D −→ U induces an equivalence of derived categories; both D and U are models for D^{perf}(B). By Theorem 2.2 the map K(D) −→ K(U) is a homotopy equivalence. Gillet’s [12, 6.2] tells us that

K(S) = K(C^{perf}(A)) = K(A), and K(D) = K(C^{perf}(B)) = K(B).

In K –theory, (∗∗∗) yields:

K(R) � K(A) � � � � K(π) � K(T)^{K(T )} � K(U)

K(S_R) K(i) � � � � � K(B) ≃ � � � � In the remainder of this section we will analyse necessary and sufficient conditions for the functor T : T^c −→ D^{perf}(B) to be an equivalence of categories. When it is, it follows from Theorem 2.2 that K(T ): K(T) −→ K(U) is a homotopy equivalence. From the diagram and our previous discussion it then follows that, up to nonsense in degree (−1), K(R) is the homotopy fiber of the natural map K(A) −→ K(B).

Lemma 5.5 Let the notation be as in Lemma 5.3. If the functor T : T^c −→ D^{perf}(B) is an equivalence, then

(i) The functor π : D(A) = S −→ T induces a homomorphism Hom_{D(A)}(A, A) −−−−→ T(πA, πA) which can be naturally identified with A^{op} −→ B^{op} .

(ii) For all n ≠ 0, T(πA, Σ^nπA) = 0.

Proof If T is an equivalence, then for all s, t ∈ T^c ⊂ T we must have T(s, t) = Hom_{D(B)}(T s, T t). Put s = πA and t = Σ^nπA. Then T s = T πA = B ⊗_A A = B , and T t = Σ^nB . This gives T(πA, Σ^nπA) = Hom_{D(B)}(B, Σ^nB)

and the right hand side is B^{op} in degree zero, and vanishes if n ≠ 0. Moreover, the induced map A^{op} −→ B^{op} is the natural homomorphism.

The most interesting case is B = σ^{−1}A. The proof of the next Proposition is a small modification of ideas that may be found in Rickard’s [32].

Geometry & Topology, Volume 8 (2004)

Proposition 5.6 Let the notation be as in Lemma 5.3, but with B = σ^{−1}A. The following are equivalent:

(i) The functor T : T −→ D(σ^{−1}A) is an equivalence.

(ii) The restriction to compact objects, that is T : T^c −→ D^{perf}(σ^{−1}A), is an equivalence.

(iii) T(πA, Σ^nπA) = { {σ^{−1}A}^{op} if n = 0 0 if n ≠ 0 where the isomorphism T(πA, πA) = {σ^{−1}A}^{op} is as A^{op} –algebras.

Proof (i)=⇒(ii) is clear; if T is an equivalence, then it restricts to an equivalence on compact objects. (ii)=⇒(iii) was proved in Lemma 5.5. It remains to prove (iii)=⇒(i).

Assume now that (iii) holds. Among other things, we know that there is some isomorphism T(πA, Σ^nπA) = {σ^{−1}A}^{op} of A^{op} –algebras. We first want to show how it follows that the functor T induces an isomorphism T(πA, πA)^T−−−−→ Hom_{D(σ−1 A)}(σ^{−1}A, σ^{−1}A) = σ^{−1}A. We have ring homomorphisms Hom_{D(A)}(A, A)^π−−−−→ T(πA, πA)^T−−−−→ Hom_{D(σ−1A)}(σ^{−1}A, σ^{−1}A). That is, A^{op π}−−−−→ T(πA, πA)^T−−−−→ {σ^{−1}A}^{op}. The composite T π : A^{op} −→ {σ^{−1}A}^{op} is easily computed to be the natural map. By hypothesis (iii), there is an isomorphism T(πA, πA) ∼= {σ^{−1}A}^{op} , as A^{op} –algebras. But then both π : A −→ T(πA, πA)^{op} and T π : A −→ σ^{−1}A are initial in the category of σ–inverting ring homomorphisms. Hence the map T : T(πA, πA) −→ {σ^{−1}A}^{op} must be an isomorphism.

Let C ⊂ T be the full subcategory with objects

Ob(C) = x ∈ Ob(T) | | | | ∀n ∈ Z the map induced by T T(πA, Σ^nx) −→ Hom_{D(σ−1 A)}(T πA, Σ^nT x) is an isomorphism .

Since πA ∈ T and T πA = σ^{−1}A ∈ D(σ^{−1}A) are both compact, the category C is closed under coproducts. It is clearly closed under triangles, and by (iii) and the above it contains πA. Its inverse image under the projection map π : D(A) = S −−−−→ S/R = T

Geometry & Topology, Volume 8 (2004) is a triangulated subcategory, closed under coproducts and containing A. Now Lemma 4.3 tells us that π^{−1}C = S, and hence C = T.

Next let D ⊂ T be the full subcategory with objects

Ob(D) = x ∈ Ob(T) | | | | ∀n ∈ Z and ∀y ∈ T the map T(x, Σ^ny) −→ Hom_{D(σ−1A)}(T x, Σ^nT y) is an isomorphism . By the above, D contains πA. It is clear that D is closed under triangles and coproducts. As above, it follows that π^{−1}D = S, and hence D = T.

This proves that T is fully faithful. It embeds T as a full, triangulated subcategory of D(σ^{−1}A), closed under coproducts and containing T πA = σ^{−1}A. Applying Lemma 4.3 to the inclusion T ⊂ D(σ^{−1}A), we conclude it must be an equivalence.

6 The case n > 0

Let the notation be as in Proposition 5.6. That is, A is a ring, σ is a set of maps of finitely generated, projective A–modules, σ^{−1}A is the Cohn localisation, R, S and T are the triangulated categories of Definition 4.1, and T : T −→ D(σ^{−1}A) is the functor of Lemma 5.3. Proposition 5.6 tells us that everything is reduced to computing the groups T(πA, Σ^nπA). In the next three sections we will prove

(i) If n > 0, then T(πA, Σ^nπA) = 0. [This section].

(ii) If n = 0, then the ring homomorphism A^{op} −→ T(πA, Σ^nπA) agrees with A^{op} −→ {σ^{−1}A}^{op} . [Section 7].

(iii) The groups T(πA, Σ^nπA) vanish for all n < 0 if and only if the groups Tor^A_n (σ^{−1}A, σ^{−1}A) vanish for all n > 0. [Section 8].

In every paper there comes a time for hard work. The day of reckoning has come in this paper. We now have to prove something. The key tool in the proofs is:

Proposition 6.1 The functor π : S −→ T has a right adjoint G: T −→ S. The unit of adjunction η_x : x −→ Gπx can be completed to a distinguished triangle k −−−−→ x^{ηx}−−−−→ Gπx −−−−→ Σk. In this triangle, the object k lies in R.

Geometry & Topology, Volume 8 (2004)

Proof See [22, Lemma 1.7]. The notation there is slightly different; the functor we have been calling π : S −→ T is called j^∗ there, and the adjoint we call G goes by the name j_∗ there.

Reminder 6.2 An object y ∈ S is called σ–local (or just local if σ is understood) if for all r ∈ R we have S(r, y) = 0. If x is any object of S, then the object Gπx is local; after all

S(r, Gπx) = T(πr, πx) by adjunction = T(0, πx) since r ∈ R, hence πr = 0 = 0.

Lemma 6.3 If x ∈ S is a local object, then so are its t–structure truncations x^{≤n} and x^{≥n} .

Proof Pick a σ–local object x and an integer n ∈ Z; we will show first that x^{≥n} is σ–local. Without loss of generality we may assume n = 0. To prove that x^{≥0} is σ–local, take any s ∈ σ. We will show that S(s, x^{≥0}) = 0. Assume for a second that we have shown this, for all s ∈ σ. This will mean that the full subcategory C ⊂ S whose objects are Ob(C) = {c ∈ S | ∀n ∈ Z, S(Σ^nc, x^{≥0}) = 0} contains σ. But C is clearly triangulated and closed under coproducts. Hence R ⊂ C, which means that x^{≥0} is local.

Hence it needs to be shown that, for any s ∈ σ and any local x, S(s, x^{≥0}) = 0. Let s be the chain complex · · · −−−−→ 0 −−−−→ P_i^{si}−−−−→ Q_i −−−−→ 0 −−−−→ · · · Now P_i is in some degree m and Q_i is in degree m + 1. There are two cases: Case 1 If m ≤ −2, then s is a complex concentrated in degrees ≤ −1; that is, s ∈ S^{≤−1} . But x^{≥0} is in S^{≥0} . Hence all maps s −→ x^{≥0} vanish. Case 2 Suppose m ≥ −1. The t–structure gives a distinguished triangle x^{≤−1} −−−−→ x −−−−→ x^{≥0 w}−−−−→ Σx^{≤−1}. For any map s −→ x^{≥0} , the composite s −−−−→ x^{≥0 w}−−−−→ Σx^{≤−1} is a map from a bounded above complex of projectives s to some object in S = D(A), and hence it is represented by a chain map. But the chain complex

Geometry & Topology, Volume 8 (2004) s lives in degrees m and m + 1, both of which are ≥ −1, while the complex Σx^{≤−1} lies in S^{≤−2} . Hence the map vanishes. From the triangle we deduce that the map s −→ x^{≥0} must factor as s −−−−→ x −−−−→ x^{≥0}. Now x is σ–local by hypothesis, and hence any map s −→ x vanishes. This proves that x^{≥0} is σ–local. We have a triangle x^{≤−1} −−−−→ x −−−−→ x^{≥0 w}−−−−→ Σx^{≤−1} . The long exact sequence for S(r, −), with r ∈ R, allows us to deduce that x^{≤−1} is also σ–local. Shifting by powers of Σ, we deduce that x^{≤n} is σ–local for any n ∈ Z. Lemma 6.4 Let the notation be as above. If x ∈ S^{≤n} , then so is Gπx.

Proof We may assume without loss that n = 0. Pick any x ∈ S^{≤0} . By Reminder 6.2, Gπx is local. By Lemma 6.3 so is {Gπx}^{≤0} . Now the unit of adjunction η_x : x −→ Gπx is a map from an object x ∈ S^{≤0} , and therefore factors (uniquely) as x^α−−−−→ {Gπx}^{≤0 f}−−−−→ Gπx . On the other hand, we have a triangle k −−−−→ x^{ηx}−−−−→ Gπx −−−−→ Σk with k ∈ R. The composite k −−−−→ x^α−−−−→ {Gπx}^{≤0} must vanish, since k ∈ R and {Gπx}^{≤0} is local. It follows that α factors as x^{ηx}−−−−→ Gπx^g−−−−→ {Gπx}^{≤0}. The composite x^{ηx}−−−−→ Gπx^g−−−−→ {Gπx}^{≤0 f}−−−−→ Gπx is η_x , by construction of f and g. It follows that x^{ηx}−−−−→ Gπx^{1−fg}−−−−→ Gπx vanishes. From the triangle k −−−−→ x^{ηx}−−−−→ Gπx −−−−→ Σk Geometry & Topology, Volume 8 (2004) we have that 1 − fg must factor through a map Σk −→ Gπx. But as Σk ∈ R and Gπx is local, 1 − fg must vanish. In other words, fg = 1. But then the identity on Gπx factors through an object in S^{≤0} . Therefore 1: H^n(Gπx) −→ H^n(Gπx) vanishes for all n > 0. This means that for n > 0 we have H^n(Gπx) = 0. In other words, Gπx ∈ S^{≤0} .

Corollary 6.5 Let the notation be as above. For any n > 0 we have T(πA, Σ^nπA) = 0. Proof We know A ∈ S^{≤0} , and from Lemma 6.4 we deduce GπA ∈ S^{≤0} . Now we compute T(πA, Σ^nπA) = S(A, Σ^nGπA) by adjunction = H^n(GπA) because S(A, Σ^nX) = H^n(X) = 0 because GπA ∈ S^{≤0}. □

7 The case n = 0

In this section we will show that T(πA, πA) = {σ^{−1}A}^{op} . We know that T(πA, πA) is a ring, and comes with a natural ring homomorphism A^{op} = S(A, A) −−−−→ T(πA, πA) = B^{op}. What we prove is that the ring homomorphism A −→ B above is the initial σ–inverting homomorphism.

Lemma 7.1 The unit of adjunction gives us a map η_A : A −→ GπA. Applying the functor H^0 gives a map

A = H^0(A)^{H0(ηA)} −−−−−→ H^0(GπA). We assert that this agrees with the natural homomorphism A −−−−→ T(πA, πA)^{op} = B. That is, there is an isomorphism of left A–modules B −→ H^0(GπA), commuting with the inclusion of A.

Proof It is clear how to give an isomorphism of sets H^0(GπA) ∼= T(πA, πA). We have T(πA, πA) = S(A, GπA) by adjunction = H^0(GπA). Geometry & Topology, Volume 8 (2004)

As sets, we have an equality T(πA, πA) = T(πA, πA)^{op} . Let us call the isomorphism of sets given above φ: T(πA, πA)^{op} −→ H^0(GπA). We have a triangle T(πA, πA)^{op} φ � A � � �

H^0(η_A) � � � � H^0(GπA). We need to show that the triangle commutes, and that φ is a map of left A– modules. For a second let us suppose we know that φ is a homomorphism of left A–modules. Then all three maps are A–module homomorphisms, and the commutativity can be checked by evaluating the maps on the single element 1 ∈ A. We leave this to the reader.

It remains to show that φ is a homomorphism of left A–modules. We must show that φ takes right multiplication by a ∈ A in the ring T(πA, πA) to left multiplication by a in H^0(GπA).

Therefore we let x be any element of T(πA, πA), and let a ∈ A. Then xa is an element of the ring T(πA, πA); it is the composite πA^{πρa}−−−−→ πA^x−−−−→ πA, where ρ_a : A −→ A is the map induced by right multiplication by a. The naturality of η : 1 −→ Gπ gives a commutative diagram A^{ρa}−−−−→ A η_A η_A GπA −−−−→_{Gπρa} GπA −−−−→_{Gx} GπA. Consider the image of 1 ∈ A. We have

φ(xa) = G(x πρ_a) η_A(1) adjunction formula

= Gx Gπρ_a η_A(1) G respects composition = Gx η_A ρ_a(1) by commutative diagram above = Gx η_A(a) since ρ_a(1) = a = a Gx η_A(1) since Gx η_A is a homomorphism of left A–modules = a φ(x). □ Lemma 7.2 The ring homomorphism A −→ T(πA, πA)^{op} is σ–inverting.

Geometry & Topology, Volume 8 (2004)

Proof Let s_i : P_i −→ Q_i be any element of σ. Because GπA is local we know that, for any n ∈ Z, S(Σ^ns_i, GπA) = 0. From the distinguished triangle P_i −−−−→ Q_i −−−−→ s_i −−−−→ ΣP_i we conclude that the natural map S(Q_i, GπA) −−−−→ S(P_i, GπA) is an isomorphism. But both P_i and Q_i are projective A–modules, viewed as complexes concentrated in degree 0. Therefore the isomorphism above is the natural map Hom_A ( Q_i, H^0(GπA) ) −−−−→ Hom_A ( P_i, H^0(GπA) ) . Put B = T(πA, πA)^{op} . As left A–modules, we have B ∼= H^0(GπA). By the above we know that Hom_A(Q_i, B) −−−−→ Hom_A(P_i, B) is an isomorphism of right B –modules. Applying the functor Hom_B(−, B) to it, and recalling that Hom_B ( Hom_A(P, B), B ) = B ⊗_A P, we deduce that B ⊗_A P_i −−−−→ B ⊗_A Q_i is also an isomorphism.

Lemma 7.3 Any σ–inverting ring homomorphism A −→ C factors through the natural map A −→ T(πA, πA)^{op} .

Proof By Lemma 5.3 the functor D(A) −→ D(C), taking X to C^L⊗_AX , factors as D(A)^π−−−−→ T^T−−−−→ D(C). Hence we have ring homomorphisms Hom_{D(A)}(A, A) −−−−→ T(πA, πA) −−−−→ Hom_{D(C)}(T πA, T πA). Now T πA = C ⊗ A = C . Taking opposed rings, we have A −−−−→ T(πA, πA)^{op} −−−−→ C, and the composite is easily seen to be the given map A −→ C .

Theorem 7.4 The natural map A −→ T(πA, πA)^{op} is the initial object in the category of σ–inverting homomorphisms.

Geometry & Topology, Volume 8 (2004)

Proof Lemma 7.2 tells us that the map is σ–inverting, while Lemma 7.3 tells us any σ–inverting map factors through it. We need to prove the factorisation unique. We will prove the uniqueness even as maps of left A–modules. Assume therefore that we are given a σ–inverting ring homomorphism A −→ C . Suppose we have a factorisation, as maps of left A–modules, A −−−−→ T(πA, πA)^{op} −−−−→ C. We wish to show it unique.

By Lemma 7.2, the map A −→ T(πA, πA)^{op} can be identified with A −→ H^0(GπA). By Lemma 6.4, GπA ∈ S^{≤0} . This allows us to identify, in the derived category S = D(A), the objects H^0(GπA) and {GπA}^{≥0} . In the derived category D(A), our factorisation of A −→ C becomes A −−−−→ {GπA}^{≥0} −−−−→ C. We can factor this further as A −−−−→ GπA −−−−→ {GπA}^{≥0} −−−−→ C. In the distinguished triangle {GπA}^{≤−1} −−−−→ GπA −−−−→ {GπA}^{≥0} −−−−→ Σ{GπA}^{≤−1} we have that both {GπA}^{≤−1} and Σ{GπA}^{≤−1} lie in S^{≤−1} . Since C ∈ S^{≥0} , we conclude that the map S({GπA}^{≥0}, C) −−−−→ S(GπA, C) is an isomorphism. The factorisation A −−−−→ GπA −−−−→ {GπA}^{≥0} −−−−→ C is completely determined by A −−−−→ GπA −−−−→ C. Now consider the distinguished triangle k −−−−→ A −−−−→ GπA −−−−→ Σk. We know that k ∈ R. But then, for every n ∈ Z, Hom_{D(A)}(Σ^nk, C) = Hom_{D(C)}(Σ^nC^L⊗_Ak , C) = 0.

The last equality is because C^L⊗_Ak = 0, by Lemma 5.3. From the distinguished triangle we conclude that S(GπA, C) −−−−→ S(A, C)

Geometry & Topology, Volume 8 (2004) is an isomorphism. The factorisation A −−−−→ GπA −−−−→ C is unique.

8 The case n < 0

In this section we will study what happens to the groups T(πA, Σ^nπA) = H^n(GπA) when n < 0. We will prove that they vanish if and only if σ^{−1}A is stably flat; that is, if and only if Tor^A_n (σ^{−1}A, σ^{−1}A) = 0 for all n > 0. We even prove more. We prove that the first non-vanishing Tor^A_n (σ^{−1}A, σ^{−1}A) is isomorphic (up to changing n to n − 1) with the first non-vanishing H^{−n}(GπA). For the precise statement see Theorem 8.7.

It might help to give a sketch of the argument. Lemmas 8.1 and 8.2 prove that all the homology groups H^n(GπA) are naturally modules over σ^{−1}A. Lemma 8.3 is a technical observation: let A −→ B be a ring homomorphism, and let M be a B module. Under some hypotheses one can say something about Tor^A_i (B, M). The idea is to apply these observations in the case where B = σ^{−1}A and the σ^{−1}A–modules in question are H^n(GπA).

Lemma 8.4 and Remark 8.5 are the crucial part of the argument. They introduce the spectral sequence which does the work. Lemma 8.6 tells us that the technical conditions of Lemma 8.3 are satisfied in the case of the ring homomorphism A −→ σ^{−1}A. And then Theorem 8.7 clinches the computation.

Lemma 8.1 Let M be any A–module. There is an isomorphism of left A– modules H^0(GπM) ∼= {σ^{−1}A} ⊗_A M. The A–module structure on H^0(GπM) therefore extends (uniquely) to an σ^{−1}A–module structure.

Proof Put B = σ^{−1}A, and θ : A −→ B the initial σ–inverting homomorphism. Let x ∈ D(A) be any object. The map A^L⊗_Ax^{θ⊗1}−−−−→ B^L⊗_Ax gives a natural transformation from the identity functor to B^L⊗_A(−). In the distinguished triangle k −−−−→ x^{ηx}−−−−→ Gπx −−−−→ Σk Geometry & Topology, Volume 8 (2004) the object k lies in R. Applying the functor Hom_{D(A)} ( − , B^L⊗_Ax ) to this triangle, we deduce an exact sequence

Hom_{D(A)} ( Σk , B^L⊗_Ax )

Hom_{D(A)} ( Gπx , B^L⊗_Ax ) −−−−→ Hom_{D(A)} ( x , B^L⊗_Ax )

Hom_{D(A)} ( k , B^L⊗_Ax ) . But for every n ∈ Z there is an isomorphism

Hom_{D(A)} ( Σ^nk , B^L⊗_Ax ) = Hom_{D(B)} ( Σ^nB^L⊗_Ak , B^L⊗_Ax ) . This vanishes since, by Lemma 5.3, B^L⊗_Ak = 0. From the exact sequence we conclude that the map

Hom_{D(A)} ( Gπx , B^L⊗_Ax ) −−−−→ Hom_{D(A)} ( x , B^L⊗_Ax ) is an isomorphism. Our map θ ⊗ 1: A^L⊗_Ax −→ B^L⊗_Ax factors uniquely as x^{ηx}−−−−→ Gπx^{φx}−−−−→ B^L⊗_Ax. The uniqueness allows us to easily show that the φ_x assemble to a natural transformation φ: Gπ(−) =⇒ B^L⊗_A(−). Applying the functor H^0 , we have a natural transformation

H^0(φ): H^0 ( Gπ(−) ) =⇒ H^0 ( B^L⊗_A(−) ) . What we will show is that,when x is a chain complex concentrated in degree 0 (ie x is just a module), then H^0(φ) is an isomorphism. Observe that, when x is just a module concentrated in degree 0, then H^0 ( B^L⊗_A(−) ) simplifies to B ⊗_A x. Let x be A, viewed as an object in D(A) concentrated in degree 0. We have maps A^{ηA}−−−−→ GπA^{φA}−−−−→ B^L⊗_AA = B. Applying the functor H^0 , this becomes A^{H0(ηA)} −−−−−→ H^0(GπA)^{H0(φA)}−−−−−→ B; By Lemma 7.1 and Theorem 7.4 there is an isomorphism of left A–modules ρ: H^0(GπA) −→ B , so that the composite A^{H0(ηA)} −−−−−→ H^0(GπA)^ρ−−−−→ B Geometry & Topology, Volume 8 (2004) equals θ : A −→ B . But in the proof of Theorem 7.4 we saw that any such factorisation (as maps of left A–modules) is unique. Hence ρ = H^0(φ_A), and H^0(φ_A) must be an isomorphism. Because both H^0 ( Gπ(−) ) and B ⊗_A (−) commute with direct sums, H^0(φ_x) must be an isomorphism for any free A– module x.

Let M be any A–module. Choose a free module F surjecting onto M . We have a short exact sequence of A–modules 0 −−−−→ K −−−−→ F −−−−→ M −−−−→ 0. We deduce a commutative diagram with exact rows H^0(GπK) −−−−→ H^0(GπF ) −−−−→ H^0(GπM) −−−−→ H^1(GπK) H^0(φ_K ) H_{0(φF )} H_{0(φM )} B ⊗_A K −−−−→ B ⊗_A F −−−−→ B ⊗_A M −−−−→ 0. By Lemma 6.4 we know that GπK ∈ D(A)^{≤0} , hence H^1(GπK) = 0. By the above we know that H^0(φ_F ) is an isomorphism. This allows us to conclude first that H^0(φ_M ) is surjective. This being true for every A–module M , it must be true for K . This means H^0(φ_K ) is surjective, and hence H^0(φ_M ) must be an isomorphism.

We have proved that H^0(GπM) is isomorphic to B ⊗_A M , which is obviously a module over B = σ^{−1}A. The fact that the B –module structure is unique is easy: To say that X is an A–module is to give a ring homomorphism A −−−−→ Hom_Z(X, X). To say this extends to a B –module structure is to give a factorisation of the ring homomorphism through θ : A −→ B . The fact that θ is initial says that any such factorisation is unique.

Lemma 8.2 For any local object x ∈ D(A) and any integer n ∈ Z, the A– module structure on H^n(x) extends (uniquely) to a σ^{−1}A–module structure.

Proof Replacing x by Σ^nx, we may assume n = 0. The object x is local. Lemma 6.3 tells us that so is {x^{≤0}}^{≥0} . That is the module M = H^0(x), viewed as a complex concentrated in degree 0, is a local object. We need to prove that M is a module over σ^{−1}A.

Consider the distinguished triangle k^α−−−−→ M −−−−→ GπM −−−−→ Σk. Geometry & Topology, Volume 8 (2004)

Since M is local and k ∈ R, it follows that α: k −→ M must vanish. Therefore the map GπM −→ Σk admits a splitting; there is a split inclusion β : Σk −→ GπM . By Reminder 6.2 the object GπM is local, while Σk ∈ R. It follows that β : Σk −→ GπM must vanish. Hence k = 0, and M is isomorphic to GπM . But then M = H^0(M) = H^0(GπM),

and by Lemma 8.1 H^0(GπM) is naturally a σ^{−1}A–module.

The next lemmas are based on studying two hyperTor spectral sequences. The key one, of Remark 8.5, has for its E_2 term Tor^A_{−i} ( σ^{−1}A , H^j (GπA) ) . Lemma 8.2 tells us that H^j(GπA) is naturally a σ^{−1}A–module. Thus we are interested in general lemmas that apply to Tor^A_n (B, M), where A −→ B is a ring homomorphism and M is a B –module. We do this by means of another hyperTor spectral sequence.

Lemma 8.3 Suppose A −→ B is a ring homomorphism such that the multiplication map μ: B ⊗_A B −→ B is an isomorphism. Suppose also that for some n ≥ 1 Tor^A_i (B, B) = 0 (1 ≤ i ≤ n).

Then for every B –module M we have:

(i) The multiplication map B ⊗_A M −→ M is an isomorphism. (ii) Tor^A_i (B, M) = 0 for all 1 ≤ i ≤ n.

Proof Choose a resolution of M by free (left) B –modules · · · −−−−→ Q^{−2} −−−−→ Q^{−1} −−−−→ Q^0 −−−−→ M −−−−→ 0, and choose a resolution of B by free right A–modules · · · −−−−→ P^{−2} −−−−→ P^{−1} −−−−→ P^0 −−−−→ B −−−−→ 0. The tensor product P ⊗_AQ gives a double complex whose cohomology computes Tor^A_{−i−j}(B, M). But there is a spectral sequence for it, whose E_1 term is

E^{i,j}_1 = Tor^A_{−j}(B, Q^i).

Now E^{i,0}_1 = B ⊗_A Q^i = Q^i , since Q^i is free and, by hypothesis, B ⊗_A B −→ B is an isomorphism. In E_2 , we have

E^{i,0}_2 = { M if i = 0 0 otherwise.

Geometry & Topology, Volume 8 (2004)

By hypothesis, we also have Tor^A_{−j} (B, B) = 0 for all 1 ≤ −j ≤ n. Since Q^i are free, this gives Tor^A_{−j}(B, Q^i) = 0, for all i and for all 1 ≤ −j ≤ n. In other words, E^{i,j}_1 = 0 if 1 ≤ −j ≤ n, and hence E^{i,j}_2 = 0 if either j = 0, i ≠ 0, or if 1 ≤ −j ≤ n. The assertions of the lemma immediately follow.

Lemma 8.4 The map {σ^{−1}A} ⊗_A A^{1L⊗AηA} −−−−−→ {σ^{−1}A}^L⊗_AGπA is an isomorphism.

Proof Consider the distinguished triangle k −−−−→ A^{ηA}−−−−→ GπA −−−−→ Σk. We know that k ∈ R, and Lemma 5.3 tells us that {σ^{−1}A}^L⊗_Ak = 0. Tensoring the triangle with σ^{−1}A, the lemma follows.

Remark 8.5 Lemma 8.4 produced an isomorphism σ^{−1}A = {σ^{−1}A}^L⊗_AGπA in the derived category D(A). Of course, there is a spectral sequence which computes the cohomology of {σ^{−1}A}^L⊗_AGπA. The E_2 term is given by

E^{i,j}_2 = Tor^A_{−i} ( σ^{−1}A , H^j(GπA) ) . Lemma 8.4 can be viewed as telling us the limit of this spectral sequence. In the rest of the section we will study the consequences.

Lemma 8.6 We have:

(i) The multiplication map μ: {σ^{−1}A} ⊗_A {σ^{−1}A} −→ {σ^{−1}A} is an isomorphism.

(ii) Tor^A_1 (σ^{−1}A, σ^{−1}A) = 0.

Proof The results of Lemma 8.6 are not new. They first appeared in an article by Bergman and Dicks [3]. The proof that μ is an isomorphism may be found in [3, (4) on page 298], combined with the remark in Construction 2.2 on page 300. The vanishing of Tor^A_1 (σ^{−1}A, σ^{−1}A) is in [3, (95) on page 326]. See also Schofield [33, page 58]. Even though the results are known, both statements are essentially immediate from the spectral sequence of Remark 8.5. Hence we include the proof.

By Lemma 6.4 we know that GπA ∈ D(A)^{≤0} . This means H^j (GπA) = 0 when j > 0. For Tor^A_{−i}(−, −), we know it vanishes whenever i > 0. In the spectral

Geometry & Topology, Volume 8 (2004) sequence of Remark 8.5 we therefore have E^{i,j}_2 = 0 unless i ≤ 0 and j ≤ 0. The spectral sequence is third quadrant.

This immediately means that E^{0,0}_2 = E^{0,0}_∞ and E^{−1,0}_2 = E^{−1,0}_∞ . Lemma 8.4 tells us precisely that the map 1^L⊗_Aη_A : {σ^{−1}A} ⊗_A A −−−−→ {σ^{−1}A}^L⊗_AGπA is an isomorphism. Evaluating H^{−1} of this isomorphism, we have that E^{−1,0}_∞ is a quotient of H^{−1}(σ^{−1}A) = 0, and hence E^{−1,0}_2 = Tor^A_1 (σ^{−1}A, σ^{−1}A) = 0.

Evaluating H^0 of the isomorphism of Lemma 8.4 and recalling that E^{0,0}_2 = E^{0,0}_∞ , we have an isomorphism 1 ⊗_A H^0(η_A): {σ^{−1}A} ⊗_A A −−−−→ {σ^{−1}A} ⊗_A H^0(GπA). By Lemma 7.1 we know that the map H^0(η_A): A −→ H^0(GπA) can be identified with the natural homomorphism θ : A −→ σ^{−1}A. It follows that 1 ⊗_A θ : {σ^{−1}A} ⊗_A A −−−−→ {σ^{−1}A} ⊗_A {σ^{−1}A} is an isomorphism. But the composite {σ^{−1}A} ⊗_A A^{1⊗Aθ}−−−−→ {σ^{−1}A} ⊗_A {σ^{−1}A}^μ−−−−→ σ^{−1}A is clearly the identity. This makes μ left-inverse to the invertible map 1 ⊗_A θ. Hence μ must be the two-sided inverse, and is invertible.

Theorem 8.7 Suppose Tor^A_i (σ^{−1}A, σ^{−1}A) = 0, for all 1 ≤ i ≤ n. Then for all 1 ≤ i ≤ n − 1 we have H^{−i}(GπA) = 0, and Tor^A_{n+1}(σ^{−1}A, σ^{−1}A) = H^{−n}(GπA).

Proof The proof is a slightly more sophisticated computation with the spectral sequence of Remark 8.5. Recall that we have a spectral sequence whose E_2 term is E^{i,j}_2 = Tor^A_{−i} ( σ^{−1}A, H^j (GπA) ) , which converges to H^{i+j}(σ^{−1}A). By Reminder 6.2 the object GπA is local. By Lemma 8.2 the homology groups H^j (GπA) are all modules over σ^{−1}A. By Lemma 8.6 we know that the multiplication map μ: {σ^{−1}A} ⊗_A {σ^{−1}A} −→ σ^{−1}A is an isomorphism. Lemma 8.3 now applies, and we deduce that if 1 ≤ −i ≤ n then E^{i,j}_2 = 0. This forces the differential E^{−i−1,0} 2 −→ E^{0,−i}_2 to be an isomorphism, for all 1 ≤ i ≤ n. For 1 ≤ i ≤ n − 1 we read off that H^{−i}(GπA) = 0. For i = n, we deduce that Tor^A_{n+1}(σ^{−1}A, σ^{−1}A) = H^{−n}(GπA). □

Geometry & Topology, Volume 8 (2004)

References

[1] Hyman Bass, Algebraic K –theory, W. A. Benjamin, Inc., New York– Amsterdam (1968)

[2] Alexander A Beilinson, Joseph Bernstein, Pierre Deligne, Analyse et topologie sur les éspaces singuliers, Astérisque 100, Soc. Math. France (1982)

[3] George M Bergman, Warren Dicks, Universal derivations and universal ring constructions, Pacific J. Math. 79 (1978) 293–337

[4] Marcel Bökstedt, Amnon Neeman, Homotopy limits in triangulated categories, Compositio Math. 86 (1993) 209–234

[5] AK Bousfield, The localization of spaces with respect to homology, Topology 14 (1975) 133–150

[6] AK Bousfield, The localization of spectra with respect to homology, Topology 18 (1979) 257–281

[7] Paul M Cohn, Free rings and their relations, Academic Press, London (1971), London Mathematical Society Monographs, No. 2

[8] Warren Dicks, Mayer–Vietoris presentations over colimits of rings, Proc. London Math. Soc. (3) 34 (1977) 557–576

[9] Michael Farber, Andrew Ranicki, The Morse–Novikov theory of circlevalued functions and noncommutative localization, Tr. Mat. Inst. Steklova 225 (1999) 381–388

[10] Michael Farber, Pierre Vogel, The Cohn localization of the free group ring, Math. Proc. Cambridge Philos. Soc. 111 (1992) 433–443

[11] Werner Geigle, Helmut Lenzing, Perpendicular categories with applications to representations and sheaves, J. Algebra 144 (1991) 273–343

[12] Henri Gillet, Riemann–Roch theorems for higher algebraic K –theory, Adv. in Math. 40 (1981) 203–289

[13] Daniel R Grayson, Higher algebraic K –theory. II (after Daniel Quillen), from: “Algebraic K –theory (Proc. Conf., Northwestern Univ., Evanston, Ill., 1976)”, Lecture Notes in Mathematics 551, Springer, Berlin (1976) 217–240

[14] Daniel R Grayson, K –theory and localization of noncommutative rings, J.

Pure Appl. Algebra 18 (1980) 125–127

[15] Daniel R Grayson, Exact sequences in algebraic K –theory, Ill. J. Math. 31 (1987) 598–617

[16] Bernhard Keller, Deriving DG categories, Ann. Sci. École Norm. Sup. (4) 27 (1994) 63–102

[17] Bernhard Keller, A remark on the generalized smashing conjecture, Manuscripta Math. 84 (1994) 193–198

Geometry & Topology, Volume 8 (2004)

[18] Henning Krause, Smashing subcategories and the telescope conjecture — an algebraic approach, Invent. Math. 139 (2000) 99–133

[19] Henning Krause, Cohomological quotients and smashing localizations, http:

//www.math.upb.de/~hkrause/publications.html

[20] Marc Levine, Localization on singular varieties, Inv. Math. 91 (1988) 423–464

[21] Amnon Neeman, The chromatic tower for D(R), Topology 31 (1992) 519– 532 [22] Amnon Neeman, The connection between the K –theory localisation theorem of Thomason, Trobaugh and Yao, and the smashing subcategories of Bousfield and Ravenel, Ann. Sci. École Normale Supérieure 25 (1992) 547–566

[23] Amnon Neeman, Triangulated Categories, volume 148 of Annals of Mathematics Studies, Princeton University Press, Princeton, NJ (2001)

[24] Amnon Neeman, A non-commutative generalisation of Thomason’s localisation theorem, from: “Proceedings of the 2002 Edinburgh ICMS conference on noncommutative localization in algebra and topology” (to appear)

[25] Amnon Neeman, Andrew Ranicki, Noncommutative localization and chain complexes I. Algebraic K – and L–theory, arXiv:math.RA/0109118

[26] Amnon Neeman, Andrew Ranicki, Noncommutative localisation in algebraic K –theory II, http://www.maths.anu.edu.au/~neeman/preprints.html

[27] Amnon Neeman, Andrew Ranicki, Noncommutative localisation in algebraic L–theory, http://www.maths.anu.edu.au/~neeman/preprints.html

[28] Amnon Neeman, Andrew Ranicki, Aidan Schofield, Representations of algebras as universal localizations, Math. Proc. Cambridge Philos. Soc. 136 (2004) 105–117

[29] Daniel Quillen, Higher algebraic K –theory. I, from: “Algebraic K –theory, I: Higher K –theories (Proc. Conf., Battelle Memorial Inst., Seattle, Wash., 1972)”, Lecture Notes in Mathematics 341, Springer, Berlin (1973) 85–147

[30] Andrew Ranicki, High-dimensional knot theory, Springer–Verlag, New York (1998)

[31] Andrew Ranicki, Noncommutative localization in topology, to appear in Proc.

2002 ICMS conference on Noncommutative Localization in Algebra and Topology, arXiv:math.AT/0303046

[32] Jeremy Rickard, Morita theory for derived categories, J. London Math. Soc.

39 (1989) 436–456

[33] Aidan H Schofield, Representation of rings over skew fields, volume 92 of London Mathematical Society Lecture Notes, Cambridge University Press, Cambridge (1985)

[34] Nicolas Spaltenstein, Resolutions of unbounded complexes, Compositio Math.

65 (1988) 121–154

Geometry & Topology, Volume 8 (2004)

[35] Robert W Thomason, Thomas F Trobaugh, Higher algebraic K –theory of schemes and of derived categories, from: “The Grothendieck Festschrift”, volume 3, Birkhäuser (1990) 247–435 [36] Pierre Vogel, Localization in algebraic L–theory, from: “Topology Symposium, Siegen 1979 (Proc. Sympos., Univ. Siegen, Siegen, 1979)”, Springer, Berlin (1980) 482–495 [37] Pierre Vogel, On the obstruction group in homology surgery, Inst. Hautes Études Sci. Publ. Math. 55 (1982) 165–206

[38] Friedhelm Waldhausen, Algebraic K –theory of spaces, from: “Algebraic and geometric topology (New Brunswick, N.J., 1983)”, Lecture Notes in Mathematics 1126 , Springer, Berlin (1985) 318–419 [39] Charles A Weibel, Negative K –theory of varieties with isolated singularities, J. Pure Appl. Algebra 34 (1984) 331–342 [40] Charles A Weibel, A Brown–Gersten spectral sequence for the K –theory of varieties with isolated singularities, Adv. in Math. 73 (1989) 192–203 [41] Charles A Weibel, Dongyuan Yao, Localization for the K –theory of noncommutative rings, from: “Algebraic K –theory, commutative algebra, and algebraic geometry (Santa Margherita Ligure, 1989)”, Contemp. Math. 126, Amer. Math. Soc., Providence, RI (1992) 219–230 [42] Dongyuan Yao, Higher algebraic K –theory of admissible abelian categories and localization theorems, J. Pure Appl. Algebra 77 (1992) 263–339

Geometry & Topology, Volume 8 (2004)