Invitation to higher local őelds

Conference in MÈunster, AugustśSeptember 1999

Editors: I. Fesenko and M. Kurihara

Geometry & Topology Monographs Volume 3: Invitation to higher local őelds Pages iiiśxi: Introduction and contents

Introduction

This volume is a result of the conference on higher local őelds in MÈunster, August 29ś September 5, 1999, which was supported by SFB 478 łGeometrische Strukturen in der Mathematikž. The conference was organized by I. Fesenko and F. Lorenz. We gratefully acknowledge great hospitality and tremendous efforts of Falko Lorenz which made the conference vibrant.

Class őeld theory as developed in the őrst half of this century is a fruitful generalization and extension of Gauss reciprocity law; it describes abelian extensions of number őelds in terms of objects associated to these őelds. Since its construction, one of the important themes of number theory was its generalizations to other classes of őelds or to non-abelian extensions.

In modern number theory one encounters very naturally schemes of őnite type over Z. A very interesting direction of generalization of class őeld theory is to develop a theory for higher dimensional őelds Ð őnitely generated őelds over their prime subőelds (or schemes of őnite type over Z in the geometric language). Work in this subject, higher (dimensional) class őeld theory, was initiated by A.N. Parshin and K. Kato independently about twenty őve years ago. For an introduction into several global aspects of the theory see W. Raskind’s review on abelian class őeld theory of arithmetic schemes.

One of the őrst ideas in higher class őeld theory is to work with the Milnor K -groups instead of the multiplicative group in the classical theory. It is one of the principles of class őeld theory for number őelds to construct the reciprocity map by some blending of class őeld theories for local őelds. Somewhat similarly, higher dimensional class őeld theory is obtained as a blending of higher dimensional local class őeld theories, which treat abelian extensions of higher local őelds. In this way, the higher local őelds were introduced in mathematics.

A precise deőnition of higher local őelds will be given in section 1 of Part I; here we give an example. A complete discrete valuation őeld K whose residue őeld is isomorphic to a usual local őeld with őnite residue őeld is called a two-dimensional local őeld. For example, őelds F_p ((T ))((S)), Q_p ((S)) and Q_p {{T }} = {_{+∞} ∑ −∞ a_iT^i : a_i ∈ Q_p , inf v_p(a_i) > −∞, lim_{i→−∞} v_p(a_i) = +∞ }

Published 10 December 2000: © Geometry & Topology Publications

( v_p is the p-adic valuation map) are two-dimensional local őelds. Whereas the őrst two őelds above can be viewed as generalizations of functional local őelds, the latter őeld comes in sight as an arithmetical generalization of Q_p .

In the classical local case, where K is a complete discrete valuation őeld with őnite residue őeld, the Galois group Gal(K^{ab}/K) of the maximal abelian extension of K is approximated by the multiplicative group K^∗; and the reciprocity map

K^∗ −→ Gal(K^{ab}/K)

is close to an isomorphism (it induces an isomorphism between the group K^∗/N_{L/K} L^∗ and Gal(L/K) for a őnite abelian extension L/K, and it is injective with everywhere dense image). For two-dimensional local őelds K as above, instead of the multiplicative group K^∗, the Milnor K -group K_2(K) (cf. Some Conventions and section 2 of Part I) plays an important role. For these őelds there is a reciprocity map

K_2(K) −→ Gal(K^{ab}/K)

which is approximately an isomorphism (it induces an isomorphism between the group K_2(K)/N_{L/K} K_2(L) and Gal(L/K) for a őnite abelian extension L/K, and it has everywhere dense image; but it is not injective: the quotient of K_2(K) by the kernel of the reciprocity map can be described in terms of topological generators, see section 6 Part I).

Similar statements hold in the general case of an n-dimensional local őeld where one works with the Milnor K_n -groups and their quotients (sections 5,10,11 of Part I); and even class őeld theory of more general classes of complete discrete valuation őelds can be reasonably developed (sections 13,16 of Part I).

Since K_1(K) = K^∗, higher local class őeld theory contains the classical local class őeld theory as its one-dimensional version.

The aim of this book is to provide an introduction to higher local őelds and render the main ideas of this theory. The book grew as an extended version of talks given at the conference in MÈunster. Its expository style aims to introduce the reader into the subject and explain main ideas, methods and constructions (sometimes omitting details). The contributors applied essential efforts to explain the most important features of their subjects.

Hilbert’s words in Zahlbericht that precious treasures are hidden in the theory of abelian extensions are still up-to-date. We hope that this volume, as the őrst collection of main strands of higher local őeld theory, will be useful as an introduction and guide on the subject.

The őrst part presents the theory of higher local őelds, very often in the more general setting of complete discrete valuation őelds.

Section 1, written by I. Zhukov, introduces higher local őelds and topologies on their additive and multiplicative groups. Subsection 1.1 contains all basic deőnitions and is referred to in many other sections of the volume. The topologies are deőned in such a way that the topology of the residue őeld is taken into account; the price one pays is that multiplication is not continuous in general, however it is sequentially continuous which allows one to expand elements into convergent power series or products.

Section 2, written by O. Izhboldin, is a short review of the Milnor K -groups and Galois cohomology groups. It discusses p-torsion and cotorsion of the groups K_n(F ) and K^t_n(F ) = K_n(F )/ ∩_{l⩾1} lK_n(F ), an analogue of Satz 90 for the groups K_n(F ) and K^t_n(F ), and computation of H^{n+1}_m (F ) where F is either the rational function őeld in one variable F = k(t) or the formal power series F = k((t)).

Appendix to Section 2, written by M. Kurihara and I. Fesenko, contains some basic deőnitions and properties of differential forms and Kato’s cohomology groups in characteristic p and a sketch of the proof of BlochśKatośGabber’s theorem which describes the differential symbol from the Milnor K -group K_n(F )/p of a őeld F of positive characteristic p to the differential module Ω^n_F .

Section 4, written by J. Nakamura, presents main steps of the proof of BlochśKato’s theorem which states that the norm residue homomorphism K_q(K)/m → H^q(K, Z/m (q)) is an isomorphism for a henselian discrete valuation őeld K of characteristic 0 with residue őeld of positive characteristic. This theorem and its proof allows one to simplify Kato’s original approach to higher local class őeld theory.

Section 5, written by M. Kurihara, is a presentation of main ingredients of Kato’s higher local class őeld theory.

Section 6, written by I. Fesenko, is concerned with certain topologies on the Milnor K -groups of higher local őelds K which are related to the topology on the multiplicative group; their properties are discussed and the structure of the quotient of the Milnor K -groups modulo the intersection of all neighbourhoods of zero is described. The latter quotient is called a topological Milnor K -group; it was őrst introduced by Parshin.

Section 7, written by I. Fesenko, describes Parshin’s higher local class őeld theory in characteristic p, which is relatively easy in comparison with the cohomological approach.

Section 8, written by S. Vostokov, is a review of known approaches to explicit formulas for the (wild) Hilbert symbol not only in the one-dimensional case but in the higher dimensional case as well. One of them, Vostokov’s explicit formula, is of importance for the study of topological Milnor K -groups in section 6 and the existence theorem in section 10.

Section 9, written by M. Kurihara, introduces his exponential homomorphism for a complete discrete valuation őeld of characteristic zero, which relates differential forms and the Milnor K -groups of the őeld, thus helping one to get an additional information on the structure of the latter. An application to explicit formulas is discussed in subsection 9.2.

Section 10, written by I. Fesenko, presents his explicit method to construct higher local class őeld theory by using topological K -groups and a generalization of Neukirchś

Hazewinkel’s axiomatic approaches to class őeld theory. Subsection 10.2 presents another simple approach to class őeld theory in the characteristic p case. The case of characteristic 0 is sketched using a concept of ArtinśSchreir trees of extensions (as those extensions in characteristic 0 which are twinkles of the characteristic p world). The existence theorem is discussed in subsection 10.5, being built upon the results of sections 6 and 8.

Section 11, written by M. Spieû, provides a glimpse of Koya’s and his approach to the higher local reciprocity map as a generalization of the classical class formations approach to the level of complexes of Galois modules.

Section 12, written by M. Kurihara, sketches his classiőcation of complete discrete valuation őelds K of characteristic 0 with residue őeld of characteristic p into two classes depending on the behaviour of the torsion part of a differential module. For each of these classes, subsection 12.1 characterizes the quotient őltration of the Milnor K -groups of K, for all sufőciently large members of the őltration, as a quotient of differential modules. For a higher local őeld the previous result and higher local class őeld theory imply certain restrictions on types of cyclic extensions of the őeld of sufőciently large degree. This is described in 12.2.

Section 13, written by M. Kurihara, describes his theory of cyclic p-extensions of an absolutely unramiőed complete discrete valuation őeld K with arbitrary residue őeld of characteristic p. In this theory a homomorphism is constructed from the p-part of the group of characters of K to Witt vectors over its residue őeld. This homomorphism satisőes some important properties listed in the section.

Section 14, written by I. Zhukov, presents some explicit methods of constructing abelian extensions of complete discrete valuation őelds. His approach to explicit equations of a cyclic extension of degree p^n which contains a given cyclic extension of degree p is explained.

Section 15, written by J. Nakamura, contains a list of all known results on the quotient őltration on the Milnor K -groups (in terms of differential forms of the residue őeld) of a complete discrete valuation őeld. It discusses his recent study of the case of a tamely ramiőed őeld of characteristic 0 with residue őeld of characteristic p by using the exponential map of section 9 and a syntomic complex.

Section 16, written by I. Fesenko, is devoted to his generalization of one-dimensional class őeld theory to a description of abelian totally ramiőed p-extensions of a complete discrete valuation őeld with arbitrary non separably- p-closed residue őeld. In particular, subsection 16.3 shows that two such extensions coincide if and only if their norm groups coincide. An illustration to the theory of section 13 is given in subsection 16.4.

Section 17, written by I. Zhukov, is a review of his recent approach to ramiőcation theory of a complete discrete valuation őeld with residue őeld whose p-basis consists of at most one element. One of important ingredients of the theory is Epp’s theorem on elimination of wild ramiőcation (subsection 17.1). New lower and upper őltrations are deőned (so that cyclic extensions of degree p may have non-integer ramiőcation breaks, see examples in subsection 17.2). One of the advantages of this theory is its compatibility with the reciprocity map. A reőnement of the őltration for two-dimensional local őelds which is compatible with the reciprocity map is discussed.

Section 18, written by L. Spriano, presents ramiőcation theory of monogenic extensions of complete discrete valuation őelds; his recent study demonstrates that in this case there is a satisfactory theory if one systematically uses a generalization of the function i and not s (see subsection 18.0 for deőnitions). Relations to Kato’s conductor are discussed in 18.2 and 18.3.

These sections 17 and 18 can be viewed as the rudiments of higher ramiőcation theory; there are several other approaches. Still, there is no satisfactory general ramiőcation theory for complete discrete valuation őelds in the imperfect residue őeld case; to construct such a theory is a challenging problem.

Without attempting to list all links between the sections we just mention several paths (2 means Section 2 and Appendix to Section 2)

1 → 6 → 7 (leading to Parshin’s approach in positive characteristic), 2 → 4 → 5 → 11 (leading to Kato’s cohomological description of the reciprocity map and generalized class formations), 8.3 → 6 → 10 (explicit construction of the reciprocity map), 5 → 12 → 13 → 15, (structure of the Milnor K-groups of the őelds 1 → 10 → 14, 16 and more explicit study of abelian extensions), 8, 9 (explicit formulas for the Hilbert norm symbol and its generalizations), 1 → 10 → 17, 18 (aspects of higher ramiőcation theory).

A special place in this volume (between Part I and Part II) is occupied by the work of K. Kato on the existence theorem in higher local class őeld theory which was produced in 1980 as an IHES preprint and has never been published. We are grateful to K. Kato for his permission to include this work in the volume. In it, viewing higher local őelds as ring objects in the category of iterated pro-ind-objects, a deőnition of open subgroups in the Milnor K -groups of the őelds is given. The self-duality of the additive group of a higher local őeld is proved. By studying norm groups of cohomological objects and using cohomological approach to higher local class őeld theory the existence theorem is proved. An alternative approach to the description of norm subgroups of Galois extensions of higher local őelds and the existence theorem is contained in sections 6 and 10.

The second part is concerned with various applications and connections of higher local őelds with several other areas.

Section 1, written by A.N. Parshin, describes some őrst steps in extending Tateś Iwasawa’s analytic method to deőne an L-function in higher dimensions; historically the latter problem was one of the stimuli of the work on higher class őeld theory. For generalizing this method the author advocates the usefulness of the classical Riemannś Hecke approach (subsection 1.1), his adelic complexes (subsection 1.2.2) together with his generalization of Krichever’s correspondence (subsection 1.2.1). He analyzes dimension 1 types of functions in subsection 1.3 and discusses properties of the lattice of commensurable classes of subspaces in the adelic space associated to a divisor on an algebraic surface in subsection 1.4.

Section 2, written by D. Osipov, is a review of his recent work on adelic constructions of direct images of differentials and symbols in the two-dimensional case in the relative situation. In particular, reciprocity laws for relative residues of differentials and symbols are introduced and applied to a construction of the Gysin map for Chow groups.

Section 3, written by A.N. Parshin, presents his theory of BruhatśTits buildings over higher dimensional local őelds. The theory is illustrated with the buildings for P GL(2) and P GL(3) for one- and two-dimensional local őelds.

Section 4, written by E.-U. Gekeler, provides a survey of relations between Drinfeld modules and higher dimensional őelds of positive characteristic. The main new result stated is the expression of vanishing orders of certain modular forms through partial zeta values.

Section 5, written by M. Kapranov, sketches his recent approach to elements of harmonic analysis on algebraic groups over functional two-dimensional local őelds. For a two-dimensional local őeld subsection 5.4 introduces a Hecke algebra which is formed by operators which integrate pro-locally-constant complex functions over a non-compact domain.

Section 6, written by L. Herr, is a survey of his recent study of applications of Fontaine’s theory of p-adic representations of local őelds ( Φ − Γ-modules) to Galois cohomology of local őelds and explicit formulas for the Hilbert symbol (subsections 6.4ś 6.6). The two Greek letters lead to two-dimensional local objects (like O_{E(K)} introduced in subsection 6.3).

Section 7, written by I. Efrat, introduces recent advances in the zero-dimensional anabelian geometry, that is a characterization of őelds by means of their absolute Galois group (for őnitely generated őelds and for higher local őelds). His method of construction of henselian valuations on őelds which satisfy some K -theoretical properties is presented in subsection 10.3, and applications to an algebraic proof of the local correspondence part of Pop’s theorem and to higher local őelds are given.

Section 8, written by A. Zheglov, presents his study of two dimensional local skew őelds which was initiated by A.N. Parshin. If the skew őeld has one-dimensional residue őeld which is in its centre, then one is naturally led to the study of automorphisms of the residue őeld which are associated to a local parameter of the skew őeld. Results on such automorphisms are described in subsections 8.2 and 8.3.

Section 9, written by I. Fesenko, is an exposition of his recent work on noncommutative local reciprocity maps for totally ramiőed Galois extensions with arithmetically proőnite group (for instance p-adic Lie extensions). These maps in general are not homomorphisms but Galois cycles; a description of their image and kernel is included.

Section 10, written by B. Erez, is a concise survey of Galois module theory links with class őeld theory; it lists several open problems.

The theory of higher local őelds has several interesting aspects and applications which are not contained in this volume. One of them is the work of Kato on applications of an explicit formula for the reciprocity map in higher local őelds to calculations of special values of the L-function of a modular form. There is some interest in two-dimensional local őelds (especially of the functional type) in certain parts of mathematical physics, inőnite group theory and topology where formal power series objects play a central role.

Prerequisites for most sections in the őrst part of the book are small: local őelds and local class őeld theory, for instance, as presented in Serre’s łLocal Fieldsž, Iwasawa’s łLocal Class Field Theoryž or FesenkośVostokov’s łLocal Fields and Their Extensionsž (the őrst source contains a cohomological approach whereas the last two are cohomology free) and some basic knowledge of Milnor K -theory of discrete valuation őelds (for instance Chapter IX of the latter book). See also Some Conventions and Appendix to Section 2 of Part I where we explain several notions useful for reading Part I.

We thank P. Schneider for his support of the conference and work on this volume. The volume is typed using a modiőed version of osudeG style (written by Walter Neumann and Larry Siebenmann and available from the public domain of Department of Mathematics of Ohio State University, pub/osutex); thanks are due to Larry for his advice on aspects of this style and to both Walter and Larry for permission to use it.

Ivan Fesenko Masato Kurihara September 2000

Contents Some Conventions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1 Part I . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 3 1. Higher dimensional local őelds (I. Zhukov) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 5 2. p-primary part of the Milnor K -groups and Galois cohomology of őelds of characteristic p (O. Izhboldin) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 19 A. Appendix to Section 2 (M. Kurihara and I. Fesenko) . . . . . . . . . . . . . . . . . . . . . . . . . 31 4. Cohomological symbol for henselian discrete valuation őelds of mixed characteristic (J. Nakamura) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 43 5. Kato’s higher local class őeld theory (M. Kurihara) . . . . . . . . . . . . . . . . . . . . . . . . . . 53 6. Topological Milnor K -groups of higher local őelds (I. Fesenko) . . . . . . . . . . . . . . 61 7. Parshin’s higher local class őeld theory in characteristic p (I. Fesenko) . . . . . . . . 75 8. Explicit formulas for the Hilbert symbol (S. V. Vostokov) . . . . . . . . . . . . . . . . . . . . . 81 9. Exponential maps and explicit formulas (M. Kurihara) . . . . . . . . . . . . . . . . . . . . . . . 91 10. Explicit higher local class őeld theory (I. Fesenko) . . . . . . . . . . . . . . . . . . . . . . . . . .95 11. Generalized class formations and higher class őeld theory (M. Spieû) . . . . . . . .103 12. Two types of complete discrete valuation őelds (M. Kurihara) . . . . . . . . . . . . . . 109 13. Abelian extensions of absolutely unramiőed complete discrete valuation őelds (M. Kurihara) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 113 14. Explicit abelian extensions of complete discrete valuation őelds (I. Zhukov) . . 117 15. On the structure of the Milnor K -groups of complete discrete valuation őelds (J. Nakamura) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 123 16. Higher class őeld theory without using K -groups (I. Fesenko) . . . . . . . . . . . . . . 137 17. An approach to higher ramiőcation theory (I. Zhukov) . . . . . . . . . . . . . . . . . . . . . 143 18. On ramiőcation theory of monogenic extensions (L. Spriano) . . . . . . . . . . . . . . . 151 Existence theorem for higher local class őeld theory (K. Kato) . . . . . . . . . . . . . . . 165 Part II . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 197 1. Higher dimensional local őelds and L-functions (A. N. Parshin) . . . . . . . . . . . . . 199 2. Adelic constructions for direct images of differentials and symbols (D. Osipov) 215 3. The BruhatśTits buildings over higher dimensional local őelds (A. N. Parshin) 223 4. Drinfeld modules and local őelds of positive characteristic (E.-U. Gekeler) . . . . 239 5. Harmonic analysis on algebraic groups over two-dimensional local őelds of equal characteristic (M. Kapranov) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 255 6. Φ- Γ-modules and Galois cohomology (L. Herr) . . . . . . . . . . . . . . . . . . . . . . . . . . . 263 7. Recovering higher global and local őelds from Galois groups Ð an algebraic approach (I. Efrat) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .273 8. Higher local skew őelds (A. Zheglov) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 281 9. Local reciprocity cycles (I. Fesenko) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 293 10. Galois modules and class őeld theory (B. Erez) . . . . . . . . . . . . . . . . . . . . . . . . . . . .299

Invitation to higher local őelds 1

Some Conventions

The notation X ⊂ Y means that X is a subset of Y .

For an abelian group A written additively denote by A/m the quotient group A/mA where mA = {ma : a ∈ A} and by_mA the subgroup of elements of order dividing m. The subgroup of torsion elements of A is denoted by Tors A.

For an algebraic closure F^{alg} of F denote the separable closure of the őeld F by F^{sep}; let G_F = Gal(F^{sep}/F ) be the absolute Galois group of F . Often for a G_F -module M we write H^i(F, M) instead of H^i(G_F , M).

For a positive integer l which is prime to characteristic of F (if the latter is non-zero) denote by μ_l = ⟨ζ_l⟩ the group of l th roots of unity in F^{sep}.

If l is prime to char (F ), for m ⩾ 0 denote by Z/l(m) the G_F -module μ^{⊗m}_l and put Z_l(m) = lim←−_r Z/l^r(m); for m < 0 put Z_l(m) = Hom(Z_l, Z_l(−m)).

Let A be a commutative ring. The group of invertible elements of A is denoted by A^∗ . Let B be an A-algebra. Ω^1_{B/A} denotes as usual the B-module of regular differential forms of B over A; Ω^n_{B/A} = ∧^nΩ^1_{B/A} . In particular, Ω^n_A = Ω^n_{A/Z1A} where 1_A is the identity element of A with respect to multiplication. For more on differential modules see subsection A1 of the appendix to the section 2 in the őrst part.

Let K_n(k) = K^M_n (k) be the Milnor K -group of a őeld k (for the deőnition see subsection 2.0 in the őrst part).

For a complete discrete valuation őeld K denote by O = O_K its ring of integers, by M = M_K the maximal ideal of O and by k = k_K its residue őeld. If k is of characteristic p, denote by R the set of TeichmÈuller representatives (or multiplicative representatives) in O. For θ in the maximal perfect subőeld of k denote by [θ] its TeichmÈuller representative.

For a őeld k denote by W (k) the ring of Witt vectors (more precisely, Witt p-vectors where p is a prime number) over k. Denote by W_r(k) the ring of Witt vectors of length r over k. If char (k) = p denote by F: W (k) → W (k), F: W_r(k) → W_r(k) the map (a_0, . . . ) → (a^p_0, . . . ).

Denote by v_K the surjective discrete valuation K^∗ → Z (it is sometimes called the normalized discrete valuation of K ). Usually π = π_K denotes a prime element of K: v_K (π_K ) = 1.

Denote by K_{ur} the maximal unramiőed extension of K. If k_K is őnite, denote by Frob_K the Frobenius automorphism of K_{ur}/K.

For a őnite extension L of a complete discrete valuation őeld K D_{L/K} denotes its different.

If char (K) = 0, char (k_K ) = p, then K is called a őeld of mixed characteristic. If char (K) = 0 = char (k_K ), then K is called a őeld of equal characteristic.

If k_K is perfect, K is called a local őeld.

Part I

Geometry & Topology Monographs Volume 3: Invitation to higher local őelds Part I, section 1, pages 5ś18

1. Higher dimensional local őelds

Igor Zhukov

We give here basic deőnitions related to n-dimensional local őelds. For detailed exposition, see [P] in the equal characteristic case, [K1, §8] for the two-dimensional case and [MZ1], [MZ2] for the general case. Several properties of the topology on the multiplicative group are discussed in [F].

1.1. Main deőnitions

Suppose that we are given a surface S over a őnite őeld of characteristic p, a curve C ⊂ S, and a point x ∈ C such that both S and C are regular at x. Then one can

attach to these data the quotient őeld of the completion ^(^O_{S,x})_C of the localization at C of the completion ^O_{S,x} of the local ring O_{S,x} of S at x. This is a two-dimensional local őeld over a őnite őeld, i.e., a complete discrete valuation őeld with local residue őeld. More generally, an n-dimensional local őeld F is a complete discrete valuation őeld with (n − 1)-dimensional residue őeld. (Finite őelds are considered as 0-dimensional local őelds.)

Deőnition. A complete discrete valuation őeld K is said to have the structure of an n-dimensional local őeld if there is a chain of őelds K = K_n, K_{n−1}, . . . , K_1, K_0 where K_{i+1} is a complete discrete valuation őeld with residue őeld K_i and K_0 is a őnite őeld. The őeld k_K = K_{n−1} (resp. K_0 ) is said to be the őrst (resp. the last) residue őeld of K.

Remark. Most of the properties of n-dimensional local őelds do not change if one requires that the last residue K_0 is perfect rather than őnite. To specify the exact meaning of the word, K can be referred to as an n-dimensional local őeld over a őnite (resp. perfect) őeld. One can consider an n-dimensional local őeld over an arbitrary őeld K_0 as well. However, in this volume mostly the higher local őelds over őnite őelds are considered.

Published 10 December 2000: © Geometry & Topology Publications

Examples. 1. F_q ((X_1)) . . . ((X_n)). 2. k((X_1)) . . . ((X_{n−1})), k a őnite extension of Q_p .

3. For a complete discrete valuation őeld F let K = F {{T }} = {_{+∞}∑ −∞ a_iT^i : a_i ∈ F, inf v_F (a_i) > −∞, lim_{i→−∞} v_F (a_i) = +∞ } . Deőne v_K ( ∑ a_iT^i) = min v_F (a_i). Then K is a complete discrete valuation őeld with residue őeld k_F ((t)).

Hence for a local őeld k the őelds k {{T_1}} . . . {{T_m}} ((T_{m+2})) . . . ((T_n)), 0 ⩽ m ⩽ n − 1 are n-dimensional local őelds (they are called standard őelds).

Remark. K ((X)) {{Y }} is isomorphic to K ((Y )) ((X)).

Deőnition. An n-tuple of elements t_1, . . . , t_n ∈ K is called a system of local parameters of K, if t_n is a prime element of K_n, t_{n−1} is a unit in O_K but its residue in K_{n−1} is a prime element of K_{n−1}, and so on.

For example, for K = k {{T_1}} . . . {{T_m}} ((T_{m+2})) . . . ((T_n)), a convenient system of local parameter is T_1, . . . , T_m, π, T_{m+2}, . . . , T_n , where π is a prime element of k.

Consider the maximal m such that char (K_m) = p; we have 0 ⩽ m ⩽ n. Thus, there are n + 1 types of n-dimensional local őelds: őelds of characteristic p and őelds with char (K_{m+1}) = 0, char (K_m) = p, 0 ⩽ m ⩽ n−1. Thus, the mixed characteristic case is the case m = n − 1.

Suppose that char (k_K ) = p, i.e., the above m equals either n − 1 or n. Then the set of TeichmÈuller representatives R in O_K is a őeld isomorphic to K_0.

Classiőcation Theorem. Let K be an n-dimensional local őeld. Then (1) K is isomorphic to F_q ((X_1)) . . . ((X_n)) if char (K) = p;

(2) K is isomorphic to k((X_1)) . . . ((X_{n−1})), k is a local őeld, if char (K_1) = 0; (3) K is a őnite extension of a standard őeld k {{T_1}} . . . {{T_m}} ((T_{m+2})) . . . ((T_n)) and there is a őnite extension of K which is a standard őeld if char (K_{m+1}) = 0, char (K_m) = p.

Proof. In the equal characteristic case the statements follow from the well known classiőcation theorem for complete discrete valuation őelds of equal characteristic. In the mixed characteristic case let k_0 be the fraction őeld of W (F_q ) and let T_1, ..., T_{n−1}, π be a system of local parameters of K. Put K^′ = k_0 {{T_1}} . . . {{T_{n−1}}} . Then K^′ is an absolutely unramiőed complete discrete valuation őeld, and the (őrst) residue őelds of K^′ and K coincide. Therefore, K can be viewed as a őnite extension of K^′ by [FV, II.5.6].

Alternatively, let t_1, . . . , t_{n−1} be any liftings of a system of local parameters of k_K . Using the canonical lifting h_{t1,...,tn−1} deőned below, one can construct an embedding K^′ → K which identiőes T_i with t_i.

To prove the last assertion of the theorem, one can use Epp’s theorem on elimination of wild ramiőcation (see 17.1) which asserts that there is a őnite extension l/k_0 such that e ( lK/lK^′ ) = 1. Then lK^′ is standard and lK is standard, so K is a subőeld of lK. See [Z] or [KZ] for details and a stronger statement.

Deőnition. The lexicographic order of Z^n: i = (i_1, . . . , i_n) ⩽ j = (j_1, . . . , j_n) if and only if

i_l ⩽ j_l, i_{l+1} = j_{l+1}, . . . , i_n = j_n for some l ⩽ n .

Introduce v = (v_1, . . . , v_n): K^∗ → Z^n as v_n = v_{Kn} , v_{n−1}(α) = v_{Kn−1} (α_{n−1}) where α_{n−1} is the residue of αt^{−vn(α)}_n in K_{n−1}, and so on. The map v is a valuation; this is a so called discrete valuation of rank n. Observe that for n > 1 the valuation v does depend on the choice of t_2, . . . , t_n . However, all the valuations obtained this way are in the same class of equivalent valuations.

Now we deőne several objects which do not depend on the choice of a system of local parameters.

Deőnition.

O_K = {α ∈ K : v(α) ⩾ 0}, M_K = {α ∈ K : v(α) > 0}, so O_K /M_K ≃ K_0. The group of principal units of K with respect to the valuation v is V_K = 1 + M_K .

Deőnition. P (i_l, . . . , i_n) = P_K (i_l, . . . , i_n) = {α ∈ K : (v_l(α), . . . , v_n(α)) ⩾ (i_l, . . . , i_n)}. In particular, O_K = P ( 0, . . . , 0 n ) , M_K = P ( 1, 0, . . . , 0 n−1 ) , whereas O_K = P (0),

M_K = P (1). Note that if n > 1, then

∩_iM^i_K = P ( 1, 0, . . . , 0 n−2 ) ,

since t_2 = t^{i−1}_1 (t_2/t^{i−1}_1 ).

Lemma. The set of all non-zero ideals of O_K consists of all {P (i_l, . . . , i_n) : (i_l, . . . , i_n) ⩾ (0, . . . , 0) , 1 ⩽ l ⩽ n}. The ring O_K is not Noetherian for n > 1.

Proof. Let J be a non-zero ideal of O_K . Put i_n = min{v_n(α) : α ∈ J}. If J = P (i_n), then we are done. Otherwise, it is clear that i_{n−1} := inf{v_{n−1}(α) : α ∈ J, v_n(α) = i_n} > −∞. If i_n = 0, then obviously i_{n−1} ⩾ 0. Continuing this way, we construct (i_l, . . . , i_n) ⩾ (0, . . . , 0), where either l = 1 or i_{l−1} = inf{v_{l−1}(α) : α ∈ J, v_n(α) = i_n, . . . , v_l(α) = i_l} = −∞. In both cases it is clear that J = P (i_l, . . . , i_n).

The second statement is immediate from P (0, 1) ⊂ P (−1, 1) ⊂ P (−2, 1) . . . .

For more on ideals in O_K see subsection 3.0 of Part II.

1.2. Extensions

Let L/K be a őnite extension. If K is an n-dimensional local őeld, then so is L.

Deőnition. Let t_1, . . . , t_n be a system of local parameters of K and let t^′_1, . . . , t^′_n be a system of local parameters of L. Let v, v^′ be the corresponding valuations. Put

E(L|K) := ( v^′_j (t_i) ) i,j = e_1 0 . . . 0 . . . e_2 . . . 0 . . . . . . . . . 0 . . . . . . . . . e_n ,

where e_i = e_i(L|K) = e(L_i|K_i), i = 1, . . . , n. Then e_i do not depend on the choice of parameters, and |L : K| = f(L|K) ∏_n i=1 e_i(L|K), where f(L|K) = |L_0 : K_0| .

The expression łunramiőed extensionž can be used for extensions L/K with e_n(L|K) = 1 and L_{n−1}/K_{n−1} separable. It can be also used in a narrower sense, namely, for extensions L/K with ∏_n i=1 e_i(L|K) = 1. To avoid ambiguity, sometimes one speaks of a łsemiramiőed extensionž in the former case and a łpurely unramiőed extensionž in the latter case.

1.3. Topology on K

Consider an example of n-dimensional local őeld K = k {{T_1}} . . . {{T_m}} ((T_{m+2})) . . . ((T_n)). Expanding elements of k into power series in π with coefőcients in R_k , one can write elements of K as formal power series in n parameters. To make them convergent power series we should introduce a topology in K which takes into account topologies of the residue őelds. We do not make K a topological őeld this way, since multiplication is only sequentially continuous in this topology. However, for class őeld theory sequential continuity seems to be more important than continuity.

1.3.1.

Deőnition.

(a) If F has a topology, consider the following topology on K = F ((X)). For a sequence of neighbourhoods of zero (U_i)_{i∈Z} in F , U_i = F for i ≫ 0, denote U_{{Ui}} = {∑ a_iX^i : a_i ∈ U_i } . Then all U_{{Ui}} constitute a base of open neighbourhoods of 0 in F ((X)). In particular, a sequence u^{(n)} = ∑ a^{(n)}_i X^i tends to 0 if and only if there is an integer m such that u^{(n)} ∈ X^mF [[X]] for all n and the sequences a^{(n)}_i tend to 0 for every i.

Starting with the discrete topology on the last residue őeld, this construction is used to obtain a well-deőned topology on an n-dimensional local őeld of characteristic p. (b) Let K_n be of mixed characteristic. Choose a system of local parameters t_1, . . . , t_n = π of K. The choice of t_1, . . . , t_{n−1} determines a canonical lifting h = h_{t1,...,tn−1} : K_{n−1} → O_K (see below). Let (U_i)_{i∈Z} be a system of neighbourhoods of zero in K_{n−1}, U_i = K_{n−1} for i ≫ 0. Take the system of all U_{{Ui}} = {∑ h(a_i)π^i, a_i ∈ U_i } as a base of open neighbourhoods of 0 in K. This topology is well deőned.

(c) In the case char (K) = char (K_{n−1}) = 0 we apply constructions (a) and (b) to obtain a topology on K which depends on the choice of the coefőcient subőeld of K_{n−1} in O_K .

The deőnition of the canonical lifting h_{t1,...,tn−1} is rather complicated. In fact, it is worthwhile to deőne it for any (n − 1)-tuple (t_1, . . . , t_{n−1}) such that v_i(t_i) > 0 and v_j (t_i) = 0 for i < j ⩽ n. We shall give an outline of this construction, and the details can be found in [MZ1, §1].

Let F = K_0((t_1)) . . . ((t_{n−1})) ⊂ K_{n−1}. By a lifting we mean a map h: F → O_K such that the residue of h(a) coincides with a for any a ∈ F .

Step 1. An auxiliary lifting H_{t1,...,tn−1} is uniquely determined by the condition H_{t1,...,tn−1} (_{p−1}∑ i1=0 · · · p−1∑ i_{n−}1=0 t_1^{i1} . . . t_{n−1}^{in−1} a^p_{i1,...,in−1} )

= p−1∑ i1=0 · · · p−1∑ i_{n−}1=0 t^{i1}_1 . . . t^{in−1}_{n−1} (H_{t1,...,tn−1} (a_{i1,...,in−1} ))^p.

Step 2. Let k_0 be the fraction őeld of W (K_0). Then K^′ = k_0{{T_1}} . . . {{T_{n−1}}} is an n-dimensional local őeld with the residue őeld F . Comparing the lifting H = H_{T1,...,Tn−1} with the lifting h deőned by h ( ∑ r∈Z^{n−}1 θ_rT_1^{r1} . . . T_{n−1}^{rn−1} ) = ∑ r∈Z^{n−}1 [θ_r]T^{r1}_1 . . . T^{rn−1}_{n−1} ,

we introduce the maps λ_i : F −→ F by the formula

h(a) = H(a) + pH(λ_1(a)) + p^2H(λ_2(a)) + . . .

Step 3. Introduce h_{t1,...,tn−1} : F −→ O_K by the formula h_{t1,...,tn−1} (a) = H_{t1,...,tn−1} (a) + pH_{t1,...,tn−1} (λ_1(a)) + p^2H_{t1,...,tn−1} (λ_2(a)) + . . . . Remarks. 1. Observe that for a standard őeld K = k {{T_1}} . . . {{T_{n−1}}} , we have h_{T1,...,Tn−1} : ∑ θ_iT_1^{i1} . . . T_{n−1}^{in−1} → ∑ [θ_i]T^{i1}_1 . . . T^{in−1}_{n−1} ,

where T_j is the residue of T_j in k_K , j = 1, . . . , n − 1.

2. The idea of the above construction is to őnd a őeld k_0{{t_1}} . . . {{t_{n−1}}} isomorphic to K^′ inside K without a priori given topologies on K and K^′. More precisely, let t_1, . . . , t_{n−1} be as above. For a = ∑_∞ −∞ p^ih(a_i) ∈ K^′, let f_{t1,...,tn−1} (a) = ∞∑ −∞ p^ih_{t1,...,tn−1} (a_i) Then f_{t1,...,tn−1} : K^′ −→ K is an embedding of n-dimensional complete őelds such that f_{t1,...,tn−1} (T_j ) = t_j , j = 1, . . . , n − 1 (see [MZ1, Prop. 1.1]).

3. In the case of a standard mixed characteristic őeld the following alternative construction of the same topology is very useful.

Let K = E{{X}}, where E is an (n − 1)-dimensional local őeld; assume that the topology of E is already deőned. Let {V_i}_{i∈Z} be a sequence of neighbourhoods of zero in E such that (i) there is c ∈ Z such that P_E (c) ⊂ V_i for all i ∈ Z; (ii) for every l ∈ Z we have P_E(l) ⊂ V_i for all sufőciently large i. Put V_{{Vi}} = {∑ b_iX^i : b_i ∈ V_i } . Then all the sets V_{{Vi}} form a base of neighbourhoods of 0 in K. (This is an easy but useful exercise in the 2-dimensional case; in general, see Lemma 1.6 in [MZ1]).

4. The formal construction of h_{t1,...,tn−1} works also in case char (K) = p, and one need not consider this case separately. However, if one is interested in equal characteristic case only, all the treatment can be considerably simpliőed. (In fact, in this case h_{t1,...,tn−1} is just the obvious embedding of F ⊂ k_K into O_K = k_K [[t_n]]. )

1.3.2. Properties.

(1) K is a topological group which is complete and separated.

(2) If n > 1, then every base of neighbourhoods of 0 is uncountable. In particular, there are maps which are sequentially continuous but not continuous.

(3) If n > 1, multiplication in K is not continuous. In fact, UU = K for every open subgroup U , since U ⊃ P (c) for some c and U ⊄ P (s) for any s. However, multiplication is sequentially continuous: α_i → α, 0 ≠ β_i → β ≠ 0 =⇒ α_iβ^{−1}_i → αβ^{−1}. (4) The map K → K, α → cα for c ≠ 0 is a homeomorphism. (5) For a őnite extension L/K the topology of L = the topology of őnite dimensional vector spaces over K (i.e., the product topology on K^{|L:K|} ). Using this property one can redeőne the topology őrst for łstandardž őelds k {{T_1}} . . . {{T_m}} ((T_{m+2})) . . . ((T_n)) using the canonical lifting h, and then for arbitrary őelds as the topology of őnite dimensional vector spaces.

(6) For a őnite extension L/K the topology of K = the topology induced from L.

Therefore, one can use the Classiőcation Theorem and deőne the topology on K as induced by that on L, where L is taken to be a standard n-dimensional local őeld.

Remark. In practical work with higher local őelds, both (5) and (6) enables one to use the original deőnition of topology only in the simple case of a standard őeld.

1.3.3. About proofs. The outline of the proof of assertions in 1.3.1ś1.3.2 is as follows. (Here we concentrate on the most complicated case char (K) = 0, char (K_{n−1}) = p; the case of char (K) = p is similar and easier, for details see [P]).

Step 1 (see [MZ1, §1]). Fix őrst n − 1 local parameters (or, more generally, any elements t_1, . . . , t_{n−1} ∈ K such that v_i(t_i) > 0 and v_j (t_i) = 0 for j > i ).

Temporarily őx π_i ∈ K ( i ∈ Z ), v_n(π_i) = i, and e_j ∈ P_K (0), j = 1, . . . , d, so that {e_j }^d_{j=1} is a basis of the F -linear space K_{n−1}. (Here F is as in 1.3.1, and α denotes the residue of α in K_{n−1}. ) Let {U_i}_{i∈Z} be a sequence of neighbourhoods of zero in F , U_i = F for all sufőciently large i. Put U_{{Ui}} = {∑ i⩾i0 π_i · d∑ j=1 e_j h_{t1,...,tn−1} (a_{ij} ) : a_{ij} ∈ U_i, i_0 ∈ Z } . The collection of all such sets U_{{Ui}} is denoted by B_U .

Step 2 ([MZ1, Th. 1.1]). In parallel one proves that ś the set B_U has a coőnal subset which consists of subgroups of K; thus, B_U is a base of neighbourhoods of zero of a certain topological group K_{t1,...,tn−1} with the underlying (additive) group K;

ś K_{t1,...,tn−1} does not depend on the choice of {π_i} and {e_j }; ś property (4) in 1.3.2 is valid for K_{t1,...,tn−1} .

Step 3 ([MZ1, §2]). Some properties of K_{t1,...,tn−1} are established, in particular, (1) in 1.3.2, the sequential continuity of multiplication.

Step 4 ([MZ1, §3]). The independence from the choice of t_1, . . . , t_{n−1} is proved. We give here a short proof of some statements in Step 3.

Observe that the topology of K_{t1,...,tn−1} is essentially deőned as a topology of a őnite-dimensional vector space over a standard őeld k_0{{t_1}} . . . {{t_{n−1}}}. (It will be precisely so, if we take {π_ie_j : 0 ⩽ i ⩽ e − 1, 1 ⩽ j ⩽ d} as a basis of this vector space, where e is the absolute ramiőcation index of K, and π_{i+e} = pπ_i for any i. ) This enables one to reduce the statements to the case of a standard őeld K.

If K is standard, then either K = E((X)) or K = E{{X}}, where E is of smaller dimension. Looking at expansions in X, it is easy to construct a limit of any Cauchy sequence in K and to prove the uniqueness of it. (In the case K = E{{X}} one should use the alternative construction of topology in Remark 3 in 1.3.1.) This proves (1) in 1.3.2.

To prove the sequential continuity of multiplication in the mixed characteristic case, let α_i → 0 and β_i → 0, we shall show that α_iβ_i → 0.

Since α_i → 0, β_i → 0, one can easily see that there is c ∈ Z such that v_n(α_i) ⩾ c, v_n(β_i) ⩾ c for i ⩾ 1.

By the above remark, we may assume that K is standard, i.e., K = E{{t}}. Fix an open subgroup U in K; we have P (d) ⊂ U for some integer d. One can assume that U = V_{{Vi}} , V_i are open subgroups in E. Then there is m_0 such that P_E (d − c) ⊂ V_m for m > m_0. Let

α_i = ∞∑ −∞ a^{(r)}_i t^r, β_i = ∞∑ −∞ b^{(l)}_i t^l, a^{(r)}_i , b^{(l)}_i ∈ E.

Notice that one can őnd an r_0 such that a^{(r)}_i ∈ P_E(d − c) for r < r_0 and all i. Indeed, if this were not so, one could choose a sequence r_1 > r_2 > . . . such that a^{(rj )}_{ij} /∈ P_E(d − c) for some i_j . It is easy to construct a neighbourhood of zero V^′_{rj} in

E such that P_E (d − c) ⊂ V^′_{rj} , a^{(rj )}_{ij} /∈ V_{rj} . Now put V^′_r = E when r is distinct from any of r_j , and U^′ = V_{{V} ′_{r }} . Then a_{ij} /∈ U^′ , j = 1, 2, . . . The set {i_j } is obviously inőnite, which contradicts the condition α_i → 0.

Similarly, b^{(l)}_i ∈ P_E(d − c) for l < l_0 and all i. Therefore, α_iβ_i ≡ m0∑ r=r0 a^{(r)}_i t^r · m0∑ l=l0 b^{(l)}_i t^l mod U, and the condition a^{(r)}_i b^{(l)}_i → 0 for all r and l immediately implies α_iβ_i → 0.

1.3.4. Expansion into power series. Let n = 2. Then in characteristic p we have F_q ((X)) ((Y )) = { ∑ θ_{ij} X^j Y^i}, where θ_{ij} are elements of F_q such that for some i_0 we have θ_{ij} = 0 for i ⩽ i_0 and for every i there is j(i) such that θ_{ij} = 0 for j ⩽ j(i).

On the other hand, the deőnition of the topology implies that for every neighbourhood of zero U there exists i_0 and for every i < i_0 there exists j(i) such that θX^j Y^i ∈ U whenever either i ⩾ i_0 or i < i_0, j ⩾ j(i).

So every formal power series has only őnitely many terms θX^jY^i outside U . Therefore, it is in fact a convergent power series in the just deőned topology.

Deőnition. Ω ⊂ Z^n is called admissible if for every 1 ⩽ l ⩽ n and every j_{l+1}, . . . , j_n there is i = i(j_{l+1}, . . . , j_n) ∈ Z such that (i_1, . . . , i_n) ∈ Ω, i_{l+1} = j_{l+1}, . . . , i_n = j_n ⇒ i_l ⩾ i.

Theorem. Let t_1, . . . , t_n be a system of local parameters of K. Let s be a section of the residue map O_K → O_K /M_K such that s(0) = 0. Let Ω be an admissible subset of Z^n. Then the series ∑ (i_1,...,in)∈Ω b_{i1,...,in} t^{i1}_1 . . . t^{in}_n converges (b_{i1,...,in} ∈ s(O_K /M_K )) and every element of K can be uniquely written this way.

Remark. In this statement it is essential that the last residue őeld is őnite. In a more general setting, one should take a łgood enoughž section. For example, for K = k {{T_1}} . . . {{T_m}} ((T_{m+2})) . . . ((T_n)), where k is a őnite extension of the fraction őeld of W (K_0) and K_0 is perfect of prime characteristic, one may take the TeichmÈuller section K_0 → K_{m+1} = k {{T_1}} . . . {{T_m}} composed with the obvious embedding K_{m+1} → K. Proof. We have ∑ (i_1,...,in)∈Ω b_{i1,...,in} t^{i1}_1 . . . t^{in}_n = ∑ b∈s(O_K /M_K ) ( b · ∑ (i_1,...,in)∈Ω_b t^{i1}_1 . . . t^{in}_n ) ,

where Ω_b = {(i_1, . . . , i_n) ∈ Ω : b_{i1,...,in} = b}. In view of the property (4), it is sufőcient to show that the inner sums converge. Equivalently, one has to show that given a neighbourhood of zero U in K, for almost all (i_1, . . . , i_n) ∈ Ω we have t^{i1}_1 . . . t^{in}_n ∈ U . This follows easily by induction on n if we observe that t^{i1}_1 . . . t^{in−1}_{n−1} = h_{t1,...,tn−1} (t_1^{i1} . . . t_{n−1}^{in−1} ).

To prove the second statement, apply induction on n once again. Let r = v_n(α), where α is a given element of K. Then by the induction hypothesis t^{−r}_n α = ∑ (i1,...,in−1)∈Ωr b_{i1,...,in} ( t_1 )_{i1} . . . ( t_{n−1} )_{in−1} ,

where Ω_r ⊂ Z^{n−1} is a certain admissible set. Hence α = ∑ (i1,...,in−1)∈Ωr b_{i1,...,in} t^{i1}_1 . . . t^{in−1}_{n−1} t^r_n + α^′, where v_n(α^′) > r. Continuing this way, we obtain the desired expansion into a sum over the admissible set Ω = (Ω_r × {r}) ∪ (Ω_{r+1} × {r + 1}) ∪ . . .

The uniqueness follows from the continuity of the residue map O_K → K_{n−1}.

1.4. Topology on K∗

1.4.1. 2-dimensional case, char (k_K ) = p .

Let A be the last residue őeld K_0 if char (K) = p, and let A = W (K_0) if char (K) = 0. Then A is canonically embedded into O_K , and it is in fact the subring generated by the set R.

For a 2-dimensional local őeld K with a system of local parameters t_2, t_1 deőne a base of neighbourhoods of 1 as the set of all 1 + t^i_2O_K + t^j_1A[[t_1, t_2]], i ⩾ 1, j ⩾ 1. Then every element α ∈ K^∗ can be expanded as a convergent (with respect to the just deőned topology) product

α = t^{a2}_2 t^{a1}_1 θ ∏ (1 + θ_{ij} t^i_2t^j_1)

with θ ∈ R^∗, θ_{ij} ∈ R, a_1, a_2 ∈ Z. The set S = {(j, i) : θ_{ij} ≠ 0} is admissible.

1.4.2. In the general case, following Parshin’s approach in characteristic p [P], we deőne the topology τ on K^∗ as follows.

Deőnition. If char (K_{n−1}) = p, then deőne the topology τ on K^∗ ≃ V_K × ⟨t_1⟩ × · · · × ⟨t_n⟩ × R^∗ as the product of the induced from K topology on the group of principal units V_K and the discrete topology on ⟨t_1⟩ × · · · × ⟨t_n⟩ × R^∗ .

If char (K) = char (K_{m+1}) = 0, char (K_m) = p, where m ⩽ n − 2, then we have a canonical exact sequence

1 −→ 1 + P_K ( 1, 0, . . . , 0 n−m−2 ) −→ O^∗_K −→ O^∗_{Km+1} −→ 1.

Geometry & Topology Monographs, Volume 3 (2000) ś Invitation to higher local őelds

Deőne the topology τ on K^∗ ≃ O^∗_K × ⟨t_1⟩ × · · · × ⟨t_n⟩ as the product of the discrete topology on ⟨t_1⟩ × · · · × ⟨t_n⟩ and the inverse image of the topology τ on O^∗_{Km+1} . Then the intersection of all neighbourhoods of 1 is equal to 1 + P_K ( 1, 0, . . . , 0 n−m−2 ) which

is a uniquely divisible group.

Remarks. 1. Observe that K_{m+1} is a mixed characteristic őeld and therefore its topology is well deőned. Thus, the topology τ is well deőned in all cases.

2. A base of neighbourhoods of 1 in V_K is formed by the sets

h(U_0) + h(U_1)t_n + ... + h(U_{c−1})t^{c−1}_n + P_K (c),

where c ⩾ 1, U_0 is a neighbourhood of 1 in V_{kK} , U_1, . . . , U_{c−1} are neighbourhoods of zero in k_K , h is the canonical lifting associated with some local parameters, t_n is the last local parameter of K. In particular, in the two-dimensional case τ coincides with the topology of 1.4.1.

Properties.

(1) Each Cauchy sequence with respect to the topology τ converges in K^∗. (2) Multiplication in K^∗ is sequentially continuous.

(3) If n ⩽ 2, then the multiplicative group K^∗ is a topological group and it has a countable base of open subgroups. K^∗ is not a topological group with respect to τ if m ⩾ 3.

Proof. (1) and (2) follow immediately from the corresponding properties of the topology deőned in subsection 1.3. In the 2-dimensional case (3) is obvious from the description given in 1.4.1. Next, let m ⩾ 3, and let U be an arbitrary neighbourhood of 1. We may assume that n = m and U ⊂ V_K . From the deőnition of the topology on V_K we see that U ⊃ 1 + h(U_1)t_n + h(U_2)t^2_n , where U_1, U_2 are neighbourhoods of 0 in k_K , t_n a prime element in K, and h the canonical lifting corresponding to some choice of local parameters. Therefore,

UU + P (4) ⊃ (1 + h(U_1)t_n)(1 + h(U_2)t^2_n) + P (4)

= {1 + h(a)t_n + h(b)t^2_n + h(ab)t^3_n : a ∈ U_1, b ∈ U_2} + P (4).

(Indeed, h(a)h(b) − h(ab) ∈ P (1). ) Since U_1U_2 = k_K (see property (3) in 1.3.2), it is clear that UU cannot lie in a neighbourhood of 1 in V_K of the form 1 + h(k_K )t_n + h(k_K )t^2_n + h(U^′)t^3_n + P (4), where U^′ ≠ k_K is a neighbourhood of 0 in k_K . Thus, K^∗ is not a topological group.

Remarks. 1. From the point of view of class őeld theory and the existence theorem one needs a stronger topology on K^∗ than the topology τ (in order to have more open subgroups). For example, for n ⩾ 3 each open subgroup A in K^∗ with respect to the topology τ possesses the property: 1 + t^2_nO_K ⊂ (1 + t^3_nO_K )A.

A topology λ_∗ which is the sequential saturation of τ is introduced in subsection 6.2; it has the same set of convergence sequences as τ but more open subgroups. For example [F1], the subgroup in 1 + t_nO_K topologically generated by 1 + θt^{in}_n . . . t^{i1}_1 with (i_1, . . . , i_n) ≠ (0, 0, . . . , 1, 2), i_n ⩾ 1 (i.e., the sequential closure of the subgroup generated by these elements) is open in λ_∗ and does not satisfy the above-mentioned property.

One can even introduce a topology on K^∗ which has the same set of convergence sequences as τ and with respect to which K^∗ is a topological group, see [F2].

2. For another approach to deőne open subgroups of K^∗ see the paper of K. Kato in this volume.

1.4.3. Expansion into convergent products. To simplify the following statements we assume here char k_K = p. Let B be a őxed set of representatives of non-zero elements of the last residue őeld in K.

Lemma. Let {α_i : i ∈ I} be a subset of V_K such that

(∗) α_i = 1 + ∑ r∈Ω_i b^{(i)}_r t^{r1}_1 . . . t^{rn}_n ,

where b ∈ B, and Ω_i ⊂ Z^n_+ are admissible sets satisfying the following two conditions:

(i) Ω = ⋃ i∈I Ω_i is an admissible set;

(ii) ⋂ j∈J Ω_j = ∅, where J is any inőnite subset of I.

Then ∏ i∈I α_i converges.

Proof. Fix a neighbourhood of 1 in V_K ; by deőnition it is of the form (1 + U) ∩ V_K , where U is a neighbourhood of 0 in K. Consider various őnite products of b^{(i)}_r t^{r1}_1 . . . t^{rn}_n which occur in ( ∗ ). It is sufőcient to show that almost all such products belong to U .

Any product under consideration has the form (∗∗) γ = b^{k1}_1 . . . b^{ks}_s t^{l1}_1 . . . t^{ln}_n with l_n > 0, where B = {b_1, . . . , b_s}. We prove by induction on j the following claim: for 0 ⩽ j ⩽ n and őxed l_{j+1}, . . . , l_n the element γ almost always lies in U (in case j = n we obtain the original claim). Let ÃΩ = {r_1 + · · · + r_t : t ⩾ 1, r_1, . . . , r_t ∈ Ω}.

It is easy to see that ÃΩ is an admissible set and any element of ÃΩ can be written as a sum of elements of Ω in őnitely many ways only. This fact and condition (ii) imply that any particular n-tuple (l_1, . . . , l_n) can occur at the right hand side of ( ∗∗ ) only őnitely many times. This proves the base of induction ( j = 0 ).

For j > 0, we see that l_j is bounded from below since (l_1, . . . , l_n) ∈ ÃΩ and l_{j+1}, . . . , l_n are őxed. On the other hand, γ ∈ U for sufőciently large l_j and arbitrary k_1, . . . , k_s, l_1, . . . , l_{j−1} in view of [MZ1, Prop. 1.4] applied to the neighbourhood of zero t^{−lj+1}_{j+1} . . . t^{−ln}_n U in K. Therefore, we have to consider only a őnite range of values c ⩽ l_j ⩽ c^′. For any l_j in this range the induction hypothesis is applicable.

Theorem. For any r ∈ Z^n_+ and any b ∈ B őx an element

a_{r,b} = ∑ s∈Ω_{r,b} b^{r,b}_s t^{s1}_1 . . . t^{sn}_n ,

such that b^{r,b}_r = b, and b^{r,b}_s = 0 for s < r. Suppose that the admissible sets {Ω_{r,b} : r ∈ Ω_∗, b ∈ B} satisfy conditions (i) and (ii) of the Lemma for any given admissible set Ω_∗ .

1. Every element a ∈ K can be uniquely expanded into a convergent series a = ∑ r∈Ω_a a_{r,br} , where b_r ∈ B, Ω_a ⊂ Z_n is an admissible set.

2. Every element α ∈ K^∗ can be uniquely expanded into a convergent product:

α = t^{an}_n . . . t^{a1}_1 b_0 ∏ r∈Ω_α ( 1 + a_{r,br} ) , where b_0 ∈ B, b_r ∈ B, Ω_α ⊂ Z^+_n is an admissible set.

Proof. The additive part of the theorem is [MZ2, Theorem 1]. The proof of it is parallel to that of Theorem 1.3.4.

To prove the multiplicative part, we apply induction on n. This reduces the statement to the case α ∈ 1 + P (1). Here one can construct an expansion and prove its uniqueness applying the additive part of the theorem to the residue of t^{−vn(α−1)}_n (α−1) in k_K . The convergence of all series which appear in this process follows from the above Lemma. For details, see [MZ2, Theorem 2].

Remarks. 1. Conditions (i) and (ii) in the Lemma are essential. Indeed, the inőnite

products^∞ ∏ i=1 (1 + t^i_1 + t^{−i}_1 t_2) and^∞ ∏ i=1 (1 + t^i_1 + t_2) do not converge. This means that the

statements of Theorems 2.1 and 2.2 in [MZ1] have to be corrected and conditions (i) and (ii) for elements ε_{r,θ} (r ∈ Ω_∗) should be added.

2. If the last residue őeld is not őnite, the statements are still true if the system of representatives B is not too pathological. For example, the system of TeichmÈuller representatives is always suitable. The above proof works with the only ammendment: instead of Prop. 1.4 of [MZ1] we apply the deőnition of topology directly.

Corollary. If char (K_{n−1}) = p, then every element α ∈ K^∗ can be expanded into a convergent product: (∗ ∗ ∗) α = t^{an}_n . . . t^{a1}_1 θ ∏ (1 + θ_{i1,...,in} t^{i1}_1 . . . t^{in}_n ), θ ∈ R^∗, θ_{i1,...,in} ∈ R, with {(i_1, . . . , i_n) : θ_{i1,...,in} ≠ 0} being an admissible set. Any series ( ∗ ∗ ∗ ) converges.

References

[F1] I. Fesenko, Abelian extensions of complete discrete valuation őelds, Number Theory Paris 1993/94, Cambridge Univ. Press, 1996, 47ś74.

[F2] I. Fesenko, Sequential topologies and quotients of the Milnor K -groups of higher local őelds, preprint, www.maths.nott.ac.uk/personal/ibf/stqk.ps [FV] I. Fesenko and S. Vostokov, Local Fields and Their Extensions, AMS, Providence, 1993. [K1] K. Kato, A generalization of local class őeld theory by using K -groups I, J. Fac. Sci.

Univ. Tokyo Sec. IA 26 No.2, 1979, 303ś376.

[K2] K. Kato, Existence Theorem for higher local class őeld theory, this volume. [KZ] M. V. Koroteev and I. B. Zhukov, Elimination of wild ramiőcation, Algebra i Analiz 11 (1999), no. 6, 153ś177.

[MZ1] A. I. Madunts and I. B. Zhukov, Multidimensional complete őelds: topology and other basic constructions, Trudy S.-Peterb. Mat. Obshch. (1995); English translation in Amer. Math. Soc. Transl. (Ser. 2) 165 (1995), 1ś34.

[MZ2] A. I. Madunts and I. B. Zhukov, Additive and multiplicative expansions in multidimensional local őelds, Zap. Nauchn. Sem. POMI (to appear).

[P] A. N. Parshin, Local class őeld theory, Trudy Mat. Inst. Steklov (1984); English translation in Proc. Steklov Inst. Math. 165 (1985), no. 3, 157ś185.

[Z] I. B. Zhukov, Structure theorems for complete őelds, Trudy S.-Peterb. Mat. Obsch. (1995);

English translation in Amer. Math. Soc. Transl. (Ser. 2) 165 (1995), 175ś192.

Department of Mathematics and Mechanics St. Petersburg University Bibliotechnaya pl. 2, Staryj Petergof 198904 St. Petersburg Russia E-mail: igor@zhukov.pdmi.ras.ru

Geometry & Topology Monographs Volume 3: Invitation to higher local őelds Part I, section 2, pages 19ś29

2. p-primary part of the Milnor K -groups and Galois cohomologies of őelds of characteristic p

Oleg Izhboldin

2.0. Introduction

Let F be a őeld and F^{sep} be the separable closure of F . Let F^{ab} be the maximal abelian extension of F . Clearly the Galois group G^{ab} = Gal(F^{ab}/F ) is canonically isomorphic to the quotient of the absolute Galois group G = Gal(F^{sep}/F ) modulo the closure of its commutant. By Pontryagin duality, a description of G^{ab} is equivalent to a description of

Hom_{cont} ( G^{ab}, Z/m ) = Hom_{cont} ( G, Z/m ) = H^1(F, Z/m). where m runs over all positive integers. Clearly, it sufőces to consider the case where m is a power of a prime, say m = p^i. The main cohomological tool to compute the group H^1(F, Z/m) is a pairing

( , )_m: H^1(F, Z/m) ⊗ K_n(F )/m → H^{n+1}_m (F )

where the right hand side is a certain cohomological group discussed below.

Here K_n(F ) for a őeld F is the n th Milnor K -group K_n(F ) = K^M_n (F ) deőned as (F^∗)^{⊗n}/J where J is the subgroup generated by the elements of the form a_1 ⊗ ... ⊗ a_n such that a_i + a_j = 1 for some i ≠ j. We denote by {a_1, ..., a_n} the class of a_1 ⊗ ... ⊗ a_n . Namely, K_n(F ) is the abelian group deőned by the following generators: symbols {a_1, ..., a_n} with a_1, ..., a_n ∈ F^∗ and relations: {a_1, ..., a_ia^′_i, ...a_n} = {a_1, ..., a_i, ...a_n} + {a_1, ..., a^′_i, ...a_n} {a_1, ..., a_n} = 0 if a_i + a_j = 1 for some i and j with i ≠ j.

We write the group law additively.

Published 10 December 2000: © Geometry & Topology Publications

Consider the following example (deőnitions of the groups will be given later).

Example. Let F be a őeld and let p be a prime integer. Assume that there is an integer n with the following properties: (i) the group H^{n+1}_p (F ) is isomorphic to Z/p, (ii) the pairing ( , )_p: H^1(F, Z/p) ⊗ K_n(F )/p → H^{n+1}_p (F ) ≃ Z/p is non-degenerate in a certain sense.

Then the Z/p-linear space H^1(F, Z/p) is obviously dual to the Z/p-linear space K_n(F )/p. On the other hand, H^1(F, Z/p) is dual to the Z/p-space G^{ab}/(G^{ab})^p . Therefore there is an isomorphism

Ψ_{F,p}: K_n(F )/p ≃ G^{ab}/(G^{ab})^p.

It turns out that this example can be applied to computations of the group G^{ab}/(G^{ab})^p for multidimensional local őelds. Moreover, it is possible to show that the homomorphism Ψ_{F,p} can be naturally extended to a homomorphism Ψ_F : K_n(F ) → G^{ab} (the so called reciprocity map). Since G^{ab} is a proőnite group, it follows that the homomorphism Ψ_F : K_n(F ) → G^{ab} factors through the homomorphism K_n(F )/DK_n(F ) → G^{ab} where the group DK_n(F ) consists of all divisible elements: DK_n(F ) := ∩_{m⩾1}mK_n(F ). This observation makes natural the following notation:

Deőnition (cf. section 6 of Part I). For a őeld F and integer n ⩾ 0 set

K^t_n(F ) := K_n(F )/DK_n(F ),

where DK_n(F ) := ⋂ m⩾1 mK_n(F ). The group K^t_n(F ) for a higher local őeld F endowed with a certain topology (cf.

section 6 of this part of the volume) is called a topological Milnor K -group K^{top}(F ) of F .

The example shows that computing the group G^{ab} is closely related to computing the groups K_n(F ), K^t_n(F ), and H^{n+1}_m (F ). The main purpose of this section is to explain some basic properties of these groups and discuss several classical conjectures. Among the problems, we point out the following:

• discuss p-torsion and cotorsion of the groups K_n(F ) and K^t_n(F ), • study an analogue of Satz 90 for the groups K_n(F ) and K^t_n(F ), • compute the group H^{n+1}_m (F ) in two łclassicalž cases where F is either the rational function őeld in one variable F = k(t) or the formal power series F = k((t)). We shall consider in detail the case (so called łnon-classical casež) of a őeld F of characteristic p and m = p.

2.1. Deőnition of Hn^{+1}m (F ) and pairing ( , )m

To deőne the group H^{n+1}_m (F ) we consider three cases depending on the characteristic of the őeld F .

Case 1 (Classical). Either char (F ) = 0 or char (F ) = p is prime to m.

In this case we set H^{n+1}_m (F ) := H^{n+1}(F, μ^{⊗n}_m ).

The Kummer theory gives rise to the well known natural isomorphism F^∗/F^{∗m} → H^1(F, μ_m). Denote the image of an element a ∈ F^∗ under this isomorphism by (a). The cup product gives the homomorphism F^∗ ⊗ · · · ⊗ F^∗ n → H^n(F, μ^{⊗n}_m ), a_1 ⊗ · · · ⊗ a_n → (a_1, . . . , a_n) where (a_1, . . . , a_n) := (a_1)∪ · · · ∪(a_n). It is well known that the element (a_1, . . . , a_n) is zero if a_i + a_j = 1 for some i ≠ j. From the deőnition of the Milnor K -group we get the homomorphism η_m: K^M_n (F )/m → H^n(F, μ^{⊗n}_m ), {a_1, . . . , a_n} → (a_1, . . . , a_n). Now, we deőne the pairing ( , )_m as the following composite H^1(F, Z/m) ⊗ K_n(F )/m^{id ⊗ηm}−−−−→ H^1(F, Z/m) ⊗ H^n(F, μ^{⊗n}_m )^∪−→ H^{n+1}_m (F, μ^{⊗n}_m ). Case 2. char (F ) = p ≠ 0 and m is a power of p.

To simplify the exposition we start with the case m = p. Set

H^{n+1}_p (F ) = coker ( Ω^n_F^℘−→ Ω^n_F /dΩ^{n−1}_F ) where d (adb_2 ∧ · · · ∧ db_n) = da ∧ db_2 ∧ · · · ∧ db_n, ℘ ( a db_1 b_1 ∧ · · · ∧ db_n b_n ) = (a^p − a) db_1 b_1 ∧ · · · ∧ db_n b_n + dΩ^{n−1}_F ( ℘ = C^{−1} −1 where C^{−1} is the inverse Cartier operator deőned in subsection 4.2). The pairing ( , )_p is deőned as follows: ( , )_p: F/℘(F ) × K_n(F )/p → H^{n+1}_p (F ), (a, {b_1, . . . , b_n}) → a db_1 b_1 ∧ · · · ∧ db_n b_n where F/℘(F ) is identiőed with H^1(F, Z/p) via ArtinśSchreier theory.

To deőne the group H^{n+1}_{pi} (F ) for an arbitrary i ⩾ 1 we note that the group H^{n+1}_p (F ) is the quotient group of Ω^n_F . In particular, generators of the group H^{n+1}_p (F ) can be written in the form adb_1 ∧ · · · ∧ db_n. Clearly, the natural homomorphism F ⊗ F^∗ ⊗ · · · ⊗ F^∗ n → H^{n+1}_p (F ), a ⊗ b_1 ⊗ · · · ⊗ b_n → a db_1 b_1 ∧ · · · ∧ db_n b_n is surjective. Therefore the group H^{n+1}_p (F ) is naturally identiőed with the quotient group F ⊗F^∗ ⊗ · · ·⊗F^∗/J . It is not difőcult to show that the subgroup J is generated by the following elements:

(a^p − a) ⊗ b_1 ⊗ · · · ⊗ b_n , a ⊗ a ⊗ b_2 ⊗ · · · ⊗ b_n , a ⊗ b_1 ⊗ · · · ⊗ b_n , where b_i = b_j for some i ≠ j.

This description of the group H^{n+1}_p (F ) can be easily generalized to deőne H^{n+1}_{pi} (F ) for an arbitrary i ⩾ 1. Namely, we deőne the group H^{n+1}_{pi} (F ) as the quotient group W_i(F ) ⊗ F^∗ ⊗ · · · ⊗ F^∗ n /J where W_i(F ) is the group of Witt vectors of length i and J is the subgroup of W_i(F ) ⊗ F^∗ ⊗ · · · ⊗ F^∗ generated by the following elements:

(F(w) − w) ⊗ b_1 ⊗ · · · ⊗ b_n , (a, 0, . . . , 0) ⊗ a ⊗ b_2 ⊗ · · · ⊗ b_n , w ⊗ b_1 ⊗ · · · ⊗ b_n , where b_i = b_j for some i ≠ j. The pairing ( , )_pi is deőned as follows:

( , )_p: W_i(F )/℘(W_i(F )) × K_n(F )/p^i → H^{n+1}_pi (F ), (w, {b_1, . . . , b_n}) → w ⊗ b_1 ⊗ · · · ⊗ b_n where ℘ = F − id : W_i(F ) → W_i(F ) and the group W_i(F )/℘(W_i(F )) is identiőed with H^1(F, Z/p^i) via Witt theory. This completes deőnitions in Case 2.

Case 3. char (F ) = p ≠ 0 and m = m^′p^i where m^′ > 1 is an integer prime to p and i ⩾ 1. The groups H^{n+1}_m′ (F ) and H^{n+1}_{pi} (F ) are already deőned (see Cases 1 and 2). We deőne the group H^{n+1}_m (F ) by the following formula:

H^{n+1}_m (F ) := H^{n+1}_m′ (F ) ⊕ H^{n+1}_pi (F ) Since H^1(F, Z/m) ≃ H^1(F, Z/m^′) ⊕ H^1(F, Z/p^i) and K_n(F )/m ≃ K_n(F )/m^′ ⊕ K_n(F )/p^i, we can deőne the pairing ( , )_m as the direct sum of the pairings ( , )_m′ and ( , )_pi . This completes the deőnition of the group H^{n+1}_m (F ) and of the pairing ( , )_m .

Remark 1. In the case n = 1 or n = 2 the group H^n_m(F ) can be determined as follows:

H^1_m(F ) ≃ H^1(F, Z/m) and H^2_m(F ) ≃_m Br(F ).

Remark 2. The group H^{n+1}_m (F ) is often denoted by H^{n+1}(F, Z/m (n)).

2.2. The group Hn^{+1}(F )

In the previous subsection we deőned the group H^{n+1}_m (F ) and the pairing ( , )_m for an arbitrary m. Now, let m and m^′ be positive integers such that m^′ is divisible by m. In this case there exists a canonical homomorphism i_{m,m}′ : H^{n+1}_m (F ) → H^{n+1}_m′ (F ).

To deőne the homomorphism i_{m,m}′ it sufőces to consider the following two cases: Case 1. Either char (F ) = 0 or char (F ) = p is prime to m and m^′.

This case corresponds to Case 1 in the deőnition of the group H^{n+1}_m (F ) (see subsection 2.1). We identify the homomorphism i_{m,m}′ with the homomorphism H^{n+1}(F, μ^{⊗n}_m ) → H^{n+1}(F, μ^{⊗n}_m′ ) induced by the natural embedding μ_m ⊂ μ_m′ . Case 2. m and m^′ are powers of p = char (F ).

We can assume that m = p^i and m^′ = p^{i′} with i ⩽ i^′. This case corresponds to Case 2 in the deőnition of the group H^{n+1}_m (F ). We deőne i_{m,m}′ as the homomorphism induced by W_i(F ) ⊗ F^∗ ⊗ . . . F^∗ → W_i′ (F ) ⊗ F^∗ ⊗ . . . F^∗, (a_1, . . . , a_i) ⊗ b_1 ⊗ · · · ⊗ b_n → (0, . . . , 0, a_1, . . . , a_i) ⊗ b_1 ⊗ · · · ⊗ b_n. The maps i_{m,m}′ (where m and m^′ run over all integers such that m^′ is divisible by m ) determine the inductive system of the groups. Deőnition. For a őeld F and an integer n set H^{n+1}(F ) = lim−→_m H^{n+1}_m (F ).

Conjecture 1. The natural homomorphism H^{n+1}_m (F ) → H^{n+1}(F ) is injective and the image of this homomorphism coincides with the m-torsion part of the group H^{n+1}(F ).

This conjecture follows easily from the MilnorśBlochśKato conjecture (see subsection 4.1) in degree n. In particular, it is proved for n ⩽ 2. For őelds of characteristic p we have the following theorem.

Theorem 1. Conjecture 1 is true if char (F ) = p and m = p^i.

2.3. Computing the group Hn^{+1}m (F ) for some őelds

We start with the following well known result.

Theorem 2 (classical). Let F be a perfect őeld. Suppose that char (F ) = 0 or char (F ) is prime to m. Then H^{n+1}_m ( F ((t)) ) ≃ H^{n+1}_m (F ) ⊕ H^n_m(F ) H^{n+1}_m ( F (t) ) ≃ H^{n+1}_m (F ) ⊕ ∐ monic irred f(t) H^n_m ( F [t] /f(t) ) . It is known that we cannot omit the conditions on F and m in the statement of Theorem 2. To generalize the theorem to the arbitrary case we need the following notation. For a complete discrete valuation őeld K and its maximal unramiőed extension K_{ur} deőne the groups H^n_{m,ur}(K) and ~H^n_m(K) as follows:

H^n_{m,ur}(K) = ker (H^n_m(K) → H^n_m(K_{ur})) and ~H^n_m(K) = H^n_m(K)/H^n_{m,ur}(K).

Note that for a őeld K = F ((t)) we obviously have K_{ur} = F^{sep}((t)). We also note that under the hypotheses of Theorem 2 we have H^n(K) = H^n_{m,ur}(K) and H^n(K) = 0. The following theorem is due to Kato.

Theorem 3 (Kato, [K1, Th. 3 §0]). Let K be a complete discrete valuation őeld with residue őeld k. Then H^{n+1}_{m,ur}(K) ≃ H^{n+1}_m (k) ⊕ H^n_m(k).

In particular, H^{n+1}_{m,ur} (F ((t))) ≃ H^{n+1}_m (F ) ⊕ H^n_m(F ).

This theorem plays a key role in Kato’s approach to class őeld theory of multidimensional local őelds (see section 5 of this part).

To generalize the second isomorphism of Theorem 2 we need the following notation. Set H^{n+1}_{m,sep}(F (t)) = ker (H^{n+1}_m (F (t)) → H^{n+1}_m (F^{sep}(t))) and ~H^{n+1}_m (F (t)) = H^{n+1}_m (F (t))/H^{n+1}_{m,sep}(F (t)).

If the őeld F satisőes the hypotheses of Theorem 2, we have H^{n+1}_{m,sep}(F (t)) = H^{n+1}_m (F (t)) and ~H^{n+1}_m (F (t)) = 0.

In the general case we have the following statement.

Theorem 4 (Izhboldin, [I2, Introduction]).

H^{n+1}_{m,sep} (F (t)) ≃ H^{n+1}_m (F ) ⊕ ∐ monic irred f(t) H^n_m ( F [t]/f(t) ) , ~H^{n+1}_m (F (t)) ≃ ∐ v ~H^{n+1}_m (F (t)_v)

where v runs over all normalized discrete valuations of the őeld F (t) and F (t)_v denotes the v-completion of F (t).

2.4. On the group Kn(F )

In this subsection we discuss the structure of the torsion and cotorsion in Milnor K -theory. For simplicity, we consider the case of prime m = p. We start with the following fundamental theorem concerning the quotient group K_n(F )/p for őelds of characteristic p.

Theorem 5 (BlochśKatośGabber, [BK, Th. 2.1]). Let F be a őeld of characteristic p. Then the differential symbol d_F : K_n(F )/p → Ω^n_F , {a_1, . . . , a_n} → da_1 a_1 ∧ · · · ∧ da_n a_n is injective and its image coincides with the kernel ν_n(F ) of the homomorphism ℘ (for the deőnition see Case 2 of 2.1). In other words, the sequence 0 −−−−→ K_n(F )/p^{dF}−−−−→ Ω^n_F^℘−−−−→ Ω^n_F /dΩ^{n−1}_F is exact.

This theorem relates the Milnor K -group modulo p of a őeld of characteristic p with a submodule of the differential module whose structure is easier to understand. The theorem is important for Kato’s approach to higher local class őeld theory. For a sketch of its proof see subsection A2 in the appendix to this section.

There exists a natural generalization of the above theorem for the quotient groups K_n(F )/p^i by using De RhamśWitt complex ([BK, Cor. 2.8]).

Now, we recall well known Tate’s conjecture concerning the torsion subgroup of the Milnor K -groups.

Conjecture 2 (Tate). Let F be a őeld and p be a prime integer. (i) If char (F ) ≠ p and ζ_p ∈ F , then_pK_n(F ) = {ζ_p} · K_{n−1}(F ). (ii) If char (F ) = p then_pK_n(F ) = 0.

This conjecture is trivial in the case where n ⩽ 1. In the other cases we have the following theorem.

Theorem 6. Let F be a őeld and n be a positive integer. (1) Tate’s Conjecture holds if n ⩽ 2 (Suslin, [S]), (2) Part (ii) of Tate’s Conjecture holds for all n (Izhboldin, [I1]).

The proof of this theorem is closely related to the proof of Satz 90 for K -groups. Let us recall two basic conjectures on this subject.

Conjecture 3 (Satz 90 for K_n ). If L/F is a cyclic extension of degree p with the Galois group G = ⟨σ⟩ then the sequence K_n(L)^{1−σ}−−→ K_n(L)^{NL/F}−−−→ K_n(F ) is exact.

There is an analogue of the above conjecture for the quotient group K_n(F )/p. Fix the following notation till the end of this section: Deőnition. For a őeld F set k_n(F ) = K_n(F )/p. Conjecture 4 (Small Satz 90 for k_n ). If L/F is a cyclic extension of degree p with the Galois group G = ⟨σ⟩, then the sequence k_n(F ) ⊕ k_n(L)^{iF/L⊕(1−σ)} −−−−−−−→ k_n(L)^{NL/F}−−−→ k_n(F ) is exact.

The conjectures 2,3 and 4 are not independent:

Lemma (Suslin). Fix a prime integer p and integer n. Then in the category of all őelds (of a given characteristic) we have

(Small Satz 90 for k_n ) + (Tate conjecture for_pK_n ) ⇐⇒ (Satz 90 for K_n ). Moreover, for a given őeld F we have

(Small Satz 90 for k_n ) + (Tate conjecture for_pK_n ) ⇒ (Satz 90 for K_n ) and (Satz 90 for K_n ) ⇒ (small Satz 90 for k_n ).

Satz 90 conjectures are proved for n ⩽ 2 (Merkurev-Suslin, [MS1]). If p = 2, n = 3, and char (F ) ≠ 2, the conjectures were proved by Merkurev and Suslin [MS] and Rost. For p = 2 the conjectures follow from recent results of Voevodsky. For őelds of characteristic p the conjectures are proved for all n:

Theorem 7 (Izhboldin, [I1]). Let F be a őeld of characteristic p and L/F be a cyclic extension of degree p. Then the following sequence is exact: 0 → K_n(F ) → K_n(L)^{1−σ}−−→ K_n(L)^{NL/F}−−−→ K_n(F ) → H^{n+1}_p (F ) → H^{n+1}_p (L)

2.5. On the group Ktn(F )

In this subsection we discuss the same issues, as in the previous subsection, for the group K^t_n(F ).

Deőnition. Let F be a őeld and p be a prime integer. We set

DK_n(F ) = ⋂ m⩾1 mK_n(F ) and D_pK_n(F ) = ⋂ i⩾0 p^iK_n(F ). We deőne the group K^t_n(F ) as the quotient group:

K^t_n(F ) = K_n(F )/DK_n(F ) = K_n(F )/ ⋂ m⩾1 mK_n(F ).

The group K^t_n(F ) is of special interest for higher class őeld theory (see sections 6, 7 and 10). We have the following evident isomorphism (see also 2.0):

K^t_n(F ) ≃ im ( K_n(F ) → lim←−_m K_n(F )/m ) . The quotient group K^t_n(F )/m is obviously isomorphic to the group K_n(F )/m. As for the torsion subgroup of K^t_n(F ), it is quite natural to state the same questions as for the group K_n(F ).

Question 1. Are the K^t-analogue of Tate’s conjecture and Satz 90 Conjecture true for the group K^t_n(F )?

If we know the (positive) answer to the corresponding question for the group K_n(F ), then the previous question is equivalent to the following:

Question 2. Is the group DK_n(F ) divisible?

At őrst sight this question looks trivial because the group DK_n(F ) consists of all divisible elements of K_n(F ). However, the following theorem shows that the group DK_n(F ) is not necessarily a divisible group!

Theorem 8 (Izhboldin, [I3]). For every n ⩾ 2 and prime p there is a őeld F such that char (F ) ≠ p, ζ_p ∈ F and (1) The group DK_n(F ) is not divisible, and the group D_pK_2(F ) is not p-divisible,

(2) The K^t -analogue of Tate’s conjecture is false for K^t_n: pK^t_n(F ) ≠ {ζ_p} · K^t_{n−1}(F ). (3) The K^t -analogue of Hilbert 90 conjecture is false for group K^t_n(F ).

Remark 1. The őeld F satisfying the conditions of Theorem 8 can be constructed as the function őeld of some inőnite dimensional variety over any őeld of characteristic zero whose group of roots of unity is őnite.

Quite a different construction for irregular prime numbers p and F = Q(μ_p ) follows from works of G. Banaszak [B].

Remark 2. If F is a őeld of characteristic p then the groups D_pK_n(F ) and DK_n(F ) are p-divisible. This easily implies that_pK^t_n(F ) = 0. Moreover, Satz 90 theorem holds for K^t_n in the case of cyclic p-extensions.

Remark 3. If F is a multidimensional local őelds then the group K^t_n(F ) is studied in section 6 of this volume. In particular, Fesenko (see subsections 6.3ś6.8 of section 6) gives positive answers to Questions 1 and 2 for multidimensional local őelds.

References

[B] G. Banaszak, Generalization of the Moore exact sequence and the wild kernel for higher K -groups, Compos. Math., 86(1993), 281ś305.

[BK] S. Bloch and K. Kato, p-adic Âetale cohomology, Inst. Hautes ÂEtudes Sci. Publ. Math. 63, (1986), 107ś152.

[F] I. Fesenko, Topological Milnor K -groups of higher local őelds, section 6 of this volume.

[I1] O. Izhboldin, On p-torsion in K^M_∗ for őelds of characteristic p , Adv. Soviet Math., vol. 4, 129ś144, Amer. Math. Soc., Providence RI, 1991 [I2] O. Izhboldin, On the cohomology groups of the őeld of rational functions, Mathematics in St.Petersburg, 21ś44, Amer. Math. Soc. Transl. Ser. 2, vol. 174, Amer. Math. Soc., Providence, RI, 1996.

[I3] O. Izhboldin, On the quotient group of K2(F ), preprint, www.maths.nott.ac.uk/personal/ibf/stqk.ps [K1] K. Kato, Galois cohomology of complete discrete valuation őelds, In Algebraic K -theory, Lect. Notes in Math. 967, Springer-Verlag, Berlin, 1982, 215ś238.

[K2] K. Kato, Symmetric bilinear forms, quadratic forms and Milnor K -theory in characteristic two, Invent. Math. 66(1982), 493ś510.

[MS1] A. S. Merkur’ev and A. A. Suslin, K -cohomology of Severi-Brauer varieties and the norm residue homomorphism, Izv. Akad. Nauk SSSR Ser. Mat. 46(1982); English translation in Math. USSR Izv. 21(1983), 307ś340.

[MS2] A. S. Merkur’ev and A. A. Suslin, The norm residue homomorphism of degree three, Izv.

Akad. Nauk SSSR Ser. Mat. 54(1990); English translation in Math. USSR Izv. 36(1991), 349ś367.

[MS3] A. S. Merkur’ev and A. A. Suslin, The group K3 for a őeld, Izv. Akad. Nauk SSSR Ser.

Mat. 54(1990); English translation in Math. USSR Izv. 36(1991), 541ś565. [S] A. A. Suslin, Torsion in K2 of őelds, K-theory 1(1987), 5ś29.

Geometry & Topology Monographs Volume 3: Invitation to higher local őelds Part I, section A, pages 31ś41

A. Appendix to Section 2

Masato Kurihara and Ivan Fesenko

This appendix aims to provide more details on several notions introduced in section 2, as well as to discuss some basic facts on differentials and to provide a sketch of the proof of BlochśKatośGabber’s theorem. The work on it was completed after sudden death of Oleg Izhboldin, the author of section 2.

A1. Deőnitions and properties of several basic notions (by M. Kurihara)

Before we proceed to our main topics, we collect here the deőnitions and properties of several basic notions.

A1.1. Differential modules.

Let A and B be commutative rings such that B is an A-algebra. We deőne Ω^1_{B/A} to be the B-module of regular differentials over A. By deőnition, this B-module Ω^1_{B/A} is a unique B-module which has the following property. For a B-module M we denote by Der_A(B, M) the set of all A-derivations (an A-homomorphism φ: B → M is called an A-derivation if φ(xy) = xφ(y) + yφ(x) and φ(x) = 0 for any x ∈ A ). Then, φ induces φ: Ω^1_{B/A} → M ( φ = φ ∘ d where d is the canonical derivation d: B → Ω^1_{B/A} ), and φ → φ yields an isomorphism

Der_A(B, M) ~→ Hom_B (Ω^1_{B/A}, M).

In other words, Ω^1_{B/A} is the B-module deőned by the following generators: dx for any x ∈ B and relations: d(xy) = xdy + ydx dx = 0 for any x ∈ A .

Published 10 December 2000: © Geometry & Topology Publications

If A = Z, we simply denote Ω^1_{B/Z} by Ω^1_B .

When we consider Ω^1_A for a local ring A, the following lemma is very useful. Lemma. If A is a local ring, we have a surjective homomorphism A ⊗_Z A^∗ −→ Ω^1_A a ⊗ b → ad log b = a db b . The kernel of this map is generated by elements of the form k∑ i=1 (a_i ⊗ a_i) − l∑ i=1 (b_i ⊗ b_i)

for a_i, b_i ∈ A^∗ such that Σ^k_{i=1}a_i = Σ^l_{i=1}b_i .

Proof. First, we show the surjectivity. It is enough to show that xdy is in the image of the above map for x, y ∈ A. If y is in A^∗ , xdy is the image of xy ⊗ y. If y is not in A^∗ , y is in the maximal ideal of A, and 1 + y is in A^∗ . Since xdy = xd(1 + y), xdy is the image of x(1 + y) ⊗ (1 + y).

Let J be the subgroup of A ⊗ A^∗ generated by the elements k∑ i=1 (a_i ⊗ a_i) − l∑ i=1 (b_i ⊗ b_i)

for a_i, b_i ∈ A^∗ such that Σ^k_{i=1}a_i = Σ^l_{i=1}b_i. Put M = (A ⊗_Z A^∗)/J . Since it is clear that J is in the kernel of the map in the lemma, a ⊗ b → ad log b induces a surjective homomorphism M → Ω^1_A, whose injectivity we have to show.

We regard A ⊗ A^∗ as an A-module via a(x ⊗ y) = ax ⊗ y. We will show that J is a sub A-module of A ⊗ A^∗ . To see this, it is enough to show k∑ i=1 (xa_i ⊗ a_i) − l∑ i=1 (xb_i ⊗ b_i) ∈ J for any x ∈ A. If x ∉ A^∗ , x can be written as x = y + z for some y, z ∈ A^∗ , so we may assume that x ∈ A^∗ . Then, k∑ i=1 (xa_i ⊗ a_i) − l∑ i=1 (xb_i ⊗ b_i)

= k∑ i=1 (xa_i ⊗ xa_i − xa_i ⊗ x) − l∑ i=1 (xb_i ⊗ xb_i − xb_i ⊗ x)

= k∑ i=1 (xa_i ⊗ xa_i) − l∑ i=1 (xb_i ⊗ xb_i) ∈ J.

Geometry & Topology Monographs, Volume 3 (2000) ś Invitation to higher local őelds

Thus, J is an A-module, and M = (A ⊗ A^∗)/J is also an A-module.

In order to show the bijectivity of M → Ω^1_A, we construct the inverse map Ω^1_A → M . By deőnition of the differential module (see the property after the deőnition), it is enough to check that the map φ: A −→ M x → x ⊗ x (if x ∈ A^∗) x → (1 + x) ⊗ (1 + x) (if x ∉ A^∗) is a Z-derivation. So, it is enough to check φ(xy) = xφ(y) + yφ(x). We will show this in the case where both x and y are in the maximal ideal of A. The remaining cases are easier, and are left to the reader. By deőnition, xφ(y) + yφ(x) is the class of x(1 + y) ⊗ (1 + y) + y(1 + x) ⊗ (1 + x) = (1 + x)(1 + y) ⊗ (1 + y) − (1 + y) ⊗ (1 + y) + (1 + y)(1 + x) ⊗ (1 + x) − (1 + x) ⊗ (1 + x) = (1 + x)(1 + y) ⊗ (1 + x)(1 + y) − (1 + x) ⊗ (1 + x) − (1 + y) ⊗ (1 + y).

But the class of this element in M is the same as the class of (1 + xy) ⊗ (1 + xy). Thus, φ is a derivation. This completes the proof of the lemma.

By this lemma, we can regard Ω^1_A as a group deőned by the following generators: symbols [a, b} for a ∈ A and b ∈ A^∗ and relations:

[a_1 + a_2, b} = [a_1, b} + [a_2, b} [a, b_1b_2} = [a, b_1} + [a_2, b_2} k∑ i=1 [a_i, a_i} = l∑ i=1 [b_i, b_i} where a_i’s and b_i’s satisfy k∑ i=1 a_i = l∑ i=1 b_i.

A1.2. n-th differential forms.

Let A and B be commutative rings such that B is an A-algebra. For a positive integer n > 0, we deőne Ω^n_{B/A} by Ω^n_{B/A} = ⋀ B Ω^1_{B/A}. Then, d naturally deőnes an A-homomorphism d: Ω^n_{B/A} → Ω^{n+1}_{B/A} , and we have a complex ... −→ Ω^{n−1}_{B/A} −→ Ω^n_{B/A} −→ Ω^{n+1}_{B/A} −→ ... which we call the de Rham complex.

For a commutative ring A, which we regard as a Z-module, we simply write Ω^n_A for Ω^n_{A/Z}. For a local ring A, by Lemma A1.1, we have Ω^n_A = ⋀_n A((A ⊗ A^∗)/J), where J is the group as in the proof of Lemma A1.1. Therefore we obtain Lemma. If A is a local ring, we have a surjective homomorphism A ⊗ (A^∗)^{⊗n} −→ Ω^n_{A/Z} a ⊗ b_1 ⊗ ... ⊗ b_n → a db_1 b_1 ∧ ... ∧ db_n b_n . The kernel of this map is generated by elements of the form k∑ i=1 (a_i ⊗ a_i ⊗ b_1 ⊗ ... ⊗ b_{n−1}) − l∑ i=1 (b_i ⊗ b_i ⊗ b_1 ⊗ ... ⊗ b_{n−1}) (where Σ^k_{i=1}a_i = Σ^l_{i=1}b_i ) and a ⊗ b_1 ⊗ ... ⊗ b_n with b_i = b_j for some i ≠ j .

A1.3. Galois cohomology of Z/p^n(r) for a őeld of characteristic p > 0 .

Let F be a őeld of characteristic p > 0. We denote by F^{sep} the separable closure of F in an algebraic closure of F .

We consider Galois cohomology groups H^q (F, −) := H^q (Gal(F^{sep}/F ), −). For an integer r ⩾ 0, we deőne H^q (F, Z/p(r)) = H^{q−r} (Gal(F^{sep}/F ), Ω^r_F sep_{,log}) where Ω^r_F sep_{,log} is the logarithmic part of Ω^r_F sep , namely the subgroup generated by d log a_1 ∧ ... ∧ d log a_r for all a_i ∈ (F^{sep})^∗ .

We have an exact sequence (cf. [I, p.579]) 0 −→ Ω^r_F sep_{,log} −→ Ω^r_F sep^{F−1}−−−→ Ω^r_F sep /dΩ^{r−1}_F sep −→ 0 where F is the map F(a db_1 b_1 ∧ ... ∧ db_r b_r ) = a^p db_1 b_1 ∧ ... ∧ db_r b_r . Since Ω^r_F sep is an F -vector space, we have H^n(F, Ω^r_F sep ) = 0 for any n > 0 and r ⩾ 0. Hence, we also have H^n(F, Ω^r_F sep /dΩ^{r−1}_F sep ) = 0 for n > 0. Taking the cohomology of the above exact sequence, we obtain H^n(F, Ω^r_F sep_{,log}) = 0 for any n ⩾ 2. Further, we have an isomorphism H^1(F, Ω^r_F sep_{,log}) = coker(Ω^r_F^{F−1}−−−→ Ω^r_F /dΩ^{r−1}_F ) and H^0(F, Ω^r_F sep_{,log}) = ker(Ω^r_F^{F−1}−−−→ Ω^r_F /dΩ^{r−1}_F ).

Lemma. For a őeld F of characteristic p > 0 and n > 0, we have H^{n+1}(F, Z/p (n)) = coker(Ω^n_F^{F−1}−−−→ Ω^n_F /dΩ^{n−1}_F ) and H^n(F, Z/p (n)) = ker(Ω^n_F^{F−1}−−−→ Ω^n_F /dΩ^{n−1}_F ). Furthermore, H^n(F, Z/p (n − 1)) is isomorphic to the group which has the following generators: symbols [a, b_1, ..., b_{n−1}} where a ∈ F , and b_1, ..., b_{n−1} ∈ F^∗ and relations: [a_1 + a_2, b_1, ..., b_{n−1}} = [a_1, b_1, ..., b_{n−1}} + [a_2, b_1, ..., b_{n−1}} [a, b_1, ...., b_ib^′_i, ...b_{n−1}} = [a, b_1, ...., b_i, ...b_{n−1}} + [a, b_1, ...., b^′_i, ...b_{n−1}} [a, a, b_2, ...., b_{n−1}} = 0 [a^p − a, b_1, b_2, ...., b_{n−1}} = 0 [a, b_1, ...., b_{n−1}} = 0 where b_i = b_j for some i ≠ j.

Proof. The őrst half of the lemma follows from the computation of H^n(F, Ω^r_F sep_{,log}) above and the deőnition of H^q (F, Z/p (r)). Using H^n(F, Z/p (n − 1)) = coker(Ω^{n−1}_F^{F−1}−−−→ Ω^{n−1}_F /dΩ^{n−2}_F ) and Lemma A1.2 we obtain the explicit description of H^n(F, Z/p (n − 1)).

We sometimes use the notation H^n_p (F ) which is deőned by H^n_p (F ) = H^n(F, Z/p (n − 1)). Moreover, for any i > 1, we can deőne Z/p^i (r) by using the de RhamśWitt complexes instead of the de Rham complex. For a positive integer i > 0, following Illusie [I], deőne H^q(F, Z/p^i(r)) by H^q (F, Z/p^i(r)) = H^{q−r} (F, W_iΩ^r_F sep_{,log}) where W_iΩ^r_F sep_{,log} is the logarithmic part of W_iΩ^r_F sep .

Though we do not give here the proof, we have the following explicit description of H^n(F, Z/p^i (n − 1)) using the same method as in the case of i = 1.

Lemma. For a őeld F of characteristic p > 0 let W_i(F ) denote the ring of Witt vectors of length i, and let F: W_i(F ) → W_i(F ) denote the Frobenius endomorphism. For any n > 0 and i > 0, H^n(F, Z/p^i (n − 1)) is isomorphic to the group which has the following generators: symbols [a, b_1, ..., b_{n−1}} where a ∈ W_i(F ), and b_1, ..., b_{n−1} ∈ F^∗ and relations: [a_1 + a_2, b_1, ..., b_{n−1}} = [a_1, b_1, ..., b_{n−1}} + [a_2, b_1, ..., b_{n−1}} [a, b_1, ...., b_j b^′_j , ...b_{n−1}} = [a, b_1, ...., b_j , ...b_{n−1}} + [a, b_1, ...., b^′_j , ...b_{n−1}} [(0, ..., 0, a, 0, ..., 0), a, b_2 , ...., b_{n−1}} = 0 [F(a) − a, b_1, b_2, ...., b_{n−1}} = 0 [a, b_1, ...., b_{n−1}} = 0 where b_j = b_k for some j ≠ k.

We sometimes use the notation H^n_pi (F ) = H^n(F, Z/p^i (n − 1)).

A2. BlochśKatośGabber’s theorem (by I. Fesenko)

For a őeld k of characteristic p denote

ν_n = ν_n(k) = H^n(k, Z/p (n)) = ker(℘: Ω^n_k → Ω^n_k /dΩ^{n−1}_k ),

℘ = F − 1: ( a db_1 b_1 ∧ · · · ∧ db_n b_n ) → (a^p − a) db_1 b_1 ∧ · · · ∧ db_n b_n + dΩ^{n−1}_k . Clearly, the image of the differential symbol d_k: K_n(k)/p → Ω^n_k , {a_1, . . . , a_n} → da_1 a_1 ∧ · · · ∧ da_n a_n is inside ν_n(k). We shall sketch the proof of BlochśKatośGabber’s theorem which states that d_k is an isomorphism between K_n(k)/p and ν_n(k).

A2.1. Surjectivity of the differential symbol d_k: K_n(k)/p → ν_n(k) .

It seems impossible to suggest a shorter proof than original Kato’s proof in [K, §1]. We can argue by induction on n; the case of n = 1 is obvious, so assume n > 1.

DeőnitionsśProperties.

(1) Let {b_i}_{i∈I} be a p-base of k ( I is an ordered set). Let S be the set of all strictly increasing maps s: {1, . . . , n} → I. For two maps s, t: {1, . . . , n} → I write s < t if s(i) ⩽ t(i) for all i and s(i) ≠ t(i) for some i.

(2) Denote d log a := a^{−1}da. Put ω_s = d log b_{s(1)} ∧ · · · ∧ d log b_{s(n)}.

Then {ω_s : s ∈ S} is a basis of Ω^n_k over k.

(3) For a map θ: I → {0, 1, . . . , p − 1} such that θ(i) = 0 for almost all i set

b_θ = ∏ b^{θ(i)}_i . Then {b_θω_s} is a basis of Ω^n_k over k^p.

(4) Denote by Ω^n_k (θ) the k^p -vector space generated by b_θω_s, s ∈ S. Then Ω^n_k (0) ∩ dΩ^{n−1}_k = 0. For an extension l of k, such that k ⊃ l^p, denote by Ω^n_{l/k} the module of relative differentials. Let {b_i}_{i∈I} be a p-base of l over k. Deőne Ω^n_{l/k}(θ) for a map θ: I → {0, 1, . . . , p − 1} similarly to the previous deőnition. The cohomology group of the complex Ω^{n−1}_{l/k} (θ) → Ω^n_{l/k}(θ) → Ω^{n+1}_{l/k} (θ) is zero if θ ≠ 0 and is Ω^n_{l/k}(0) if θ = 0.

We shall use Cartier’s theorem (which can be more or less easily proved by induction on |l : k| ): the sequence 0 → l^∗/k^∗ → Ω^1_{l/k} → Ω^1_{l/k}/dl is exact, where the second map is deőned as b mod k^∗ → d log b and the third map is the map ad log b → (a^p − a)d log b + dl.

Proposition. Let Ω^n_k (<s) be the k-subspace of Ω^n_k generated by all ω_t for s > t ∈ S.

Let k^{p−1} = k and let a be a non-zero element of k. Let I be őnite. Suppose that (a^p − a)ω_s ∈ Ω^n_k (<s) + dΩ^{n−1}_k . Then there are v ∈ Ω^n_k (<s) and x_i ∈ k^p({b_j : j ⩽ s(i)}) for 1 ⩽ i ⩽ n such that aω_s = v + d log x_1 ∧ · · · ∧ d log x_n.

Proof of the surjectivity of the differential symbol. First, suppose that k^{p−1} = k and I is őnite. Let S = {s_1, . . . , s_m} with s_1 > · · · > s_m. Let s_0: {1, . . . , n} → I be a map such that s_0 > s_1. Denote by A the subgroup of Ω^n_k generated by d log x_1 ∧ · · · ∧ d log x_n . Then A ⊂ ν_n. By induction on 0 ⩽ j ⩽ m using the proposition it is straightforward to show that ν_n ⊂ A + Ω^n_k (<s_j ), and hence ν_n = A.

To treat the general case put c(k) = coker(k_n(k) → ν_n(k)). Since every őeld is the direct limit of őnitely generated őelds and the functor c commutes with direct limits, it is sufőcient to show that c(k) = 0 for a őnitely generated őeld k. In particular, we may assume that k has a őnite p-base. For a őnite extension k^′ of k there is a commutative diagram k_n(k^′) −−−−→ ν_n(k^′) N_k′_{/k} T^r k^′/k k_n(k) −−−−→ ν_n(k). Hence the composite c(k) → c(k^′)^{Tr k′/k}−−−−→ c(k) is multiplication by |k^′ : k|. Therefore, if |k^′ : k| is prime to p then c(k) → c(k^′) is injective.

Now pass from k to a őeld l which is the compositum of all l_i where l_{i+1} = l_i(^{p−1} √ l_{i−1}), l_0 = k. Then l = l^{p−1}. Since l/k is separable, l has a őnite p-base and by the őrst paragraph of this proof c(l) = 0. The degree of every őnite subextension in l/k is prime to p, and by the second paragraph of this proof we conclude c(k) = 0, as required.

Proof of Proposition. First we prove the following lemma which will help us later for őelds satisfying k^{p−1} = k to choose a speciőc p-base of k.

Lemma. Let l be a purely inseparable extension of k of degree p and let k^{p−1} = k. Let f: l → k be a k-linear map. Then there is a non-zero c ∈ l such that f(c^i) = 0 for all 1 ⩽ i ⩽ p − 1.

Proof of Lemma. The l-space of k-linear maps from l to k is one-dimensional, hence f = ag for some a ∈ l, where g: l = k(b) → Ω^1_{l/k}/dl ~→ k, x → xd log b mod dl for every x ∈ l. Let α = gd log b generate the one-dimensional space Ω^1_{l/k}/dl over k. Then there is h ∈ k such that g^pd log b − hα ∈ dl. Let z ∈ k be such that z^{p−1} = h. Then ((g/z)^p −g/z)d log b ∈ dl and by Cartier’s theorem we deduce that there is w ∈ l such that (g/z)d log b = d log w. Hence α = zd log w and Ω^1_{l/k} = dl ∪ kd log l.

If f(1) = ad log b ≠ 0, then f(1) = gd log c with g ∈ k, c ∈ l^∗ and hence f(c^i) = 0 for all 1 ⩽ i ⩽ p − 1.

Now for s: {1, . . . , n} → I as in the statement of the Proposition denote

k_0 = k^p({b_i : i <s(1)}), k_1 = k^p({b_i : i ⩽ s(1)}), k_2 = k^p({b_i : i ⩽ s(n)}).

Let |k_2 : k_1| = p^r .

Let a = ∑ θ x^p_θ b_θ . Assume that a ∉ k_2. Then let θ, j be such that j > s(n) is the maximal index for which θ(j) ≠ 0 and x_θ ≠ 0.

Ω^n_k (θ)-projection of (a^p − a)ω_s is equal to −x^p_θ b_θω_s ∈ Ω^n_k (<s)(θ) + dΩ^{n−1}_k (θ). Log differentiating, we get −x^p_θ (∑ i θ(i)d log b_i ) b_θ ∧ ω_s ∈ dΩ^n_k (<s)(θ)

Geometry & Topology Monographs, Volume 3 (2000) ś Invitation to higher local őelds which contradicts −x^p_θ θ(j)b_θd log b_j ∧ ω_s ∉ dΩ^n_k (<s)(θ). Thus, a ∈ k_2.

Let m(1) < · · · < m(r − n) be integers such that the union of m ’s and s ’s is equal to [s(1), s(n)] ∩ Z. Apply the Lemma to the linear map f: k_1 → Ω^r_{k2/k0} /dΩ^{r−1}_{k2/k0} ~→ k_0, b → baω_s ∧ d log b_{m(1)} ∧ · · · ∧ d log b_{m(r−n)}. Then there is a non-zero c ∈ k_1 such that c^iaω_s ∧ d log b_{m(1)} ∧ · · · ∧ d log b_{m(r−n)} ∈ dΩ^{r−1}_{k2/k0} for 1 ⩽ i ⩽ p − 1 . Hence Ω^r_{k2/k0} (0)-projection of c^iaω_s ∧ d log b_{m(1)} ∧ · · · ∧ d log b_{m(r−n)} for 1 ⩽ i ⩽ p − 1 is zero.

If c ∈ k_0 then Ω^r_{k2/k0} (0)-projection of aω_s ∧ d log b_{m(1)} ∧ · · · ∧ d log b_{m(r−n)} is zero. Due to the deőnition of k_0 we get β = (a^p − a)ω_s ∧ d log b_{m(1)} ∧ · · · ∧ d log b_{m(r−n)} ∈ dΩ^{r−1}_{k2/k0} . Then Ω^r_{k2/k0} (0)-projection of β is zero, and so is Ω^r_{k2/k0} (0)-projection of a^pω_s ∧ d log b_{m(1)} ∧ · · · ∧ d log b_{m(r−n)}, a contradiction. Thus, c ∉ k_0.

From dk_0 ⊂ ∑ i<s(1) k pdb_i we deduce dk_0 ∧ Ω^{n−1}_k ⊂ Ω^n_k (<s). Since k_0(c) = k_0(b_{s(1)}), there are a_i ∈ k_0 such that b_{s(1)} = ∑_{p−1} i=0 a_ic^i. Then ad log b_{s(1)} ∧ · · · ∧ d log b_{s(n)} ≡ a^′d log b_{s(2)} · · · ∧ d log b_{s(n)} ∧ d log c mod Ω^n_k (<s).

Deőne s^′: {1, . . . , n − 1} → I by s^′(j) = s(j + 1). Then aω_s = v_1 + a^′ω_s′ ∧ d log c with v_1 ∈ Ω^n_k (<s) and c^ia^′ω_s′ ∧ d log c ∧ d log b_{m(1)} ∧ · · · ∧ d log b_{m(r−n)} ∈ dΩ^{r−1}_{k2/k0} . The set I^′ = {c} ∪ {b_i : s(1) < i ⩽ s(n)} is a p-base of k_2/k_0. Since c^ia^′ for 1 ⩽ i ⩽ p − 1 have zero k_2(0)-projection with respect to I^′, there are a^′_0 ∈ k_0, a^′_1 ∈ ⊕_{θ≠0}k_1b^′_θ with b^′_θ = ∏ s(1)<i⩽s(n) b θ(i) i such that a^′ = a^′_0 + a^′_1.

The image of aω_s ∧ d log b_{m(1)} ∧ · · · ∧ d log b_{m(r−n)} with respect to the Artinś Schreier map belongs to Ω^r_{k2/k0} and so is (a^{′p} − a^′)d log c ∧ ω_s′ ∧ d log b_{m(1)} ∧ · · · ∧ d log b_{m(r−n)} which is the image of a^′d log c ∧ ω_s′ ∧ d log b_{m(1)} ∧ · · · ∧ d log b_{m(r−n)}. Then a^{′p} − a^′_0, as k_0(0)-projection of a^{′p} − a^′, is zero. So a^′ − a^{′p} = a^′_1.

Note that d(a^′_1ω_s′ ) ∧ d log c ∈ dΩ^n_{k/k0} (<s) = dΩ^{n−1}_{k/k0} (<s) ∧ d log c.

Hence d(a^′_1ω_s′ ) ∈ dΩ^{n−1}_{k/k0} (<s) + d log c ∧ dΩ^{n−2}_{k/k0} . Therefore d(a^′_1ω_s′ ) ∈ dΩ^{n−1}_{k/k1} (<s) and a^′_1ω_s′ = α + β with α ∈ Ω^{n−1}_{k/k1} (<s), β ∈ ker(d: Ω^{n−1}_{k/k1} → Ω^n_{k/k1} ).

Since k(0)-projection of a^′_1 is zero, Ω^{n−1}_{k/k1} (0)-projection of a^′_1ω_s′ is zero. Then we deduce that β(0) = ∑ x_t∈k1,t<s^′ x p t ω_t, so a^′_1ω_s′ = α + β(0) + (β − β(0)). Then β−β(0) ∈ ker(d: Ω^{n−1}_{k/k1} → Ω^n_{k/k1} ), so β−β(0) ∈ dΩ^{n−2}_{k/k1} . Hence (a^′−a^{′p})ω_s′ = a^′_1ω_s′ belongs to Ω^{n−1}_{k/k1} (< s^′) + dΩ^{n−2}_k . By induction on n, there are v^′ ∈ Ω^{n−1}_k (< s^′), x_i ∈ k^p{b_j : j ⩽ s(i)} such that a^′ω_s′ = v^′ + d log x_2 ∧ · · · ∧ d log x_n . Thus, aω_s = v_1 ± d log c ∧ v^′ ± d log c ∧ d log x_2 ∧ · · · ∧ d log x_n .

A2.2. Injectivity of the differential symbol.

We can assume that k is a őnitely generated őeld over F_p . Then there is a őnitely generated algebra over F_p with a local ring being a discrete valuation ring O such that O/M is isomorphic to k and the őeld of fractions E of O is purely transcendental over F_p .

Using standard results on K_n(l(t)) and Ω^n_{l(t)} one can show that the injectivity of d_l implies the injectivity of d_{l(t)}. Since d_{Fp} is injective, so is d_E .

Deőne k_n(O) = ker(k_n(E) → k_n(k)). Then k_n(O) is generated by symbols and there is a homomorphism k_n(O) → k_n(k), {a_1, . . . , a_n} → {a_1, . . . , a_n}, where a is the residue of a. Let k_n(O, M) be its kernel.

Deőne ν_n(O) = ker(Ω^n_O → Ω^n_O/dΩ^{n−1}_O ), ν_n(O, M) = ker(ν_n(O) → ν_n(k)). There is a homomorphism k_n(O) → ν_n(O) such that {a_1, . . . , a_n} → d log a_1 ∧ · · · ∧ d log a_n. So there is a commutative diagram 0 −−−−→ k_n(O, M) −−−−→ k_n(O) −−−−→ k_n(k) −−−−→ 0 φ dk 0 −−−−→ ν_n(O, M) −−−−→ ν_n(O) −−−−→ ν_n(k) . Similarly to A2.1 one can show that φ is surjective [BK, Prop. 2.4]. Thus, d_k is injective.

References

[BK] S. Bloch and K. Kato, p-adic Âetale cohomology, Inst. Hautes ÂEtudes Sci. Publ. Math. 63, (1986), 107ś152.

[I] L. Illusie, Complexe de de RhamśWitt et cohomologie cristalline, Ann. Sci. ÂEcole Norm.

Sup.(4), 12(1979), 501ś661.

[K] K. Kato, Galois cohomology of complete discrete valuation őelds, In Algebraic K -theory, Lect. Notes in Math. 967, Springer-Verlag, Berlin, 1982, 215ś238.

Department of Mathematics Tokyo Metropolitan University Minami-Osawa 1-1, Hachioji, Tokyo 192-03, Japan E-mail: m-kuri@comp.metro-u.ac.jp

Department of Mathematics University of Nottingham Nottingham NG7 2RD England E-mail: ibf@maths.nott.ac.uk

Geometry & Topology Monographs Volume 3: Invitation to higher local őelds Part I, section 4, pages 43ś51

4. Cohomological symbol for henselian discrete valuation őelds of mixed characteristic

Jinya Nakamura

4.1. Cohomological symbol map

Let K be a őeld. If m is prime to the characteristic of K, there exists an isomorphism h_{1,K} : K^∗/m → H^1(K, μ_m) supplied by Kummer theory. Taking the cup product we get (K^∗/m)^q → H^q(K, Z/m(q)) and this factors through (by [T]) h_{q,K} : K_q(K)/m → H^q (K, Z/m(q)). This is called the cohomological symbol or norm residue homomorphism.

MilnorśBlochśKato Conjecture. For every őeld K and every positive integer m which is prime to the characteristic of K the homomorphism h_{q,K} is an isomorphism.

This conjecture is shown to be true in the following cases:

(i) K is an algebraic number őeld or a function őeld of one variable over a őnite őeld and q = 2, by Tate [T].

(ii) Arbitrary K and q = 2, by Merkur’ev and Suslin [MS1].

(iii) q = 3 and m is a power of 2, by Rost [R], independently by Merkur’ev and Suslin [MS2].

(iv) K is a henselian discrete valuation őeld of mixed characteristic (0, p) and m is a power of p, by Bloch and Kato [BK].

(v) ( K, q ) arbitrary and m is a power of 2, by Voevodsky [V].

For higher dimensional local őelds theory BlochśKato’s theorem is very important and the aim of this text is to review its proof.

Published 10 December 2000: © Geometry & Topology Publications

Theorem (BlochśKato). Let K be a henselian discrete valuation őelds of mixed characteristic (0, p) (i.e., the characteristic of K is zero and that of the residue őeld of K is p > 0 ), then h_{q,K} : K_q (K)/p^n −→ H^q(K, Z/p^n(q)) is an isomorphism for all n.

Till the end of this section let K be as above, k = k_K the residue őeld of K.

4.2. Filtration on Kq(K)

Fix a prime element π of K. Deőnition.

U_mK_q(K) = { K_q(K), m = 0 ⟨{1 + M^m_K } · K_{q−1}(K)⟩ , m > 0. Put gr_mK_q(K) = U_mK_q(K)/U_{m+1}K_q(K).

Then we get an isomorphism by [FV, Ch. IX sect. 2]

K_q(k) ⊕ K_{q−1}(k)^{ρ0}−→ gr_0K_q(K) ρ_0 ( {x_1, . . . , x_q } , {y_1, . . . , y_{q−1}} ) = {~x_1, . . . , ~x_q } + { ~y_1, . . . , ~ y_{q−1}, π} where ~x is a lifting of x. This map ρ_0 depends on the choice of a prime element π of K. For m ⩾ 1 there is a surjection Ω^{q−1}_k ⊕ Ω^{q−2}_k^{ρm}−−→ gr_mK_q(K) deőned by ( x dy_1 y_1 ∧ · · · ∧ dy_{q−1} y_{q−1} , 0 ) −→ {1 + π^m ~x, ~y_1, . . . , ~ y_{q−1}} , ( 0, x dy_1 y_1 ∧ · · · ∧ dy_{q−2} y_{q−2} ) −→ {1 + π^m ~x, ~y_1, . . . , ~ y_{q−2}, π} . Deőnition. k_q(K) = K_q(K)/p, h_q(K) = H^q (K, Z/p(q)), U_mk_q(K) = im(U_mK_q(K)) in k_q(K), U_mh^q(K) = h_{q,K} (U_mk_q(K)), gr_mh^q(K) = U_mh^q(K)/U_{m+1}h^q(K).

Proposition. Denote ν_q (k) = ker(Ω^q_k^{1−C−1}−−−−→ Ω^q_k/dΩ^{q−1}_k ) where C^{−1} is the inverse Cartier operator: x dy_1 y_1 ∧ · · · ∧ dy_q y_q −→ x^p dy_1 y_1 ∧ · · · ∧ dy_q y_q . Put e^′ = pe/(p − 1), where e = v_K (p).

(i) There exist isomorphisms ν_q (k) → k_q(k) for any q; and the composite map denoted by ~ρ_0

~ρ_0: ν_q (k) ⊕ ν_{q−1}(k) ~→ k_q(k) ⊕ k_{q−1}(k) ~→ gr_0k_q(K)

is also an isomorphism.

(ii) If 1 ⩽ m < e^′ and p ∤ m, then ρ_m induces a surjection

~ρ_m: Ω^{q−1}_k → gr_mk_q(K).

(iii) If 1 ⩽ m < e^′ and p | m, then ρ_m factors through

~ρ_m: Ω^{q−1}_k /Z^{q−1}_1 ⊕ Ω^{q−2}_k /Z^{q−2}_1 → gr_mk_q(K)

and ~ρ_m is a surjection. Here we denote Z^q_1 = Z_1Ω^q_k = ker(d: Ω^q_k → Ω^{q+1}_k ). (iv) If m = e^′ ∈ Z, then ρ_e′ factors through

~ρ_e′ : Ω^{q−1}_k /(1 + a C)Z^{q−1}_1 ⊕ Ω^{q−2}_k /(1 + a C)Z^{q−2}_1 → gr_e′ k_q(K)

and ~ρ_e′ is a surjection.

Here a is the residue class of pπ^{−e}, and C is the Cartier operator x^p dy_1 y_1 ∧ · · · ∧ dy_q y_q → x dy_1 y_1 ∧ · · · ∧ dy_q y_q , dΩ^{q−1}_k → 0. (v) If m > e^′, then gr_mk_q(K) = 0.

Proof. (i) follows from BlochśGabberśKato’s theorem (subsection 2.4). The other claims follow from calculations of symbols.

Deőnition. Denote the left hand side in the deőnition of ~ρ_m by G^q_m. We denote the composite map G^q_m ~ρm −−→ gr_mk_q(K)^{hq,K}−−−→ gr_mh^q(K) by ρ_m; the latter is also surjective.

4.3 In this and next section we outline the proof of BlochśKato’s theorem. 4.3.1. Norm argument.

We may assume ζ_p ∈ K to prove BlochśKato’s theorem.

Indeed, |K(ζ_p) : K| is a divisor of p − 1 and therefore is prime to p. There exists a norm homomorphism N_{L/K} : K_q (L) → K_q(K) (see [BT, Sect. 5]) such that the following diagram is commutative: K_q(K)/p^n −−−−→ K_q(L)/p^{n NL/K}−−−−→ K_q(K)/p^n hq,K hq,L hq,K H^q (K, Z/p^n(q))^{res}−−−−→ H^q(L, Z/p^n(q))^{cor}−−−−→ H^q(K, Z/p^n(q)) where the left horizontal arrow of the top row is the natural map, and res (resp. cor ) is the restriction (resp. the corestriction). The top row and the bottom row are both multiplication by |L : K|, thus they are isomorphisms. Hence the bijectivity of h_{q,K} follows from the bijectivity of h_{q,L} and we may assume ζ_p ∈ K. 4.3.2. Tate’s argument.

To prove BlochśKato’s theorem we may assume that n = 1. Indeed, consider the cohomological long exact sequence · · · → H^{q−1}(K, Z/p(q))^δ−→ H^q(K, Z/p^{n−1}(q))^p−→ H^q (K, Z/p^n(q)) → . . . which comes from the Bockstein sequence 0 −→ Z/p^{n−1 p}−→ Z/p^{n mod p}−−−→ Z/p −→ 0. We may assume ζ_p ∈ K, so H^{q−1}(K, Z/p(q)) ≃ h_{q−1}(K) and the following diagram is commutative (cf. [T, §2]): k_{q−1}(K)^{{∗,ζp}} −−−−→ K_q(K)/p^{n−1 p}−−−−→ K_q(K)/p^{n mod p}−−−−→ k_q(K) hq−1,K^hq,K hq,K hq,K h^{q−1}(K)^{∪ζp}−−−−→ H^q (K, Z/p^{n−1}(q))^p−−−−→ H^q(K, Z/p^n(q))^{mod p}−−−−→ h^q(K). The top row is exact except at K_q(K)/p^{n−1} and the bottom row is exact. By induction on n, we have only to show the bijectivity of h_{q,K} : k_q(K) → h^q(K) for all q in order to prove BlochśKato’s theorem.

4.4. BlochśKato’s Theorem

We review the proof of BlochśKato’s theorem in the following four steps. I ρ_m: gr_mk_q(K) → gr_mh^q(K) is injective for 1 ⩽ m < e^′. II ρ_0: gr_0k_q(K) → gr_0h^q(K) is injective. III h^q(K) = U_0h^q(K) if k is separably closed. IV h^q(K) = U_0h^q(K) for general k.

4.4.1. Step I.

Injectivity of ρ_m is preserved by taking inductive limit of k. Thus we may assume k is őnitely generated over F_p of transcendence degree r < ∞. We also assume ζ_p ∈ K. Then we get gr_e′ h^{r+2}(K) = U_e′ h^{r+2}(K) ≠ 0.

For instance, if r = 0, then K is a local őeld and U_e′ h^2(K) =_p Br(K) = Z/p. If r ⩾ 1, one can use a cohomological residue to reduce to the case of r = 0. For more details see [K1, Sect. 1.4] and [K2, Sect. 3].

For 1 ⩽ m < e^′, consider the following diagram: G^q_m × G^{r+2−q}_e′_{−m}^{ρm×ρe′−m} −−−−−−−→ gr_mh^q(K) ⊕ gr_e′_{−m}h^{r+2−q}(K) φ_m cup^{product} Ω^r_k/dΩ^{r−1}_k → G^{r+2}_e′^{ρe′}−−−−→ gr_e′ h^{r+2}(K) where φ_m is, if p ∤ m, induced by the wedge product Ω^{q−1}_k × Ω^{r+1−q}_k → Ω^r_k/dΩ^{r−1}_k , and if p | m, Ω^{q−1}_k Z^{q−1}_1 ⊕ Ω^{q−2}_k Z^{q−2}_1 × Ω^{r+1−q} k Z^{r+1−q} 1 ⊕ Ω^{r−q}_k Z^{r−q}_1 φ_m −−→ Ω^q_k/dΩ^{q−1}_k (x_1, x_2, y_1, y_2) −→ x_1 ∧ dy_2 + x_2 ∧ dy_1, and the őrst horizontal arrow of the bottom row is the projection Ω^q_k/dΩ^{q−1}_k −→ Ω^r_k/(1 + a C)Z^r_1 = G^{r+2}_e′ since Ω^{r+1}_k = 0 and dΩ^{q−1}_k ⊂ (1 + a C)Z^r_1 . The diagram is commutative, Ω^r_k/dΩ^{r−1}_k is a one-dimensional k^p -vector space and φ_m is a perfect pairing, the arrows in the bottom row are both surjective and gr_e′ h^{r+2}(K) ≠ 0, thus we get the injectivity of ρ_m .

4.4.2. Step II.

Let K^′ be a henselian discrete valuation őeld such that K ⊂ K^′, e(K^′|K) = 1 and k_K′ = k(t) where t is an indeterminate. Consider

gr_0h_q(K)^{∪1+πt}−−−−→ gr_1h^{q+1}(K^′).

The right hand side is equal to Ω^q_{k(t)} by (I). Let ψ be the composite

ν_q (k) ⊕ ν_{q−1}(k)^{ρ0}−→ gr_0h^q(K)^{∪1+πt}−−−−→ gr_1h^{q+1}(K^′) ≃ Ω^q_{k(t)}.

Then ψ ( dx_1 x_1 ∧ · · · ∧ dx_q x_q , 0 ) = t dx_1 x_1 ∧ · · · ∧ dx_q x_q , ψ ( 0, dx_1 x_1 ∧ · · · ∧ dx_{q−1} x_{q−1} ) = ±dt ∧ dx_1 x_1 ∧ · · · ∧ dx_{q−1} x_{q−1} . Since t is transcendental over k, ψ is an injection and hence ρ_0 is also an injection.

4.4.3. Step III.

Denote sh^q(K) = U_0h^q(K) (the letter s means the symbolic part) and put C(K) = h^q(K)/sh^q(K). Assume q ⩾ 2. The purpose of this step is to show C(K) = 0. Let ~K be a henselian discrete valuation őeld with algebraically closed residue őeld k ~_K such that K ⊂ ~K, k ⊂ k ~_K and the valuation of K is the induced valuation from ~K. By Lang [L], ~K is a C_1 -őeld in the terminology of [S]. This means that the cohomological dimension of ~K is one, hence C( ~K) = 0. If the restriction C(K) → C( ~K) is injective then we get C(K) = 0. To prove this, we only have to show the injectivity of the restriction C(K) → C(L) for any L = K(b^{1/p}) such that b ∈ O^∗_K and b /∈ k^p_K .

We need the following lemmas.

Lemma 1. Let K and L be as above. Let G = Gal(L/K) and let sh^q(L)^G (resp. sh^q(L)_G ) be G-invariants (resp. G-coinvariants ). Then (i) sh^q(K)^{res}−→ sh^q(L)^{G cor}−→ sh^q(K) is exact. (ii) sh^q(K)^{res}−→ sh^q(L)_G^{cor}−→ sh^q(K) is exact.

Proof. A nontrivial calculation with symbols, for more details see ([BK, Prop. 5.4].

Lemma 2. Let K and L be as above. The following conditions are equivalent: (i) h^{q−1}(K)^{res}−→ h^{q−1}(L)_G^{cor}−→ h^{q−1}(K) is exact. (ii) h^{q−1}(K)^{∪b}−→ h^q(K)^{res}−→ h^q(L) is exact.

Proof. This is a property of the cup product of Galois cohomologies for L/K. For more details see [BK, Lemma 3.2].

By induction on q we assume sh^{q−1}(K) = h^{q−1}(K). Consider the following diagram with exact rows: h^{q−1}(K) ∪b 0 −−−−→ sh^q(K) −−−−→ h^q(K) −−−−→ C(K) −−−−→ 0 res res res 0 −−−−→ sh^q(L)^G −−−−→ h^q(L)^G −−−−→ C(L)^G cor cor 0 −−−−→ sh^q(K) −−−−→ h^q(K). By Lemma 1 (i) the left column is exact. Furthermore, due to the exactness of the sequence of Lemma 1 (ii) and the inductional assumption we have an exact sequence h^{q−1}(K)^{res}−→ h^{q−1}(L)_G −→ h^{q−1}(K). So by Lemma 2 h^{q−1}(K)^{∪b}−→ h^q(K)^{res}−→ h^q(L) is exact. Thus, the upper half of the middle column is exact. Note that the lower half of the middle column is at least a complex because the composite map cor ∘ res is equal to multiplication by |L : K| = p. Chasing the diagram, one can deduce that all elements of the kernel of C(K) → C(L)^G come from h^{q−1}(K) of the top group of the middle column. Now h^{q−1}(K) = sh^{q−1}(K), and the image of sh^{q−1}(K)^{∪b}−→ h^q(K) is also included in the symbolic part sh^q(K) in h^q(K). Hence C(K) → C(L)^G is an injection. The claim is proved. 4.4.4. Step IV.

We use the HochschildśSerre spectral sequence H^r(G_k, h^q(K_{ur})) =⇒ h^{q+r}(K).

For any q, Ω^q_ksep ≃ Ω^q_k ⊗_k k^{sep}, Z_1Ω^q_ksep ≃ Z_1Ω^q_k ⊗_kp (k^{sep})^p.

Thus, gr_mh^q(K_{ur}) ≃ gr_mh^q(K) ⊗_kp (k^{sep})^p for 1 ⩽ m < e^′. This is a direct sum of copies of k^{sep}, hence we have H^0(G_k, U_1h^q(K_{ur})) ≃ U_1h^q(K)/U_e′ h^q(K), H^r(G_k, U_1h^q(K_{ur})) = 0 for r ⩾ 1 because H^r(G_k, k^{sep}) = 0 for r ⩾ 1. Furthermore, taking cohomologies of the following two exact sequences 0 −→ U_1h^q(K_{ur}) −→ h^q(K_{ur}) −→ ν^q_ksep ⊕ ν^{q−1}_ksep −→ 0, 0 −→ ν^q_ksep^C−→ Z_1Ω^q_ksep^{1−C−1}−−−−→ Ω^q_ksep −→ 0, we have H^0(G_k, h^q(K_{ur})) ≃ sh^q(K)/U_e′ h^q(K) ≃ k^q(K)/U_e′ k^q(K), H^1(G_k, h^q(K_{ur})) ≃ H^1(G_k, ν^q_ksep ⊕ ν^{q−1}_ksep ) ≃ (Ω^q_k/(1 − C)Z_1Ω^q_k) ⊕ (Ω^{q−1}_k /(1 − C)Z_1Ω^{q−1}_k ), H^r(G_k, h^q(K_{ur})) = 0 for r ⩾ 2, since the cohomological p-dimension of G_k is less than or equal to one (cf. [S, II-2.2]). By the above spectral sequence, we have the following exact sequence 0 −→ (Ω^{q−1}_k /(1 − C)Z^{q−1}_1 ) ⊕ (Ω^{q−2}_k /(1 − C)Z^{q−2}_1 ) −→ h^q(K) −→ k_q(K)/U_e′ k_q(K) −→ 0. Multiplication by the residue class of (1 − ζ_p)^p/π^{e′} gives an isomorphism (Ω^{q−1}_k /(1 − C)Z^{q−1}_1 ) ⊕ (Ω^{q−2}_k /(1 − C)Z^{q−2}_1 ) −→ (Ω^{q−1}_k /(1 + a C)Z^{q−1}_1 ) ⊕ (Ω^{q−2}_k /(1 + a C)Z^{q−2}_1 ) = gr_e′ k_q(K), hence we get h^q(K) ≃ k_q(K).

References

[BK] S. Bloch and K. Kato, p-adic Âetale cohomology, Publ. Math. IHES 63(1986), 107ś152. [BT] H. Bass, H. and J. Tate, The Milnor ring of a global őeld, In Algebraic K -theory II, Lect.

Notes in Math. 342, Springer-Verlag, Berlin, 1973, 349ś446.

[F] I. Fesenko, Class őeld theory of multidimensional local őelds of characteristic 0, with the residue őeld of positive characteristic, Algebra i Analiz (1991); English translation in St. Petersburg Math. J. 3(1992), 649ś678.

[FV] I. Fesenko and S. Vostokov, Local Fields and Their Extensions, AMS, Providence RI, 1993.

[K1] K. Kato, A generalization of local class őeld theory by using K -groups. II, J. Fac. Sci.

Univ. Tokyo 27(1980), 603ś683.

[K2] K. Kato, Galois cohomology of complete discrete valuation őelds, In Algebraic K -theory, Lect. Notes in Math. 967, Springer-Verlag, Berlin, 1982, 215ś238.

[L] S. Lang, On quasi-algebraic closure, Ann. of Math. 55(1952), 373ś390. [MS1] A. Merkur’ev and A. Suslin, K -cohomology of Severi-Brauer varieties and the norm residue homomorphism, Math. USSR Izvest. 21(1983), 307ś340.

[MS2] A. Merkur’ev and A. Suslin, Norm residue homomorphism of degree three, Math. USSR Izvest. 36(1991), 349ś367.

[R] M. Rost, Hilbert 90 for K3 for degree-two extensions, preprint, 1986. [S] J.-P. Serre, Cohomologie Galoisienne, Lect. Notes in Math. 5, Springer-Verlag, 1965. [T] J. Tate, Relations between K2 and Galois cohomology, Invent. Math. 36(1976), 257ś274. [V] V. Voevodsky, The Milnor conjecture, preprint, 1996.

Department of Mathematics University of Tokyo 3-8-1 Komaba Meguro-Ku Tokyo 153-8914 Japan E-mail: jinya@ms357.ms.u-tokyo.ac.jp

Geometry & Topology Monographs Volume 3: Invitation to higher local őelds Part I, section 5, pages 53ś60

5. Kato’s higher local class őeld theory

Masato Kurihara

5.0. Introduction

We őrst recall the classical local class őeld theory. Let K be a őnite extension of Q_p or F_q ((X)). The main theorem of local class őeld theory consists of the isomorphism theorem and existence theorem. In this section we consider the isomorphism theorem.

An outline of one of the proofs is as follows. First, for the Brauer group Br(K), an isomorphism inv: Br(K) ~→ Q/Z is established; it mainly follows from an isomorphism H^1(F, Q/Z) ~→ Q/Z where F is the residue őeld of K.

Secondly, we denote by X_K = Hom_{cont}(G_K , Q/Z) the group of continuous homomorphisms from G_K = Gal(K/K) to Q/Z. We consider a pairing K^∗ × X_K −→ Q/Z (a, χ) → inv(χ, a) where (χ, a) is the cyclic algebra associated with χ and a. This pairing induces a homomorphism Ψ_K : K^∗ −→ Gal(K^{ab}/K) = Hom(X_K , Q/Z) which is called the reciprocity map.

Thirdly, for a őnite abelian extension L/K, we have a diagram L^{∗ ΨL}−−−−→ Gal(L^{ab}/L) N K^{∗ ΨK}−−−−→ Gal(K^{ab}/K) Published 10 December 2000: © Geometry & Topology Publications which is commutative by the deőnition of the reciprocity maps. Here, N is the norm map and the right vertical map is the canonical map. This induces a homomorphism Ψ_{L/K} : K^∗/NL^∗ −→ Gal(L/K). The isomorphism theorem tells us that the above map is bijective.

To show the bijectivity of Ψ_{L/K} , we can reduce to the case where |L : K| is a prime ℓ. In this case, the bijectivity follows immediately from a famous exact sequence L^{∗ N}−→ K^{∗ ∪χ}−−→ Br(K)^{res}−→ Br(L) for a cyclic extension L/K (where ∪χ is the cup product with χ, and res is the restriction map).

In this section we sketch a proof of the isomorphism theorem for a higher dimensional local őeld as an analogue of the above argument. For the existence theorem see the paper by Kato in this volume and subsection 10.5.

5.1. Deőnition of Hq(k)

In this subsection, for any őeld k and q > 0, we recall the deőnition of the cohomology group H^q(k) ([K2], see also subsections 2.1 and 2.2 and A1 in the appendix to section 2). If char (k) = 0, we deőne H^q(k) as a Galois cohomology group H^q(k) = H^q(k, Q/Z(q − 1)) where (q − 1) is the (q − 1) st Tate twist.

If char (k) = p > 0, then following Illusie [I] we deőne

H^q (k, Z/p^n(q − 1)) = H^1(k, W_nΩ^{q−1}_{ksep,log}).

We can explicitly describe H^q (k, Z/p^n(q − 1)) as the group isomorphic to W_n(k) ⊗ (k^∗)^{⊗(q−1)}/J where W_n(k) is the ring of Witt vectors of length n, and J is the subgroup generated by elements of the form

w ⊗ b_1 ⊗ · · · ⊗ b_{q−1} such that b_i = b_j for some i ≠ j, and (0, . . . , 0, a, 0, . . . , 0) ⊗ a ⊗ b_1 ⊗ · · · ⊗ b_{q−2}, and (F − 1)(w) ⊗ b_1 ⊗ · · · ⊗ b_{q−1} ( F is the Frobenius map on Witt vectors). We deőne H^q(k, Q_p /Z_p(q − 1)) = lim−→ H^q (k, Z/p^n(q − 1)), and deőne

H^q (k) = ⨁ ℓ H^q(k, Q_ℓ /Z_ℓ (q − 1))

where ℓ ranges over all prime numbers. (For ℓ ≠ p, the right hand side is the usual Galois cohomology of the (q − 1) st Tate twist of Q_ℓ /Z_ℓ. )

Then for any k we have

H^1(k) = X_k (X_k is as in 5.0, the group of characters), H^2(k) = Br(k) (Brauer group).

We explain the second equality in the case of char (k) = p > 0. The relation between the Galois cohomology group and the Brauer group is well known, so we consider only the p-part. By our deőnition, H^2(k, Z/p^n(1)) = H^1(k, W_nΩ^1_ksep_{,log}).

From the bijectivity of the differential symbol (BlochśGabberśKato’s theorem in subsection A2 in the appendix to section 2), we have H^2(k, Z/p^n(1)) = H^1(k, (k^{sep})^∗/((k^{sep})^∗)^{pn} ).

From the exact sequence 0 −→ (k^{sep})^{∗ pn}−→ (k^{sep})^∗ −→ (k^{sep})^∗/((k^{sep})^∗)^{pn} −→ 0 and an isomorphism Br(k) = H^2(k, (k^{sep})^∗), H^2(k, Z/p^n(1)) is isomorphic to the p^n -torsion points of Br(k). Thus, we get H^2(k) = Br(k).

If K is a henselian discrete valuation őeld with residue őeld F , we have a canonical map i^K_F : H^q (F ) −→ H^q (K).

If char (K) = char (F ), this map is deőned naturally from the deőnition of H^q (for the Galois cohomology part, we use a natural map Gal(K^{sep}/K) −→ Gal(K_{ur}/K) = Gal(F^{sep}/F ) ) . If K is of mixed characteristics (0, p), the prime-to- p-part is deőned naturally and the p-part is deőned as follows. For the class [w ⊗ b_1 ⊗ · · · ⊗ b_{q−1}] in H^q (F, Z/p^n(q − 1)) we deőne i^K_F ([w ⊗ b_1 ⊗ · · · ⊗ b_{q−1}]) as the class of i(w) ⊗ ~b_1 ⊗ · · · ⊗ ~b_{q−1} in H^1(K, Z/p^n(q − 1)), where i: W_n(F ) → H^1(F, Z/p^n) → H^1(K, Z/p^n) is the composite of the map given by ArtinśSchreierśWitt theory and the canonical map, and ~b_i is a lifting of b_i to K.

Theorem (Kato [K2, Th. 3]). Let K be a henselian discrete valuation őeld, π be a prime element, and F be the residue őeld. We consider a homomorphism i = (i^K_F , i^K_F ∪ π): H^q (F ) ⊕ H^{q−1}(F ) −→ H^q (K) (a, b) → i^K_F (a) + i^K_F (b) ∪ π where i^K_F (b) ∪ π is the element obtained from the pairing H^{q−1}(K) × K^∗ −→ H^q(K) which is deőned by Kummer theory and the cup product, and the explicit description of H^q (K) in the case of char (K) > 0. Suppose char (F ) = p. Then i is bijective in the prime-to- p component. In the p-component, i is injective and the image coincides with the p-component of the kernel of H^q (K) → H^q (K_{ur}) where K_{ur} is the maximal unramiőed extension of K.

From this theorem and BlochśKato’s theorem in section 4, we obtain

Corollary. Assume that char (F ) = p > 0, |F : F^p| = p^{d−1}, and that there is an isomorphism H^d(F ) ~→ Q/Z.

Then, i induces an isomorphism H^{d+1}(K) ~→ Q/Z. A typical example which satisőes the assumptions of the above corollary is a d-di-mensional local őeld (if the last residue őeld is quasi-őnite (not necessarily őnite), the assumptions are satisőed).

5.2. Higher dimensional local őelds

We assume that K is a d-dimensional local őeld, and F is the residue őeld of K, which is a (d − 1)-dimensional local őeld. Then, by the corollary in the previous subsection and induction on d, there is a canonical isomorphism inv: H^{d+1}(K) ~→ Q/Z. This corresponds to the őrst step of the proof of the classical isomorphism theorem which we described in the introduction.

The cup product deőnes a pairing K_d(K) × H^1(K) −→ H^{d+1}(K) ≃ Q/Z. This pairing induces a homomorphism

Ψ_K : K_d(K) −→ Gal(K^{ab}/K) ≃ Hom(H^1(K), Q/Z)

which we call the reciprocity map. Since the isomorphism inv: H^d(K) −→ Q/Z is naturally constructed, for a őnite abelian extension L/K we have a commutative diagram H^{d+1}(L)^{invL}−−−−→ Q/Z cor H^{d+1}(K)^{invK}−−−−→ Q/Z. Geometry & Topology Monographs, Volume 3 (2000) ś Invitation to higher local őelds

So the diagram K_d(L)^{ΨL}−−−−→ Gal(L^{ab}/L) N K_d(K)^{ΨK}−−−−→ Gal(K^{ab}/K) is commutative where N is the norm map and the right vertical map is the canonical map. So, as in the classical case, we have a homomorphism Ψ_{L/K} : K_d(K)/NK_d(L) −→ Gal(L/K). Isomorphism Theorem. Ψ_{L/K} is an isomorphism.

We outline a proof. We may assume that L/K is cyclic of degree ℓ. As in the classical case in the introduction, we may study a sequence

K_d(L)^N−→ K_d(K)^{∪χ}−−→ H^{d+1}(K)^{res}−→ H^{d+1}(L),

but here we describe a more elementary proof.

First of all, using the argument in [S, Ch.5] by calculation of symbols one can obtain |K_d(K) : NK_d(L)| ⩽ ℓ. We outline a proof of this inequality.

It is easy to see that it is sufőcient to consider the case of prime ℓ. (For another calculation of the index of the norm group see subsection 6.7).

Recall that K_d(K) has a őltration U_mK_d(K) as in subsection 4.2. We consider gr_mK_d(K) = U_mK_d(K)/U_{m+1}K_d(K).

If L/K is unramiőed, the norm map N: K_d(L) → K_d(K) induces surjective homomorphisms gr_mK_d(L) → gr_mK_d(K) for all m > 0. So U_1K_d(K) is in NK_d(L). If we denote by F_L and F the residue őelds of L and K respectively, the norm map induces a surjective homomorphism K_d(F_L)/ℓ → K_d(F )/ℓ because K_d(F )/ℓ is isomorphic to H^d(F, Z/ℓ(d)) (cf. sections 2 and 3) and the cohomological dimension of F [K2, p.220] is d. Since gr_0K_d(K) = K_d(F )⊕K_{d−1}(F ) (see subsection 4.2), the above implies that K_d(K)/NK_d(L) is isomorphic to K_{d−1}(F )/NK_{d−1}(F_L), which is isomorphic to Gal(F_L/F ) by class őeld theory of F (we use induction on d ). Therefore |K_d(K) : NK_d(L)| = ℓ.

If L/K is totally ramiőed and ℓ is prime to char (F ), by the same argument (cf. the argument in [S, Ch.5]) as above, we have U_1K_d(K) ⊂ NK_d(L). Let π_L be a prime element of L, and π_K = N_{L/K} (π_L). Then the element {α_1, ..., α_{d−1}, π_K } for α_i ∈ K^∗ is in NK_d(L), so K_d(K)/NK_d(L) is isomorphic to K_d(F )/ℓ, which is isomorphic to H^d(F, Z/ℓ(d)), so the order is ℓ. Thus, in this case we also have |K_d(K) : NK_d(L)| = ℓ.

Hence, we may assume L/K is not unramiőed and is of degree ℓ = p = char (F ). Note that K_d(F ) is p-divisible because of Ω^d_F = 0 and the bijectivity of the differential symbol.

Assume that L/K is totally ramiőed. Let π_L be a prime element of L, and σ a generator of Gal(L/K), and put a = σ(π_L)π^{−1}_L − 1, b = N_{L/K} (a), and v_K (b − 1) = i. We study the induced maps gr_{ψ(m)}K_d(L) → gr_mK_d(K) from the norm map N on the subquotients by the argument in [S, Ch.5]. We have U_{i+1}K_d(K) ⊂ NK_d(L), and can show that there is a surjective homomorphism (cf. [K1, p.669]) Ω^{d−1}_F −→ K_d(K)/NK_d(L) such that xd log y_1 ∧ ... ∧ d log y_{d−1} → {1 + ~xb, ~y_1, ..., ~ y_{d−1}} ( ~x, ~y_i are liftings of x and y_i ). Furthermore, from

N_{L/K} (1 + xa) ≡ 1 + (x^p − x)b (mod U_{i+1}K^∗),

the above map induces a surjective homomorphism Ω^{d−1}_F / ( (F − 1)Ω^{d−1}_F + dΩ^{d−2}_F ) −→ K_d(K)/NK_d(L). The source group is isomorphic to H^d(F, Z/p(d − 1)) which is of order p. So we obtain |K_d(K) : NK_d(L)| ⩽ p.

Now assume that L/K is ferociously ramiőed, i.e. F_L/F is purely inseparable of degree p. We can use an argument similar to the previous one. Let h be an element of O_L such that F_L = F (h) ( h = h mod M_L ). Let σ be a generator of Gal(L/K), and put a = σ(h)h^{−1} − 1, and b = N_{L/K} (a). Then we have a surjective homomorphism (cf. [K1, p.669]) Ω^{d−1}_F / ( (F − 1)Ω^{d−1}_F + dΩ^{d−2}_F ) −→ K_d(K)/NK_d(L) such that xd log y_1 ∧ ... ∧ d log y_{d−2} ∧ d log N_{FL/F} (h) → {1 + ~xb, ~y_1, ..., ~ y_{d−2}, π} ( π is a prime element of K ). So we get |K_d(K) : NK_d(L)| ⩽ p.

So in order to obtain the bijectivity of Ψ_{L/K} , we have only to check the surjectivity. We consider the most interesting case char (K) = 0, char (F ) = p > 0, and ℓ = p. To show the surjectivity of Ψ_{L/K} , we have to show that there is an element x ∈ K_d(K) such that χ ∪ x ≠ 0 in H^{d+1}(K) where χ is a character corresponding to L/K. We may assume a primitive p-th root of unity is in K. Suppose that L is given by an equation X^p = a for some a ∈ K \ K^p. By BlochśKato’s theorem (bijectivity of the cohomological symbols in section 4), we identify the kernel of multiplication by p on H^{d+1}(K) with H^{d+1}(K, Z/p(d)), and with K_{d+1}(K)/p. Then our aim is to show that there is an element x ∈ K_d(K) such that {x, a} ≠ 0 in k_{d+1}(K) = K_{d+1}(K)/p.

(Remark. The pairing K_1(K)/p × K_d(K)/p → K_{d+1}(K)/p coincides up to a sign with Vostokov’s symbol deőned in subsection 8.3 and the latter is non-degenerate which provides an alternative proof).

We use the notation of section 4. By the Proposition in subsection 4.2, we have

K_{d+1}(K)/p = k_{d+1}(K) = U_e′ k_{d+1}(K)

where e^′ = v_K (p)p/(p − 1). Furthermore, by the same proposition there is an isomorphism H^d(F, Z/p(d − 1)) = Ω^{d−1}_F / ( (F − 1)Ω^{d−1}_F + dΩ^{d−2}_F ) −→ k_{d+1}(K) such that xd log y_1 ∧ ... ∧ d log y_{d−1} → {1 + ~xb, ~y_1, ..., ~ y_{d−1}, π} where π is a uniformizer, and b is a certain element of K such that v_K (b) = e^′. Note that H^d(F, Z/p(d − 1)) is of order p.

This shows that for any uniformizer π of K, and for any lifting t_1, ..., t_{d−1} of a p-base of F , there is an element x ∈ O_K such that {1 + π^{e′} x, t_1, ..., t_{d−1}, π} ≠ 0 in k_{d+1}(K).

If the class of a is not in U_1k_1(K), we may assume a is a uniformizer or a is a part of a lifting of a p-base of F . So it is easy to see by the above property that there exists an x such that {a, x} ≠ 0. If the class of a is in U_e′ k_1(K), it is also easily seen from the description of U_e′ k_{d+1}(K) that there exists an x such that {a, x} ≠ 0.

Suppose a ∈ U_ik_1(K) \ U_{i+1}k_1(K) such that 0 < i < e^′. We write a = 1 + π^ia^′ for a prime element π and a^′ ∈ O^∗_K . First, we assume that p does not divide i. We use a formula (which holds in K_2(K) ) {1 − α, 1 − β} = {1 − αβ, −α} + {1 − αβ, 1 − β} − {1 − αβ, 1 − α} for α ≠ 0, 1, and β ≠ 1, α^{−1}. From this formula we have in k_2(K) {1 + π^ia^′, 1 + π^{e′−i}b} = {1 + π^{e′} a^′b, π^ia^′} for b ∈ O_K . So for a lifting t_1, ..., t_{d−1} of a p-base of F we have {1 + π^ia^′, 1 + π^{e′−i}b, t_1, ..., t_{d−1}} = {1 + π^{e′} a^′b, π^i, t_1, ..., t_{d−1}} = i{1 + π^{e′} a^′b, π, t_1, ..., t_{d−1}} in k_{d+1}(K) (here we used {1 + π^{e′} x, u_1, ..., u_d} = 0 for any units u_i in k_{d+1}(K) which follows from Ω^d_F = 0 and the calculation of the subquotients gr_mk_{d+1}(K) in subsection 4.2). So we can take b ∈ O_K such that the above symbol is non-zero in k_{d+1}(K). This completes the proof in the case where i is prime to p.

Next, we assume p divides i. We also use the above formula, and calculate {1 + π^ia^′, 1 + (1 + bπ)π^{e′ −i−1}, π} = {1 + π^{e′−1}a^′(1 + bπ), 1 + bπ, π} = {1 + π^{e′} a^′b(1 + bπ), a^′(1 + bπ), π}. Since we may think of a^′ as a part of a lifting of a p-base of F , we can take some x = {1 + (1 + bπ)π^{e′ −i−1}, π, t_1, ..., t_{d−2}} such that {a, x} ≠ 0 in k_{d+1}(K). If ℓ is prime to char (F ), for the extension L/K obtained by an equation X^ℓ = a, we can őnd x such that {a, x} ≠ 0 in K_{d+1}(K)/ℓ in the same way as above, using K_{d+1}(K)/ℓ = gr_0K_{d+1}(K)/ℓ = K_d(F )/ℓ. In the case where char (K) = p > 0 we can use ArtinśSchreier theory instead of Kummer theory, and therefore we can argue in a similar way to the previous method. This completes the proof of the isomorphism theorem.

Thus, the isomorphism theorem can be proved by computing symbols, once we know BlochśKato’s theorem. See also a proof in [K1].

References

[I] L. Illusie, Complexe de de RhamśWitt et cohomologie cristalline, Ann. Sci. ÂEcole Norm.

Sup.(4), 12(1979), 501ś661.

[K1] K. Kato, A generalization of local class őeld theory by using K -groups II, J. Fac. Sci.

Univ. Tokyo 27 (1980), 603ś683.

[K2] K. Kato, Galois cohomology of complete discrete valuation őelds, In Algebraic K -theory, Lect. Notes in Math. 967, Springer Berlin 1982, 215ś238.

[S] J.-P. Serre, Corps Locaux (third edition), Hermann, Paris 1968.

Department of Mathematics Tokyo Metropolitan University Minami-Osawa 1-1, Hachioji, Tokyo 192-03, Japan E-mail: m-kuri@comp.metro-u.ac.jp

Geometry & Topology Monographs Volume 3: Invitation to higher local őelds Part I, section 6, pages 61ś74

6. Topological Milnor K -groups of higher local őelds

Ivan Fesenko

Let F = K_n, . . . , K_0 = F_q be an n-dimensional local őeld. We use the notation of section 1.

In this section we describe properties of certain quotients K^{top}(F ) of the Milnor K -groups of F by using in particular topological considerations. This is an updated and simpliőed summary of relevant results in [F1śF5]. Subsection 6.1 recalls wellknown results on K -groups of classical local őelds. Subsection 6.2 discusses so called sequential topologies which are important for the description of subquotients of K^{top}(F ) in terms of a simpler objects endowed with sequential topology (Theorem 1 in 6.6 and Theorem 1 in 7.2 of section 7). Subsection 6.3 introduces K^{top}(F ), 6.4 presents very useful pairings (including Vostokov’s symbol which is discussed in more detail in section 8), subsection 6.5ś6.6 describe the structure of K^{top}(F ) and 6.7 deals with the quotients K(F )/l; őnally, 6.8 presents various properties of the norm map on K -groups. Note that subsections 6.6ś6.8 are not required for understanding Parshin’s class őeld theory in section 7.

6.0. Introduction

Let A be a commutative ring and let X be an A-module endowed with some topology. A set {x_i}_{i∈I} of elements of X is called a set of topological generators of X if the sequential closure of the submodule of X generated by this set coincides with X. A set of topological generators is called a topological basis if for every j ∈ I and every non-zero a ∈ A ax_j doesn’t belong to the sequential closure of the submodule generated by {x_i}_{i≠j} .

Let I be a countable set. If {x_i} is set of topological generators of X then every element x ∈ X can be expressed as a convergent sum ∑ a_ix_i with some a_i ∈ A (note that it is not necessarily the case that for all a_i ∈ A the sum ∑ a_ix_i converges). This expression is unique if {x_i} is a topological basis of X; then provided addition in X is sequentially continuous, we get ∑ a_ix_i + ∑ b_ix_i = ∑ (a_i + b_i)x_i .

Published 10 December 2000: © Geometry & Topology Publications

Recall that in the one-dimensional case the group of principal units U_{1,F} is a multiplicative Z_p-module with őnitely many topological generators if char (F ) = 0 and inőnitely many topological generators if char (F ) = p (see for instance [FV, Ch. I §6]). This representation of U_{1,F} and a certain speciőc choice of its generators is quite important if one wants to deduce the Shafarevich and Vostokov explicit formulas for the Hilbert symbol (see section 8).

Similarly, the group V_F of principal units of an n-dimensional local őeld F is topologically generated by 1 + θt^{in}_n . . . t^{i1}_1 , θ ∈ μ_{q−1} (see subsection 1.4.2). This leads to a natural suggestion to endow the Milnor K -groups of F with an appropriate topology and use the sequential convergence to simplify calculations in K -groups.

On the other hand, the reciprocity map

Ψ_F : K_n(F ) → Gal(F^{ab}/F )

is not injective in general, in particular ker(Ψ_F ) ⊃ ⋂ l⩾1 lK_n(F ) ≠ 0. So the Milnor K -groups are too large from the point of view of class őeld theory, and one can pass to the quotient K_n(F )/ ⋂ l⩾1 lK_n(F ) without loosing any arithmetical information on F . The latter quotient coincides with K^{top}_n (F ) (see subsection 6.6) which is deőned in subsection 6.3 as the quotient of K_n(F ) by the intersection Λ_n(F ) of all neighbourhoods of 0 in K_n(F ) with respect to a certain topology. The existence theorem in class őeld theory uses the topology to characterize norm subgroups N_{L/F} K_n(L) of őnite abelian extensions L of F as open subgroups of őnite index of K_n(F ) (see subsection 10.5). As a corollary of the existence theorem in 10.5 one obtains that in fact ⋂ l⩾1 lK_n(F ) = Λ_n(F ) = ker(Ψ_F ).

However, the class of open subgroups of őnite index of K_n(F ) can be deőned without introducing the topology on K_n(F ), see the paper of Kato in this volume which presents a different approach.

6.1. K-groups of one-dimensional local őelds

The structure of the Milnor K -groups of a one-dimensional local őeld F is completely known.

Recall that using the Hilbert symbol and multiplicative Z_p-basis of the group of principal units of F one obtains that

K_2(F ) ≃ Tors K_2(F ) ⊕ mK_2(F ), where m = | Tors F^∗| , Tors K_2(F ) ≃ Z/m

and mK_2(F ) is an uncountable uniquely divisible group (Bass,Tate, Moore, Merkur’ev; see for instance [FV, Ch. IX §4]). The groups K_m(F ) for m ⩾ 3 are uniquely divisible uncountable groups (Kahn [Kn], Sivitsky [FV, Ch. IX §4]).

6.2. Sequential topology

We need slightly different topologies from the topology of F and F^∗ introduced in section 1.

Deőnition. Let X be a topological space with topology τ . Deőne its sequential saturation λ:

a subset U of X is open with respect to λ if for every α ∈ U and a convergent (with respect to τ ) sequence X ∋ α_i to α almost all α_i belong to U . Then α_i −→_τ α ⇔ α_i −→_λ α. Hence the sequential saturation is the strongest topology which has the same convergent sequences and their limits as the original one. For a very elementary introduction to sequential topologies see [S].

Deőnition. For an n-dimensional local őeld F denote by λ the sequential saturation of the topology on F deőned in section 1.

The topology λ is different from the old topology on F deőned in section 1 for n ⩾ 2: for example, if F = F_p ((t_1)) ((t_2)) then Y = F \ { t^i_2t^{−j}_1 + t^{−i}_2 t^j_1 : i, j ⩾ 1 } is open with respect to λ and is not open with respect to the topology of F deőned in section 1.

Let λ_∗ on F^∗ be the sequential saturation of the topology τ on F^∗ deőned in section 1. It is a shift invariant topology.

If n = 1, the restriction of λ_∗ on V_F coincides with the induced from λ. The following properties of λ ( λ_∗ ) are similar to those in section 1 and/or can be proved by induction on dimension.

Properties.

(1) α_i, β_i −→_λ 0 ⇒ α_i − β_i −→_λ 0;

(2) α_i, β_i −→_{λ∗} 1 ⇒ α_iβ^{−1}_i −→_{λ∗} 1;

(3) for every α_i ∈ U_F , α^{pi}_i −→_{λ∗} 1;

(4) multiplication is not continuous in general with respect to λ_∗ ; (5) every fundamental sequence with respect to λ (resp. λ_∗ ) converges; (6) V_F and F^{∗ m} are closed subgroups of F^∗ for every m ⩾ 1; (7) The intersection of all open subgroups of őnite index containing a closed subgroup H coincides with H.

Deőnition. For topological spaces X_1, . . . , X_j deőne the ∗-product topology on X_1× · · · × X_j as the sequential saturation of the product topology.

6.3. K^{top}-groups

Deőnition. Let λ_m be the strongest topology on K_m(F ) such that subtraction in K_m(F ) and the natural map

φ: (F^∗)^m → K_m(F ), φ(α_1, . . . , α_m) = {(α_1, . . . , α_m}

are sequentially continuous. Then the topology λ_m coincides with its sequential saturation. Put Λ_m(F ) = ⋂ open neighbourhoods of 0.

It is straightforward to see that Λ_m(F ) is a subgroup of K_m(F ).

Properties.

(1) Λ_m(F ) is closed: indeed Λ_m(F ) ∋ x_i → x implies that x = x_i + y_i with y_i → 0, so x_i, y_i → 0, hence x = x_i + y_i → 0, so x ∈ Λ_m(F ).

(2) Put V K_m(F ) = ⟨{V_F } · K_{m−1}(F )⟩ ( V_F is deőned in subsection 1.1). Since the topology with V K_m(F ) and its shifts as a system of fundamental neighbourhoods satisőes two conditions of the previous deőnition, one obtains that Λ_m(F ) ⊂ V K_m(F ).

(3) λ_1 = λ_∗ .

Following the original approach of Parshin [P1] introduce now the following:

Deőnition. Set K^{top}_m (F ) = K_m(F )/Λ_m(F )

and endow it with the quotient topology of λ_m which we denote by the same notation.

This new group K^{top}_m (F ) is sometimes called the topological Milnor K -group of F . If char (K_{n−1}) = p then K^{top}_1 = K_1.

If char (K_{n−1}) = 0 then K^{top}_1 (K) ≠ K_1(K), since 1 + M_{Kn} (which is uniquely divisible) is a subgroup of Λ_1(K).

6.4. Explicit pairings

Explicit pairings of the Milnor K -groups of F are quite useful if one wants to study the structure of K^{top}-groups.

The general method is as follows. Assume that there is a pairing ⟨ , ⟩: A × B → Z/m of two Z/m-modules A and B. Assume that A is endowed with a topology with respect to which it has topological generators α_i where i runs over elements of a totally ordered countable set I. Assume that for every j ∈ I there is an element β_j ∈ B such that

⟨α_j , β_j ⟩ = 1 mod m, ⟨α_i, β_j ⟩ = 0 mod m for all i > j . Then if a convergent sum ∑ c_iα_i is equal to 0, assume that there is a minimal j with non-zero c_j and deduce that 0 = ∑ c_i⟨α_i, β_j ⟩ = c_j , a contradiction. Thus, {α_i} form a topological basis of A.

If, in addition, for every β ∈ B \ {0} there is an α ∈ A such that ⟨α, β⟩ ≠ 0, then the pairing ⟨ , ⟩ is obviously non-degenerate.

Pairings listed below satisfy the assumptions above and therefore can be applied to study the structure of quotients of the Milnor K -groups of F .

6.4.1. łValuation mapž.

Let ∂: K_r(K_s) → K_{r−1}(K_{s−1}) be the border homomorphism (see for example [FV, Ch. IX §2]). Put

v = v_F : K_n(F )^∂−→ K_{n−1}(K_{n−1})^∂−→ . . .^∂−→ K_0(K_0) = Z, v({t_1, . . . , t_n}) = 1

for a system of local parameters t_1, . . . , t_n of F . The valuation map v doesn’t depend on the choice of a system of local parameters.

6.4.2. Tame symbol.

Deőne t: K_n(F )/(q − 1) × F^∗/F^{∗ q−1} −→ K_{n+1}(F )/(q − 1) −→ F^∗_q → μ_{q−1}, q = |K_0| by K_{n+1}(F )/(q − 1)^∂−→ K_n(K_{n−1})/(q − 1)^∂−→ . . .^∂−→ K_1(K_0)/(q − 1) = F^∗_q → μ_{q−1}.

Here the map F^∗_q → μ_{q−1} is given by taking multiplicative representatives.

An explicit formula for this symbol (originally asked for in [P2] and suggested in [F1]) is simple: let t_1, . . . , t_n be a system of local parameters of F and let v = (v_1, . . . , v_n) be the associated valuation of rank n (see section 1 of this volume). For elements α_1, . . . , α_{n+1} of F^∗ the value t(α_1, α_2, . . . , α_{n+1}) is equal to the (q − 1) th root of unity whose residue is equal to the residue of

α^{b1}_1 . . . α^{bn+1}_{n+1} (−1)^b

in the last residue őeld F_q , where b = ∑ s,i<j vs(bi)vs(bj )b s i,j , b_j is the determinant of the matrix obtained by cutting off the j th column of the matrix A = (v_i(α_j )) with the sign (−1)^{j−1}, and b^s_{i,j} is the determinant of the matrix obtained by cutting off the i th and j th columns and s th row of A.

6.4.3. ArtinśSchreierśWitt pairing in characteristic p .

Deőne, following [P2], the pairing

( , ]_r: K_n(F )/p^r × W_r(F )/(F − 1)W_r(F ) → W_r(F_p ) ≃ Z/p^r by ( F is the map deőned in the section, Some Conventions) (α_0, . . . , α_n, (β_0, . . . , β_r)]_r = Tr_{K0/Fp} (γ_0, . . . , γ_r ) where the i th ghost component γ^{(i)} is given by res_{K0} (β^{(i)}α^{−1}_1 dα_1 ∧ · · · ∧ α^{−1}_n dα_n).

For its properties see [P2, sect. 3]. In particular, (1) for x ∈ K_n(F ) (x, V(β_0, . . . , β_{r−1})]_r = V(x, (β_0, . . . , β_{r−1})]_{r−1} where as usual for a őeld K

V: W_{r−1}(K) → W_r(K), V(β_0, . . . , β_{r−1}) = (0, β_0, . . . , β_{r−1}); (2) for x ∈ K_n(F ) (x, A(β_0, . . . , β_r)]_{r−1} = A(x, (β_0, . . . , β_r)]_r where for a őeld K A: W_r(K) → W_{r−1}(K), A(β_0, . . . , β_{r−1}, β_r) = (β_0, . . . , β_{r−1}). (3) If Tr θ_0 = 1 then ( {t_1, . . . , t_n}, θ_0 ] 1 = 1. If i_l is prime to p then ( {1 + θt^{in}_n . . . t^{i1}_1 , t_1, . . . , ^t_l, . . . , t_n}, θ_0θ^{−1}i^{−1}_l t^{−i1}_1 . . . t^{−in}_n ]_1 = 1. 6.4.4. Vostokov’s symbol in characteristic 0.

Suppose that μ_pr ⩽ F^∗ and p > 2. Vostokov’s symbol V ( , )_r: K_m(F )/p^r × K_{n+1−m}(F )/p^r → K_{n+1}(F )/p^r → μ_pr is deőned in section 8.3. For its properties see 8.3.

Each pairing deőned above is sequentially continuous, so it induces the pairing of K^{top}m (F ).

6.5. Structure of K^{top}(F ). I

Denote V K^{top}_m (F ) = ⟨ {V_F } · K^{top}_{m−1}(F ) ⟩ . Using the tame symbol and valuation v as described in the beginning of 6.4 it is easy to deduce that K_m(F ) ≃ V K_m(F ) ⊕ Z^{a(m)} ⊕ (Z/(q − 1))^{b(m)} with appropriate integer a(m), b(m) (see [FV, Ch. IX, §2]); similar calculations are applicable to K^{top}m (F ). For example, Z^{a(m)} corresponds to ⊕⟨{t_{j1} , . . . , t_{jm} }⟩ with 1 ⩽ j_1 < · · · < j_m ⩽ n. To study V K_m(F ) and V K^{top}m (F ) the following elementary equality is quite useful {1 − α, 1 − β} = { α, 1 + αβ 1 − α } + { 1 − β, 1 + αβ 1 − α } . Note that v(αβ/(1 − α)) = v(α) + v(β) if v(α), v(β) > (0, . . . , 0).

For ε, η ∈ V_F one can apply the previous formula to {ε, η} ∈ K^{top}_2 (F ) and using the topological convergence deduce that {ε, η} = ∑ {ρ_i, t_i} with units ρ_i = ρ_i(ε, η) sequentially continuously depending on ε, η.

Therefore V K^{top}_m (F ) is topologically generated by symbols { 1 + θt^{in}_n . . . t^{i1}_1 , t_{j1} . . . , t_{jm−1} } , θ ∈ μ_{q−1}. In particular, K^{top}_{n+2}(F ) = 0.

Lemma. ⋂ l⩾1 lK_m(F ) ⊂ Λ_m(F ). Proof. First, ⋂ lK_m(F ) ⊂ V K_m(F ). Let x ∈ V K_m(F ). Write x = ∑{ α_J , t_{j1} , . . . , t_{jm−1} } mod Λ_m(F ), α_J ∈ V_F .

Then p^rx = ∑{ α^{pr}_J } · { t_{j1} , . . . , t_{jm−1} } + λ_r, λ_r ∈ Λ_m(F ). It remains to apply property (3) in 6.2.

6.6. Structure of K^{top}(F ). II

This subsection 6.6 and the rest of this section are not required for understanding Parshin’s class őeld theory theory of higher local őelds of characteristic p which is discussed in section 7.

The next theorem relates the structure of V K^{top}_m (F ) with the structure of a simpler object.

Theorem 1 ([F5, Th. 4.6]). Let char (K_{n−1}) = p. The homomorphism g: ∏ J V_F → V K_m(F ), (β_J ) → ∑ J={j1,...,j_{m−}1} { β_J , t_{j1} , . . . , t_{jm−1} } induces a homeomorphism between ∏ V_F /g^{−1}(Λ_m(F )) endowed with the quotient of the ∗-topology and V K^{top}_m (F ); g^{−1}(Λ_m(F )) is a closed subgroup.

Since every closed subgroup of V_F is the intersection of some open subgroups of őnite index in V_F (property (7) of 6.2), we obtain the following:

Corollary. Λ_m(F ) = ⋂ open subgroups of őnite index in K_m(F ).

Remarks. 1. If F is of characteristic p, there is a complete description of the structure of K^{top}_m (F ) in the language of topological generators and relations due to Parshin (see subsection 7.2).

2. If char (K_{n−1}) = 0, then the border homomorphism in Milnor K -theory (see for instance [FV, Ch. IX §2]) induces the homomorphism V K_m(F ) → V K_m(K_{n−1}) ⊕ V K_{m−1}(K_{n−1}). Its kernel is equal to the subgroup of V K_m(F ) generated by symbols {u, . . . } with u in the group 1 + M_F which is uniquely divisible. So

V K^{top}_m (F ) ≃ V K^{top}_m (K_{n−1}) ⊕ V K^{top}_{m−1}(K_{n−1})

and one can apply Theorem 1 to describe V K^{top}m (F ).

Proof of Theorem 1. Recall that every symbol {α_1, . . . , α_m} in K^{top}m (F ) can be written as a convergent sum of symbols {β_J , t_{j1} , . . . , t_{jm−1} } with β_J sequentially continuously depending on α_i (subsection 6.5). Hence there is a sequentially continuous map f: V_F × F^{∗⊕m−1} → ∏ J V_F such that its composition with g coincides with the restriction of the map φ: (F^∗)^m → K^{top}_m (F ) on V_F ⊕ F^{∗⊕m−1}.

So the quotient of the ∗-topology of ∏ J V_F is ⩽ λ_m, as follows from the deőnition of λ_m . Indeed, the sum of two convergent sequences x_i, y_i in ∏ J V_F /g^{−1}(Λ_m(F )) converges to the sum of their limits.

Let U be an open subset in V K_m(F ). Then g^{−1}(U) is open in the ∗-product of the topology ∏ J V_F . Indeed, otherwise for some J there were a sequence α^{(i)}_J ∉ g^{−1}(U) which converges to α_J ∈ g^{−1}(U). Then the properties of the map φ of 6.3 imply that the sequence φ(α^{(i)}_J ) ∉ U converges to φ(α_J ) ∈ U which contradicts the openness of U . Theorem 2 ([F5, Th. 4.5]). If char (F ) = p then Λ_m(F ) is equal to ⋂ l⩾1 lK_m(F ) and is a divisible group.

Proof. BlochśKatośGabber’s theorem (see subsection A2 in the appendix to section 2) shows that the differential symbol d: K_m(F )/p −→ Ω^m_F , {α_1, . . . , α_m} −→ dα_1 α_1 ∧ · · · ∧ dα_m α_m Geometry & Topology Monographs, Volume 3 (2000) ś Invitation to higher local őelds is injective. The topology of Ω^m_F induced from F (as a őnite dimensional vector space) is Hausdorff, and d is continuous, so Λ_m(F ) ⊂ pK_m(F ).

Since V K_m(F )/Λ_m(F ) ≃ ∏ E_J doesn’t have p-torsion by Theorem 1 in subsection 7.2, Λ_m(F ) = pΛ_m(F ).

Theorem 3 ([F5, Th. 4.7]). If char (F ) = 0 then Λ_m(F ) is equal to ⋂ l⩾1 lK_m(F ) and is a divisible group. If a primitive l th root ζ_l belongs to F , then_lK^{top}m (F ) = {ζ_l} · K^{top}_{m−1}(F ).

Proof. To show that p^rV K_m(F ) ⊃ Λ_m(F ) it sufőces to check that p^rV K_m(F ) is the intersection of open neighbourhoods of p^rV K_m(F ).

We can assume that μ_p is contained in F applying the standard argument by using (p, |F (μ_p) : F |) = 1 and l-divisibility of V K_m(F ) for l prime to p.

If r = 1 then one can use BlochśKato’s description of

U_iK_m(F ) + pK_m(F )/U_{i+1}K_m(F ) + pK_m(F )

in terms of products of quotients of Ω^j_{Kn−1} (section 4). Ω^j_{Kn−1} and its quotients are őnite-dimensional vector spaces over K_{n−1}/K^p_{n−1}, so the intersection of all neighborhoods of zero there with respect to the induced from K_{n−1} topology is trivial. Therefore the injectivity of d implies Λ_m(F ) ⊂ pK_m(F ).

Thus, the intersection of open subgroups in V K_m(F ) containing pV K_m(F ) is equal to pV K_m(F ).

Induction Step.

For a őeld F consider the pairing ( , )_r: K_m(F )/p^r × H^{n+1−m}(F, μ^{⊗n−m}_pr ) → H^{n+1}(F, μ^{⊗n}_pr ) given by the cup product and the map F^∗ → H^1(F, μ_pr ). If μ_pr ⊂ F , then Blochś Kato’s theorem shows that ( , )_r can be identiőed (up to sign) with Vostokov’s pairing V_r( , ). For χ ∈ H^{n+1−m}(F, μ^{⊗n−m}_pr ) put A_χ = {α ∈ K_m(F ) : (α, χ)_r = 0}.

One can show [F5, Lemma 4.7] that A_χ is an open subgroup of K_m(F ).

Let α belong to the intersection of all open subgroups of V K_m(F ) which contain p^rV K_m(F ). Then α ∈ A_χ for every χ ∈ H^{n+1−m}(F, μ^{⊗n−m}_pr ).

Set L = F (μ_pr ) and p^s = |L : F |. From the induction hypothesis we deduce that α ∈ p^sV K_m(F ) and hence α = N_{L/F} β for some β ∈ V K_m(L). Then 0 = (α, χ)_{r,F} = (N_{L/F} β, χ)_{r,F} = (β, i_{F/L}χ)_{r,L} where i_{F/L} is the natural map. Keeping in mind the identiőcation between Vostokov’s pairing V_r and ( , )_r for the őeld L we see that β is annihilated by i_{F/L}K_{n+1−m}(F ) with respect to Vostokov’s pairing. Using explicit calculations with Vostokov’s pairing one can directly deduce that β ∈ (σ − 1)K_m(L) + p^{r−s}i_{F/L}K_m(F ) + p^rK_m(L), and therefore α ∈ p^rK_m(F ), as required.

Thus p^rK_m(F ) = ⋂ open neighbourhoods of p^rV K_m(F ).

To prove the second statement we can assume that l is a prime. If l ≠ p, then since K^{top}_m (F ) is the direct sum of several cyclic groups and V K^{top}_m (F ) and since l-torsion of K^{top}m (F ) is p-divisible and ∩_rp^rV K^{top}m (F ) = {0}, we deduce the result.

Consider the most difőcult case of l = p. Use the exact sequence 0 → μ^{⊗n}_ps → μ^{⊗n}_{ps+1} → μ^{⊗n}_p → 0 and the following commutative diagram (see also subsection 4.3.2) μ_p ⊗ K_{m−1}(F )/p −−−−→ K_m(F )/p^{s p}−−−−→ K_m(F )/p^{s+1}

H^{m−1}(F, μ^{⊗m}_p ) −−−−→ H^m(F, μ^{⊗m}_ps ) −−−−→ H^m(F, μ^{⊗m}_{ps+1} ). We deduce that px ∈ Λ_m(F ) implies px ∈ ⋂ p^rK_m(F ), so x = {ζ_p}·a_{r−1} +p^{r−1}b_{r−1} for some a_i ∈ K^{top}_{m−1}(F ) and b_i ∈ K^{top}_m (F ).

Deőne ψ: K^{top}_{m−1}(F ) → K^{top}_m (F ) as ψ(α) = {ζ_p} · α; it is a continuous map. Put D_r = ψ^{−1}(p^rK^{top}_m (F )). The group D = ∩D_r is the kernel of ψ. One can show [F5, proof of Th. 4.7] that {a_r} is a Cauchy sequence in the space K^{top}_{m−1}(F )/D which is complete. Hence there is y ∈ ⋂ ( a_{r−1} + D_{r−1} ) . Thus, x = {ζ_p} · y in K^{top}m (F ).

Divisibility follows.

Remarks. 1. Compare with Theorem 8 in 2.5.

2. For more properties of K^{top}m (F ) see [F5].

3. Zhukov [Z, §7ś10] gave a description of K^{top}n (F ) in terms of topological generators and relations for some őelds F of characteristic zero with small v_F (p).

6.7. The group Km(F )/l

6.7.1. If a prime number l is distinct from p, then, since V_F is l-divisible, we deduce from 6.5 that K_m(F )/l ≃ K^{top}_m (F )/l ≃ (Z/l)^{a(m)} ⊕ (Z/d)^{b(m)} where d = gcd(q − 1, l).

6.7.2. The case of l = p is more interesting and difőcult. We use the method described at the beginning of 6.4.

If char (F ) = p then the ArtinśSchreier pairing of 6.4.3 for r = 1 helps one to show that K^{top}_n (F )/p has the following topological Z/p-basis: { 1 + θt^{in}_n . . . t^{i1}_1 , t_n, . . . , ^t_l, . . . , t_1 } where p ∤ gcd(i_1, . . . , i_n), 0 < (i_1, . . . , i_n), l = min {k : p ∤ i_k} and θ runs over all elements of a őxed basis of K_0 over F_p .

If char (F ) = 0, ζ_p ∈ F^∗, then using Vostokov’s symbol (6.4.4 and 8.3) one obtains that K^{top}_n (F )/p has the following topological Z_p-basis consisting of elements of two types:

ω_∗(j) = { 1 + θ_∗t^{pen/(p−1)} n . . . t^{pe1/(p−1)} 1 , t_n, . . . , ^t_j , . . . , t_1 } where 1 ⩽ j ⩽ n, (e_1, . . . , e_n) = v_F (p) and θ_∗ ∈ μ_{q−1} is such that 1 + θ_∗t^{pen/(p−1)} n . . . t^{pe1/(p−1)} 1 doesn’t belong to F^{∗p} and { 1 + θt^{in}_n . . . t^{i1}_1 , t_n, . . . , ^t_l, . . . , t_1 } where p ∤ gcd(i_1, . . . , i_n), 0 < (i_1, . . . , i_n) < p(e_1, . . . , e_n)/(p − 1), l = min {k : p ∤ i_k}, where θ runs over all elements of a őxed basis of K_0 over F_p .

If ζ_p ∉ F^∗, then pass to the őeld F (ζ_p) and then go back, using the fact that the degree of F (ζ_p)/F is relatively prime to p. One deduces that K^{top}n (F )/p has the following topological Z_p-basis: { 1 + θt^{in}_n . . . t^{i1}_1 , t_n, . . . , ^t_l, . . . , t_1 } where p ∤ gcd(i_1, . . . , i_n), 0 < (i_1, . . . , i_n) < p(e_1, . . . , e_n)/(p − 1), l = min {k : p ∤ i_k}, where θ runs over all elements of a őxed basis of K_0 over F_p .

6.8. The norm map on K^{top}-groups

Deőnition. Deőne the norm map on K^{top}_n (F ) as induced by N_{L/F} : K_n(L) → K_n(F ).

Alternatively in characteristic p one can deőne the norm map as in 7.4. 6.8.1. Put u_{i1,...,in} = U_{i1,...,in} /U_{i1+1,...,in} . Proposition ([F2, Prop. 4.1] and [F3, Prop. 3.1]). Let L/F be a cyclic extension of prime degree l such that the extension of the last őnite residue őelds is trivial. Then there is s and a local parameter t_{s,L} of L such that L = F (t_{s,L}). Let t_1, . . . , t_n be a system of local parameters of F , then t_1, . . . , t_{s,L}, . . . , t_n is a system of local parameters of L.

Let l = p. For a generator σ of Gal(L/F ) let σt_{s,L} t_{s,L} = 1 + θ_0t^{rn}_n · · · t^{rs}_{s,L} · · · t^{r1}_1 + · · · Then (1) if (i_1, . . . , i_n) < (r_1, . . . , r_n) then N_{L/F} : u_{i1,...,in,L} → u_{pi1,...,is,...,pin,F} sends θ ∈ K_0 to θ^p;

(2) if (i_1, . . . , i_n) = (r_1, . . . , r_n) then N_{L/F} : u_{i1,...,in,L} → u_{pi1,...,is,...,pin,F} sends θ ∈ K_0 to θ^p − θθ^{p−1}_0 ;

(3) if (j_1, . . . , j_n) > 0 then N_{L/F} : u_{j1+r1,...,pjs+rs,...,jn+rn,L} → u_{j1+pr1,...,js+rs,...,jn+prn,F} sends θ ∈ K_0 to −θθ^{p−1}_0 .

Proof. Similar to the one-dimensional case [FV, Ch. III §1].

6.8.2. If L/F is cyclic of prime degree l then K^{top}_n (L) = ⟨ {L^∗} · i_{F/L}K^{top}_{n−1}(F ) ⟩ where i_{F/L} is induced by the embedding F^∗ → L^∗ . For instance (we use the notations of section 1), if f(L|F ) = l then L is generated over F by a root of unity of order prime to p; if e_i(L|F ) = l, then use the previous proposition. Corollary 1. Let L/F be a cyclic extension of prime degree l. Then |K^{top}_n (F ) : N_{L/F} K^{top}_n (L)| = l.

If L/F is as in the preceding proposition, then the element { 1 + θ_∗t^{prn}_n · · · t^{rs}_{s,F} · · · t^{pr1}_1 , t_1, . . . , ^t_s, . . . , t_n } , where the residue of θ_∗ in K_0 doesn’t belong to the image of the map O_F^{θ→θ} p−θθ^{p−}10 −−−−−−−−→ O_F −→ K_0, is a generator of K^{top}_n (F )/N_{L/F} K^{top}_n (L).

If f(L|F ) = 1 and l ≠ p, then { θ_∗, t_1, . . . , ^t_s, . . . , t_n } where θ_∗ ∈ μ_{q−1} \ μ^l_{q−1} is a generator of K^{top}_n (F )/N_{L/F} K^{top}_n (L).

If f(L|F ) = l, then { t_1, . . . , t_n } is a generator of K^{top}n (F )/N_{L/F} K^{top}n (L).

Corollary 2. N_{L/F} (closed subgroup) is closed and N^{−1}_{L/F} (open subgroup) is open.

Proof. Sufőcient to show for an extension of prime degree; then use the previous proposition and Theorem 1 of 6.6.

6.8.3.

Theorem 4 ([F2, §4], [F3, §3]). Let L/F be a cyclic extension of prime degree l with a generator σ then the sequence K^{top}_n (F )/l ⊕ K^{top}_n (L)/l^{iF/L⊕(1−σ)} −−−−−−−→ K^{top}_n (L)/l^{NL/F}−−−→ K^{top}_n (F )/l is exact.

Proof. Use the explicit description of K^{top}_n /l in 6.7.

This theorem together with the description of the torsion of K^{top}n (F ) in 6.6 imply: Corollary. Let L/F be cyclic with a generator σ then the sequence

K^{top}_n (L)^{1−σ}−−→ K^{top}_n (L)^{NL/F}−−−→ K^{top}_n (F ) is exact.

References

[BK] S. Bloch and K. Kato, p-adic Âetale cohomology, Inst. Hautes ÂEtudes Sci. Publ. Math.

63(1986), 107ś152.

[F1] I. Fesenko, Explicit constructions in local őelds, Thesis, St. Petersburg Univ. 1987. [F2] I. Fesenko, Class őeld theory of multidimensional local őelds of characteristic 0, with the residue őeld of positive characteristic, Algebra i Analiz (1991); English translation in St. Petersburg Math. J. 3(1992), 649ś678.

[F3] I. Fesenko, Multidimensional local class őeld theory II, Algebra i Analiz (1991); English translation in St. Petersburg Math. J. 3(1992), 1103ś1126.

[F4] I. Fesenko, Abelian extensions of complete discrete valuation őelds, Number Theory Paris 1993/94, Cambridge Univ. Press, 1996, 47ś74.

[F5] I. Fesenko, Sequential topologies and quotients of the Milnor K -groups of higher local őelds, preprint, www.maths.nott.ac.uk/personal/ibf/stqk.ps

[FV] I. Fesenko and S. Vostokov, Local Fields and Their Extensions, AMS, Providence RI, 1993.

[K1] K. Kato, A generalization of local class őeld theory by using K -groups I, J. Fac. Sci.

Univ. Tokyo Sec. IA 26 No.2 (1979), 303ś376.

[K2] K. Kato, A generalization of local class őeld theory by using K -groups II, J. Fac. Sci.

Univ. Tokyo Sec. IA 27 No.3 (1980), 603ś683.

[K3] K. Kato, Existence theorem for higher local class őeld theory, this volume. [Kn] B. Kahn, L’anneau de Milnor d’un corps local a corps residuel parfait, Ann. Inst. Fourier 34(1984), 19ś65.

[P1] A. N. Parshin, Class őelds and algebraic K -theory, Uspekhi Mat. Nauk 30(1975), 253ś 254; English translation in Russian Math. Surveys.

[P2] A. N. Parshin, Local class őeld theory, Trudy Mat. Inst. Steklov. (1985); English translation in Proc. Steklov Inst. Math. 1985, issue 3, 157ś185.

[P3] A. N. Parshin, Galois cohomology and Brauer group of local őelds, Trudy Mat. Inst.

Steklov. (1990); English translation in Proc. Steklov Inst. Math. 1991, issue 4, 191ś201. [S] R. F. Snipes, Convergence and continuity: the adequacy of őlterbases, the inadequacy of sequences, and spaces in which sequences sufőce, Nieuw Arch. voor Wiskunde (3) 23(1975), 8ś31.

[V] S. V. Vostokov, Explicit construction of class őeld theory for a multidimensional local őeld, Izv. Akad. Nauk SSSR Ser. Mat. (1985) no.2; English translation in Math. USSR Izv. 26(1986), 263ś288.

[Z] I. B. Zhukov, Milnor and topological K -groups of multidimensional complete őelds, Algebra i analiz (1997); English translation in St. Petersburg Math. J. 9(1998), 69ś105.

Department of Mathematics University of Nottingham Nottingham NG7 2RD England E-mail: ibf@maths.nott.ac.uk

Geometry & Topology Monographs Volume 3: Invitation to higher local őelds Part I, section 7, pages 75ś79

7. Parshin’s higher local class őeld theory

in characteristic p

Ivan Fesenko

Parshin’s theory in characteristic p is a remarkably simple and effective approach to all the main theorems of class őeld theory by using relatively few ingredients.

Let F = K_n, . . . , K_0 be an n-dimensional local őeld of characteristic p. In this section we use the results and deőnitions of 6.1ś6.5; we don’t need the results of 6.6 ś 6.8.

7.1 Recall that the group V_F is topologically generated by 1 + θt^{in}_n . . . t^{i1}_1 , θ ∈ R^∗, p ∤ (i_n, . . . , i_1) (see 1.4.2). Note that i_1 . . . i_n{1 + θt^{in}_n . . . t^{i1}_1 , t_1, . . . , t_n} = {1 + θt^{in}_n . . . t^{i1}_1 , t^{i1}_1 , . . . , t^{in}_n } = {1 + θt^{in}_n . . . t^{i1}_1 , t^{i1}_1 · · · t^{in}_n , . . . , t^{in}_n } = {1 + θt^{in}_n . . . t^{i1}_1 , −θ, . . . , t^{in}_n } = 0, since θ^{q−1} = 1 and V_F is (q − 1)-divisible. We deduce that K^{top}_{n+1}(F ) ≃ F^∗_q , {θ, t_1, . . . , t_n} → θ, θ ∈ R^∗. Recall that (cf. 6.5) K^{top}_n (F ) ≃ Z ⊕ ( Z/(q − 1) )_n ⊕ V K^{top}_n (F ), where the őrst group on the RHS is generated by {t_n, . . . , t_1}, and the second by {θ, . . . , ^t_l, . . . } (apply the tame symbol and valuation map of subsection 6.4).

Published 10 December 2000: © Geometry & Topology Publications

7.2. The structure of V K^{top}n (F )

Using the ArtinśSchreierśWitt pairing (its explicit form in 6.4.3)

( , ]_r: K^{top}_n (F )/p^r × W_r(F )/(F − 1)W_r(F ) → Z/p^r, r ⩾ 1

and the method presented in subsection 6.4 we deduce that every element of V K^{top}_n (F ) is uniquely representable as a convergent series ∑ a_{θ,in,...,i1} {1 + θt^{in}_n . . . t^{i1}_1 , t_1, . . . , ^t_l, . . . , t_n}, a_{θ,in,...,i1} ∈ Z_p, where θ runs over a basis of the F_p -space K_0, p ∤ gcd(i_n, . . . , i_1) and l = min {k : p ∤ i_k}. We also deduce that the pairing ( , ]_r is non-degenerate.

Theorem 1 (Parshin, [P2]). Let J = {j_1, . . . , j_{m−1}} run over all (m − 1)-elements subsets of {1, . . . , n}, m ⩽ n + 1. Let E_J be the subgroups of V_F generated by 1 + θt^{in}_n . . . t^{i1}_1 , θ ∈ μ_{q−1} such that p ∤ gcd (i_1, . . . , i_n) and min {l : p ∤ i_l} /∈ J . Then the homomorphism h: ∗ śtopology ∏ J E_J → V K^{top}_m (F ), (ε_J ) → ∑ J={j1,...,jm−1} { ε_J , t_{j1} , . . . , t_{jm−1} }

is a homeomorphism.

Proof. There is a sequentially continuous map f: V_F × F^{∗⊕m−1} → ∏ J E_J such that its composition with h coincides with the restriction of the map φ: (F^∗)^m → K^{top}_m (F ) of 6.3 on V_F ⊕ F^{∗⊕m−1}.

So the topology of

∏_{∗ śtopology}

J E_J is ⩽ λ_m, as follows from the deőnition of λ_m .

Let U be an open subset in V K_m(F ). Then h^{−1}(U) is open in the ∗-product of the topology ∏ J E_J . Indeed, otherwise for some J there were a sequence α^{(i)}_J ∉ h^{−1}(U) which converges to α_J ∈ h^{−1}(U). Then the sequence φ(α^{(i)}_J ) ∉ U converges to φ(α_J ) ∈ U which contradicts the openness of U .

Corollary. K^{top}m (F ) has no nontrivial p-torsion; ∩p^rV K^{top}m (F ) = {0}.

7.3 Put ~W (F ) = lim−→ W_r(F )/(F − 1)W_r(F ) with respect to the homomorphism V: (a_0, . . . , a_{r−1}) → ( 0, a_0, . . . , a_{r−1} ) . From the pairings (see 6.4.3) K^{top}_n (F )/p^r × W_r(F )/(F − 1)W_r(F )^{( , ]r}−−−→ Z/p^r −→ 1 p^r Z/Z one obtains a non-degenerate pairing ( , ]: ~K_n(F ) × ~W (F ) → Q_p /Z_p where ~K_n(F ) = K^{top}n (F )/ ⋂ r⩾1 p^rK^{top}n (F ). From 7.1 and Corollary of 7.2 we deduce ⋂ r⩾1 p^rK^{top}_n (F ) = Tors_p′ K^{top}_n (F ) = Tors K^{top}_n (F ),

where Tors_p′ is prime-to- p-torsion.

Hence ~K_n(F ) = K^{top}_n (F )/ Tors K^{top}_n (F ).

7.4. The norm map on K^{top}-groups in characteristic p

Following Parshin we present an alternative description (to that one in subsection 6.8) of the norm map on K^{top}-groups in characteristic p.

If L/F is cyclic of prime degree l, then it is more or less easy to see that

K^{top}_n (L) = ⟨ {L^∗} · i_{F/L}K^{top}_{n−1}(F ) ⟩ where i_{F/L} is induced by the embedding F^∗ → L^∗ . For instance, if f(L|F ) = l then L is generated over F by a root of unity of order prime to p; if e_i(L|F ) = l, then there is a system of local parameters t_1, . . . , t^′_i, . . . , t_n of L such that t_1, . . . , t_i, . . . , t_n is a system of local parameters of F .

For such an extension L/F deőne [P2] N_{L/F} : K^{top}_n (L) → K^{top}_n (F ) as induced by N_{L/F} : L^∗ → F^∗. For a separable extension L/F őnd a tower of subextensions F = F_0 − F_1 − · · · − F_{r−1} − F_r = L such that F_i/F_{i−1} is a cyclic extension of prime degree and deőne N_{L/F} = N_{F1/F0} ∘ · · · ∘ N_{Fr /Fr−1} .

To prove correctness use the non-degenerate pairings of subsection 6.4 and the properties (N_{L/F} α, β]_{F,r} = (α, i_{F/L} β]_{L,r} for p-extensions; t ( N_{L/F} α, β ) F = t(α, i_{F/L}β)_L for prime-to- p-extensions ( t is the tame symbol of 6.4.2).

7.5. Parshin’s reciprocity map

Parshin’s theory [P2], [P3] deals with three partial reciprocity maps which then can be glued together.

Proposition ([P3]). Let L/F be a cyclic p-extension. Then the sequence 0 −→ ~K_n(F )^{iF/L}−−−→ ~K_n(L)^{1−σ}−−→ ~K_n(L)^{NL/F}−−−→ ~K_n(F ) is exact and the cokernel of N_{L/F} is a cyclic group of order |L : F |. Proof. The sequence is dual (with respect to the pairing of 7.3) to ~W (F ) −→ ~W (L)^{1−σ}−−→ ~W (L)^{Tr L/F}−−−−→ ~W (F ) −→ 0. The norm group index is calculated by induction on degree.

Hence the class of p-extensions of F and ~K_n(F ) satisfy the classical class formation axioms. Thus, one gets a homomorphism ~K_n(F ) → Gal(F^{abp}/F ) and Ψ^{(p)}_F : K^{top}_n (F ) → Gal(F^{abp}/F ) where F^{abp} is the maximal abelian p-extension of F . In the one-dimensional case this is KawadaśSatake’s theory [KS].

The valuation map v of 6.4.1 induces a homomorphism

Ψ^{(ur)}_F : K^{top}_n (F ) → Gal(F_{ur}/F ), {t_1, . . . , t_n} → the lifting of the Frobenius automorphism of K^{sep}_0 /K_0;

and the tame symbol t of 6.4.2 together with Kummer theory induces a homomorphism Ψ^{(p′)}_F : K^{top}_n (F ) → Gal(F (^{q−1} √ t_1, . . . ,^{q−1} √ t_n)/F ). The three homomorphisms Ψ^{(p)}_F , Ψ^{(ur)}_F , Ψ^{(p′)}_F agree [P2], so we get the reciprocity map Ψ_F : K^{top}_n (F ) → Gal(F^{ab}/F ) with all the usual properties.

Remark. For another rather elementary approach [F1] to class őeld theory of higher local őelds of positive characteristic see subsection 10.2. For Kato’s approach to higher class őeld theory see section 5 above.

References

[F1] I. Fesenko, Multidimensional local class őeld theory II, Algebra i Analiz (1991); English translation in St. Petersburg Math. J. 3(1992), 1103ś1126.

[F2] I. Fesenko, Abelian local p-class őeld theory, Math. Ann. 301(1995), 561ś586. [KS] Y. Kawada and I. Satake, Class formations II, J. Fac. Sci. Univ. Tokyo Sect. IA Math.

7(1956), 353ś389.

[P1] A. N. Parshin, Class őelds and algebraic K -theory, Uspekhi Mat. Nauk 30(1975), 253ś 254; English translation in Russian Math. Surveys.

[P2] A. N. Parshin, Local class őeld theory, Trudy Mat. Inst. Steklov. (1985); English translation in Proc. Steklov Inst. Math. 1985, issue 3, 157ś185.

[P3] A. N. Parshin, Galois cohomology and Brauer group of local őelds, Trudy Mat. Inst.

Steklov. (1990); English translation in Proc. Steklov Inst. Math. 1991, issue 4, 191ś201.

Department of Mathematics University of Nottingham Nottingham NG7 2RD England E-mail: ibf@maths.nott.ac.uk

Geometry & Topology Monographs Volume 3: Invitation to higher local őelds Part I, section 8, pages 81ś89

8. Explicit formulas for the Hilbert symbol

Sergei V. Vostokov

Recall that the Hilbert symbol for a local őeld K with őnite residue őeld which contains a primitive p^n th root of unity ζ_pn is a pairing ( , )_pn : K^∗/K^{∗ pn} × K^∗/K^{∗ pn} → ⟨ζ_pn ⟩, (α, β)_pn = γ^{ΨK (α)−1}, γ^{pn} = β, where Ψ_K : K^∗ → Gal(K^{ab}/K) is the reciprocity map.

8.1. History of explicit formulas for the Hilbert symbol

There are two different branches of explicit reciprocity formulas (for the Hilbert symbol).

8.1.1. The őrst branch (Kummer’s type formulas).

Theorem (E. Kummer 1858). Let K = Q_p (ζ_p), p ≠ 2. Then for principal units ε, η

(ε, η)_p = ζ res(log η(X) d log ε(X)X^{−p}) p where ε(X)|_{X=ζp−1} = ε, η(X)|_{X=ζp −1} = η, ε(X), η(X) ∈ Z_p[[X]]^∗ .

The important point is that one associates to the elements ε, η the series ε(X), η(X) in order to calculate the value of the Hilbert symbol.

Theorem (I. Shafarevich 1950). Complete explicit formula for the Hilbert norm residue symbol (α, β)_pn , α, β ∈ K^∗, K ⊃ Q_p (ζ_pn ), p ≠ 2, using a special basis of the group of principal units.

This formula is not very easy to use because of the special basis of the group of units and certain difőculties with its veriőcation for n > 1. One of applications of this formula was in the work of Yakovlev on the description of the absolute Galois group of a local őeld in terms of generators and relations.

Complete formulas, which are simpler that Shafarevich’s formula, were discovered in the seventies:

Published 10 December 2000: © Geometry & Topology Publications

Theorem (S. Vostokov 1978), (H. BrÈuckner 1979). Let a local őeld K with őnite residue őeld contain Q_p (ζ_pn ) and let p ≠ 2. Denote O_0 = W (k_K ), Tr = Tr_{O0/Zp} . Then for α, β ∈ K^∗ (α, β)_pn = ζ Tr res Φ(α, β)/s p^n , Φ(α, β) = l(β)α −1dα − l(α) 1 p β^{−△}dβ^△ where α = θX^m(1 + ψ(X)), θ ∈ R, ψ ∈ XO_0[[X]], is such that α(π) = α, s = ζ_pn^{pn} − 1, l(α) = 1 p log ( α^p/α^△ ) , (∑ a_iX^i )_△ = ∑ Frob_K (a_i)X^{pi}, a_i ∈ O_0.

Note that for the term X^{−p} in Kummer’s theorem can be written as X^{−p} = 1/(ζ_p^p − 1) mod p, since ζ_p = 1 + π and so s = ζ_p^p − 1 = (1 + X)^p − 1 = X^p mod p.

The works [V1] and [V2] contain two different proofs of this formula. One of them is to construct the explicit pairing (α, β) → ζ Tr res Φ(α, β)/s p^n and check the correctness of the deőnition and all the properties of this pairing completely independently of class őeld theory (somewhat similarly to how one works with the tame symbol), and only at the last step to show that the pairing coincides with the Hilbert symbol. The second method, also followed by BrÈukner, is different: it uses Kneser’s (1951) calculation of symbols and reduces the problem to a simpler one: to őnd a formula for (ε, π)_pn where π is a prime element of K and ε is a principal unit of K. Whereas the őrst method is very universal and can be extended to formal groups and higher local őelds, the second method works well in the classical situation only.

For p = 2 explicit formulas were obtained by G. Henniart (1981) who followed to a certain extent BrÈuckner’s method, and S. Vostokov and I. Fesenko (1982, 1985).

8.1.2. The second branch (ArtinśHasse’s type formulas).

Theorem (E. Artin and H. Hasse 1928). Let K = Q_p (ζ_pn ), p ≠ 2. Then for a principal unit ε and prime element π = ζ_pn − 1 of K (ε, ζ_pn )_pn = ζ Tr (− log ε)/p^n p^n , (ε, π)p^n = ζ Tr (π^{−1}ζ_pn log ε)/p^n p^n where Tr = Tr_{K/Qp} .

Theorem (K. Iwasawa 1968). Formula for (ε, η)_pn where K = Q_p (ζ_pn ), p ≠ 2, ε, η are principal units of K and v_K (η − 1) > 2v_K (p)/(p − 1).

To some extent the following formula can be viewed as a formula of ArtinśHasse’s type. Sen deduced it using his theory of continuous Galois representations which itself is a generalization of a part of Tate’s theory of p-divisible groups. The Hilbert symbol is interpreted as the cup product of H^1.

Theorem (Sh. Sen 1980). Let |K : Q_p | < ∞, ζ_pn ∈ K, and let π be a prime element of O_K . Let g(T ), h(T ) ∈ W (k_K )[T ] be such that g(π) = β ≠ 0, h(π) = ζ_pm . Let α ∈ O_K , v_K (α) ⩾ 2v_K (p)/(p − 1). Then (α, β)_pm = ζ^c_pm , c = 1 p^m Tr_{K/Qp} ( ζ_pm h^′(π) g^′(π) β log α ) .

R. Coleman (1981) gave a new form of explicit formulas which he proved for K = Q_p (ζ_pn ). He uses formal power series associated to norm compatible sequences of elements in the tower of őnite subextensions of the p-cyclotomic extension of the ground őeld and his formula can be viewed as a generalization of Iwasawa’s formula.

8.2. History: Further developments

8.2.1. Explicit formulas for the (generalized) Hilbert symbol in the case where it is deőned by an appropriate class őeld theory.

Deőnition. Let K be an n-dimensional local őeld of characteristic 0 which contains a primitive p^m th root of unity. The p^m th Hilbert symbol is deőned as K^{top}_n (K)/p^m × K^∗/K^{∗pm} → ⟨ζ_pm ⟩, (α, β)_pm = γ^{ΨK (α)−1}, γ^{pm} = β, where Ψ_K : K^{top}_n (K) → Gal(K^{ab}/K) is the reciprocity map.

For higher local őelds and p > 2 complete formulas of Kummer’s type were constructed by S. Vostokov (1985). They are discussed in subsections 8.3 and their applications to K -theory of higher local őelds and p-part of the existence theorem in characteristic 0 are discussed in subsections 6.6, 6.7 and 10.5. For higher local őelds, p > 2 and LubinśTate formal group complete formulas of Kummer’s type were deduced by I. Fesenko (1987).

Relations of the formulas with syntomic cohomologies were studied by K. Kato (1991) in a very important work where it is suggested to use FontaineśMessing’s syntomic cohomologies and an interpretation of the Hilbert symbol as the cup product explicitly computable in terms of the cup product of syntomic cohomologies; this approach implies Vostokov’s formula. On the other hand, Vostokov’s formula appropriately generalized deőnes a homomorphism from the Milnor K -groups to cohomology groups of a syntomic complex (see subsection 15.1.1). M. Kurihara (1990) applied syntomic cohomologies to deduce Iwasawa’s and Coleman’s formulas in the multiplicative case.

For higher local őelds complete formulas of ArtinśHasse’s type were constructed by M. Kurihara (1998), see section 9.

8.2.2. Explicit formulas for p-divisible groups.

Deőnition. Let F be a formal p-divisible group over the ring O_{K0} where K_0 is a subőeld of a local őeld K. Let K contain p^n -division points of F . Deőne the Hilbert symbol by

K^∗ × F (M_K ) → ker[p^n], (α, β)_pn = Ψ_K (α)(γ) −_F γ, [p^n](γ) = β,

where Ψ_K : K^∗ → Gal(K^{ab}/K) is the reciprocity map.

For formal LubinśTate groups, complete formulas of Kummer’s type were obtained by S. Vostokov (1979) for odd p and S. Vostokov and I. Fesenko (1983) for even p. For relative formal LubinśTate groups complete formulas of Kummer’s type were obtained by S. Vostokov and A. Demchenko (1995).

For local őelds with őnite residue őeld and formal LubinśTate groups formulas of ArtinśHasse’s type were deduced by A. Wiles (1978) for K equal to the [π^n]-division őeld of the isogeny [π] of a formal LubinśTate group; by V. Kolyvagin (1979) for K containing the [π^n]-division őeld of the isogeny [π]; by R. Coleman (1981) in the multiplicative case and some partial cases of LubinśTate groups; his conjectural formula in the general case of LubinśTate groups was proved by E. de Shalit (1986) for K containing the [π^n]-division őeld of the isogeny [π]. This formula was generalized by Y. Sueyoshi (1990) for relative formal LubinśTate groups. F. Destrempes (1995) extended Sen’s formulas to LubinśTate formal groups.

J.śM. Fontaine (1991) used his crystalline ring and his and J.śP. Wintenberger’s theory of őeld of norms for the p-cyclotomic extension to relate Kummer theory with ArtinśSchreierśWitt theory and deduce in particular some formulas of Iwasawa’s type using Coleman’s power series. D. Benois (1998) further extended this approach by using FontaineśHerr’s complex and deduced Coleman’s formula. V. Abrashkin (1997) used another arithmetically proőnite extension ( L = ∪F_i of F , F_i = F_{i−1}(π_i), π^p_i = π_{i−1}, π_0 being a prime element of F ) to deduce the formula of BrÈucknerśVostokov.

For formal groups which are deőned over an absolutely unramiőed local őeld K_0 ( e(K_0|Q_p ) = 1 ) and therefore are parametrized by Honda’s systems, formulas of Kummer’s type were deduced by D. Benois and S. Vostokov (1990), for n = 1 and one-dimensional formal groups, and by V. Abrashkin (1997) for arbitrary n and arbitrary formal group with restriction that K contains a primitive p^n th root of unity. For one dimensional formal groups and arbitrary n without restriction that K contains a primitive p^n th root of unity in the ramiőed case formulas were obtained by S. Vostokov and A. Demchenko (2000). For arbitrary n and arbitrary formal group without restrictions on K Abrashkin’s formula was established by Benois (2000), see subsection 6.6 of Part II.

Sen’s formulas were generalized to all p-divisible groups by D. Benois (1997) using an interpretation of the Hilbert pairing in terms of an explicit construction of p-adic periods. T. Fukaya (1998) generalized the latter for higher local őelds.

8.2.3. Explicit formulas for p-adic representations. The previously discussed explicit formulas can be viewed as a description of the exponential map from the tangent space of a formal group to the őrst cohomology group with coefőcients in the Tate module. Bloch and Kato (1990) deőned a generalization of the exponential map to de Rham representations. An explicit description of this map is closely related to the computation of Tamagawa numbers of motives which play an important role in the BlochśKato conjecture. The description of this map for the Q_p (n) over cyclotomic őelds was given by BlochśKato (1990) and Kato (1993); it can be viewed as a vast generalization of Iwasawa’s formula (the case n = 1 ). B. Perrin-Riou constructed an Iwasawa theory for crystalline representations over an absolutely unramiőed local őeld and conjectured an explicit description of the cup product of the cohomology groups. There are three different approaches which culminate in the proof of this conjecture by P. Colmez (1998), K. KatośM. KuriharaśT. Tsuji (unpublished) and for crystalline representations of őnite height by D. Benois (1998).

K. Kato (1999) gave generalizations of explicit formulas of ArtinśHasse, Iwasawa and Wiles type to p-adically complete discrete valuation őelds and p-divisible groups which relates norm compatible sequences in the Milnor K -groups and trace compatible sequences in differential forms; these formulas are applied in his other work to give an explicit description in the case of p-adic completions of function őelds of modular curves.

8.3. Explicit formulas in higher dimensional őelds of characteristic 0

Let K be an n-dimensional őeld of characteristic 0, char (K_{n−1}) = p, p > 2. Let ζ_pm ∈ K. Let t_1, . . . , t_n be a system of local parameters of K. For an element

α = t^{in}_n . . . t^{i1}_1 θ(1 + ∑ a_J t^{jn}_n . . . t^{j1}_1 ), θ ∈ R^∗, a_J ∈ W (K_0),

(j_1, . . . , j_n) > (0, . . . , 0) denote by α the following element

X^{in}_n . . . X^{i1}_1 θ(1 + ∑ a_J X^{jn}_n . . . X^{j1}_1 )

in F {{X_1}} . . . {{X_n}} where F is the fraction őeld of W (K_0). Clearly α is not uniquely determined even if the choice of a system of local parameters is őxed.

Independently of class őeld theory deőne the following explicit map

V ( , )_m: (K^∗)^{n+1} → ⟨ζ_pm ⟩

by the formula

V (α_1, . . . , α_{n+1})_m = ζ

Tr res Φ(α_1, . . . , α_{n+1})/s p^m , Φ(α1, . . . , αn+1) = n+1∑ i=1 (−1)^{n−i+1} p^{n−i+1} l ( α_i ) dα_1 α_1 ∧ · · · ∧ dα_{i−1} α_{i−1} ∧ dα_{i+1}^△ α_{i+1}^△ ∧ · · · ∧ dα_{n+1}^△ α_{n+1}^△ where s = ζ_pm^{pm} − 1, Tr = Tr_{W (K0)/Zp} , res = res_{X1,...,Xn} ,

l (α) = 1 p log ( α^p/α^△ ) , (∑ a_J X^{jn}_n · · · X^{ji}_1 )_△ = ∑ Frob(a_J )X^{pjn}_n · · · X^{pj1}_1 .

Theorem 1. The map V ( , )_m is well deőned, multilinear and symbolic. It induces a homomorphism K_n(K)/p^m × K^∗/K^{∗ pm} → μ_pm and since V is sequentially continuous, a homomorphism

V ( , )_m: K^{top}_n (K)/p^m × K^∗/K^{∗ pm} → μ_pm

which is non-degenerate.

Comment on Proof. A set of elements t_1, . . . , t_n , ε_j, ω (where j runs over a subset of Z^n ) is called a Shafarevich basis of K^∗/K^{∗pm} if (1) every α ∈ K^∗ can be written as a convergent product α = t^{i1}_1 . . . t^{in}_n ∏ j ε^{bj}_j ω^c mod K^{∗pm} , b_j, c ∈ Z_p.

(2) V ( {t_1, . . . , t_n}, ε_j ) m = 1, V ( {t_1, . . . , t_n}, ω ) m = ζ_pm .

An important element of a Shafarevich basis is ω(a) = E(as(X))|_{Xn =tn,...,X1=t1} where

E(f(X)) = exp (( 1 + △ p + △^2 p^2 + · · · ) (f(X)) ) , a ∈ W (K_0).

Now take the following elements as a Shafarevich basis of K^∗/K^{∗pm} : Ð elements t_1, . . . , t_n , Ð elements ε_J = 1 + θt^{jn}_n . . . t^{j1}_1 where p ∤ gcd (j_1, . . . , j_n),

0 < (j_1, . . . , j_n) < p(e_1, . . . , e_n)/(p − 1), where (e_1, . . . , e_n) = v(p), v is the discrete valuation of rank n associated to t_1, . . . , t_n , Ð ω = ω(a) where a is an appropriate generator of W (K_0)/(F − 1)W (K_0).

Using this basis it is relatively easy to show that V ( , )_m is non-degenerate.

In particular, for every θ ∈ R^∗ there is θ^′ ∈ R^∗ such that V ({ 1 + θt^{in}_n . . . t^{i1}_1 , t_1, . . . , ^t_l, . . . , t_n } , 1 + θ^′t^{pen/(p−1)−in} n . . . t^{pe1/(p−1)−i1} 1 ) m = ζ_pm where i_l is prime to p, 0 < (i_1, . . . , i_n) < p(e_1, . . . , e_n)/(p − 1) and (e_1, . . . , e_n) = v(p).

Theorem 2. Every open subgroup N of őnite index in K^{top}n (K) such that N ⊃ p^mK^{top}_n (K) is the orthogonal complement with respect to V ( , )_m of a subgroup in K^∗/K^{∗pm} . Remark. Given higher local class őeld theory one deőnes the Hilbert symbol for l such that l is not divisible by char (K), μ_l ⩽ K^∗ as ( , )_l: K_n(K)/l × K^∗/K^{∗ l} → ⟨ζ_l⟩, (x, β)_l = γ^{ΨK (x)−1} where γ^l = β, Ψ_K : K_n(K) → Gal(K^{ab}/K) is the reciprocity map.

If l is prime to p, then the Hilbert symbol ( , )_l coincides (up to a sign) with the (q − 1)/l th power of the tame symbol of 6.4.2. If l = p^m, then the p^m th Hilbert symbol coincides (up to a sign) with the symbol V ( , )_m .

References

[A1] V. Abrashkin, The őeld of norms functor and the BrÈucknerśVostokov formula, Math.

Ann. 308(1997), 5ś19.

[A2] V. Abrashkin, Explicit formulae for the Hilbert symbol of a formal group over Witt vectors, Izv. Ross. Akad. Nauk Ser. Mat. (1997); English translation in Izv. Math. 61(1997), 463ś 515.

[AH1] E. Artin and H. Hasse, ÈUber den zweiten ErgÈanzungssatz zum ReziprozitÈatsgesetz der l-ten Potenzreste im KÈorper k_ζ der l-ten Einheitswurzeln und OberkÈorpern von k_ζ , J. reine angew. Math. 154(1925), 143ś148.

[AH2] E. Artin and H. Hasse, Die beiden ErgÈanzungssatz zum ReziprzitÈatsgesetz der l^n -ten Potenzreste im KÈorper der l^n -ten Einheitswurzeln, Abh. Math. Sem. Univ. Hamburg 6(1928), 146ś162.

[Be1] D. Benois, PÂeriodes p śadiques et lois de rÂeciprocitÂe explicites, J. reine angew. Math.

493(1997), 115ś151.

[Be2] D. Benois, On Iwasawa theory of cristalline representations, Preprint Inst. Experimentelle Mathematik (Essen) 1998.

[BK] S. Bloch and K. Kato, L śfunctions and Tamagawa numbers of motives, In The Grothendieck Festschrift, BirkhÈauser vol. 1, 1990, 334ś400.

[Br] H. BrÈuckner, Explizites reziprozitÈatsgesetz und Anwendungen, Vorlesungen aus dem Fachbereich Mathematik der UniversitÈat Essen, 1979.

[Cole1] R. F. Coleman, The dilogarithm and the norm residue symbol, Bull. Soc. France 109(1981), 373ś402.

[Cole2] R. F. Coleman, The arithmetic of LubinśTate division towers, Duke Math. J. 48(1981), 449ś466.

[Colm] P. Colmez, ThÂeorie d’Iwasawa des reprÂesentations de de Rham d’un corps local Ann. of Math. 148 (1998), no 2, 485ś571.

[D] F. Destrempes, Explicit reciprocity laws for LubinśTate modules, J. reine angew. Math., 463(1995) 27ś47.

[dS] E. de Shalit, The explicit reciprocity law in local class őeld theory, Duke Math. J.

53(1986), 163ś176.

[Fe1] I. Fesenko, The generalized Hilbert symbol in the 2-adic case, Vestnik Leningrad. Univ.

Mat. Mekh. Astronom. (1985); English translation in Vestnik Leningrad Univ. Math. 18(1985), 88ś91.

[Fe2] I. Fesenko, Explicit constructions in local őelds, Thesis, St. Petersburg Univ. 1987. [Fe3] I. Fesenko, Generalized Hilbert symbol in multidimensional local őelds, Rings and modules. Limit theorems of probability theory, No. 2 (1988).

[FV] I. Fesenko and S. Vostokov, Local Fields and Their Extensions, AMS, Providence RI, 1993.

[Fo] J.-M. Fontaine, Appendice: Sur un thÂeorÁeme de Bloch et Kato (lettre Áa B. PerrinśRiou), Invent. Math. 115(1994), 151ś161.

[Fu] T. Fukaya, Explicit reciprocity laws for p śdivisible groups over higher dimensional local őelds, preprint 1999.

[H] G. Henniart, Sur les lois de rÁeciprocitÂe explicites I, J. reine angew. Math. 329(1981), 177-203.

[I] K. Iwasawa, On explicit formulas for the norm residue symbols, J. Math. Soc. Japan 20(1968), 151ś165.

[Ka1] K. Kato, The explicit reciprocity law and the cohomology of FontaineśMessing, Bull.

Soc. Math. France 119(1991), 397ś441.

[Ka2] K. Kato, Lectures on the approach to Hasse -Weil L-functions via B_{dR}, Lect. Notes in Math. 1553 (1993), 50ś163.

[Ka3] K. Kato, Generalized explicit reciprocity laws, Adv. Stud. in Contemporary Math. 1(1999), 57ś126.

[Kn] M. Kneser, Zum expliziten ResiprozitÈatsgestz von I. R. Shafarevich, Math. Nachr. 6(1951), 89ś96.

[Ko] V. Kolyvagin, Formal groups and the norm residue symbol, Izv. Akad. Nauk Ser. Mat.

(1979); English translation in Math. USSR Izv. 15(1980), 289ś348.

[Kum] E. Kummer, ÈUber die allgemeinen ReziprozitÈatsgesetze der Potenzreste, J. reine angew.

Math. 56(1858), 270ś279.

[Kur1] M. Kurihara, Appendix: Computation of the syntomic regulator in the cyclotomic case, Invent. Math. 99 (1990), 313ś320.

[Kur2] M. Kurihara, The exponential homomorphism for the Milnor K śgroups and an explicit reciprocity law, J. reine angew. Math. 498(1998), 201ś221.

[PR] B. Perrin-Riou, Theorie d’Iwasawa des representations p śadiques sur un corps local, Invent. Math. 115(1994), 81ś149.

[Se] Sh. Sen, On explicit reciprocity laws I; II, J. reine angew. Math. 313(1980), 1ś26;

323(1981), 68ś87.

[Sh] I. R. Shafarevich, A general reciprocity law, Mat. Sb. (1950); English translation in Amer.

Math. Soc. Transl. Ser. 2, 4(1956), 73ś106.

[Su] Y. Sueyoshi, Explicit reciprocity laws on relative LubinśTate groups, Acta Arithm.

55(1990), 291ś299.

[V1] S. V. Vostokov, An explicit form of the reciprocity law, Izv. Akad. Nauk SSSR Ser. Mat.

(1978); English translation in Math. USSR Izv. 13(1979), 557ś588.

[V2] S. V. Vostokov, A norm pairing in formal modules, Izv. Akad. Nauk SSSR Ser. Mat.

(1979); English translation in Math. USSR Izv. 15(1980), 25ś52.

[V3] S. V. Vostokov, Symbols on formal groups, Izv. Akad. Nauk SSSR Ser. Mat. (1981);

English translation in Math. USSR Izv. 19(1982), 261ś284.

[V4] S. V. Vostokov, The Hilbert symbol for LubinśTate formal groups I, Zap. Nauchn. Sem.

Leningrad. Otdel. Mat. Inst. Steklov. (LOMI) (1982); English translation in J. Soviet Math. 27(1984), 2885ś2901.

[V5] S. V. Vostokov, Explicit construction of class őeld theory for a multidimensional local őeld, Izv. Akad. Nauk SSSR Ser. Mat. (1985) no.2; English translation in Math. USSR Izv. 26(1986), 263ś288.

[V6] S. V. Vostokov, The pairing on K -groups in őelds of valuation of rank n, Trudy Sankt- Peterb. Mat. Obschestva (1995); English translation in Amer. Math. Soc. Transl. Ser. 2 165(1995), 111ś148.

[V7] S. V. Vostokov, Hilbert pairing on a multidimensional complete őeld Trudy Mat. Inst.

Steklova, (1995); English translation in Proc. Steklov Inst. of Math. 208(1995), 72ś83. [VB] S. V. Vostokov and D. G. Benois, Norm pairing in formal groups and Galois representations, Algebra i Analiz (1990); English translation in Leningrad Math. J. 2(1991), 1221ś1249.

[VD1] S. V. Vostokov and O. V. Demchenko, Explicit form of Hilbert pairing for relative Lubin- Tate formal groups, Zap. Nauch. Sem. POMI (1995); English translation in J. Math. Sci. Ser. 2 89(1998), 1105ś1107.

[VD2] S.V.Vostokov and O.V. Demchenko, Explicit formula of the Hilbert symbol for Honda formal group, Zap. Nauch. Sem. POMI 272(2000) (in Russian).

[VF] S. V. Vostokov and I. B. Fesenko, The Hilbert symbol for LubinśTate formal groups II, Zap. Nauchn. Sem. Leningrad. Otdel. Mat. Inst. Steklov (LOMI), (1983); English translation in J. Soviet Math. 30(1985), 1854ś1862.

[W] A. Wiles, Higher explicit reciprocity laws, Ann. Math. 107(1978), 235ś254.

Department of Mathematics St. Petersburg University Bibliotechnaya pl. 2 Staryj Petergof, 198904 St. Petersburg Russia E-mail: sergei@vostokov.usr.pu.ru

Geometry & Topology Monographs Volume 3: Invitation to higher local őelds Part I, section 9, pages 91ś94

9. Exponential maps and explicit formulas

Masato Kurihara

In this section we introduce an exponential homomorphism for the Milnor K -groups for a complete discrete valuation őeld of mixed characteristics.

In general, to work with the additive group is easier than with the multiplicative group, and the exponential map can be used to understand the structure of the multiplicative group by using that of the additive group. We would like to study the structure of K_q(K) for a complete discrete valuation őeld K of mixed characteristics in order to obtain arithmetic information of K. Note that the Milnor K -groups can be viewed as a generalization of the multiplicative group. Our exponential map reduces some problems in the Milnor K -groups to those of the differential modules Ω^·_{OK} which is relatively easier than the Milnor K -groups.

As an application, we study explicit formulas of certain type.

9.1. Notation and exponential homomorphisms

Let K be a complete discrete valuation őeld of mixed characteristics (0, p). Let O_K be the ring of integers, and F be its the residue őeld. Denote by ord_p: K^∗ −→ Q the additive valuation normalized by ord_p(p) = 1. For η ∈ O_K we have an exponential homomorphism

exp_η: O_K −→ K^∗, a → exp(ηa) = ∞∑ n=0 (ηa)^n/n! if ord_p(η) > 1/(p − 1).

For q > 0 let K_q(K) be the q th Milnor K -group, and deőne ^K_q(K) as the p-adic completion of K_q(K), i.e.

^K_q(K) = lim ←− K^q(K) ⊗ Z/p^n. Published 10 December 2000: © Geometry & Topology Publications

For a ring A, we denote as usual by Ω^1_A the module of the absolute differentials, i.e. Ω^1_A = Ω^1_{A/Z}. For a őeld F of characteristic p and a p-base I of F , Ω^1_F is an F -vector space with basis dt ( t ∈ I ). Let K be as above, and consider the p-adic completion ^Ω^1_{OK} of Ω^1_{OK} ^Ω^1_{OK} = lim ←− Ω^{1OK} ⊗ Z/p^n. We take a lifting ~I of a p-base I of F , and take a prime element π of K. Then, ^Ω^1_{OK} is an O_K -module (topologically) generated by dπ and dT ( T ∈ ~I ) ([Ku1, Lemma 1.1]). If I is őnite, then ^Ω^1_{OK} is generated by dπ and dT ( T ∈ ~I ) in the ordinary sense. Put ^Ω^q_{OK} = ∧^q ^Ω^1_{OK} .

Theorem ([Ku3]). Let η ∈ K be an element such that ord_p(η) ⩾ 2/(p − 1). Then for q > 0 there exists a homomorphism

exp^{(q)}_η : ^Ω^q_{OK} −→ ^K_q(K) such that

exp^{(q)}_η ( a db_1 b_1 ∧ · · · ∧ db_{q−1} b_{q−1} ) = {exp(ηa), b_1, . . . , b_{q−1}} for any a ∈ O_K and any b_1, . . . , b_{q−1} ∈ O^∗_K .

Note that we have no assumption on F ( F may be imperfect). For b_1, . . . , b_{q−1} ∈ O_K we have exp^{(q)}_η (a · db_1 ∧ · · · ∧ db_{q−1}) = {exp(ηab_1 · · · · · b_{q−1}), b_1, . . . , b_{q−1}}.

9.2. Explicit formula of Sen

Let K be a őnite extension of Q_p and assume that a primitive p^n th root ζ_pn is in K. Denote by K_0 the subőeld of K such that K/K_0 is totally ramiőed and K_0/Q_p is unramiőed. Let π be a prime element of O_K , and g(T ) and h(T ) ∈ O_{K0} [T ] be polynomials such that g(π) = β and h(π) = ζ_pn , respectively. Assume that α satisőes ord_p(α) ⩾ 2/(p − 1) and β ∈ O^∗_K . Then, Sen’s formula ([S]) is (α, β) = ζ^c_pn , c = 1 p^n Tr_{K/Qp} ( ζ_pn h^′(π) g^′(π) β log α )

where (α, β) is the Hilbert symbol deőned by (α, β) = γ^{−1}Ψ_K (α)(γ) where γ^{pn} = β and Ψ_K is the reciprocity map.

The existence of our exponential homomorphism introduced in the previous subsection helps to provide a new proof of this formula by reducing it to ArtinśHasse’s

Part I. Section 9. Exponential maps and explicit formulas 93

formula for (α, ζ_pn ). In fact, put k = Q_p (ζ_pn ), and let η be an element of k such that ord_p(η) = 2/(p − 1). Then, the commutative diagram ^Ω1_{OK}^{expη}−−−−→ ^K_2(K) Tr N ^Ω1_{Ok}^{expη}−−−−→ ^K_2(k) ( N: ^K_2(K) −→ ^K_2(k) is the norm map of the Milnor K -groups, and Tr : ^Ω^1_{OK} −→ ^Ω1_{Ok} is the trace map of differential modules) reduces the calculation of the Hilbert symbol of elements in K to that of the Hilbert symbol of elements in k (namely reduces the problem to Iwasawa’s formula [I]).

Further, since any element of ^Ω^1_{Ok} can be written in the form adζ_pn /ζ_pn , we can reduce the problem to the calculation of (α, ζ_pn ).

In the same way, we can construct a formula of Sen’s type for a higher dimensional local őeld (see [Ku3]), using a commutative diagram ^Ω^q_{OK {{T }}}^{expη}−−−−→ ^K_{q+1}(K{{T }}) res res ^Ω^{q−1}_{OK}^{expη}−−−−→ ^K_q(K) where the right arrow is the residue homomorphism {α, T } → α in [Ka], and the left arrow is the residue homomorphism ωdT/T → ω. The őeld K{{T }} is deőned in Example 3 of subsection 1.1 and O_K {{T }} = O_{K{{T }}} .

9.3. Some open problems

Problem 1. Determine the kernel of exp^{(q)}_η completely. Especially, in the case of a d-dimensional local őeld K, the knowledge of the kernel of exp^{(d)}_η will give a lot of information on the arithmetic of K by class őeld theory. Generally, one can show that

pd^Ω^{q−2}_{OK} ⊂ ker(exp^{(q)}_p : ^Ω^{q−1}_{OK} −→ ^K_q(K)).

For example, if K is absolutely unramiőed (namely, p is a prime element of K ) and p > 2, then pd^Ω^{q−2}_{OK} coincides with the kernel of exp^{(q)}_p ([Ku2]). But in general, this is not true. For example, if K = Q_p {{T }}(^p √ pT ) and p > 2, we can show that the kernel of exp^{(2)}_p is generated by pdO_K and the elements of the form log(1 − x^p)dx/x for any x ∈ M_K where M_K is the maximal ideal of O_K .

Problem 2. Can one generalize our exponential map to some (formal) groups? For example, let G be a p-divisible group over K with |K : Q_p | < ∞. Assume that the [p^n]-torsion points ker[p^n] of G(K^{alg}) are in G(K). We deőne the Hilbert symbol K^∗ × G(K) −→ ker[p^n] by (α, β) = Ψ_K (α)(γ) −_G γ where [p^n]γ = β. Benois obtained an explicit formula ([B]) for this Hilbert symbol, which is a generalization of Sen’s formula. Can one deőne a map exp_G: Ω^1_{OK} ⊗ Lie(G) −→ K^∗ × G(K)/ ∼ (some quotient of K^∗ × G(K) ) by which we can interpret Benois’s formula? We also remark that Fukaya recently obtained some generalization ([F]) of Benois’s formula for a higher dimensional local őeld.

References

[B] D. Benois, PÂeriodes p śadiques et lois de rÂeciprocitÂe explicites, J. reine angew. Math.

493(1997), 115ś151.

[F] T. Fukaya, Explicit reciprocity laws for p śdivisible groups over higher dimensional local őelds, preprint 1999.

[I] K. Iwasawa, On explicit formulas for the norm residue symbols, J. Math. Soc. Japan, 20(1968), 151ś165.

[Ka] K. Kato, Residue homomorphisms in Milnor K -theory, in Galois groups and their representations, Adv. Studies in Pure Math. 2, Kinokuniya, Tokyo (1983), 153ś172.

[Ku1] M. Kurihara, On two types of complete discrete valuation őelds, Comp. Math., 63(1987), 237ś257.

[Ku2] M. Kurihara, Abelian extensions of an absolutely unramiőed local őeld with general residue őeld, Invent. math., 93(1988), 451ś480.

[Ku3] M. Kurihara, The exponential homomorphisms for the Milnor K -groups and an explicit reciprocity law, J. reine angew. Math., 498(1998), 201ś221.

[S] S. Sen, On explicit reciprocity laws, J. reine angew. Math., 313(1980), 1ś26.

Department of Mathematics Tokyo Metropolitan University Minami-Osawa 1-1, Hachioji, Tokyo 192-03, Japan E-mail: m-kuri@comp.metro-u.ac.jp

Geometry & Topology Monographs Volume 3: Invitation to higher local őelds Part I, section 10, pages 95ś101

10. Explicit higher local class őeld theory

Ivan Fesenko

In this section we present an approach to higher local class őeld theory [F1-2] different from Kato’s (see section 5) and Parshin’s (see section 7) approaches.

Let F ( F = K_n, . . . , K_0 ) be an n-dimensional local őeld. We use the results of section 6 and the notations of section 1.

10.1. Modiőed class formation axioms

Consider now an approach based on a generalization [F2] of Neukirch’s approach [N].

Below is a modiőed system of axioms of class formations (when applied to topological K -groups) which imposes weaker restrictions than the classical axioms (cf. section 11).

(A1). There is a ÃZ-extension of F .

In the case of higher local őelds let F_{pur}/F be the extension which corresponds to K^{sep}_0 /K_0: F_{pur} = ∪_{(l,p)=1}F (μ_l); the extension F_{pur} is called the maximal purely unramiőed extension of F . Denote by Frob_F the lifting of the Frobenius automorphisms of K^{sep}_0 /K_0. Then

Gal(F_{pur}/F ) ≃ ÃZ, Frob_F → 1.

(A2). For every őnite separable extension F of the ground őeld there is an abelian group A_F such that F → A_F behaves well (is a Mackey functor, see for instance [D]; in fact we shall use just topological K -groups) and such that there is a homomorphism v: A_F → Z associated to the choice of the ÃZ-extension in (A1) which satisőes v(N_{L/F} A_L) = |L ∩ F_{pur} : F | v(A_F ).

In the case of higher local őelds we use the valuation homomorphism

v: K^{top}_n (F ) → Z

Published 10 December 2000: © Geometry & Topology Publications of 6.4.1. From now on we write K^{top}n (F ) instead of A_F . The kernel of v is V K^{top}n (F ). Put v_L = 1 |L ∩ F_{pur} : F | v ∘ N_{L/F} . Using (A1), (A2) for an arbitrary őnite Galois extension L/F deőne the reciprocity map ϒ_{L/F} : Gal(L/F ) → K^{top}_n (F )/N_{L/F} K^{top}_n (L), σ → N_{Σ/F} Π_Σ mod N_{L/F} K^{top}_n (L) where Σ is the őxed őeld of ~σ and ~σ is an element of Gal(L_{pur}/F ) such that ~σ|_L = σ and ~σ|_{F pur} = Frob^i_F with a positive integer i. The element Π_Σ of K^{top}n (Σ) is any such that v_Σ(Π_Σ) = 1; it is called a prime element of K^{top}_n (Σ). This map doesn’t depend on the choice of a prime element of K^{top}_n (Σ), since ΣL/Σ is purely unramiőed and V K^{top}_n (Σ) ⊂ N_{ΣL/Σ}V K^{top}_n (ΣL).

(A3). For every őnite subextension L/F of F_{pur}/F (which is cyclic, so its Galois group is generated by, say, a σ ) (A3a) |K^{top}_n (F ) : N_{L/F} K^{top}_n (L)| = |L : F | ;

(A3b) 0 −→ K^{top}n (F )^{iF/L}−−−→ K^{top}n (L)^{1−σ}−−→ K^{top}n (L) is exact; (A3c) K^{top}_n (L)^{1−σ}−−→ K^{top}_n (L)^{NL/F}−−−→ K^{top}_n (F ) is exact.

Using (A1), (A2), (A3) one proves that ϒ_{L/F} is a homomorphism [F2]. (A4). For every cyclic extensions L/F of prime degree with a generator σ and a cyclic extension L^′/F of the same degree (A4a) K^{top}_n (L)^{1−σ}−−→ K^{top}_n (L)^{NL/F}−−−→ K^{top}_n (F ) is exact; (A4b) |K^{top}_n (F ) : N_{L/F} K^{top}_n (L)| = |L : F |; (A4c) N_L′_{/F} K^{top}_n (L^′) = N_{L/F} K^{top}_n (L) ⇒ L = L^′ .

If all axioms (A1)ś(A4) hold then the homomorphism ϒ_{L/F} induces an isomorphism [F2] ϒ^{ab}_{L/F} : Gal(L/F )^{ab} → K^{top}_n (F )/N_{L/F} K^{top}_n (L).

The method of the proof is to deőne explicitly (as a generalization of Hazewinkel’s approach [H]) a homomorphism Ψ^{ab}_{L/F} : K^{top}_n (F )/N_{L/F} K^{top}_n (L) → Gal(L/F )^{ab}

and then show that Ψ^{ab}_{L/F} ∘ ϒ^{ab}_{L/F} is the indentity.

10.2. Characteristic p case

Theorem 1 ([F1], [F2]). In characteristic p all axioms (A1)ś(A4) hold. So we get the reciprocity map Ψ_{L/F} and passing to the limit the reciprocity map

Ψ_F : K^{top}_n (F ) → Gal(F^{ab}/F ).

Proof. See subsection 6.8. (A4c) can be checked by a direct computation using the proposition of 6.8.1 [F2, p. 1118ś1119]; (A3b) for p-extensions see in 7.5, to check it for extensions of degree prime to p is relatively easy [F2, Th. 3.3].

Remark. Note that in characteristic p the sequence of (A3b) is not exact for an arbitrary cyclic extension L/F (if L ⊄ F_{pur} ). The characteristic zero case is discussed below.

10.3. Characteristic zero case. I

10.3.1. prime-to- p-part.

It is relatively easy to check that all the axioms of 10.1 hold for prime-to- p extensions and for K^′_n(F ) = K^{top}_n (F )/V K^{top}_n (F )

(note that V K^{top}n (F ) = ⋂ (l,p)=1 lK top n (F ) ). This supplies the prime-to- p-part of the reciprocity map.

10.3.2. p-part.

If μ_p ⩽ F^∗ then all the axioms of 10.1 hold; if μ_p ⩽̸ F^∗ then everything with exception of the axiom (A3b) holds.

Example. Let k = Q_p (ζ_p). Let ω ∈ k be a p-primary element of k which means that k(^p √ ω)/k is unramiőed of degree p. Then due to the description of K_2 of a local őeld (see subsection 6.1 and [FV, Ch.IX §4]) there is a prime elements π of k such that {ω, π} is a generator of K_2(k)/p. Since α = i_{k/k(} p^√_{ω)}{ω, π} ∈ pK_2(k(^p √ ω)), the element α lies in ⋂ l⩾1 lK_2(k(^p √ ω)). Let F = k{{t}}. Then {ω, π} /∈ pK^{top}_2 (F ) and i_{F/F (} p^√_{ω)}{ω, π} = 0 in K^{top}_2 (F (^p √ ω)).

Since all other axioms are satisőed, according to 10.1 we get the reciprocity map ϒ_{L/F} : Gal(L/F ) → K^{top}_n (F )/N_{L/F} K^{top}_n (L), σ → N_{Σ/F} Π_Σ for every őnite Galois p-extension L/F .

To study its properties we need to introduce the notion of ArtinśSchreier trees (cf. [F3]) as those extensions in characteristic zero which in a certain sense come from characteristic p. Not quite precisely, there are sufőciently many őnite Galois p-extensions for which one can directly deőne an explicit homomorphism

K^{top}_n (F )/N_{L/F} K^{top}_n (L) → Gal(L/F )^{ab}

and show that the composition of ϒ^{ab}_{L/F} with it is the identity map.

10.4. Characteristic zero case. II: ArtinśSchreier trees

10.4.1.

Deőnition. A p-extension L/F is called an ArtinśSchreier tree if there is a tower of subőelds F = F_0 − F_1 − · · · − F_r = L such that each F_i/F_{i−1} is cyclic of degree p, F_i = F_{i−1}(α), α^p − α ∈ F_{i−1}.

A p-extension L/F is called a strong ArtinśSchreier tree if every cyclic subextension M/E of degree p, F ⊂ E ⊂ M ⊂ L, is of type E = M(α), α^p − α ∈ M .

Call an extension L/F totally ramiőed if f(L|F ) = 1 (i.e. L ∩ F_{pur} = F ).

Properties of ArtinśSchreier trees.

(1) if μ_p ⩽̸ F^∗ then every p-extension is an ArtinśSchreier tree; if μ_p ⩽ F^∗ then F (^p √ a)/F is an ArtinśSchreier tree if and only if aF^{∗p} ⩽ V_F F^{∗p}.

(2) for every cyclic totally ramiőed extension L/F of degree p there is a Galois totally ramiőed p-extension E/F such that E/F is an ArtinśSchreier tree and E ⊃ L. For example, if μ_p ⩽ F^∗, F is two-dimensional and t_1, t_2 is a system of local parameters of F , then F (^p √ t_1)/F is not an ArtinśSchreier tree. Find an ε ∈ V_F \ V^p_F such that M/F ramiőes along t_1 where M = F (^p √ ε). Let t_{1,M} , t_2 ∈ F be a system

of local parameters of M . Then t_1t^{−p}_{1,M} is a unit of M . Put E = M (_p√ t_1t^{−p}_{1,M} ) . Then E ⊃ F (^p √ t_1) and E/F is an ArtinśSchreier tree.

(3) Let L/F be a totally ramiőed őnite Galois p-extension. Then there is a totally ramiőed őnite p-extension Q/F such that LQ/Q is a strong ArtinśSchreier tree and L_{pur} ∩ Q_{pur} = F_{pur}.

(4) For every totally ramiőed Galois extension L/F of degree p which is an Artinś Schreier tree we have

v_{L pur} (K^{top}_n (L_{pur})^{Gal(L/F )}) = pZ

where v is the valuation map deőned in 10.1, K^{top}_n (L_{pur}) = lim−→_M K^{top}_n (M) where M/L runs over őnite subextensions in L_{pur}/L and the limit is taken with respect to the maps i_{M/M} ′ induced by őeld embeddings.

Proposition 1. For a strong ArtinśSchreier tree L/F the sequence

1 −→ Gal(L/F )^{ab g}−→ V K^{top}_n (L_{pur})/I(L|F )^{NL pur /F pur}−−−−−−−→ V K^{top}_n (F_{pur}) −→ 0 is exact, where g(σ) = σΠ − Π, v_L(Π) = 1, I(L|F ) = ⟨σα − α : α ∈ V K^{top}_n (L_{pur})⟩. Proof. Induction on |L : F | using the property N_{L pur/M pur} I(L|F ) = I(M|F ) for a subextension M/F of L/F .

10.4.2. As a generalization of Hazewinkel’s approach [H] we have Corollary. For a strong ArtinśSchreier tree L/F deőne a homomorphism Ψ_{L/F} : V K^{top}_n (F )/N_{L/F} V K^{top}_n (L) → Gal(L/F )^{ab}, α → g^{−1}((Frob_L −1)β) where N_{L pur/F pur} β = i_{F/F pur} α and Frob_L is deőned in 10.1.

Proposition 2. Ψ_{L/F} ∘ ϒ^{ab}_{L/F} : Gal(L/F )^{ab} → Gal(L/F )^{ab} is the identity map; so for a strong ArtinśSchreier tree ϒ^{ab}_{L/F} is injective and Ψ_{L/F} is surjective. Remark. As the example above shows, one cannot deőne Ψ_{L/F} for non-strong Artinś Schreier trees.

Theorem 2. ϒ^{ab}_{L/F} is an isomorphism.

Proof. Use property (3) of ArtinśSchreier trees to deduce from the commutative diagram Gal(LO/Q)^{ϒLQ/Q}−−−−→ K^{top}_n (Q)/N_{LQ/Q}K^{top}_n (LQ) NQ/F Gal(L/F )^{ϒL/F}−−−−→ K^{top}_n (F )/N_{L/F} K^{top}_n (L) that ϒ_{L/F} is a homomorphism and injective. Surjectivity follows by induction on degree.

Passing to the projective limit we get the reciprocity map Ψ_F : K^{top}_n (F ) → Gal(F^{ab}/F ) whose image in dense in Gal(F^{ab}/F ).

Remark. For another slightly different approach to deduce the properties of ϒ_{L/F} see [F1].

10.5

Theorem 3. The following diagram is commutative

K^{top}_n (F )^{ΨF}−−−−→ Gal(F^{ab}/F ) ∂ K^{top}_{n−1}(K_{n−1})^{ΨKn−1}−−−−→ Gal(K^{ab}_{n−1}/K_{n−1}). Proof. Follows from the explicit deőnition of ϒ_{L/F} , since ∂{t_1, . . . , t_n} is a prime element of K^{top}_{n−1}(K_{n−1}).

Existence Theorem ([F1-2]). Every open subgroup of őnite index in K^{top}_n (F ) is the norm group of a uniquely determined abelian extension L/F .

Proof. Let N be an open subgroup of K^{top}_n (F ) of prime index l.

If p ≠ l, then there is an α ∈ F^∗ such that N is the orthogonal complement of ⟨α⟩ with respect to t^{(q−1)/l} where t is the tame symbol deőned in 6.4.2.

If char (F ) = p = l, then there is an α ∈ F such that N is the orthogonal complement of ⟨α⟩ with respect to ( , ]_1 deőned in 6.4.3.

If char (F ) = 0, l = p, μ_p ⩽ F^∗, then there is an α ∈ F^∗ such that N is the orthogonal complement of ⟨α⟩ with respect to V_1 deőned in 6.4.4 (see the theorems in 8.3). If μ_p ⩽̸ F^∗ then pass to F (μ_p) and then back to F using (|F (μ_p) : F |, p) = 1.

Due to Kummer and ArtinśSchreier theory, Theorem 2 and Remark of 8.3 we deduce that N = N_{L/F} K^{top}n (L) for an appropriate cyclic extension L/F .

The theorem follows by induction on index.

Remark 1. From the deőnition of K^{top}_n it immediately follows that open subgroups of őnite index in K_n(F ) are in one-to-one correspondence with open subgroups in K^{top}_n (F ). Hence the correspondence L → N_{L/F} K_n(L) is a one-to-one correspondence between őnite abelian extensions of F and open subgroups of őnite index in K_n(F ).

Remark 2. If K_0 is perfect and not separably p-closed, then there is a generalization of the previous class őeld theory for totally ramiőed p-extensions of F (see Remark in 16.1). There is also a generalization of the existence theorem [F3].

Corollary 1. The reciprocity map Ψ_F : K^{top}_n (F ) → Gal(L/F ) is injective.

Proof. Use the corollary of Theorem 1 in 6.6.

Corollary 2. For an element Π ∈ K^{top}_n (F ) such that v_F (Π) = 1 there is an inőnite abelian extension F_Π/F such that F^{ab} = F_{pur}F_Π, F_{pur} ∩ F_Π = F

and Π ∈ N_{L/F} K^{top}_n (L) for every őnite extension L/F , L ⊂ F_Π.

Problem. Construct (for n > 1 ) the extension F_Π explicitly?

References

[D] A. Dress, Contributions to the theory of induced representations, Lect. Notes in Math.

342, Springer 1973.

[F1] I. Fesenko, Class őeld theory of multidimensional local őelds of characteristic 0, with the residue őeld of positive characteristic, Algebra i Analiz (1991); English translation in St. Petersburg Math. J. 3(1992), 649ś678.

[F2] I. Fesenko, Multidimensional local class őeld theory II, Algebra i Analiz (1991); English translation in St. Petersburg Math. J. 3(1992), 1103ś1126.

[F3] I. Fesenko, Abelian local p-class őeld theory, Math. Ann. 301 (1995), pp. 561ś586. [F4] I. Fesenko, Abelian extensions of complete discrete valuation őelds, Number Theory Paris 1993/94, Cambridge Univ. Press, 1996, 47ś74.

[F5] I. Fesenko, Sequential topologies and quotients of the Milnor K -groups of higher local őelds, preprint, www.maths.nott.ac.uk/personal/ ibf/stqk.ps [FV] I. Fesenko and S. Vostokov, Local Fields and Their Extensions, AMS, Providence RI, 1993.

[H] M. Hazewinkel, Local class őeld theory is easy, Adv. Math. 18(1975), 148ś181. [N] J. Neukirch, Class Field Theory, Springer, Berlin etc. 1986.

Department of Mathematics University of Nottingham Nottingham NG7 2RD England E-mail: ibf@maths.nott.ac.uk

Geometry & Topology Monographs Volume 3: Invitation to higher local őelds Part I, section 11, pages 103ś108

11. Generalized class formations

and higher class őeld theory

Michael Spieû

Let K ( K = K_n, K_{n−1}, . . . , K_0 ) be an n-dimensional local őeld (whose last residue őeld is őnite of characteristic p ).

The following theorem can be viewed as a generalization to higher dimensional local őelds of the fact Br(F ) ~→ Q/Z for classical local őelds F with őnite residue őeld (see section 5).

Theorem (Kato). There is a canonical isomorphism h: H^{n+1}(K, Q/Z(n)) ~→ Q/Z. Kato established higher local reciprocity map (see section 5 and [K1, Th. 2 of §6] (two-dimensional case), [K2, Th. II], [K3, §4]) using in particular this theorem.

In this section we deduce the reciprocity map for higher local őelds from this theorem and BlochśKato’s theorem of section 4. Our approach which uses generalized class formations simpliőes Kato’s original argument.

We use the notations of section 5. For a complex X^· the shifted-by- n complex X^·[n] is deőned as (X^·[n])^q = X^{n+q} , d_X·_{[n]} = (−1)^nd_X· . For a (pro-)őnite group G the derived category of G-modules is denoted by D(G).

11.0. Classical class formations

We begin with recalling brieŕy the classical theory of class formations.

A pair (G, C) consisting of a proőnite group G and a discrete G-module C is called a class formation if

(C1) H^1(H, C) = 0 for every open subgroup H of G.

(C2) There exists an isomorphism inv_H : H^2(H, C) ~→ Q/Z for every open subgroup H of G.

Published 10 December 2000: © Geometry & Topology Publications

(C3) For all pairs of open subgroups V ⩽ U ⩽ G the diagram H^2(U, C)^{res}−−−−→ H^2(V, C) in^vU in^vV Q/Z^{×|U:V |} −−−−→ Q/Z is commutative.

Then for a pair of open subgroups V ⩽ U ⩽ G with V normal in U the group H^2(U/V, C^V ) ≃ ker(H^2(U, C) → H^2(V, C)) is cyclic of order |U : V |. It has a canonical generator u_{L/K} which is called the fundamental class; it is mapped to 1/|L : K| + Z under the composition H^2(U/V, C^V )^{inf}−→ H^2(U, C)^{invU}−−→ Q/Z. Cup product with u_{L/K} induces by the TateśNakayama lemma an isomorphism ^H^{q−2}(U/V, Z) ~→ ^H^q (U/V, C^V ). Hence for q = 0 we get C^U / cor_{U/V} (C^V ) ~→ (U/V )^{ab}.

An example of a class formation is the pair (G_K , G_m ) consisting of the absolute Galois group of a local őeld K and the G_K -module G_m = (K^{sep})^∗ . We get an isomorphism K^∗/N_{L/K} L^∗ ~→ Gal(L/K)^{ab} for every őnite Galois extension L/K.

In order to give an analogous proof of the reciprocity law for higher dimensional local őelds one has to work with complexes of modules rather than a single module.

The concepts of the class formations and Tate’s cohomology groups as well as the TateśNakayama lemma have a straightforward generalization to bounded complexes of modules. Let us begin with Tate’s cohomology groups (see [Kn] and [Ko1]).

11.1. Tate’s cohomology groups

Let G be a őnite group. Recall that there is an exact sequence (called a complete resolution of G ) X^· . . . → X^{−2} → X^{−1} → X^0 → X^1 → . . .

of free őnitely generated Z[G]-modules together with a map X^0 → Z such that the sequence · · · → X^{−1} → X^0 → Z → 0 is exact.

Deőnition. Let G be a őnite group. For a a bounded complex A^· . . . → A^{−1} → A^0 → A^1 → . . . of G-modules Tate’s cohomology groups ^H^q (G, A^·) are deőned as the (hyper-)cohomology groups of the single complex associated to the double complex Y^{i,j} = Hom_G(X^{−i}, A^j ) with suitably determined sign rule. In other words, ^H^q (G, A^·) = H^q (Tot(Hom(X^·, A^·))^G).

Remark. If A is a G-module, then ^H^q (G, A^·) coincides with ordinary Tate’s cohomology group of G with coefőcients in A where A^· . . . → 0 → A → 0 → . . . ( A is at degree 0).

Lemma (TateśNakayamaśKoya, [Ko2]). Suppose that (i) ^H^1(H, A^·) = 0 for every subgroup H of G;

(ii) there is a ∈ ^H^2(G, A^·) such that res_{G/H} (a) generates ^H^2(H, A^·) and is of order |H| for every subgroups H of G. Then ^H^{q−2}(G, Z)^{∪a}−→ ^H^q(G, A^·) is an isomorphism for all q.

11.2. Generalized notion of class formations

Now let G be a proőnite group and C^· a bounded complex of G-modules. Deőnition. The pair (G, C^·) is called a generalized class formation if it satisőes (C1)ś (C3) above (of course, we have to replace cohomology by hypercohomology).

As in the classical case the following lemma yields an abstract form of class őeld theory Lemma. If (G, C^·) is a generalized class formation, then for every open subgroup H of G there is a canonical map ρ_H : H^0(H, C^·) → H^{ab} such that the image of ρ_H is dense in H^{ab} and such that for every pair of open subgroups V ⩽ U ⩽ G, V normal in U , ρ_U induces an isomorphism H^0(U, C^·)/ cor_{U/V} H^0(V, C^·) ~→ (U/V )^{ab}.

11.3. Important complexes

In order to apply these concepts to higher dimensional class őeld theory we need complexes which are linked to K -theory as well as to the Galois cohomology groups H^{n+1}(K, Q/Z(n)). Natural candidates are the BeilinsonśLichtenbaum complexes.

Conjecture ([Li1]). Let K be a őeld. There is a sequence of bounded complexes Z(n), n ⩾ 0, of G_K -modules such that (a) Z(0) = Z concentrated in degree 0; Z(1) = G_m [−1] ; (b) Z(n) is acyclic outside [1, n] ;

(c) there are canonical maps Z(m) ⊗^L Z(n) → Z(m + n) ; (d) H^{n+1}(K, Z(n)) = 0 ;

(e) for every integer m there is a triangle Z(n)^m−→ Z(n) −→ Z/m(n) −→ Z(n)[1] in D(G_K ) ;

(f) H^n(K, Z(n)) is identiőed with the Milnor K -group K_n(K).

Remarks. 1. This conjecture is very strong. For example, (d), (e), and (f) would imply the MilnorśBlochśKato conjecture stated in 4.1.

2. There are several candidates for Z(n), but only in the case where n = 2 proofs have been given so far, i.e. there exists a complex Z(2) satisfying (b), (d), (e) and (f) (see [Li2]).

By using the complex Z(2) deőned by Lichtenbaum, Koya proved that for 2- dimensional local őeld K the pair (G_K , Z(2)) is a class formation and deduced the reciprocity map for K (see [Ko1]). Once the existence of the Z(n) with the properties (b), (d), (e) and (f) above is established, his proof would work for arbitrary higher dimensional local őelds as well (i.e. (G_K , Z(n)) would be a class formation for an n-dimensional local őeld K ).

However, for the purpose of applications to local class őeld theory it is enough to work with the following simple complexes which was őrst considered by B. Kahn [Kn].

Deőnition. Let ÏZ(n) ∈ D(G_K ) be the complex G^{L⊗n}_m [−n].

Properties of ÏZ(n) .

(a) it is acyclic outside [1, n];

(b) for every m prime to the characteristic of K if the latter is non-zero, there is a triangle ÏZ(n)^m−→ ÏZ(n) −→ Z/m(n) −→ ÏZ(n)[1] in D(G_K );

(c) for every m as in (b) there is a commutative diagram K^{∗⊗n} −−−−→ H^n(K, ÏZ(n)) pr K_n(K)/m −−−−→ H^n(K, Z/m(n)). where the bottom horizontal arrow is the Galois symbol and the left vertical arrow is given by x_1 ⊗ · · · ⊗ x_n → {x_1, . . . , x_n} mod m. The őrst two statements are proved in [Kn], the third in [Sp].

11.4. Applications to n-dimensional local class őeld theory

Let K be an n-dimensional local őeld. For simplicity we assume that char (K) = 0. According to sections 3 and 5 for every őnite extension L of K there are isomorphisms (1) K_n(L)/m ~→ H^n(L, Z/m(n)), H^{n+1}(L, Q/Z(n)) ~→ Q/Z. Lemma. (G, ÏZ(n)[n]) is a generalized class formation.

The triangle (b) above yields short exact sequences 0 −→ H^i(K, ÏZ(n))/m −→ H^i(K, Z/m(n)) −→_mH^{i+1}(K, ÏZ(n)) −→ 0 for every integer i. (1) and the diagram (c) show that_mH^{n+1}(K, ÏZ(n)) = 0 for all m ≠ 0. By property (a) above H^{n+1}(K, ÏZ(n)) is a torsion group, hence = 0. Therefore (C1) holds for (G, ÏZ(n)[n]). For (C2) note that the above exact sequence for i = n + 1 yields H^{n+1}(K, Z/m(n)) →_mH^{n+2}(K, ÏZ(n)). By taking the direct limit over all m and using (1) we obtain H^{n+2}(K, ÏZ(n)) ~→ H^{n+1}(K, Q/Z(n)) ~→ Q/Z. Now we can establish the reciprocity map for K: put C^· = ÏZ(n)[n] and let L/K be a őnite Galois extension of degree m. By applying abstract class őeld theory (see the lemma of 11.2) to (G, C^·) we get K_n(K)/N_{L/K} K_n(L) ~→ H^n(K, Z/m(n))/ cor H^n(L, Z/m(n)) ~→ H^0(K, C^·)/m/ cor H^0(L, C^·)/m ~→ Gal(L/K)^{ab}. For the existence theorem see the previous section or Kato’s paper in this volume.

Bibliography

[Kn] B. Kahn, The decomposable part of motivic cohomology and bijectivity of the norm residue homomorphism, Contemp. Math. 126 (1992), 79ś87.

[Ko1] Y. Koya, A generalization of class formations by using hypercohomology, Invent. Math.

101 (1990), 705ś715.

[Ko2] Y. Koya, A generalization of TateśNakayama theorem by using hypercohomology, Proc.

Japan Acad. Ser. A 69 (1993), 53ś57.

[Li1] S. Lichtenbaum, Values of zeta-functions at non-negative integers, Number Theory, Noordwijkerhout 1983. Lect. Notes Math. 1068, Springer (1984), 127ś138.

[Li2] S. Lichtenbaum, The construction of weight-two arithmetic cohomology, Invent. Math.

88 (1987), 183ś215.

[Sp] M. Spiess, Class formations and higher-dimensional local class őeld theory, J. Number Theory 62 (1997), no. 2, 273ś283.

Department of Mathematics University of Nottingham Nottingham NG7 2RD England E-mail: mks@maths.nott.ac.uk

Geometry & Topology Monographs Volume 3: Invitation to higher local őelds Part I, section 12, pages 109ś112

12. Two types of complete discrete valuation őelds

Masato Kurihara

In this section we discuss results of a paper [Ku1] which is an attempt to understand the structure of the Milnor K -groups of complete discrete valuation őelds of mixed characteristics in the case of an arbitrary residue őeld.

12.0. Deőnitions

Let K be a complete discrete valuation őeld of mixed characteristics (0, p) with the ring of integers O_K . We consider the p-adic completion ^Ω^1_{OK} of Ω^1_{OK /Z} as in section 9.

Note that (a) If K is a őnite extension of Q_p , then ^Ω^1_{OK} = (O_K /D_{K/Qp} )dπ

where D_{K/Qp} is the different of K/Q_p , and π is a prime element of K. (b) If K = k{{t_1}} . . . {{t_{n−1}}} with |k : Q_p | < ∞ (for the deőnition see subsection 1.1), then ^Ω^1_{OK} = (O_k/D_{k/Qp} )dπ ⊕ O_K dt_1 ⊕ · · · ⊕ O_K dt_{n−1}

where π is a prime element of O_k .

But in general, the structure of ^Ω^1_{OK} is a little more complicated. Let F be the residue őeld of K, and consider a natural map

φ: ^Ω^1_{OK} −→ Ω^1_F .

Deőnition. Let Tors ^Ω^1_{OK} be the torsion part of ^Ω^1_{OK} . If φ(Tors ^Ω^1_{OK} ) = 0, K is said to be of type I, and said to be of type II otherwise.

So if K is a őeld in (a) or (b) as above, K is of type I.

Published 10 December 2000: © Geometry & Topology Publications

Let π be a prime element and {t_i} be a lifting of a p-base of F . Then, there is a relation adπ + ∑ b_idt_i = 0

with a, b_i ∈ O_K . The őeld K is of type I if and only if v_K (a) < min_i v_K (b_i), where v_K is the normalized discrete valuation of K.

Examples.

(1) If v_K (p) is prime to p, or if F is perfect, then K is of type I. (2) The őeld K = Q_p {{t}}(π) with π^p = pt is of type II. In this case we have ^Ω^1_{OK} ≃ O_K /p ⊕ O_K .

The torsion part is generated by dt − π^{p−1}dπ (we have pdt − pπ^{p−1}dπ = 0 ), so φ(dt − π^{p−1}dπ) = dt ≠ 0.

12.1. The Milnor K-groups

Let π be a prime element, and put e = v_K (p). Section 4 contains the deőnition of the homomorphism ρ_m: Ω^{q−1}_F ⊕ Ω^{q−2}_F −→ gr_mK_q(K). Theorem. Put ℓ = length_{OK} (Tors ^Ω^1_{OK} ). (a) If K is of type I, then for m ⩾ ℓ + 1 + 2e/(p − 1)

ρ_m|_Ωq−1_F : Ω^{q−1}_F −→ gr_mK_q(K)

is surjective.

(b) If K is of type II, then for m ⩾ ℓ + 2e/(p − 1) and for q ⩾ 2

ρ_m|_Ωq−2_F : Ω^{q−2}_F −→ gr_mK_q(K)

is surjective.

For the proof we used the exponential homomorphism for the Milnor K -groups deőned in section 9.

Corollary. Deőne the subgroup U_iK_q(K) of K_q(K) as in section 4, and deőne the subgroup V_iK_q(K) as generated by {1 + M^i_K , O^∗_K , . . . , O^∗_K } where M_K is the maximal ideal of O_K .

(a) If K is of type I, then for sufőciently large m we have U_mK_q(K) = V_mK_q(K). (b) If K is of type II, then for sufőciently large m, we have V_mK_q(K) = U_{m+1}K_q(K).

Especially, gr_mK_q(K) = 0 for sufőciently large m prime to p.

Part I. Section 12. Two types of complete discrete valuation őelds 111

Example. Let K = Q_p {{t}}(π) where π^p = pt as in Example (2) of subsection 12.0, and assume p > 2. Then, we can determine the structures of gr_mK_q(K) as follows ([Ku2]).

For m ⩽ p + 1, gr_mK_q(K) is determined by Bloch and Kato ([BK]). We have an isomorphism gr_0K_2(K) = K_2(K)/U_1K_2(K) ≃ K_2(F ) ⊕ F^∗, and gr_pK_q(K) is a certain quotient of Ω^1_F /dF ⊕ F (cf. [BK]). The homomorphism ρ_m induces an isomorphism from Ω^1_F if 1 ⩽ m ⩽ p − 1 or m = p + 1 0 if i ⩾ p + 2 and i is prime to p F/F^p if m = 2p (x → {1 + pπ^px, π} induces this isomorphism)

F^{pn−2} if m = np with n ⩾ 3 (x → {1 + p^nx, π} induces this isomorphism) onto gr_mK_2(K).

12.2. Cyclic extensions

For cyclic extensions of K, by the argument using higher local class őeld theory and the theorem of 12.1 we have (cf. [Ku1])

Theorem. Let ℓ be as in the theorem of 12.1.

(a) If K is of type I and i ⩾ 1+ℓ+2e/(p−1), then K does not have ferociously ramiőed cyclic extensions of degree p^i. Here, we call an extension L/K ferociously ramiőed if |L : K| = |k_L : k_K |_{ins} where k_L (resp. k_K ) is the residue őeld of L (resp. K ).

(b) If K is of type II and i ⩾ ℓ + 2e/(p − 1), then K does not have totally ramiőed cyclic extensions of degree p^i.

The bounds in the theorem are not so sharp. By some consideration, we can make them more precise. For example, using this method we can give a new proof of the following result of Miki.

Theorem (Miki, [M]). If e < p − 1 and L/K is a cyclic extension, the extension of the residue őelds is separable. For K = Q_p {{t}}(^p √ pt) with p > 2, we can show that it has no cyclic extensions of degree p^3.

Miki also showed that for any K, there is a constant c depending only on K such that K has no ferociously ramiőed cyclic extensions of degree p^i with i > c.

For totally ramiőed extensions, we guess the following. Let F^{p∞} be the maximal perfect subőeld of F , namely F^{p∞} = ⋂ F^{pn} . We regard the ring of Witt vectors W (F^{p∞} ) as a subring of O_K , and write k_0 for the quotient őeld of W (F^{p∞} ), and write k for the algebraic closure of k_0 in K. Then, k is a őnite extension of k_0, and is a complete discrete valuation őeld of mixed characteristics (0, p) with residue őeld F^{p∞} .

Conjecture. Suppose that e(K|k) > 1, i.e. a prime element of O_k is not a prime element of O_K . Then there is a constant c depending only on K such that K has no totally ramiőed cyclic extension of degree p^i with i > c.

References

[BK] S. Bloch and K. Kato, p-adic etale cohomology, Publ. Math. IHES, 63(1986), 107ś152. [Ku1] M. Kurihara, On two types of complete discrete valuation őelds, Comp. Math., 63(1987), 237ś257.

[Ku2] M. Kurihara, On the structure of the Milnor K -group of a certain complete discrete valuation őelds, preprint.

[M] H. Miki, On Zp-extensions of complete p-adic power series őelds and function őelds, J. Fac. Sci. Univ. Tokyo, Sect. 1A Math., 21(1974), 377ś393.

Department of Mathematics Tokyo Metropolitan University Minami-Osawa 1-1, Hachioji, Tokyo 192-03, Japan E-mail: m-kuri@comp.metro-u.ac.jp

Geometry & Topology Monographs Volume 3: Invitation to higher local őelds Part I, section 13, pages 113ś116

13. Abelian extensions of absolutely unramiőed complete discrete valuation őelds

Masato Kurihara

In this section we discuss results of [K]. We assume that p is an odd prime and K is an absolutely unramiőed complete discrete valuation őeld of mixed characteristics (0, p), so p is a prime element of the valuation ring O_K . We denote by F the residue őeld of K.

13.1. The Milnor K-groups and differential forms

For q > 0 we consider the Milnor K -group K_q(K), and its p-adic completion ^K_q(K) as in section 9. Let U_1 ^K_q(K) be the subgroup generated by {1 + pO_K , K^∗, . . . , K^∗}. Then we have:

Theorem. Let K be as above. Then the exponential map exp_p for the element p, deőned in section 9, induces an isomorphism exp_p: ^Ω^{q−1}_{OK} /pd^Ω^{q−2}_{OK} ~→ U_1 ^K_q(K). The group ^K_q(K) carries arithmetic information of K, and the essential part of ^K_q(K) is U_1 ^K_q(K). Since the left hand side ^Ω^{q−1}_{OK} /pd^Ω^{q−2}_{OK} can be described explicitly (for example, if F has a őnite p-base I, ^Ω^1_{OK} is a free O_K -module generated by {dt_i} where {t_i} are a lifting of elements of I ), we know the structure of U_1 ^K_q(K) completely from the theorem.

In particular, for subquotients of ^K_q(K) we have:

Corollary. The map ρ_m: Ω^{q−1}_F ⊕ Ω^{q−2}_F −→ gr_mK_q(K) deőned in section 4 induces an isomorphism Ω^{q−1}_F /B_{m−1}Ω^{q−1}_F ~→ gr_mK_q(K) Published 10 December 2000: © Geometry & Topology Publications where B_{m−1}Ω^{q−1}_F is the subgroup of Ω^{q−1}_F generated by the elements a^{pj} d log a ∧ d log b_1 ∧ · · · ∧ d log b_{q−2} with 0 ⩽ j ⩽ m − 1 and a, b_i ∈ F^∗.

13.2. Cyclic p-extensions of K

As in section 12, using some class őeld theoretic argument we get arithmetic information from the structure of the Milnor K -groups.

Theorem. Let W_n(F ) be the ring of Witt vectors of length n over F . Then there exists a homomorphism Φ_n: H^1(K, Z/p^n) = Hom_{cont}(Gal(K/K), Z/p^n) −→ W_n(F ) for any n ⩾ 1 such that: (1) The sequence 0 −→ H^1(K_{ur}/K, Z/p^n) −→ H^1(K, Z/p^n)^{Φn}−−→ W_n(F ) −→ 0 is exact where K_{ur} is the maximal unramiőed extension of K.

(2) The diagram H^1(K, Z/p^{n+1})^p−−−−→ H^1(K, Z/p^n) Φn+1 Φn W_{n+1}(F )^F−−−−→ W_n(F ) is commutative where F is the Frobenius map.

(3) The diagram H^1(K, Z/p^n) −−−−→ H^1(K, Z/p^{n+1}) Φn Φn+1 W_n(F )^V−−−−→ W_{n+1}(F ) is commutative where V((a_0, . . . , a_{n−1})) = (0, a_0, . . . , a_{n−1}) is the Verschiebung map.

(4) Let E be the fraction őeld of the completion of the localization O_K [T ]_{(p)} (so the residue őeld of E is F (T ) ). Let

λ: W_n(F ) × W_n(F (T ))^ρ−→_pn Br(F (T )) ⊕ H^1(F (T ), Z/p^n) be the map deőned by λ(w, w^′ ) = (i_2(p^{n−1}wdw^′), i_1(ww^′)) where_pn Br(F (T )) is the p^n -torsion of the Brauer group of F (T ), and we consider p^{n−1}wdw^′ as an element of W_nΩ^1_{F (T )} ( W_nΩ^·_{F (T )} is the de Rham Witt complex). Let

i_1: W_n(F (T )) −→ H^1(F (T ), Z/p^n)

Part I. Section 13. Abelian extensions of absolutely unramiőed cdv őelds 115

be the map deőned by ArtinśSchreierśWitt theory, and let i_2: W_nΩ^1_{F (T )} −→_pn Br(F (T )) be the map obtained by taking Galois cohomology from an exact sequence 0 −→ (F (T )^{sep})^∗/((F (T )^{sep})^∗)^{pn} −→ W_nΩ^1_{F (T )}sep −→ W_nΩ^1_{F (T )}sep −→ 0.

Then we have a commutative diagram H^1(K, Z/p^n)×E^∗/(E^∗)^{pn ∪}−−−−→ Br(E) Φ_n ψn i W_n(F ) × W_n(F (T ))^λ−−−−→_pn Br(F (T )) ⊕ H^1(F (T ), Z/p^n) where i is the map in subsection 5.1, and

ψ_n((a_0, . . . , a_{n−1})) = exp (^{n−1}∑ i=0 n−i∑ j=1 p^{i+j} ~a_i^{pn−i−j} )

( ~a_i is a lifting of a_i to O_K ).

(5) Suppose that n = 1 and F is separably closed. Then we have an isomorphism Φ_1: H^1(K, Z/p) ≃ F. Suppose that Φ_1(χ) = a. Then the extension L/K which corresponds to the character χ can be described as follows. Let ~a be a lifting of a to O_K . Then L = K(x) where x is a solution of the equation X^p − X = ~a/p. The property (4) characterizes Φ_n.

Corollary (Miki). Let L = K(x) where x^p − x = a/p with some a ∈ O_K . L is contained in a cyclic extension of K of degree p^n if and only if a mod p ∈ F^{pn−1} . This follows from parts (2) and (5) of the theorem. More generally:

Corollary. Let χ be a character corresponding to the extension L/K of degree p^n , and Φ_n(χ) = (a_0, . . . , a_{n−1}). Then for m > n, L is contained in a cyclic extension of K of degree p^m if and only if a_i ∈ F^{pm−n} for all i such that 0 ⩽ i ⩽ n − 1. Remarks.

(1) Fesenko gave a new and simple proof of this theorem from his general theory on totally ramiőed extensions (cf. subsection 16.4).

(2) For any q > 0 we can construct a homomorphism Φ_n: H^q (K, Z/p^n(q − 1)) −→ W_nΩ^{q−1}_F by the same method. By using this homomorphism, we can study the Brauer group of K, for example.

Problems.

(1) Let χ_� be the character of the extension constructed in 14.1. Calculate Φ_n(χ_� ). (2) Assume that F is separably closed. Then we have an isomorphism Φ_n: H^1(K, Z/p^n) ≃ W_n(F ). This isomorphism is reminiscent of the isomorphism of ArtinśSchreierśWitt theory. For w = (a_0, . . . , a_{n−1}) ∈ W_n(F ), can one give an explicit equation of the corresponding extension L/K using a_0, . . . , a_{n−1} for n ⩾ 2 (where L/K corresponds to the character χ such that Φ_n(χ) = w )?

References

[K] M. Kurihara, Abelian extensions of an absolutely unramiőed local őeld with general residue őeld, Invent. math., 93 (1988), 451ś480.

Department of Mathematics Tokyo Metropolitan University Minami-Osawa 1-1, Hachioji, Tokyo 192-03, Japan E-mail: m-kuri@comp.metro-u.ac.jp

Geometry & Topology Monographs Volume 3: Invitation to higher local őelds Part I, section 14, pages 117ś122

14. Explicit abelian extensions of complete discrete valuation őelds

Igor Zhukov

14.0

For higher class őeld theory Witt and Kummer extensions are very important. In fact, Parshin’s construction of class őeld theory for higher local őelds of prime characteristic [P] is based on an explicit (ArtinśSchreierśWitt) pairing; see [F] for a generalization to the case of a perfect residue őeld. Kummer extensions in the mixed characteristic case can be described by using class őeld theory and Vostokov’s symbol [V1], [V2]; for a perfect residue őeld, see [V3], [F].

An explicit description of non Kummer abelian extensions for a complete discrete valuation őeld K of characteristic 0 with residue őeld k_K of prime characteristic p is an open problem. We are interested in totally ramiőed extensions, and, therefore, in p-extensions (tame totally ramiőed abelian extensions are always Kummer and their class őeld theory can be described by means of the higher tame symbol deőned in subsection 6.4.2).

In the case of an absolutely unramiőed K there is a beautiful description of all abelian totally ramiőed p-extensions in terms of Witt vectors over k_K by Kurihara (see section 13 and [K]). Below we give another construction of some totally ramiőed cyclic p-extensions for such K. The construction is complicated; however, the extensions under consideration are constructed explicitly, and eventually we obtain a certain description of the whole maximal abelian extension of K. Proofs are given in [VZ].

14.1

We recall that cyclic extensions of K of degree p can be described by means of Artinś Schreier extensions, see [FV, III.2]. Namely, for a cyclic L/K of degree p we have L = K(x), x^p − x = a, where v_K (a) = −1 if L/K is totally ramiőed, and v_K (a) = 0 if L/K is unramiőed.

Published 10 December 2000: © Geometry & Topology Publications

Notice that if v_K (a_1 − a_2) ⩾ 0, then for corresponding cyclic extensions L_1/K and L_2/K we have L_1K_{ur} = L_2K_{ur}. (If v_K (a_1 − a_2) ⩾ 1, then, moreover, L_1 = L_2. ) We obtain immediately the following description of the maximal abelian extension of K of exponent p: K^{ab,p} = K^{ab,p}_{ur} ∏ d K_d, where K_d = K(x), x^p − x = −p^{−1}d, and d runs over any őxed system of representatives of k^∗_K in O_K . This is a part of a more precise statement at the end of the next subsection.

14.2

It is easy to determine whether a given cyclic extension L/K of degree p can be embedded into a cyclic extension of degree p^n , n ⩾ 2.

Proposition. In the above notation, let b be the residue of pa in k_K . Then there is a cyclic extension M/K of degree p^n such that L ⊂ M if and only if b ∈ k_K^{pn−1} .

The proof is based on the following theorem of Miki [M]. Let F be a őeld of characteristic not equal to p and let ζ_p ∈ F . Let L = F (α), α^p = a ∈ F . Then a ∈ F^{∗p}N_{F (ζpn )/F} F (ζ_pn )^∗ if and only if there is a cyclic extension M/F of degree p^n such that L ⊂ M .

Corollary. Denote by K^{ab,pn} (respectively K^{ab,pn}_{ur} ) the maximal abelian (respectively abelian unramiőed) extension of K of exponent p^n. Choose A_i ⊂ O_K , 1 ⩽ i ⩽ n, in such a way that {d : d ∈ A_i} is an F_p -basis of k^{pi−1}_K /k^{pi}_K for i ⩽ n − 1 and an F_p -basis of k^{pn−1}_K for i = n. Let K_{i,d} ( d ∈ A_i ) be any cyclic extension of degree p^i that contains x with x^p − x = −p^{−1}d. Then K^{ab,pn} /K is the compositum of linearly disjoint extensions K_{i,d}/K ( 1 ⩽ i ⩽ n; d runs over A_i ) and K^{ab,pn}_{ur} /K.

From now on, let p > 3. For any n ⩾ 1 and any b ∈ k^{pn−1}_K , we shall give a construction of a cyclic extension K_{n,d}/K of degree p^n such that x ∈ K_{n,d}, x^p − x = −p^{−1}d, where d ∈ O_K is such that its residue d is equal to b.

14.3

Denote by G the LubinśTate formal group over Z_p such that multiplication by p in it takes the form [p]_G(X) = pX + X^p.

Let O be the ring of integers of the őeld E deőned in (2) of Theorem 13.2, and v the valuation on E.

Proposition. There exist g_i ∈ O, i ∈ Z, and R_i ∈ O, i ⩾ 0, satisfying the following conditions.

(1) g_0 ≡ 1 mod pO, g_i ≡ 0 mod pO for i ≠ 0. (2) R_0 = T .

(3) v(g_i) ⩾ −i + 2 + [_i p ] + [_{i−2} p ] for i ⩽ −1.

(4) Let g(X) =^∞ ∑ −∞ g_iX^{i(p−1)+1}, R(X, T ) =^∞ ∑ i=0 R_iX^{i(p−1)+1}. Then

g(X) +_G [p]_GR(g(X), T ) = g(X +_G R([p]_GX, T^p)).

Remark. We do not expect that the above conditions determine g_i and R_i uniquely. However, in [VZ] a certain canonical way to construct (g, R) by a process of the p-adic approximation is given.

Fix a system (g, R) satisfying the above conditions. Denote S = ∞∑ i=0 S_i(T )X^{i(p−1)+1} = T^{−1}X + . . .

the series which is inverse to R with respect to substitution in O[[X]].

Theorem. Let d ∈ O^∗_K . Consider β_1, . . . , β_n ∈ K^{sep} such that

β^p_1 − β_1 = −p^{−1} ∑ i⩾0 S_i(d^{pn−1} )(−p)^i,

β^p_j − β_j = −p^{−1} +∞∑ −∞ g_i(d^{pn−j} )(−p)^iβ^{i(p−1)+1} j−1 , j ⩾ 2. Then K_{n,dp}n−1 = K(β_1, . . . , β_n) is a cyclic extension of K of degree p^n containing a zero of the polynomial X^p − X + p^{−1}d^{pn−1} .

Remark. We do not know which Witt vector corresponds to K_{n,dp}n−1 /K in Kurihara’s theory (cf. section 13). However, one could try to construct a parallel theory in which (the canonical character of) this extension would correspond to (d^{pn−1} , 0, 0, . . . ) ∈ W_n(k_K ).

14.4

If one is interested in explicit equations for abelian extensions of K of exponent p^n for a őxed n, then it is sufőcient to compute a certain p-adic approximation to g (resp. R ) by polynomials in Z_{(p)}[T, T^{−1}, X, X^{−1}] (resp. Z_{(p)}[T, T^{−1}, X] ). Let us make this statement more precise.

In what follows we consider a őxed pair (g, R) constructed in [VZ]. Denote K_{j,dp}n−1 = K(β_1, . . . , β_j ). Let v be the (non-normalized) extension of the valuation of K to K_{n,dp}n−1 . Then v(β_j ) = −p^{−1} − · · · − p^{−j} , j = 1, . . . , n. We assert that in the deőning equations for K_{n,dp}n−1 the pair (g, R) can be replaced with (~g, ~R) such that (1) v(~g_i − g_i) > n + max_{j=1,...,n−1}(−j − i · p^{−j} + p^{−1} + p^{−2} + · · · + p^{−j} ), i ∈ Z, and (2) v( ~R_i − R_i) > n − i, i ⩾ 0. Theorem. Assume that the pair (~g, ~R) satisőes (1) and (2). Deőne ~S as ~R^{−1}. Let ~β^p_1 − ~β_1 = −p^{−1} ∑ i⩾0 ~S_i(d^{pn−1} )(−p)^i,

~β^p_j − ~β_j = −p^{−1 +∞} ∑ −∞ ~g_i(d^{pn−j} )(−p)^i ~β^{i(p−1)+1} j−1 , j ⩾ 2. Then K(~β_1, . . . , ~β_n) = K(β_1, . . . , β_n).

Proof. It is easy to check by induction on j that ~β_j ∈ K_{j,dp}n−1 and v(~β_j −β_j) > n−j, j = 1, . . . , n. Remark. For a őxed n, one may take ~R_i = 0 for i ⩾ n, ~g_i = 0 for all sufőciently small or sufőciently large i.

14.5

If we consider non-strict inequalities in (1)and (2), then we obtain an extension ~K_{n,dp}n−1 such that ~K_{n,dp}n−1 K_{ur} = K_{n,dp}n−1 K_{ur}. In particular, let n = 2. Calculation of (R, g) in [VZ] shows that

g_i^p 2O ≡ 0, i < −1 p ·^{T 1−p−1}_2 , i = −1 1 + p ·^{T 1−p −1}_2 (1 − T^p), i = 0 Therefore, one may take ~g_i = 0 for i < −1 or i > 0, ~g_{−1} = p ·^{T 1−p−1}_2 , ~g_0 = 1 + p ·^{T 1−p−1}_2 (1 − T^p). Further, one may take ~R = T X. Thus, we obtain the following

Theorem. For any d ∈ O^∗_K , let ~K_{1,d} = K(y), where y^p − y = −p^{−1}d. Next, let ~K_{2,dp} = K(y_1, y_2), where

y^p_1 − y_1 = −p^{−1}d^p,

y^p_2 − y_2 = −p^{−1}y_1 + p^{−1} · d^{1−p} − 1 2 y^{−p+2}_1 − d^{1−p} − 1 2 (1 − d^p)y_1.

Then 1. All ~K_{1,d}/K are cyclic of degree p, and all ~K_{2,d}p /K are cyclic of degree p^2. 2. K^{ab,p2} /K is the compositum of linearly disjoint extensions described below:

(a) ~K_{1,d}/K, where d runs over a system of representatives of an F_p -basis of k_K /k^p_K ;

(b) ~K_{2,d}p /K, where d runs over a system of representatives of an F_p -basis of k_K ;

(c) K^{ab,p2}_{ur} /K.

14.6

One of the goals of developing explicit constructions for abelian extensions would be to write down explicit formulas for class őeld theory. We are very far from this goal in the case of non Kummer extensions of an absolutely unramiőed higher local őeld. However, the K -group involved in the reciprocity map can be computed for such őelds in a totally explicit way.

Let K be an absolutely unramiőed n-dimensional local őeld with any perfect residue őeld. Then [Z, §11] gives an explicit description of U(1)K^{top}_n K = ⟨{α, β_1, . . . , β_{n−1}} : α, β_i ∈ K^∗, v(α − 1) > 0⟩. Notice that the structure of K^{top}_n K/U(1)K^{top}_n K, i.e., the quotient group responsible for tamely ramiőed extensions, is well known. We cite here a result in the simplest possible case K = Q_p {{t}}. Theorem. Let K = Q_p {{t}}.

1. For every α ∈ U_1K^{top}_2 (K) there are n_j ∈ Z_p, j ∈ Z \ {0} which are uniquely determined modulo p^{vQp (j)+1} and there is n_0 ∈ Z_p which is uniquely determined such that α = ∑ j n_j {1 − pt^j , t}. 2. For any j ≠ 0 we have p^{vQp (j)+1}{1 − pt^j , t} = 0.

Proof. Use explicit class őeld theory of section 10 and the above mentioned theorem of Miki.

Question. How does {1 − pt^j , t} act on K_{n,dp}n−1 ?

References

[F] I. Fesenko, Abelian local p-class őeld theory, Math. Ann. 301 (1995), pp. 561ś586. [FV] I. Fesenko and S. Vostokov, Local Fields and Their Extensions, AMS, Providence, 1993. [K] M. Kurihara, Abelian extensions of an absolutely unramiőed local őeld with general residue őeld, Invent. Math. 93(1988), 451ś480.

[M] H. Miki, On Zp-extensions of complete p-adic power series őelds and function őelds, J. Fac. Sci. Univ. Tokyo, Sect. IA 21 (1974), 377ś393.

[P] A. N. Parshin, Local class őeld theory, Trudy Mat. Inst. Steklov (1984); English translation in Proc. Steklov Inst. Math. 165 (1985), no. 3, 157ś185.

[V1] S. V. Vostokov, Explicit construction of class őeld theory for a multidimensional local őeld, Izv. Akad. Nauk SSSR Ser. Mat. (1985); English translation in Math. USSR Izv. 26 (1986), no. 2, 263ś288.

[V2] S. V. Vostokov, The pairing on K -groups in őelds of valuation of rank n, Trudy S.- Peterb. Mat. Obsch. (1995); English translation in Amer. Math. Soc. Transl. (Ser. 2) 165 (1995), 111ś148.

[V3] S. V. Vostokov, Hilbert pairing on a multidimensional complete őeld, Trudy Mat. Inst.

Steklova (1995); English translation in Proc. of the Steklov Inst. of Math. 208 (1995), 72ś83.

[VZ] S. V. Vostokov and I. B. Zhukov, Some approaches to the construction of abelian extensions for p-adic őelds, Trudy S.-Peterb. Mat. Obsch. (1995); English translation in Amer. Math. Soc. Transl. (Ser. 2) 165 (1995), 157ś174.

[Z] I. B. Zhukov, Milnor and topological K -groups of multidimensional complete őelds, Algebra i Analiz (1997); English translation in St. Petersburg Math. J. 9 (1998), 69ś105.

Department of Mathematics and Mechanics St. Petersburg University Bibliotechnaya pl. 2, Staryj Petergof 198904 St. Petersburg Russia E-mail: igor@zhukov.pdmi.ras.ru

Geometry & Topology Monographs Volume 3: Invitation to higher local őelds Part I, section 15, pages 123ś135

15. On the structure of the Milnor K -groups of complete discrete valuation őelds

Jinya Nakamura

15.0. Introduction

For a discrete valuation őeld K the unit group K^∗ of K has a natural decreasing őltration with respect to the valuation, and the graded quotients of this őltration are written in terms of the residue őeld. The Milnor K -group K_q(K) is a generalization of the unit group and it also has a natural decreasing őltration deőned in section 4. However, if K is of mixed characteristic and has absolute ramiőcation index greater than one, the graded quotients of this őltration are known in some special cases only.

Let K be a complete discrete valuation őeld with residue őeld k = k_K ; we keep the notations of section 4. Put v_p = v_{Qp} .

A description of gr_nK_q(K) is known in the following cases: (i) (Bass and Tate [BT]) gr_0K_q(K) ≃ K_q(k) ⊕ K_{q−1}(k).

(ii) (Graham [G]) If the characteristic of K and k is zero, then gr_nK_q(K) ≃ Ω^{q−1}_k for all n ⩾ 1.

(iii) (Bloch [B], Kato [Kt1]) If the characteristic of K and of k is p > 0 then

gr_nK_q(K) ≃ coker ( Ω^{q−2}_k −→ Ω^{q−1}_k /B^{q−1}_s ⊕ Ω^{q−2}_k /B^{q−2}_s ) where ω −→ (C^{−s}(dω), (−1)^q m C^{−s}(ω) and where n ⩾ 1, s = v_p(n) and m = n/p^s. (iv) (BlochśKato [BK]) If K is of mixed characteristic (0, p), then

gr_nK_q(K) ≃ coker ( Ω^{q−2}_k −→ Ω^{q−1}_k /B^{q−1}_s ⊕ Ω^{q−2}_k /B^{q−2}_s ) where ω −→ (C^{−s}(dω), (−1)^q m C^{−s}(ω)) and where 1 ⩽ n < ep/(p − 1) for e = v_K (p), s = v_p(n) and m = n/p^s; and

gr^{ep}_{p−1} K_q(K)

≃ coker ( Ω^{q−2}_k −→ Ω^{q−1}_k /(1 + a C)B^{q−1}_s ⊕ Ω^{q−2}_k /(1 + a C)B^{q−2}_s )

Published 10 December 2000: © Geometry & Topology Publications where ω −→ ((1 + a C) C^{−s}(dω), (−1)^q m(1 + a C) C^{−s}(ω)) and where a is the residue class of p/π^e for őxed prime element of K, s = v_p(ep/(p − 1)) and m = ep/(p − 1)p^s . (v) (Kurihara [Ku1], see also section 13) If K is of mixed characteristic (0, p) and absolutely unramiőed (i.e., v_K (p) = 1 ), then gr_nK_q(K) ≃ Ω^{q−1}_k /B^{q−1}_{n−1} for n ⩾ 1. (vi) (Nakamura [N2]) If K is of mixed characteristic (0, p) with p > 2 and p ∤ e = v_K (p), then

gr_nK_q(K) ≃

{ as in (iv) (1 ⩽ n ⩽ ep/(p − 1)) Ω^{q−1}_k /B^{q−1}_{ln+sn} (n > ep/(p − 1)) where l_n is the maximal integer which satisőes n − l_ne ⩾ e/(p − 1) and s_n = v_p(n − l_ne). (vii) (Kurihara [Ku3]) If K_0 is the fraction őeld of the completion of the localization Z_p[T ]_{(p)} and K = K_0(^p √ pT ) for a prime p ≠ 2, then

gr_nK_2(K) ≃ as in (iv) (1 ⩽ n ⩽ p) k/k^p (n = 2p) k^{pl−2} (n = lp, l ⩾ 3) 0 (otherwise).

(viii) (Nakamura [N1]) Let K_0 be an absolutely unramiőed complete discrete valuation őeld of mixed characteristic (0, p) with p > 2. If K = K_0(ζ_p)(^p √ π) where π is a prime element of K_0(ζ_p) such that dπ^{p−1} = 0 in Ω^1_{OK0(ζp)} , then gr_nK_q(K) are determined for all n ⩾ 1. This is complicated, so we omit the details.

(ix) (Kahn [Kh]) Quotients of the Milnor K -groups of a complete discrete valuation őeld K with perfect residue őeld are computed using symbols.

Recall that the group of units U_{1,K} can be described as a topological Z_p-module. As a generalization of this classical result, there is an appraoch different from (i)-(ix) for higher local őelds K which uses topological convergence and

K^{top}_q (K) = K_q(K)/ ∩_{l⩾1} lK_q(K)

(see section 6). It provides not only the description of gr_nK_q(K) but of the whole K^{top}_q (K) in characteristic p (Parshin [P]) and in characteristic 0 (Fesenko [F]). A complete description of the structure of K^{top}q (K) of some higher local őelds with small ramiőcation is given by Zhukov [Z].

Below we discuss (vi).

15.1. Syntomic complex and Kurihara’s exponential homomorphism

15.1.1. Syntomic complex. Let A = O_K and let A_0 be the subring of A such that A_0 is a complete discrete valuation ring with respect to the restriction of the valuation of K, the residue őeld of A_0 coincides with k = k_K and A_0 is absolutely unramiőed. Let π be a őxed prime of K. Let B = A_0[[X]]. Deőne J = ker[B^{X→π}−−−→ A] I = ker[B^{X→π}−−−→ A^{mod p}−−−→ A/p] = J + pB. Let D and J ⊂ D be the PD-envelope and the PD-ideal with respect to B → A, respectively. Let I ⊂ D be the PD-ideal with respect to B → A/p. Namely, D = B [ x^j j! ; j ⩾ 0, x ∈ J ] , J = ker(D → A), I = ker(D → A/p). Let J^{[r]} (resp. I^{[r]} ) be the r-th divided power, which is the ideal of D generated by { x^j j! ; j ⩾ r, x ∈ J } , ( resp. { x^i i! p^j j! ; i + j ⩾ r, x ∈ I }) . Notice that I^{[0]} = J^{[0]} = D. Let I^{[n]} = J^{[n]} = D for a negative n. We deőne the complexes J^{[q]} and I^{[q]} as

J^{[q]} = [J^{[q] d}−→ J^{[q−1]} ⊗_B ^Ω^1_B^d−→ J^{[q−2]} ⊗_B ^Ω^2_B −→ · · · ]

I^{[q]} = [I^{[q] d}−→ I^{[q−1]} ⊗_B ^Ω^1_B^d−→ I^{[q−2]} ⊗_B ^Ω^2_B −→ · · · ]

where ^Ω^q_B is the p-adic completion of Ω^q_B . We deőne D = I^{[0]} = J^{[0]}.

Let T be a őxed set of elements of A^∗_0 such that the residue classes of all T ∈ T in k forms a p-base of k. Let f be the Frobenius endomorphism of A_0 such that f(T ) = T^p for any T ∈ T and f(x) ≡ x^p mod p for any x ∈ A_0. We extend f to B by f(X) = X^p, and to D naturally. For 0 ⩽ r < p and 0 ⩽ s, we get f(J^{[r]}) ⊂ p^rD, f(^Ω^s_B ) ⊂ p^s ^Ω^s_B , since f(x^{[r]}) = (x^p + py)^{[r]} = (p!x^{[p]} + py)^{[r]} = p^{[r]}((p − 1)!x^{[p]} + y)^r, f ( z dT_1 T_1 ∧ · · · ∧ dT_s T_s ) = z dT^p_1 T^p_1 ∧ · · · ∧ dT^p_s T^p_s = zp^s dT_1 T_1 ∧ · · · ∧ dT_s T_s , where x ∈ J, y is an element which satisőes f(x) = x^p + py, and T_1, . . . , T_s ∈ T ∪ {X}. Thus we can deőne

f_q = f p^q : J^{[r]} ⊗ ^Ω^{q−r}_B −→ D ⊗ ^Ω^{q−r}_B Geometry & Topology Monographs, Volume 3 (2000) ś Invitation to higher local őelds for 0 ⩽ r < p. Let S (q) and S^′(q) be the mapping őber complexes (cf. Appendix) of J^{[q] 1−fq}−−−→ D and I^{[q] 1−fq}−−−→ D respectively, for q < p. For simplicity, from now to the end, we assume p is large enough to treat S (q) and S^′(q). S (q) is called the syntomic complex of A with respect to B, and S^′(q) is also called the syntomic complex of A/p with respect to B (cf. [Kt2]).

Theorem 1 (Kurihara [Ku2]). There exists a subgroup S^q of H^q(S (q)) such that U_X H^q (S (q)) ≃ U_1 ^K_q(A) where ^K_q(A) = lim←− K_q(A)/p^n is the p-adic completion of K_q(A) (see subsection 9.1).

Outline of the proof. Let U_X (D ⊗ ^Ω^{q−1}_B ) be the subgroup of D ⊗ ^Ω^{q−1}_B generated by XD ⊗ ^Ω^{q−1}_B , D ⊗ ^Ω^{q−2}_B ∧ dX and I ⊗ ^Ω^{q−1}_B , and let S^q = U_X (D ⊗ ^Ω^{q−1}_B )/((dD ⊗ ^Ω^{q−2}_B + (1 − f_q )J ⊗ ^Ω^{q−1}_B ) ∩ U_X (D ⊗ ^Ω^{q−1}_B )). The inőnite sum ∑ n⩾0 f^n_q (dx) converges in D ⊗ ^Ω^q_B for x ∈ U_X (D ⊗ ^Ω^{q−1}_B ). Thus we get a map U_X (D ⊗ ^Ω^{q−1}_B ) −→ H^q (S (q)) x −→ ( x, ∞∑ n=0 f^n_q (dx) )

and we may assume S^q is a subgroup of H^q(S (q)). Let E_q be the map E_q : U_X (D ⊗ ^Ω^{q−1}_B ) −→ ^K_q(A) x dT_1 T_1 ∧ · · · ∧ dT_{q−1} T_{q−1} −→ {E_1(x), T_1, . . . , T_{q−1}}, where E_1(x) = exp ∘( ∑ n⩾0 f^n_1 )(x) is ArtinśHasse’s exponential homomorphism. In [Ku2] it was shown that E_q vanishes on (dD ⊗ ^Ω^{q−2}_B + (1 − f_q)J ⊗ ^Ω^{q−1}_B ) ∩ U_X (D ⊗ ^Ω^{q−1}_B ), hence we get the map E_q : S^q −→ ^K_q(A). The image of E_q coincides with U_1 ^K_q(A) by deőnition.

On the other hand, deőne s_q : ^K_q(A) −→ S^q by s_q({a_1, . . . , a_q }) = q∑ i=1 (−1)^{i−1} 1 p log (f( ~a_i) ~a_i^p ) d ~a_1 ~a_1 ∧ · · · ∧ d ~ a_{i−1} ~ a_{i−1} ∧ f_1 (d~a_{i+1} ~a_{i+1} ) ∧ · · · ∧ f_1 (d ~a_q ~a_q )

Geometry & Topology Monographs, Volume 3 (2000) ś Invitation to higher local őelds

(cf. [Kt2], compare with the series Φ in subsection 8.3), where ~a is a lifting of a to D. One can check that s_q ∘ E_q = − id . Hence S^q ≃ U_1 ^K_q(A). Note that if ζ_p ∈ K, then one can show U_1 ^K_q(A) ≃ U_1 ^K_q(K) (see [Ku4] or [N2]), thus we have S^q ≃ U_1 ^K_q(K).

Example. We shall prove the equality s_q ∘ E_q = − id in the following simple case. Let q = 2. Take an element adT/T ∈ U_X (D ⊗ ^Ω^{q−1}_B ) for T ∈ T ∪ {X}. Then s_q ∘ E_q ( a dT T ) = s_q({E_1(~a), T }) = 1 p log ( f(E_1(a)) E_1(a)^p ) f_1 ( dT T )

= 1 p ( log ∘f ∘ exp ∘ ∑ n⩾0 f^n_1 (a) − p log ∘ exp ∘ ∑ n⩾0 f^n_1 (a) ) dT T = ( f_1 ∑ n⩾0 f^n_1 (a) − ∑ n⩾0 f^n_1 (a) ) dT T = −a dT T .

15.1.2. Exponential Homomorphism. The usual exponential homomorphism exp_η : A −→ A^∗ x −→ exp(ηx) = ∑ n⩾0 x^n n! is deőned for η ∈ A such that v_A(η) > e/(p − 1). This map is injective. Section 9 contains a deőnition of the map

exp_η : ^Ω^{q−1}_A −→ ^K_q(A) x dy_1 y_1 ∧ · · · ∧ dy_{q−1} y_{q−1} −→ {exp(ηx), y_1, . . . , y_{q−1}} for η ∈ A such that v_A(η) ⩾ 2e/(p − 1). This map is not injective in general. Here is a description of the kernel of exp_η .

Theorem 2. The following sequence is exact: (*) H^{q−1}(S^′(q))^ψ−→ Ω^{q−1}_A /pd^Ω^{q−2}_A^{expp}−→ ^K_q(A).

Sketch of the proof. There is an exact sequence of complexes

0 →MF J^{[q]} 1−f_q D →MF I^{[q]} 1−f_q D →I^{[q]}/J^{[q]} → 0, ‖ ‖ S (q) S^′(q) where MF means the mapping őber complex. Thus, taking cohomologies we have the following diagram with the exact top row H^{q−1}(S^′(q))^ψ−−−−→ H^{q−1}(I^{[q]}/J^{[q]})^δ−−−−→ H^q (S (q)) (1) Thm.1 ^Ω^{q−1}_A /pd^Ω^{q−2}_A^{expp}−−−−→ U_1 ^K_q(A), where the map (1) is induced by ^Ω^{q−1}_A ∋ ω −→ p~ω ∈ I ⊗ ^Ω^{q−1}_B /J ⊗ ^Ω^{q−1}_B = (I^{[q]}/J^{[q]})^{q−1}. We denoted the left horizontal arrow of the top row by ψ and the right horizontal arrow of the top row by δ. The right vertical arrow is injective, thus the claims are (1) is an isomorphism, (2) this diagram is commutative.

First we shall show (1). Recall that

H^{q−1}(I^{[q]}/J^{[q]}) = coker ( I^{[2]} ⊗ ^Ω^{q−2}_B J^{[2]} ⊗ ^Ω^{q−2}_B −→ I ⊗ ^Ω^{q−2}_B J ⊗ ^Ω^{q−2}_B ) . From the exact sequence 0 −→ J −→ D −→ A −→ 0, we get D ⊗ ^Ω^{q−1}_B /J ⊗ ^Ω^{q−1}_B = A ⊗ ^Ω^{q−1}_B and its subgroup I ⊗ ^Ω^{q−2}_B /J ⊗ ^Ω^{q−2}_B is pA ⊗ ^Ω^{q−1}_B in A ⊗ ^Ω^{q−1}_B . The image of I^{[2]} ⊗ ^Ω^{q−2}_B in pA ⊗ ^Ω^{q−1}_B is equal to the image of I^2 ⊗ ^Ω^{q−2}_B = J^2 ⊗ ^Ω^{q−2}_B + pJ^Ω^{q−2}_B + p^2 ^Ω^{q−2}_B .

On the other hand, from the exact sequence 0 −→ J −→ B −→ A −→ 0, we get an exact sequence (J/J^2) ⊗ ^Ω^{q−2}_B^d−→ A ⊗ ^Ω^{q−1}_B −→ ^Ω^{q−1}_A −→ 0.

Thus dJ^2 ⊗ ^Ω^{q−2}_B vanishes on pA ⊗ ^Ω^{q−1}_B , hence

H^{q−1}(I^{[q]}/J^{[q]}) = pA ⊗ ^Ω^{q−1}_B pdJ^Ω^{q−2}_B + p^2d^Ω^{q−2}_B p^−1 ≃ A ⊗ ^Ω^{q−1}_B dJ^Ω^{q−2}_B + pd^Ω^{q−2}_B ≃ ^Ω^{q−1}_A /pd^Ω^{q−2}_A , which completes the proof of (1).

Next, we shall demonstrate the commutativity of the diagram on a simple example. Consider the case where q = 2 and take adT/T ∈ ^Ω^1_A for T ∈ T ∪ {π}. We want to show that the composite of

^Ω^1_A/pdA^{(1)}−→ H^1(I^{[2]}/J^{[2]})^δ−→ S^{q Eq}−→ U_1 ^K_2(A)

coincides with exp_p. By (1), the lifting of adT/T in (I^{[2]}/J^{[2]})^1 = I ⊗ ^Ω^1_B /J ⊗ ^Ω^1_B is p~a ⊗ dT/T , where ~a is a lifting of a to D. Chasing the connecting homomorphism δ, 0 −−→ (J⊗^Ω^1_B )⊕D −−→ (I⊗^Ω^1_B )⊕D −−→ (I⊗^Ω^1_B )/(J⊗^Ω^1_B ) −−→ 0 d d d 0 −−→ (D⊗^Ω^2_B )⊕(D⊗^Ω^1_B ) −−→ (D⊗^Ω^2_B )⊕(D⊗^Ω^1_B ) −−→ 0 −−→ 0 d d d (the left column is S (2), the middle is S^′(2) and the right is I^{[2]}/J^{[2]} ); p~adT/T in the upper right goes to (pd~a ∧ dT/T, (1 − f_2)(p~a ⊗ dT/T )) in the lower left. By E_2, this element goes

E_2 ( (1 − f_2) ( p~a ⊗ d T )) = E_2 ( (1 − f_1)(p~a) ⊗ dT T ) = {E_1((1 − f_1)(p~a)), T } = { exp ∘ (∑ n⩾0 f^n_1 ) ∘ (1 − f_1)(p~a), T }

= {exp(pa), T }. in U_1 ^K_2(A). This is none other than the map exp_p.

By Theorem 2 we can calculate the kernel of exp_p. On the other hand, even though exp_p is not surjective, the image of exp_p includes U_{e+1} ^K_q(A) and we already know gr_i ^K_q(K) for 0 ⩽ i ⩽ ep/(p − 1). Thus it is enough to calculate the kernel of exp_p in order to know all gr_i ^K_q(K). Note that to know gr_i ^K_q(K), we may assume that ζ_p ∈ K, and hence ^K_q(A) = U_0 ^K_q(K).

15.2. Computation of the kernel of the exponential homomorphism

15.2.1. Modiőed syntomic complex. We introduce a modiőcation of S^′(q) and calculate it instead of S^′(q). Let S_q be the mapping őber complex of

1 − f_q : (J^{[q]})^{⩾q−2} −→ D^{⩾q−2} .

Here, for a complex C^·, we put C^{⩾n} = (0 −→ · · · −→ 0 −→ C^n −→ C^{n+1} −→ · · · ). By deőnition, we have a natural surjection H^{q−1}(S_q) → H^{q−1}(S^′(q)), hence ψ(H^{q−1}(S_q)) = ψ(H^{q−1}(S^′(q))), which is the kernel of exp_p.

To calculate H^{q−1}(S_q), we introduce an X -őltration. Let 0 ⩽ r ⩽ 2 and s = q−r. Recall that B = A_0[[X]]. For i ⩾ 0, let ől_i(I^{[r]}⊗_B ^Ω^s_B ) be the subgroup of I^{[r]}⊗_B ^Ω^s_B generated by the elements { X^n (X^e)^j j! p^l l! aω : n + ej ⩾ i, n ⩾ 0, j + l ⩾ r, a ∈ D, ω ∈ ^Ω^s_B }

∪ { X^n (X^e)^j j! p^l l! aυ ∧ dX X : n + ej ⩾ i, n ⩾ 1, j + l ⩾ r, a ∈ D, υ ∈ ^Ω^{s−1}_B } .

The map 1 − f_q: I^{[r]} ⊗ ^Ω^s_B → D ⊗ ^Ω^s_B preserves the őltrations. By using the latter we get the following

Proposition 3. H^{q−1}(ől_iS_q)_i form a őnite decreasing őltration of H^{q−1}(S_q). Denote

ől_iH^{q−1}(S_q) = H^{q−1}(ől_iS_q), gr_iH^{q−1}(S_q) = ől_iH^{q−1}(S_q)/ől_{i+1}H^{q−1}(S_q).

Then gr_iH^{q−1}(S_q)

=

0 ( if i > 2e) X^{2e−1}dX ∧ ( ^Ω^{q−3}_{A0} /p ) ( if i = 2e) X^i ( ^Ω^{q−2}_{A0} /p ) ⊕ X^{i−1}dX ∧ (^Ω^{q−3}_{A0} /p) ( if e < i < 2e) X^e ( ^Ω^{q−2}_{A0} /p ) ⊕ X^{e−1}dX ∧ ( Z_1 ^Ω^{q−3}_{A0} / p^2 ^Ω^{q−3}_{A0} ) ( if i = e, p | e) X^{e−1}dX ∧ ( Z_1 ^Ω^{q−3}_{A0} / p^2 ^Ω^{q−3}_{A0} ) ( if i = e, p ∤ e) X^i ( pmax(^{η′}i^{−vp}(^i)^,0) ^Ω^{q−}2_A 0 ∩Z_{ηi} ^Ω^{q−}2_A 0 ) +p^2^Ω^{q−2}_{A0} p2^Ω^{q−2}_{A0} ⊕ ( X^{i−1}dX ∧^{Zηi} ^Ω^{q−3}_{A0} +p^2^Ω^{q−3}_{A0} p2^Ω^{q−3}_{A0} ) ( if 1 ⩽ i < e)

0 ( if i = 0).

Here η_i and η^′_i are the integers which satisfy p^{ηi−1}i < e ⩽ p^{ηi} i and p^{η′i−1}i − 1 < e ⩽ p^{η′i} i − 1 for each i,

Z_n ^Ω^q_{A0} = ker ( ^Ω^q_{A0}^d−→ ^Ω^{q+1}_{A0} /p^n )

for positive n, and Z_n ^Ω^q_{A0} = ^Ω^q_{A0} for n ⩽ 0.

Outline of the proof. From the deőnition of the őltration we have the exact sequence of complexes:

0 −→ ől_{i+1}S_q −→ ől_iS_q −→ gr_iS_q −→ 0 and this sequence induce a long exact sequence

· · · → H^{q−2}(gr_iS_q) → H^{q−1}(ől_{i+1}S_q) → H^{q−1}(ől_iS_q) → H^{q−1}(gr_iS_q) → · · · .

The group H^{q−2}(gr_iS_q) is

H^{q−2}(gr_iS_q) = ker ( gr_iI^{[2]} ⊗ ^Ω^{q−2}_B −→ (gr_iI ⊗ ^Ω^{q−1}_B ) ⊕ (gr_iD ⊗ ^Ω^{q−2}_B ) x −→ (dx, (1 − f_q)x) ) . The map 1 − f_q is equal to 1 if i ⩾ 1 and 1 − f_q : p^2 ^Ω^{q−2}_{A0} → ^Ω^{q−2}_{A0} if i = 0, thus they are all injective. Hence H^{q−2}(gr_iS_q) = 0 for all i and we deduce that H^{q−1}(ől_iS_q)_i form a decreasing őltration on H^{q−1}(S_q).

Next, we have to calculate H^{q−2}(gr_iS_q). The calculation is easy but there are many cases which depend on i, so we omit them. For more detail, see [N2].

Finally, we have to compute the image of the last arrow of the exact sequence 0 −→ H^{q−1}(ől_{i+1}S_q) −→ H^{q−1}(ől_iS_q) −→ H^{q−1}(gr_iS_q) because it is not surjective in general. Write down the complex gr_iS_q:

· · · → (gr_iI ⊗ ^Ω^{q−1}_B ) ⊕ (gr_iD ⊗ ^Ω^{q−2}_B )^d→ (gr_iD ⊗ ^Ω^q_B ) ⊕ (gr_iD ⊗ ^Ω^{q−1}_B ) → · · · , where the őrst term is the degree q −1 part and the second term is the degree q part. An element (x, y) in the őrst term which is mapped to zero by d comes from H^{q−1}(ől_iS_q) if and only if there exists z ∈ ől_iD ⊗ ^Ω^{q−2}_B such that z ≡ y modulo ől_{i+1}D ⊗ ^Ω^{q−2}_B and ∑ n⩾0 f^n_q (dz) ∈ ől_iI ⊗ ^Ω^{q−1}_B . From here one deduces Proposition 3.

15.2.2. Differential modules. Take a prime element π of K such that π^{e−1}dπ = 0. We assume that p ∤ e in this subsection. Then we have ^Ω^q_A ≃ ( ⨁ i1<i2<···<i_q A dT_{i1} T_{i1} ∧ · · · ∧ dT_{iq} T_{iq} )

⊕ ( ⨁ i1<i2<···<i_{q−}1 A/(π^{e−1}) dT_{i1} T_{i1} ∧ · · · ∧ dT_{iq−1} T_{iq−1} ∧ dπ ) ,

where {T_i} = T. We introduce a őltration on ^Ω^q_A as

ől_i ^Ω^q_A = { ^Ω^q_A ( if i = 0) π^i ^Ω^q_A + π^{i−1}dπ ∧ ^Ω^{q−1}_A ( if i ⩾ 1). The subquotients are gr_i ^Ω^q_A = ől_i ^Ω^q_A/ől_{i+1} ^Ω^q_A = { Ω^q_F ( if i = 0 or i ⩾ e) Ω^q_F ⊕ Ω^{q−1}_F ( if 1 ⩽ i < e), where the map is Ω^q_F ∋ ω −→ π^i ~ω ∈ π^i ^Ω^q_A Ω^{q−1}_F ∋ ω −→ π^{i−1}dπ ∧ ~ω ∈ π^{i−1}dπ ∧ ^Ω^{q−1}_A . Here ~ω is the lifting of ω. Let ől_i(^Ω^q_A/pd^Ω^{q−1}_A ) be the image of ől_i ^Ω^q_A in ^Ω^q_A/pd^Ω^{q−1}_A . Then we have the following:

Proposition 4. For j ⩾ 0,

gr_j ( ^Ω^q_A/pd^Ω^{q−1}_A ) = Ω^q_F (j = 0) Ω^q_F ⊕ Ω^{q−1}_F (1 ⩽ j < e) Ω^q_F /B^q_l (e ⩽ j), where l be the maximal integer which satisőes j − le ⩾ 0.

Proof. If 1 ⩽ j < e, gr_j ^Ω^q_A = gr_j (^Ω^q_A/pd^Ω^{q−1}_A ) because pd^Ω^{q−1}_A ⊂ ől_e ^Ω^q_A . Assume that j ⩾ e and let l be as above. Since π^{e−1}dπ = 0, ^Ω^{q−1}_A is generated by elements pπ^idω for 0 ⩽ i < e and ω ∈ ^Ω^{q−1}_{A0} . By [I] (Cor. 2.3.14), pπ^idω ∈ ől_{e(1+n)+i} ^Ω^q_A if and only if the residue class of p^{−n}dω belongs to B_{n+1}. Thus gr_j (^Ω^q_A/pd^Ω^{q−1}_A ) ≃ Ω^q_F /B^q_l .

By deőnition of the őltrations, exp_p preserves the őltrations on ^Ω^{q−1}_A /pd^Ω^{q−2}_A and ^K_q(K). Furthermore, exp_p: gr_i(^Ω^{q−1}_A /pd^Ω^{q−2}_A ) → gr_{i+e}K_q(K) is surjective and its kernel is the image of ψ(H^{q−1}(S_q))∩ől_i(^Ω^{q−1}_A /pd^Ω^{q−2}_A ) in gr_i(^Ω^{q−1}_A /pd^Ω^{q−2}_A ). Now we know both ^Ω^{q−1}_A /pd^Ω^{q−2}_A and H^{q−1}(S_q) explicitly, thus we shall get the structure of K_q(K) by calculating ψ. But ψ does not preserve the őltration of H^{q−1}(S_q), so it is not easy to compute it. For more details, see [N2], especially sections 4-8 of that paper. After completing these calculations, we get the result in (vi) in the introduction.

Remark. Note that if p | e, the structure of ^Ω^{q−1}_A /pd^Ω^{q−2}_A is much more complicated. For example, if e = p(p − 1), and if π^e = p, then pπ^{e−1}dπ = 0. This means the torsion part of ^Ω^{q−1}_A is larger than in the the case where p ∤ e. Furthermore, if π^{p(p−1)} = pT for some T ∈ T, then pπ^{e−1}dπ = pdT , this means that dπ is not a torsion element. This complexity makes it difőcult to describe the structure of K_q(K) in the case where p | e. Appendix. The mapping őber complex.

This subsection is only a note on homological algebra to introduce the mapping őber complex. The mapping őber complex is the degree −1 shift of the mapping cone complex.

Let C^{· f}→ D^· be a morphism of non-negative cochain complexes. We denote the degree i term of C^· by C^i.

Then the mapping őber complex MF(f)^· is deőned as follows. MF(f)^i = C^i ⊕ D^{i−1}, differential d: C^i ⊕ D^{i−1} −→ C^{i+1} ⊕ D^i (x, y) −→ (dx, f(x) − dy).

By deőnition, we get an exact sequence of complexes: 0 −→ D[−1]^· −→ MF(f)^· −→ C^· −→ 0, where D[−1]^· = (0 → D^0 → D^1 → · · · ) (degree −1 shift of D^·. ) Taking cohomology, we get a long exact sequence · · · → H^i(MF(f)^·) → H^i(C^·) → H^{i+1}(D^·[−1]) → H^{i+1}(MF(f)^·) → · · · , which is the same as the following exact sequence

· · · → H^i(MF(f)^·) → H^i(C^·)^f→ H^i(D^·) → H^{i+1}(MF(f)^·) → · · · .

References

[B] S. Bloch, Algebraic K -theory and crystalline cohomology, Publ. Math. IHES, 47(1977), 187ś268.

[BK] S. Bloch and K. Kato, p-adic Âetale cohomology, Publ. Math. IHES, 63(1986), 107ś152. [BT] H. Bass and J. Tate, The Milnor ring of a global őeld, In Algebraic K -theory II, Lect.

Notes Math. 342, Springer-Verlag, Berlin, 1973, 349ś446.

[F] I. Fesenko, Abelian local p-class őeld theory, Math. Ann., 301 (1995), pp. 561ś586. [G] J. Graham, Continuous symbols on őelds of formal power series, In Algebraic K -theory II, Lect. Notes Math. 342, Springer-Verlag, Berlin, 1973, 474ś486.

[I] L. Illusie, Complexe de de RhamśWitt et cohomologie cristalline, Ann. Sci. Ecole Norm.

Sup. 12(1979), 501ś661.

[Kh] B. Kahn, L’anneau de Milnor d’un corps local Áa corps residuel parfait. Ann. Inst. Fourier 34, 4(1984), 19ś65.

[Kt1] K. Kato, A generalization of local class őeld theory by using K -groups. II, J. Fac. Sci.

Univ. Tokyo 27(1980), 603ś683.

[Kt2] K. Kato, On p-adic vanishing cycles (applications of ideas of FontaineśMessing). Adv.

Stud. in Pure Math. 10(1987), 207ś251.

[Ku1] M. Kurihara, Abelian extensions of an absolutely unramiőed local őeld with general residue őeld, Invent. Math. 93(1988), 451ś480.

[Ku2] M. Kurihara, The Milnor K -groups of a local ring over a ring of the p-adic integers, to appear in the volume on Ramiőcation theory for arithmetic schemes. Lminy 1999, ed. B. Erez.

[Ku3] M. Kurihara, On the structure of the Milnor K -group of a certain complete discrete valuation őeld, preprint.

[Ku4] M. Kurihara, A note on p-adic etale cohomology, Proc. Japan Acad. (A) 63 (1987), 275ś278.

[N1] J. Nakamura, On the structure of the Milnor K -groups of some complete discrete valuation őelds, K -Theory 19 (2000), 269ś309.

[N2] J. Nakamura, On the Milnor K -groups of complete discrete valuation őelds, Doc. Math.

5(2000), 151ś200.

[P] A. N. Parshin, Local class őeld theory, Trudy Mat. Inst. Steklov (1984); English translation in Proc. Steklov Inst. Math. 165 (1985), no. 3, pp. 157ś185.

[Z] I. Zhukov, Milnor and topological K -groups of multidimensional complete őelds, Algebra i Analiz (1997); English translation in St. Petersburg Math. J. 9(1998), 69ś105.

Department of Mathematics University of Tokyo 3-8-1 Komaba Meguro-Ku Tokyo 153-8914 Japan E-mail: jinya@ms357.ms.u-tokyo.ac.jp

Geometry & Topology Monographs Volume 3: Invitation to higher local őelds Part I, section 16, pages 137ś142

16. Higher class őeld theory without using K -groups

Ivan Fesenko

Let F be a complete discrete valuation őeld with residue őeld k = k_F of characteristic p. In this section we discuss an alternative to higher local class őeld theory method which describes abelian totally ramiőed extensions of F without using K -groups. For n-dimensional local őelds this gives a description of abelian totally ramiőed (with respect to the discrete valuation of rank one) extensions of F . Applications are sketched in 16.3 and 16.4.

16.1. p-class őeld theory

Suppose that k is perfect and k ≠ ℘(k) where ℘: k → k, ℘(a) = a^p − a.

Let ~F be the maximal abelian unramiőed p-extension of F . Then due to Witt theory Gal( ~F /F ) is isomorphic to ∏ κ Z_p where κ = dim_{Fp} k/℘(k). The isomorphism is non-canonical unless k is őnite where the canonical one is given by Frob_F → 1.

Let L be a totally ramiőed Galois p-extension of F . Let Gal( ~F /F ) act trivially on Gal(L/F ). Denote

Gal(L/F )^∼ = H^1_{cont}((Gal( ~F /F ), Gal(L/F )) = Hom_{cont}(Gal( ~F /F ), Gal(L/F )).

Then Gal(L/F )^∼ ≃ ⊕_κ Gal(L/F ) non-canonically.

Put ~L = L ~F . Denote by φ ∈ Gal(~L/L) the lifting of φ ∈ Gal( ~F /F ). For χ ∈ Gal(L/F )^∼ denote

Σ_χ = {α ∈ ~L : α^{φχ(φ)} = α for all φ ∈ Gal( ~F /F ) }.

The extension Σ_χ/F is totally ramiőed.

As an generalization of Neukirch’s approach [N] introduce the following:

Deőnition. Put ϒ_{L/F} (χ) = N_{Σχ /F} π_χ/N_{L/F} π_L mod N_{L/F} U_L Published 10 December 2000: © Geometry & Topology Publications where π_χ is a prime element of Σ_χ and π_L is a prime element of L.

This map is well deőned. Compare with 10.1.

Theorem ([F1, Th. 1.7]). The map ϒ_{L/F} is a homomorphism and it induces an isomorphism Gal(L ∩ F^{ab}/F )^∼ ~→ U_F /N_{L/F} U_L ~→ U_{1,F} /N_{L/F} U_{1,L}. Proof. One of the easiest ways to prove the theorem is to deőne and use the map which goes in the reverse direction. For details see [F1, sect. 1].

Problem. If π is a prime element of F , then p-class őeld theory implies that there is a totally ramiőed abelian p-extension F_π of F such that F_π ~F coincides with the maximal abelian p-extension of F and π ∈ N_{Fπ /F} F^∗_π . Describe F_π explicitly (like LubinśTate theory does in the case of őnite k ).

Remark. Let K be an n-dimensional local őeld ( K = K_n, . . . , , K_0 ) with K_0 satisfying the same restrictions as k above.

For a totally ramiőed Galois p-extension L/K (for the deőnition of a totally ramiőed extension see 10.4) put

Gal(L/K)^∼ = Hom_{cont}(Gal( ~K/K), Gal(L/K))

where ~K is the maximal p-subextension of K_{pur}/K (for the deőnition of K_{pur} see (A1) of 10.1).

There is a map ϒ_{L/K} which induces an isomorphism [F2, Th. 3.8] Gal(L ∩ K^{ab}/K)^∼ ~→ V K^t_n(K)/N_{L/K} V K^t_n(L) where V K^t_n(K) = {V_K } · K^t_{n−1}(K) and K^t_n was deőned in 2.0.

16.2. General abelian local p-class őeld theory

Now let k be an arbitrary őeld of characteristic p, ℘(k) ≠ k.

Let ~F be the maximal abelian unramiőed p-extension of F . Let L be a totally ramiőed Galois p-extension of F . Denote

Gal(L/F )^∼ = H^1_{cont}((Gal( ~F /F ), Gal(L/F )) = Hom_{cont}(Gal( ~F /F ), Gal(L/F )).

In a similar way to the previous subsection deőne the map ϒ_{L/F} : Gal(L/F )^∼ → U_{1,F} /N_{L/F} U_{1,L}. In fact it lands in U_{1,F} ∩ N~_{L/} ~_F U_{1,}~_L)/N_{L/F} U_{1,L} and we denote this new map by the same notation.

Deőnition. Let F be complete discrete valuation őeld such that F ⊃ ~F , e(F| ~F ) = 1 and k_F = ∪_{n⩾0}k^{p−n}~_F . Put L = LF.

Denote I(L|F ) = ⟨ε^{σ−1} : ε ∈ U_{1,L}, σ ∈ Gal(L/F )⟩ ∩ U_{1,}~_L. Then the sequence (*) 1 −→ Gal(L/F )^{ab g}−→ U_{1,}~_L/I(L|F ) N~L/~F −−−→ N~_{L/} ~_F U_{1,}~_L −→ 1 is exact where g(σ) = π^{σ−1}_L and π_L is a prime element of L (compare with Proposition 1 of 10.4.1).

Generalizing Hazewinkel’s method [H] introduce Deőnition. Deőne a homomorphism Ψ_{L/F} : (U_{1,F} ∩ N~_{L/} ~_F U_{1,}~_L)/N_{L/F} U_{1,L} → Gal(L ∩ F^{ab}/F )^∼, Ψ_{L/F} (ε) = χ where χ(φ) = g^{−1}(η^{1−φ}), η ∈ U_{1,}~_L is such that ε = N~_{L/} ~_F η. Properties of ϒ_{L/F} , Ψ_{L/F} .

(1) Ψ_{L/F} ∘ ϒ_{L/F} = id on Gal(L ∩ F^{ab}/F )^∼, so Ψ_{L/F} is an epimorphism. (2) Let F be a complete discrete valuation őeld such that F ⊃ F , e(F|F ) = 1 and k_F = ∪_{n⩾0}k^{p−n}_F . Put L = LF. Let λ_{L/F} : (U_{1,F} ∩ N~_{L/} ~_F U_{1,}~_L)/N_{L/F} U_{1,L} → U_{1,F}/N_{L/F}U_{1,L} be induced by the embedding F → F. Then the diagram Gal(L/F )^{∼ ϒL/F}−−−−→ (U_{1,F} ∩ N~_{L/} ~_F U_{1,}~_L)/N_{L/F} U_{1,L}^{ΨL/F}−−−−→ Gal(L ∩ F^{ab}/F )^∼ λL/F iso Gal(L/F)^{∼ ϒL/F}−−−−→ U_{1,F}/N_{L/F}U_{1,L}^{ΨL/F}−−−−→ Gal(L ∩ F^{ab}/F)^∼ is commutative.

(3) Since Ψ_{L/F} is an isomorphism (see 16.1), we deduce that λ_{L/F} is surjective and ker(Ψ_{L/F} ) = ker(λ_{L/F} ), so (U_{1,F} ∩ N~_{L/} ~_F U_{1,}~_L)/N_∗(L/F ) ~→ Gal(L ∩ F^{ab}/F )^∼ where N_∗(L/F ) = U_{1,F} ∩ N~_{L/} ~_F U_{1,}~_L ∩ N_{L/F}U_{1,L}.

Theorem ([F3, Th. 1.9]). Let L/F be a cyclic totally ramiőed p-extension. Then ϒ_{L/F} : Gal(L/F )^∼ → (U_{1,F} ∩ N~_{L/} ~_F U_{1,}~_L)/N_{L/F} U_{1,L} is an isomorphism.

Proof. Since L/F is cyclic we get I(L|F ) = {ε^{σ−1} : ε ∈ U_{1,}~_L, σ ∈ Gal(L/F )}, so I(L|F ) ∩ U^{φ−1}_{1,}~_L = I(L|F )^{φ−1} for every φ ∈ Gal(~L/L).

Let Ψ_{L/F} (ε) = 1 for ε = N~_{L/} ~_F η ∈ U_{1,F} . Then η^{φ−1} ∈ I(L|F ) ∩ U^{φ−1}_{1,}~_L ,

so η ∈ I(L|F )L_φ where L_φ is the őxed subőeld of ~L with respect to φ. Hence ε ∈ N_{Lφ/F ∩Lφ} U_{1,Lφ} . By induction on κ we deduce that ε ∈ N_{L/F} U_{1,L} and Ψ_{L/F} is injective.

Remark. Miki [M] proved this theorem in a different setting which doesn’t mention class őeld theory.

Corollary. Let L_1/F , L_2/F be abelian totally ramiőed p-extensions. Assume that L_1L_2/F is totally ramiőed. Then N_{L2/F} U_{1,L2} ⊂ N_{L1/F} U_{1,L1} ⇐⇒ L_2 ⊃ L_1. Proof. Let M/F be a cyclic subextension in L_1/F . Then N_{M/F}U_{1,M} ⊃ N_{L2/F}U_{1,L2} , so M ⊂ L_2 and M ⊂ L_2. Thus L_1 ⊂ L_2.

Problem. Describe ker(Ψ_{L/F} ) for an arbitrary L/F . It is known [F3, 1.11] that this kernel is trivial in one of the following situations:

(1) L is the compositum of cyclic extensions M_i over F , 1 ⩽ i ⩽ m, such that all ramiőcation breaks of Gal(M_i/F ) with respect to the upper numbering are not greater than every break of Gal(M_{i+1}/F ) for all 1 ⩽ i ⩽ m − 1.

(2) Gal(L/F ) is the product of cyclic groups of order p and a cyclic group.

No example with non-trivial kernel is known.

16.3. Norm groups

Proposition ([F3, Prop. 2.1]). Let F be a complete discrete valuation őeld with residue őeld of characteristic p. Let L_1/F and L_2/F be abelian totally ramiőed p-extensions. Let N_{L1/F} L^∗_1 ∩ N_{L2/F} L^∗_2 contain a prime element of F . Then L_1L_2/F is totally ramiőed.

Proof. If k_F is perfect, then the claim follows from p-class őeld theory in 16.1. If k_F is imperfect then use the fact that there is a őeld F as above which satisőes L_1F ∩ L_2F = (L_1 ∩ L_2)F.

Theorem (uniqueness part of the existence theorem) ([F3, Th. 2.2]). Let k_F ≠ ℘(k_F ). Let L_1/F , L_2/F be totally ramiőed abelian p-extensions. Then

N_{L2/F} L^∗_2 = N_{L1/F} L^∗_1 ⇐⇒ L_1 = L_2.

Proof. Use the previous proposition and corollary in 16.2.

16.4. Norm groups more explicitly

Let F be of characteristic 0. In general if k is imperfect it is very difőcult to describe N_{L/F} U_{1,L}. One partial case can be handled: let the absolute ramiőcation index e(F ) be equal to 1 (the description below can be extended to the case of e(F ) < p − 1 ).

Let π be a prime element of F .

Deőnition.

E_{n,π}: W_n(k_F ) → U_{1,F} /U^{pn}_{1,F} , E_{n,π}((a_0, . . . , a_{n−1})) = ∏ 0⩽i⩽n−1 E( ~a_i^{pn−i} π)^{pi}

where E(X) = exp(X + X^p/p + X^{p2} /p^2 + . . . ) and ~a_i ∈ O_F is a lifting of a_i ∈ k_F (this map is basically the same as the map ψ_n in Theorem 13.2).

The following property is easy to deduce:

Lemma. E_{n,π} is a monomorphism. If k_F is perfect then E_{n,π} is an isomorphism.

Theorem ([F3, Th. 3.2]). Let k_F ≠ ℘(k_F ) and let e(F ) = 1. Let π be a prime element of F .

Then cyclic totally ramiőed extensions L/F of degree p^n such that π ∈ N_{L/F} L^∗ are in one-to-one correspondence with subgroups E_{n,π} ( F(w)℘(W_n(k_F )) ) U^{pn}_{1,F} of U_{1,F} /U^{pn}_{1,F} where w runs over elements of W_n(k_F )^∗ .

Hint. Use the theorem of 16.3. If k_F is perfect, the assertion follows from p-class őeld theory.

Remark. The correspondence in this theorem was discovered by M. Kurihara [K, Th. 0.1], see the sequence (1) of theorem 13.2. The proof here is more elementary since it doesn’t use Âetale vanishing cycles.

References

[F1] I. Fesenko, Local class őeld theory: perfect residue őeld case, Izvest. Russ. Acad. Nauk.

Ser. Mat. (1993); English translation in Russ. Acad. Scienc. Izvest. Math. 43(1994), 65ś81.

[F2] I. Fesenko, Abelian local p-class őeld theory, Math. Ann. 301(1995), 561ś586. [F3] I. Fesenko, On general local reciprocity maps, J. reine angew. Math. 473(1996), 207ś222. [H] M. Hazewinkel, Local class őeld theory is easy, Adv. Math. 18(1975), 148ś181. [K] M. Kurihara, Abelian extensions of an absolutely unramiőed local őeld with general residue őeld, Invent. Math. 93(1988), 451ś480.

[M] H. Miki, On unramiőed abelian extensions of a complete őeld under a discrete valuation with arbitrary residue őeld of characteristic p ≠ 0 and its application to wildly ramiőed Zp-extensions, J. Math. Soc. Japan 29(1977), 363ś371.

[N] J. Neukirch, Class Field Theory, Springer, Berlin etc. 1986.

Department of Mathematics University of Nottingham Nottingham NG7 2RD England E-mail: ibf@maths.nott.ac.uk

Geometry & Topology Monographs Volume 3: Invitation to higher local őelds Part I, section 17, pages 143ś150

17. An approach to higher ramiőcation theory

Igor Zhukov

We use the notation of sections 1 and 10.

17.0. Approach of Hyodo and Fesenko

Let K be an n-dimensional local őeld, L/K a őnite abelian extension. Deőne a őltration on Gal(L/K) (cf. [H], [F, sect. 4]) by

Gal(L/K)^i = ϒ^{−1}_{L/K} (U_iK^{top}_n (K) + N_{L/K} K^{top}_n (L)/N_{L/K} K^{top}_n (L)), i ∈ Z^n_+,

where U_iK^{top}_n (K) = {U_i} · K^{top}_{n−1}(K), U_i = 1 + P_K (i),

ϒ^{−1}_{L/K} : K^{top}_n (K)/N_{L/K} K^{top}_n (L) ~→ Gal(L/K)

is the reciprocity map.

Then for a subextension M/K of L/K

Gal(M/K)^i = Gal(L/K)^i Gal(L/M)/ Gal(L/M)

which is a higher dimensional analogue of Herbrand’s theorem. However, if one deőnes a generalization of the HasseśHerbrand function and lower ramiőcation őltration, then for n > 1 the lower őltration on a subgroup does not coincide with the induced őltration in general.

Below we shall give another construction of the ramiőcation őltration of L/K in the two-dimensional case; details can be found in [Z], see also [KZ]. This construction can be considered as a development of an approach by K. Kato and T. Saito in [KS].

Deőnition. Let K be a complete discrete valuation őeld with residue őeld k_K of characteristic p. A őnite extension L/K is called ferociously ramiőed if |L : K| = |k_L : k_K |_{ins}.

Published 10 December 2000: © Geometry & Topology Publications

In addition to the nice ramiőcation theory for totally ramiőed extensions, there is a nice ramiőcation theory for ferociously ramiőed extensions L/K such that k_L/k_K is generated by one element; the reason is that in both cases the ring extension O_L/O_K is monogenic, i.e., generated by one element, see section 18.

17.1. Almost constant extensions

Everywhere below K is a complete discrete valuation őeld with residue őeld k_K of characteristic p such that |k_K : k^p_K | = p. For instance, K can be a two-dimensional local őeld, or K = F_q (X_1)((X_2)) or the quotient őeld of the completion of Z_p[T ]_{(p)} with respect to the p-adic topology.

Deőnition. For the őeld K deőne a base (sub)őeld B as

B = Q_p ⊂ K if char (K) = 0, B = F_p ((ρ)) ⊂ K if char (K) = p, where ρ is an element of K with v_K (ρ) > 0. Denote by k_0 the completion of B(R_K ) inside K. Put k = k^{alg}_0 ∩ K. The subőeld k is a maximal complete subőeld of K with perfect residue őeld.

It is called a constant subőeld of K. A constant subőeld is deőned canonically if char (K) = 0. Until the end of section 17 we assume that B (and, therefore, k ) is őxed.

By v we denote the valuation K^{alg∗} → Q normalized so that v(B^∗) = Z.

Example. If K = F {{T }} where F is a mixed characteristic complete discrete valuation őeld with perfect residue őeld, then k = F .

Deőnition. An extension L/K is said to be constant if there is an algebraic extension l/k such that L = Kl.

An extension L/K is said to be almost constant if L ⊂ L_1L_2 for a constant extension L_1/K and an unramiőed extension L_2/K.

A őeld K is said to be standard, if e(K|k) = 1, and almost standard, if some őnite unramiőed extension of K is a standard őeld.

Epp’s theorem on elimination of wild ramiőcation. ([E], [KZ]) Let L be a őnite extension of K. Then there is a őnite extension k^′ of a constant subőeld k of K such that e(Lk^′|Kk^′) = 1.

Corollary. There exists a őnite constant extension of K which is a standard őeld.

Proof. See the proof of the Classiőcation Theorem in 1.1.

Lemma. The class of constant (almost constant) extensions is closed with respect to taking compositums and subextensions. If L/K and M/L are almost constant then M/K is almost constant as well.

Deőnition. Denote by L_c the maximal almost constant subextension of K in L.

Properties.

(1) Every tamely ramiőed extension is almost constant. In other words, the (őrst) ramiőcation subőeld in L/K is a subőeld of L_c.

(2) If L/K is normal then L_c/K is normal.

(3) There is an unramiőed extension L^′_0 of L_0 such that L_cL^′_0/L_0 is a constant extension.

(4) There is a constant extension L^′_c/L_c such that LL^′_c/L^′_c is ferociously ramiőed and L^′_c ∩ L = L_c. This follows immediately from Epp’s theorem.

The principal idea of the proposed approach to ramiőcation theory is to split L/K into a tower of three extensions: L_0/K, L_c/L_0, L/L_c, where L_0 is the inertia subőeld in L/K. The ramiőcation őltration for Gal(L_c/L_0) reŕects that for the corresponding extensions of constants subőelds. Next, to construct the ramiőcation őltration for Gal(L/L_c), one reduces to the case of ferociously ramiőed extensions by means of Epp’s theorem. (In the case of higher local őelds one can also construct a őltration on Gal(L_0/K) by lifting that for the őrst residue őelds.)

Now we give precise deőnitions.

17.2. Lower and upper ramiőcation őltrations

Keep the assumption of the previous subsection. Put A = {−1, 0} ∪ {(c, s) : 0 < s ∈ Z} ∪ {(i, r) : 0 < r ∈ Q}. This set is linearly ordered as follows:

−1 < 0 < (c, i) < (i, j) for any i, j;

(c, i) < (c, j) for any i < j; (i, i) < (i, j) for any i < j.

Deőnition. Let G = Gal(L/K). For any α ∈ A we deőne a subgroup G_α in G.

Put G_{−1} = G, and denote by G_0 the inertia subgroup in G, i.e.,

G_0 = {g ∈ G : v(g(a) − a) > 0 for all a ∈ O_L}.

Let L_c/K be constant, and let it contain no unramiőed subextensions. Then deőne

G_{c,i} = pr^{−1}(Gal(l/k)_i)

where l and k are the constant subőelds in L and K respectively,

pr: Gal(L/K) → Gal(l/k) = Gal(l/k)_0 is the natural projection and Gal(l/k)_i are the classical ramiőcation subgroups. In the general case take an unramiőed extension K^′/K such that K^′L/K^′ is constant and contains no unramiőed subextensions, and put G_{c,i} = Gal(K^′L/K^′)_{c,i}.

Finally, deőne G_{i,i}, i > 0. Assume that L_c is standard and L/L_c is ferociously ramiőed. Let t ∈ O_L, t /∈ k^p_L. Deőne G_{i,i} = {g ∈ G : v(g(t) − t) ⩾ i} for all i > 0.

In the general case choose a őnite extension l^′/l such that l^′L_c is standard and e(l^′L|l^′L_c) = 1. Then it is clear that Gal(l^′L/l^′L_c) = Gal(L/L_c), and l^′L/l^′L_c is ferociously ramiőed. Deőne G_{i,i} = Gal(l^′L/l^′L_c)_{i,i} for all i > 0.

Proposition. For a őnite Galois extension L/K the lower őltration {Gal(L/K)_α}_{α∈A} is well deőned.

Deőnition. Deőne a generalization h_{L/K} : A → A of the HasseśHerbrand function. First, we deőne Φ_{L/K} : A → A as follows:

Φ_{L/K} (α) = α for α = −1, 0;

Φ_{L/K} ((c, i)) = ( c, 1 e(L|K) ∫_i 0 | Gal(L_c/K)_{c,t}|dt ) for all i > 0;

Φ_{L/K} ((i, i)) = ( i, ∫_i 0 | Gal(L/K)_{i,t}|dt ) for all i > 0.

It is easy to see that Φ_{L/K} is bijective and increasing, and we introduce h_{L/K} = Ψ_{L/K} = Φ^{−1}_{L/K} . Deőne the upper őltration Gal(L/K)^α = Gal(L/K)_{hL/K (α)}.

All standard formulas for intermediate extensions take place; in particular, for a normal subgroup H in G we have H_α = H ∩ G_α and (G/H)^α = G^αH/H. The latter relation enables one to introduce the upper őltration for an inőnite Galois extension as well.

Remark. The őltrations do depend on the choice of a constant subőeld (in characteristic p ).

Example. Let K = F_p ((t))((π)). Choose k = B = F_p ((π)) as a constant subőeld. Let L = K(b), b^p − b = a ∈ K. Then

if a = π^{−i} , i prime to p, then the ramiőcation break of Gal(L/K) is (c, i); if a = π^{−pi}t, i prime to p, then the ramiőcation break of Gal(L/K) is (i, i); if a = π^{−i}t, i prime to p, then the ramiőcation break of Gal(L/K) is (i, i/p); if a = π^{−i}t^p, i prime to p, then the ramiőcation break of Gal(L/K) is (i, i/p^2).

Remark. A dual őltration on K/℘(K) is computed in the őnal version of [Z], see also [KZ].

17.3. Reőnement for a two-dimensional local őeld

Let K be a two-dimensional local őeld with char (k_K ) = p, and let k be the constant subőeld of K. Denote by

v = (v_1, v_2): (K^{alg})^∗ → Q × Q

the extension of the rank 2 valuation of K, which is normalized so that:

• v_2(a) = v(a) for all a ∈ K^∗, • v_1(u) = w(u) for all u ∈ U_Kalg , where w is a non-normalized extension of v_{kK} on k^{alg}_K , and u is the residue of u,

• v(c) = (0, e(k|B)^{−1}v_k(c)) for all c ∈ k.

It can be easily shown that v is uniquely determined by these conditions, and the value group of v|_K∗ is isomorphic to Z × Z.

Next, we introduce the index set

A_2 = A ∪ Q^2_+ = A ∪ {(i_1, i_2) : i_1, i_2 ∈ Q, i_2 > 0}

and extend the ordering of A onto A_2 assuming

(i, i_2) < (i_1, i_2) < (i^′_1, i_2) < (i, i^′_2)

for all i_2 < i^′_2, i_1 < i^′_1.

Now we can deőne G_{i1,i2} , where G is the Galois group of a given őnite Galois extension L/K. Assume őrst that L_c is standard and L/L_c is ferociously ramiőed. Let t ∈ O_L, Åt /∈ k^p_L (e.g., a őrst local parameter of L ). We deőne G_{i1,i2} = { g ∈ G : v ( t^{−1}g(t) − 1 ) ⩾ (i_1, i_2) } for i_1, i_2 ∈ Q , i_2 > 0. In the general case we choose l^′/l ( l is the constant subőeld of both L and L_c ) such that l^′L_c is standard and l^′L/l^′L_c is ferociously ramiőed and put G_{i1,i2} = Gal(l^′L/l^′L_c)_{i1,i2} .

We obtain a well deőned lower őltration (G_α)_{α∈A2} on G = Gal(L/K).

In a similar way to 17.2, one constructs the HasseśHerbrand functions Φ_{2,L/K} : A_2 → A_2 and Ψ_{2,L/K} = Φ^{−1}_{2,L/K} which extend Φ and Ψ respectively. Namely,

Φ_{2,L/K} ((i_1, i_2)) = ∫_{(i1,i2)} (0,0) | Gal(L/K)_t|dt. These functions have usual properties of the HasseśHerbrand functions φ and h = ψ, and one can introduce an A_2 -indexed upper őltration on any őnite or inőnite Galois group G.

17.4. Filtration on K^{top}(K)

In the case of a two-dimensional local őeld K the upper ramiőcation őltration for K^{ab}/K determines a compatible őltration on K^{top}_2 (K). In the case where char (K) = p this őltration has an explicit description given below.

From now on, let K be a two-dimensional local őeld of prime characteristic p over a quasi-őnite őeld, and k the constant subőeld of K. Introduce v as in 17.3. Let π_k be a prime of k.

For all α ∈ Q^2_+ introduce subgroups

Q_α = { {π_k, u} : u ∈ K, v(u − 1) ⩾ α } ⊂ V K^{top}_2 (K); Q^{(n)}_α = {a ∈ K^{top}_2 (K) : p^na ∈ Q_α};

S_α = Cl ⋃ n⩾0 Q^{(n)}_pn_α. For a subgroup A, Cl A denotes the intersection of all open subgroups containing A.

The subgroups S_α constitute the heart of the ramiőcation őltration on K^{top}_2 (K). Their most important property is that they have nice behaviour in unramiőed, constant and ferociously ramiőed extensions.

Proposition 1. Suppose that K satisőes the following property.

(*) The extension of constant subőelds in any őnite unramiőed extension of K is also unramiőed.

Let L/K be either an unramiőed or a constant totally ramiőed extension, α ∈ Q^2_+ . Then we have N_{L/K} S_{α,L} = S_{α,K} .

Proposition 2. Let K be standard, L/K a cyclic ferociously ramiőed extension of degree p with the ramiőcation jump h in lower numbering, α ∈ Q^2_+ . Then: (1) N_{L/K} S_{α,L} = S_{α+(p−1)h,K} , if α > h; (2) N_{L/K} S_{α,L} is a subgroup in S_{pα,K} of index p, if α ⩽ h.

Now we have ingredients to deőne a decreasing őltration {ől_α K^{top}_2 (K)}_{α∈A2} on K^{top}_2 (K). Assume őrst that ~K satisőes the condition (*). It follows from [KZ, Th. 3.4.3] that for some purely inseparable constant extension K^′/K the őeld K^′ is almost standard. Since K^′ satisőes (*) and is almost standard, it is in fact standard.

Denote ől_{α1,α2} K^{top}_2 (K) = S_{α1,α2} ; ől_{i,α2} K^{top}_2 (K) = Cl ⋃ α1∈Q ől_{α1,α2} K^{top}_2 (K) for α_2 ∈ Q_+ ;

T_K = Cl ⋃ α∈Q2+ ől_α K^{top}_2 (K);

ől_{c,i} K^{top}_2 (K) = T_K + { {t, u} : u ∈ k, v_k(u − 1) ⩾ i} for all i ∈ Q_+ , if K = k{{t}} is standard;

ől_{c,i} K^{top}_2 (K) = N_K′_{/K} ől_{c,i} K^{top}_2 (K^′), where K^′/K is as above; ől_0 K^{top}_2 (K) = U(1)K^{top}_2 (K) + {t, R_K }, where U(1)K^{top}_2 (K) = {1 + P_K (1), K^∗}, t is the őrst local parameter;

ől_{−1} K^{top}_2 (K) = K^{top}_2 (K).

It is easy to see that for some unramiőed extension ~K/K the őeld ~K satisőes the condition (*), and we deőne ől_α K^{top}_2 (K) as N ~_{K/K} ől_α K^{top}_2 ( ~K) for all α ⩾ 0, and ől_{−1} K^{top}_2 (K) as K^{top}_2 (K). It can be shown that the őltration {ől_α K^{top}_2 (K)}_{α∈A2} is well deőned.

Theorem 1. Let L/K be a őnite abelian extension, α ∈ A_2. Then N_{L/K} ől_α K^{top}_2 (L) is a subgroup in ől_{Φ2,L/K (α)} K^{top}_2 (K) of index | Gal(L/K)_α|. Furthermore, ől_{ΦL/K (α)} K^{top}_2 (K) ∩ N_{L/K} K^{top}_2 (L) = N_{L/K} ől_α K^{top}_2 (L).

Theorem 2. Let L/K be a őnite abelian extension, and let ϒ^{−1}_{L/K} : K^{top}_2 (K)/N_{L/K} K^{top}_2 (L) → Gal(L/K) be the reciprocity map. Then ϒ^{−1}_{L/K} (ől_α K^{top}_2 (K) mod N_{L/K} K^{top}_2 (L)) = Gal(L/K)^α for any α ∈ A_2.

Remarks. 1. The ramiőcation őltration, constructed in 17.2, does not give information about the classical ramiőcation invariants in general. Therefore, this construction can be considered only as a provisional one.

2. The őltration on K^{top}_2 (K) constructed in 17.4 behaves with respect to the norm map much better than the usual őltration {U_iK^{top}_2 (K)}_{i∈Z}n_+ . We hope that this őltration can be useful in the study of the structure of K^{top}-groups.

3. In the mixed characteristic case the description of łramiőcationž őltration on K^{top}_2 (K) is not very nice. However, it would be interesting to try to modify the ramiőcation őltration on Gal(L/K) in order to get the őltration on K^{top}_2 (K) similar to that described in 17.4.

4. It would be interesting to compute ramiőcation of the extensions constructed in sections 13 and 14.

References

[E] H. Epp, Eliminating wild ramiőcation, Invent. Math. 19 (1973), pp. 235ś249 [F] I. Fesenko, Abelian local p-class őeld theory, Math. Ann. 301 (1995), 561ś586. [H] O. Hyodo, Wild ramiőcation in the imperfect residue őeld case, Advanced Stud. in Pure Math. 12 (1987) Galois Representation and Arithmetic Algebraic Geometry, 287ś314.

[KS] K. Kato and T. Saito, Vanishing cycles, ramiőcation of valuations and class őeld theory, Duke Math. J., 55 (1997), 629ś659 [KZ] M. V. Koroteev and I. B. Zhukov, Elimination of wild ramiőcation, Algebra i Analiz 11 (1999), no. 6.

[Z] I. B. Zhukov, On ramiőcation theory in the imperfect residue őeld case, preprint of Nottingham University 98-02, Nottingham, 1998, www.dpmms.cam.ac.uk/Algebraic- Number-Theory/0113, to appear in Proceedings of the Luminy conference on Ramiőcation theory for arithmetic schemes.

Department of Mathematics and Mechanics St. Petersburg University Bibliotechnaya pl. 2, Staryj Petergof 198904 St. Petersburg Russia E-mail: igor@zhukov.pdmi.ras.ru

Geometry & Topology Monographs Volume 3: Invitation to higher local őelds Part I, section 18, pages 151ś164

18. On ramiőcation theory of monogenic extensions

Luca Spriano

We discuss ramiőcation theory for őnite extensions L/K of a complete discrete valuation őeld K. This theory deals with quantities which measure wildness of ramiőcation, such as different, the Artin (resp. Swan) characters and the Artin (resp. Swan) conductors. When the residue őeld extension k_L/k_K is separable there is a complete theory, e.g. [S], but in general it is not so. In the classical case (i.e. k_L/k_K separable) proofs of many results in ramiőcation theory use the property that all őnite extensions of valuation rings O_L/O_K are monogenic which is not the case in general. Examples (e.g. [Sp]) show that the classical theorems do not hold in general. Waiting for a beautiful and general ramiőcation theory, we consider a class of extensions L/K which has a good ramiőcation theory. We describe this class and we will call its elements well ramiőed extensions. All classical results are generalizable for well ramiőed extensions, for example a generalization of the HasseśArf theorem proved by J. Borger. We also concentrate our attention on other ramiőcation invariants, more appropriate and general; in particular, we consider two ramiőcation invariants: the Kato conductor and Hyodo depth of ramiőcation.

Here we comment on some works on general ramiőcation theory. The őrst direction aims to generalize classical ramiőcation invariants to the general case working with (one dimensional) rational valued invariants. In his papers de Smit gives some properties about ramiőcation jumps and considers the different and differential [Sm2]; he generalizes the Hilbert formula by using the monogenic conductor [Sm1]. We discuss works of Kato [K3-4] in subsection 18.2. In [K2] Kato describes ramiőcation theory for two-dimensional local őelds and he proves an analogue of the HasseśArf theorem for those Galois extensions in which the extension of the valuation rings (with respect to the discrete valuation of rank 2) is monogenic.

The second direction aims to extend ramiőcation invariants from one dimensional to either higher dimensional or to more complicated objects which involve differential forms (as in Kato’s works [K4], [K5]). By using higher local class őeld theory, Hyodo [H] deőnes generalized ramiőcation invariants, like depth of ramiőcation (see Theorem

Published 10 December 2000: © Geometry & Topology Publications

5 below). We discuss relations of his invariants with the (one dimensional) Kato conductor in subsection 18.3 below. Zhukov [Z] generalizes the classical ramiőcation theory to the case where |k_K : k^p_K | = p (see section 17 of this volume). From the viewpoint of this section the existence of Zhukov’s theory is in particular due to the fact that in the case where |k_K : k^p_K | = p one can reduce various assertions to the well ramiőed case.

18.0. Notations and deőnitions

In this section we recall some general deőnitions. We only consider complete discrete valuation őelds K with residue őelds k_K of characteristic p > 0. We also assume that |k_K : k^p_K | is őnite.

Deőnition. Let L/K be a őnite Galois extension, G = Gal(L/K). Let G_0 = Gal(L/L ∩ K_{ur}) be the inertia subgroup of G. Deőne functions i_G, s_G: G → Z by i_G(σ) = { inf_{x∈OL\{0}} v_L(σ(x) − x) if σ ≠ 1 +∞ if σ = 1 and s_G(σ) = inf_{x∈OL\{0}} v_L(σ(x)/x − 1) if σ ≠ 1, σ ∈ G_0 +∞ if σ = 1 0 if σ ∉ G_0.

Then s_G(σ) ⩽ i_G(σ) ⩽ s_G(σ)+1 and if k_L/k_K is separable, then i_G(σ) = s_G(σ)+1 for σ ∈ G_0. Note that the functions i_G, s_G depend not only on the group G, but on the extension L/K; we will denote i_G also by i_{L/K} . Deőnition. The Swan function is deőned as

Sw_G(σ) = −|k_L : k_K |s_G(σ), if σ ∈ G_0 \ {1} − ∑ τ∈G0\{1} Sw_G(τ), if σ = 1

0 if σ ∉ G_0. For a character χ of G its Swan conductor

(1) sw(χ) = sw_G(χ) = (Sw_G, χ) = 1 |G| ∑ σ∈G Sw_G(σ)χ(σ)

is an integer if k_L/k_K is separable (Artin’s Theorem) and is not an integer in general (e.g. [Sp, Ch. I]).

18.1. Well ramiőed extensions

Deőnition. Let L/K be a őnite Galois p-extension. The extension L/K is called well ramiőed if O_L = O_K [α] for some α ∈ L.

18.1.1. Structure theorem for well ramiőed extensions.

Deőnition. We say that an extension L/K is in case I if k_L/k_K is separable; an extension L/K is in case II if |L : K| = |k_L : k_K | (i.e. L/K is ferociously ramiőed in the terminology of 17.0) and k_L = k_K (a) is purely inseparable over k_K .

Extensions in case I and case II are well ramiőed. An extension which is simultaneously in case I and case II is the trivial extension.

We characterize well ramiőed extensions by means of the function i_G in the following theorem.

Theorem 1 ([Sp, Prop. 1.5.2]). Let L/K be a őnite Galois p-extension. Then the following properties are equivalent: (i) L/K is well ramiőed;

(ii) for every normal subgroup H of G the Herbrand property holds:

for every 1 ≠ τ ∈ G/H i_{G/H} (τ) = 1 e(L|L^H ) ∑ σ∈τH i_G(σ);

(iii) the Hilbert formula holds:

v_L(D_{L/K} ) = ∑ σ≠1 i_G(σ) = ∑ i⩾0 (|G_i| − 1), for the deőnition of G_i see subsection 18.2.

From the deőnition we immediately deduce that if M/K is a Galois subextension of a well ramiőed L/K then L/M is well ramiőed; from (ii) we conclude that M/K is well ramiőed.

Now we consider well ramiőed extensions L/K which are not in case I nor in case II.

Example. (Well ramiőed extension not in case I and not in case II). Let K be a complete discrete valuation őeld of characteristic zero. Let ζ_p2 ∈ K. Consider a cyclic extension of degree p^2 deőned by L = K(x) where x a root of the polynomial f(X) = X^{p2} − (1 + uπ)α^p, α ∈ U_K , α ∉ k^p_K , u ∈ U_K , π is a prime of K. Then e(L|K) = p = f(L|K)^{ins}, so L/K is not in case I nor in case II. Using Theorem 1, one can show that O_L = O_K [x] by checking the Herbrand property.

Deőnition. A well ramiőed extension which is not in case I and is not in case II is said to be in case III.

Note that in case III we have e(L|K) ⩾ p, f(L|K)^{ins} ⩾ p.

Lemma 1. If L/K is a well ramiőed Galois extension, then for every ferociously ramiőed Galois subextension E/K such that L/E is totally ramiőed either E = K or E = L.

Proof. Suppose that there exists K ≠ E ≠ L, such that E/K is ferociously ramiőed and L/E is totally ramiőed. Let π_1 be a prime of L such that O_L = O_E[π_1]. Let α ∈ E be such that O_E = O_K [α]. Then we have O_L = O_K [α, π_1]. Let σ be a K -automorphism of E and denote ~σ a lifting of σ to G = Gal(L/K). It is not difőcult to show that i_G(~σ) = min{v_L(~σπ_1 − π_1), v_L(σα − α)}. We show that i_G(~σ) = v_L(~σπ_1 − π_1). Suppose we had i_G(~σ) = v_L(σα − α), then (∗) i_G(~σ) e(L|E) = v_E (σα − α) = i_{E/K} (σ). Furthermore, by Herbrand property we have i_{E/K} (σ) = 1 e(L|E) ∑ s∈σ Gal(L/E) i_G(s) = i_G(~σ) e(L|E) + 1 e(L|E) ∑ s≠ Äσ i_G(s). So from (∗) we deduce that 1 e(L|E) ∑ s≠ Äσ i_G(s) = 0,

but this is not possible because i_G(s) ⩾ 1 for all s ∈ G. We have shown that (∗∗) i_G(s) = v_L(sπ_1 − π_1) for all s ∈ G. Now note that α ∉ O_K [π_1]. Indeed, from α = ∑ a_iπ^i_1, a_i ∈ O_K , we deduce α ≡ a_0 (modπ_1) which is impossible. By (∗∗) and the Hilbert formula (cf. Theorem 1) we have

(∗ ∗ ∗) v_L(D_{L/K} ) = ∑ s≠1 i_G(s) = ∑ s≠1 v_L(sπ_1 − π_1) = v_L(f^′(π_1)),

where f(X) denotes the minimal polynomial of π_1 over K.

Now let the ideal T_{π1} = {x ∈ O_L : xO_K [π_1] ⊂ O_L} be the conductor of O_K [π_1] in O_L (cf. [S, Ch. III, §6]). We have (cf. loc.cit.) T_{π1}D_{L/K} = f^′(π_1)O_L and then (∗ ∗ ∗) implies T_{π1} = O_L, O_L = O_K [π_1], which contradicts α ∉ O_K [π_1].

Theorem 2 (Spriano). Let L/K be a Galois well ramiőed p-extension. Put K_0 = L ∩ K_{ur}. Then there is a Galois subextension T/K_0 of L/K_0 such that T/K_0 is in case I and L/T in case II.

Proof. Induction on |L : K_0|.

Let M/K_0 be a Galois subextension of L/K_0 such that |L : M| = p. Let T/K_0 be a Galois subextension of M/K_0 such that T/K_0 is totally ramiőed and M/T is in case II. Applying Lemma 1 to L/T we deduce that L/M is ferociously ramiőed, hence in case II.

In particular, if L/K is a Galois p-extension in case III such that L ∩ K_{ur} = K, then there is a Galois subextension T/K of L/K such that T/K is in case I, L/T in case I and K ≠ T ≠ L.

18.1.2. Modiőed ramiőcation function for well ramiőed extensions.

In the general case one can deőne a őltration of ramiőcation groups as follows. Given two integers n, m ⩾ 0 the (n, m)-ramiőcation group G_{n,m} of L/K is G_{n,m} = {σ ∈ G : v_L(σ(x) − x) ⩾ n + m, for all x ∈ M^m_L }. Put G_n = G_{n+1,0} and H_n = G_{n,1}, so that the classical ramiőcation groups are the G_n . It is easy to show that H_i ⩾ G_i ⩾ H_{i+1} for i ⩾ 0.

In case I we have G_i = H_i for all i ⩾ 0; in case II we have G_i = H_{i+1} for all i ⩾ 0, see [Sm1]. If L/K is in case III, we leave to the reader the proof of the following equality

G_i = {σ ∈ Gal(L/K) : v_L(σ(x) − x) ⩾ i + 1 for all x ∈ O_L} = {σ ∈ Gal(L/K) : v_L(σ(x) − x) ⩾ i + 2 for all x ∈ M_L} = H_{i+1}.

We introduce another őltration which allows us to simultaneously deal with case I, II and III.

Deőnition. Let L/K be a őnite Galois well ramiőed extension. The modiőed t-th ramiőcation group G[t] for t ⩾ 0 is deőned by G[t] = {σ ∈ Gal(L/K) : i_G(σ) ⩾ t}. We call an integer number m a modiőed ramiőcation jump of L/K if G[m] ≠ G[m+1].

From now on we will consider only p-extensions.

Deőnition. For a well ramiőed extension L/K deőne the modiőed HasseśHerbrand function s_{L/K} (u), u ∈ R_{⩾0} as

s_{L/K} (u) = ∫_u 0 |G[t]| e(L|K) dt. Geometry & Topology Monographs, Volume 3 (2000) ś Invitation to higher local őelds

Put g_i = |G_i|. If m ⩽ u ⩽ m + 1 where m is a non-negative integer, then

s_{L/K} (u) = 1 e(L|K) (g_1 + · · · + g_m + g_{m+1}(u − m)).

We drop the index L/K in s_{L/K} if there is no risk of confusion. One can show that the function s is continuous, piecewise linear, increasing and convex. In case I, if φ_{L/K} denotes the classical HasseśHerbrand function as in [S, Ch. IV], then s_{L/K} (u) = 1 + φ_{L/K} (u − 1). We deőne a modiőed upper numbering for ramiőcation groups by G(s_{L/K} (u)) = G[u].

If m is a modiőed ramiőcation jumps, then the number s_{L/K} (m) is called a modiőed upper ramiőcation jump of L/K.

For well ramiőed extensions we can show the Herbrand theorem as follows.

Lemma 2. For u ⩾ 0 we have s_{L/K} (u) = 1 e(L|K) ∑ σ∈G inf(i_G(σ), u). The proof goes exactly as in [S, Lemme 3, Ch.IV, §3].

Lemma 3. Let H be a normal subgroup of G and τ ∈ G/H and let j(τ) be the upper bound of the integers i_G(σ) where σ runs over all automorphisms of G which are congruent to τ modulo H. Then we have i_LH_{/K} (τ) = s_{L/L}H (j(τ)). For the proof see Lemme 4 loc.cit. (note that Theorem 1 is fundamental in the proof).

In order to show Herbrand theorem, we have to show the multiplicativity in the tower of extensions of the function s_{L/K} .

Lemma 4. With the above notation, we have s_{L/K} = s_LH_{/K} ∘ s_{L/L}H .

For the proof see Prop. 15 loc.cit.

Corollary. If L/K is well ramiőed and H is a normal subgroup of G = Gal(L/K), then the Herbrand theorem holds: (G/H)(u) = G(u)H/H for all u ⩾ 0 . It is known that the upper ramiőcation jumps (with respect the classical function φ ) of an abelian extension in case I are integers. This is the HasseśArf theorem. Clearly the same result holds with respect the function s. In fact, if m is a classical ramiőcation jump and φ_{L/K} (m) is the upper ramiőcation jump, then the modiőed ramiőcation jump is m + 1 and the modiőed upper ramiőcation jumps is s_{L/K} (m + 1) = 1 + φ_{L/K} (m) which is an integer. In case II it is obvious that the modiőed upper ramiőcation jumps are integers. For well ramiőed extensions we have the following theorem, for the proof see the end of 18.2.

Theorem 3 (Borger). The modiőed upper ramiőcation jumps of abelian well ramiőed extensions are integers.

18.2. The Kato conductor

We have already remarked that the Swan conductor sw(χ) for a character χ of the Galois group G_K is not an integer in general. In [K3] Kato deőned a modiőed Swan conductor in case I, II for any character χ of G_K ; and [K4] contains a deőnition of an integer valued conductor (which we will call the Kato conductor) for characters of degree 1 in the general case i.e. not only in cases I and II.

We recall its deőnition. The map K^∗ → H^1(K, Z/n(1)) (cf. the deőnition of H^q (K) in subsection 5.1) induces a pairing { , }: H^q (K) × K_r(K) → H^{q+r}(K), which we brieŕy explain only for K of characteristic zero, in characteristic p > 0 see [K4, (1.3)]. For a ∈ K^∗ and a őxed n ⩾ 0, let {a} ∈ H^1(K, Z/n(1)) be the image under the connecting homomorphism K^∗ → H^1(K, Z/n(1)) induced by the exact sequence of G_K -modules 1 −→ Z/n(1) −→ K^∗_s^n−→ K^∗_s −→ 1. For a_1, ..., a_r ∈ K^∗ the symbol {a_1, ..., a_r } ∈ H^r(K, Z/n(r)) is the cup product {a_1} ∪ {a_2} ∪ · · · ∪ {a_r}. For χ ∈ H^q (K) and a_1, . . . , a_r ∈ K^∗ {χ, a_1, ..., a_r } ∈ H^{q+r}_n (K) is the cup product {χ} ∪ {a_1} ∪ · · · ∪ {a_r}. Passing to the limit we have the element {χ, a_1, ..., a_r } ∈ H^{q+r} (K). Deőnition. Following Kato, we deőne an increasing őltration {ől_m H^q (K)}_{m⩾0} of H^q (K) by

ől_m H^q(K) = {χ ∈ H^q (K) : {χ|_M , U_{m+1,M} } = 0 for every M }

where M runs through all complete discrete valuation őelds satisfying O_K ⊂ O_M , M_M = M_K O_M ; here χ|_M denotes the image of χ ∈ H^q (K) in H^q (M).

Then one can show H^q (K) = ∪_{m⩾0} ől_m H^q (K) [K4, Lemma (2.2)] which allows us to give the following deőnition.

Deőnition. For χ ∈ H^q (K) the Kato conductor of χ is the integer ksw(χ) deőned by ksw(χ) = min{m ⩾ 0 : χ ∈ ől_m H^q (K)}.

This integer ksw(χ) is a generalization of the classical Swan conductor as stated in the following proposition.

Proposition 1. Let χ ∈ H^1(K) and let L/K be the corresponding őnite cyclic extension and suppose that L/K is in case I or II. Then (a) ksw(χ) = sw(χ) (see formula (1) ).

(b) Let t be the maximal modiőed ramiőcation jump. Then

ksw(χ) = { s_{L/K} (t) − 1 case I s_{L/K} (t) case II.

Proof. (a) See [K4, Prop. (6.8)]. (b) This is a computation left to the reader.

We compute the Kato conductor in case III.

Theorem 4 (Spriano). If L/K is a cyclic extension in case III and if χ is the corresponding element of H^1(K), then ksw(χ) = sw(χ) − 1. If t is the maximal modiőed ramiőcation jump of L/K, then ksw(χ) = s_{L/K} (t) − 1.

Before the proof we explain how to compute the Kato conductor ksw(χ) where χ ∈ H^1(K). Consider the pairing H^1(K) × K^∗ → H^2(K), ( q = 1 = r ). It coincides with the symbol (·, ·) deőned in [S, Ch. XIV]. In particular, if χ ∈ H^1(K) and a ∈ K^∗, then {χ, a} = 0 if and only if the element a is a norm of the extension L/K corresponding to χ. So we have to compute the minimal integer m such that U_{m+1,M} is in the norm of the cyclic extension corresponding to χ|_M when M runs through all complete discrete valuation őelds satisfying M_M = M_K O_M . The minimal integer n such that U_{n+1,K} is contained in the norm of L/K is not, in general, the Kato conductor (for instance if the residue őeld of K is algebraically closed) Here is a characterization of the Kato conductor which helps to compute it and does not involve extensions M/K, cf. [K4, Prop. (6.5)].

Proposition 2. Let K be a complete discrete valuation őeld. Suppose that |k_K : k^p_K | = p^c < ∞, and H^{c+1}_p (k_K ) ≠ 0. Then for χ ∈ H^q (K) and n ⩾ 0

χ ∈ ől_n H^q (K) ⇐⇒ {χ, U_{n+1}K^M_{c+2−q}(K)} = 0 in H^{c+2}(K),

for the deőnition of U_{n+1}K^M_{c+2−q}(K) see subsection 4.2.

In the following we will only consider characters χ such that the corresponding cyclic extensions L/K are p-extension, because ksw(χ) = 0 for tame characters χ, cf. [K4, Prop. (6.1)]. We can compute the Kato conductor in the following manner.

Corollary. Let K be as in Proposition 2. Let χ ∈ H^1(K) and assume that the corresponding cyclic extension L/K is a p-extension. Then the minimal integer n such that U_{n+1,K} ⊂ N_{L/K} L^∗ is the Kato conductor of χ.

Proof. By the hypothesis (i.e. U_{n+1,K} ⊂ N_{L/K} L^∗ ) we have ksw(χ) ⩾ n. Now U_{n+1,K} ⊂ N_{L/K} L^∗, implies that U_{n+1}K_{c+1}(K) is contained in the norm group N_{L/K} K_{c+1}(L). By [K1, II, Cor. at p. 659] we have that {χ, U_{n+1}K_{c+1}(K)} = 0 in H^{c+2}(K) and so by Proposition 2 ksw(χ) ⩽ n.

Beginning of the proof of Theorem 4. Let L/K be an extension in case III and let χ ∈ H^1(K) be the corresponding character. We can assume that H^{c+1}_p (k_K ) ≠ 0, otherwise we consider the extension k = ∪_{i⩾0}k_K (T^{p−i} ) of the residue őeld k_K , preserving a p-base, for which H^{c+1}_p (k) ≠ 0 (see [K3, Lemma (3-9)]).

So by the above Corollary we have to compute the minimal integer n such that U_{n+1,K} ⊂ N_{L/K} L^∗. Let T/K be the totally ramiőed extension deőned by Lemma 1 (here T/K is uniquely determined because the extension L/K is cyclic). Denote by U_{v,L} for v ∈ R, v ⩾ 0 the group U_{n,L} where n is the smallest integer ⩾ v.

If t is the maximal modiőed ramiőcation jump of L/K, then (1) U_{sL/T (t)+1,T} ⊂ N_{L/T} L^∗ because L/T is in case II and its Kato conductor is s_{L/T} (t) by Proposition 1 (b). Now consider the totally ramiőed extension T/K. By [S, Ch. V, Cor. 3 §6] we have

(2) N_{T /K} (U_{s,T} ) = U_{sT /K (s+1)−1,K} if Gal(T/K)_s = {1}.

Let t^′ = i_{T /K} (τ) be the maximal modiőed ramiőcation jump of T/K. Let r be the maximum of i_{L/K} (σ) where σ runs over all representatives of the coset τ Gal(L/T ). By Lemma 3 t^′ = s_{L/T} (r). Note that r < t (we explain it in the next paragraph), so

(3) t^′ = s_{L/T} (r) < s_{L/T} (t).

To show that r < t it sufőces to show that for a generator ρ of Gal(L/K) i_{L/K} (ρ^{pm} ) > i_{L/K} (ρ^{pm−1} ) for |T : K| ⩽ p^m ⩽ |L : K|. Write O_L = O_K (a) then ρ^{pm} (a) − a = ρ^{pm−1} (b) − b, b = p−1∑ i=0 ρ^{pm−1i}(a). Then b = pa + π^if(a) where π is a prime element of L, f(X) ∈ O_K [X] and i = i_{L/K} (ρ^{pm−1} ). Hence i_{L/K} (ρ^{pm} ) = v_L(ρ^{pm} (a) − a) ⩾ min (i + v_L(p), 2i), so i_{L/K} (ρ^{pm} ) > i_{L/K} (ρ^{pm−1} ), as required.

Now we use the fact that the number s_{L/K} (t) is an integer (by Borger’s Theorem). We shall show that U_{sL/K (t),K} ⊂ N_{L/K} L^∗ .

By (3) we have Gal(T/K)_{sL/T (t)} = {1} and so we can apply (2). By (1) we have U_{sL/T (t)+1,T} ⊂ N_{L/T} L^∗, and by applying the norm map N_{T /K} we have (by (2) ) N_{T /K} (U_{sL/T (t)+1,T} ) = U_{sT /K (sL/T (t)+2)−1,K} ⊂ N_{L/K} L^∗. Thus it sufőces to show that the smallest integer ⩾ s_{T /K} (s_{L/T} (t) + 2) − 1 is s_{L/K} (t). Indeed we have

s_{T /K} (s_{L/T} (t) + 2) − 1 = s_{T /K} (s_{L/T} (t)) + 2 |T : K| − 1 = s_{L/K} (t) − 1 + 2 p^e where we have used Lemma 4. By Borger’s theorem s_{L/K} (t) is an integer and thus we have shown that ksw(χ) ⩽ s_{L/K} (t) − 1.

Now we need a lemma which is a key ingredient to deduce Borger’s theorem.

Lemma 5. Let L/K be a Galois extension in case III. If k_L = k_K (a^{1/f} ) then a ∈ k_K \ k^p_K where f = |L : T | = f(L/K)^{ins}. Let α be a lifting of a in K and let M = K(β) where β^f = α.

If σ ∈ Gal(L/K) and σ^′ ∈ Gal(LM/M) is such that σ^′|_L = σ then i_{LM/M} (σ^′) = e(LM|L)i_{L/K} (σ). Proof. (After J. Borger). Note that the extension M/K is in case II and LM/M is in case I, in particular it is totally ramiőed. Let x ∈ O_L such that O_L = O_K [x]. One can check that x^f − α ∈ M_L \ M^2_L. Let g(X) be the minimal polynomial of β over K. Then g(X +x) is an Eisenstein polynomial over L (because g(X +x) ≡ X^f +x^f −α ≡ X^f mod M_L ) and β − x is a root of g(X + x). So β − x is a prime of LM and we have i_{LM/M} (σ^′) = v_{LM} (σ^′(β − x) − (β − x)) = v_{LM} (σ^′(x) − x) = e(LM|L)i_{L/K} (σ).

Proof of Theorem 3 and Theorem 4. Now we deduce simultaneously the formula for the Kato conductor in case III and Borger’s theorem. We compute the classical Artin conductor A(χ|_M ). By the preceding lemma we have (2) A(χ|_M ) = 1 e(LM|M) ∑ σ^′∈Gal(LM/M) χ|_M (σ^′)i_{LM/M} (σ^′)

= e(LM|L) e(LM|M) ∑ σ^′∈Gal(LM/M) χ|_M (σ^′)i_{L/K} (σ) = 1 e(L|K) ∑ σ∈G χ(σ)i_{L/K} (σ). Since A(χ|_M ) is an integer by Artin’s theorem we deduce that the latter expression is an integer. Now by the well known arguments one deduces the HasseśArf property for L/K.

The above argument also shows that the Swan conductor (=Kato conductor) of LM/M is equal to A(χ|_M )−1, which shows that ksw(χ) ⩾ A(χ|_M )−1 = s_{L/K} (t)−1, so ksw(χ) = s_{L/K} (t) − 1 and Theorem 4 follows.

18.3. More ramiőcation invariants

18.3.1. Hyodo’s depth of ramiőcation. This ramiőcation invariant was introduced by Hyodo in [H]. We are interested in its link with the Kato conductor.

Let K be an m-dimensional local őeld, m ⩾ 1. Let t_1, . . . , t_m be a system of local parameters of K and let v be the corresponding valuation.

Deőnition. Let L/K be a őnite extension. The depth of ramiőcation of L/K is

d_K (L/K) = inf{v(Tr_{L/K} (y)/y) : y ∈ L^∗} ∈ Q^m .

The right hand side expression exists; and, in particular, if m = 1 then d_K (L/K) = v_K (D_{L/K} ) − (1 − v_K (π_L)), see [H]. The main result about the depth is stated in the following theorem (see [H, Th. (1-5)]).

Theorem 5 (Hyodo). Let L be a őnite Galois extension of an m-dimensional local őeld K. For l ⩾ 1 deőne

j(l) = j_{L/K} (l) = { max{i : 1 ⩽ i ∈ Z^m, |Ψ_{L/K} (U_iK^{top}m (K))| ⩾ p^l} if it exists 0 otherwise

where Ψ_{L/K} is the reciprocity map; the deőnition of U_iK^{top}_m (K) is given in 17.0. Then

(3) (p − 1) ∑ l⩾1 j(l)/p^l ⩽ d_K (L/K) ⩽ (1 − p^{−1}) ∑ l⩾1 j(l). Furthermore, these inequalities are the best possible (cf. [H, Prop. (3-4) and Ex. (3-5)]).

For i ∈ Z^m, let G^i be the image of U_iK^{top}_m (K) in Gal(L/K) under the reciprocity map Ψ_{L/K} . The numbers j(l) are called jumping number (by Hyodo) and in the classical case, i.e. m = 1, they coincide with the upper ramiőcation jumps of L/K.

For local őelds (i.e. 1-dimensional local őelds) one can show that the őrst inequality in (3) is actually an equality. Hyodo stated ([H, p.292]) łIt seems that we can deőne nice ramiőcation groups only when the őrst equality of (3) holds.ž

For example, if L/K is of degree p, then the inequalities in (3) are actually equalities and in this case we actually have a nice ramiőcation theory. For an abelian extension L/K [H, Prop. (3-4)] shows that the őrst equality of (3) holds if at most one diagonal component of E(L/K) (for the deőnition see subsection 1.2) is divisible by p.

Extensions in case I or II verify the hypothesis of Hyodo’s proposition, but it is not so in case III. We shall show below that the őrst equality does not hold in case III.

18.3.2. The Kato conductor and depth of ramiőcation.

Consider an m-dimensional local őeld K, m ⩾ 1. Proposition 2 of 18.2 shows (if the őrst residue őeld is of characteristic p > 0 ) that for χ ∈ H^1(K), χ ∈ ől_n H^1(K) if and only if the induced homomorphism K_m(K) → Q/Z annihilates U_{n+1}K_m(K) (cf. also in [K4, Remark (6.6)]). This also means that the Kato conductor of the extension L/K corresponding to χ is the m-th component of the last ramiőcation jump j(1) (recall that j(1) = max{i : 1 ⩽ i ∈ Z^m, |G^i| ⩾ p} ).

Example. Let L/K as in Example of 18.1.1 and assume that K is a 2-dimensional local őeld with the őrst residue őeld of characteristic p > 0 and let χ ∈ H^1(K) be the corresponding character. Let j(l)_i denotes the i-th component of j(l). Then by Theorem 3 and by the above discussion we have

ksw(χ) = j(1)_2 = s_{L/K} (pe/(p − 1)) − 1 = (2p − 1)e p − 1 − 1. If T/K is the subextension of degree p, we have

d_K (T/K)_2 = p^{−1}(p − 1)j(2)_2 =⇒ j(2)_2 = pe p − 1 − 1. The depth of ramiőcation is easily computed:

d_K (L/K)_2 = d_K (T/K)_2 + d_K (L/T )_2 =

(p − 1) p ( 2pe p − 1 − 1 ) . The left hand side of (3) is (p − 1)(j(1)/p + j(2)/p^2), so for the second component we have

(p − 1) ( j(1)_2 p + j(2)_2 p^2 ) = 2e − (p^2 − 1) p^2 ≠ d_K (L/K)_2. Thus, the őrst equality in (3) does not hold for the extension L/K.

If K is a complete discrete valuation (of rank one) őeld, then in the well ramiőed case straightforward calculations show that e(L|K)d_K (L/K) = { ∑_{σ≠1} s_G(σ) case I,II ∑ σ≠1 sG(σ) − e(L|K) + 1 case III

Let χ ∈ H^1(K) and assume that the corresponding extension L/K is well ramiőed. Let t denote the last ramiőcation jump of L/K; then from the previous formula and Theorem 4 we have e(L|K) ksw(χ) = { d_L(L/K) + t case I,II d_L(L/K) + t − 1 case III

Geometry & Topology Monographs, Volume 3 (2000) ś Invitation to higher local őelds

In the general case, we can indicate the following relation between the Kato conductor and Hyodo’s depth of ramiőcation.

Theorem 6 (Spriano). Let χ ∈ H^1(K, Z/p^n) and let L/K be the corresponding cyclic extension. Then ksw(χ) ⩽ d_K (L/K) + t e(L|K) where t is the maximal modiőed ramiőcation jump.

Proof. In [Sp, Prop. 3.7.3] we show that

(∗) ksw(χ) ⩽ [ 1 e(L|K) ( ∑ σ∈G Sw_G(σ)χ(σ) − M_{L/K} )] , where [x] indicates the integer part of x ∈ Q and the integer M_{L/K} is deőned by (∗∗) d_L(L/K) + M_{L/K} = ∑ σ≠1 s_G(σ). Thus, the inequality in the statement follows from (∗) and (∗∗).

References

[B] J.-L. Brylinski, ThÂeorie du corps de classes de Kato et rÃevetements abÂeliens de surfaces, Ann. Inst. Fourier, Grenoble 33 n.3 (1983), 23ś38.

[E] H.P. Epp, Eliminating wild ramiőcation, Invent. Math. 19(1973), 235ś249. [FV] I. Fesenko and S. Vostokov, Local Fields and Their Extensions, Transl. Math. Monograph A.M.S. 1993 [H] O. Hyodo, Wild ramiőcation in the imperfect residue őeld case, Advanced Stud. in Pure Math. 12(1987) Galois Representation and Arithmetic Algebraic Geometry, 287ś314.

[K1] K. Kato, A generalization of local class őeld theory by using K-groups I, J. Fac. Sci.

Univ. Tokyo, Sect. IA 26(1979), 303-376, II ibid., 27(1980), 603ś683.

[K2] K. Kato, Vanishing cycles, ramiőcation of valuations, and class őeld theory, Duke Math.

J. 55(1987), 629ś659.

[K3] K. Kato, Swan conductors with differential values, Advanced Studies in Pure Math.

12(1987), 315ś342.

[K4] K. Kato, Swan conductors for characters of degree one in the imperfect residue őeld case, Contemp. Math. 83(1989), 101ś131.

[K5] K. Kato, Class őeld theory, D-modules, and ramiőcation on higher dimensional schemes, part I, Amer. J. Math. 116(1994), 757ś784.

[Ku1] M. Kurihara, On two types of discrete valuation őelds, Comp. Math. 63(1987), 237ś257.

[Ku2] M. Kurihara, Abelian extensions of an absolutely unramiőed local őeld with general residue őeld, Invent. Math. 93(1988), 451ś480.

[Lo] V.G. Lomadze, On the ramiőcation theory of two-dimensional local őelds, Math. USSR Sbornik, 37(1980), 349ś365.

[M] H. Miki, On Zp-extensions of complete p-adic power series őelds and function őelds, J. Fac. Sci. Univ. Tokyo, Sect. IA 21(1974), 377ś393.

[S] J.-P. Serre, Corps Locaux, Hermann Paris 1967, 3rd Edition.

[Sm1] B. de Smit, Ramiőcation groups of local őelds with imperfect residue class őeld, J.

Number Theory 44 No.3 (1993), 229ś236.

[Sm2] B. de Smit, The different and differential of local őelds with imperfect residue őeld, Proceedings of Edinburgh Math. Soc. 40(1997), 353ś365.

[Sp] L. Spriano, Well and őercely ramiőed extensions of complete discrete valuation őelds, with applications to the Kato conductor, ThÁese Áa l’UniversitÂe Bordeaux I, 1999.

[Z] I.B. Zhukov, On ramiőcation theory in the imperfect residue őeld case, Preprint, Univ.

Nottingham, (1998).

Luca Spriano Department of Mathematics University of Bordeaux 351, Cours de la LibÂeration 33405 Talence Cedex France E-mail: Luca.Spriano@math.u-bordeaux.fr

Geometry & Topology Monographs Volume 3: Invitation to higher local őelds Pages 165ś195

Existence theorem for higher local őelds

Kazuya Kato

0. Introduction

A őeld K is called an n-dimensional local őeld if there is a sequence of őelds k_n, . . . , k_0 satisfying the following conditions: k_0 is a őnite őeld, k_i is a complete discrete valuation őeld with residue őeld k_{i−1} for i = 1, . . . , n, and k_n = K.

In [9] we deőned a canonical homomorphism from the n th Milnor group K_n(K) (cf. [14]) of an n-dimensional local őeld K to the Galois group Gal(K^{ab}/K) of the maximal abelian extension of K and generalized the familiar results of the usual local class őeld theory to the case of arbitrary dimension except the łexistence theoremž.

An essential difőculty with the existence theorem lies in the fact that K (resp. the multiplicative group K^∗ ) has no appropriate topology in the case where n ⩾ 2 (resp. n ⩾ 3 ) which would be compatible with the ring (resp. group) structure and which would take the topologies of the residue őelds into account. Thus we abandon the familiar tool łtopologyž and deőne the openness of subgroups and the continuity of maps from a new point of view.

In the following main theorems the words łopenž and łcontinuousž are not used in the topological sense. They are explained below.

Theorem 1. Let K be an n-dimensional local őeld. Then the correspondence L → N_{L/K} K_n(L) is a bijection from the set of all őnite abelian extensions of K to the set of all open subgroups of K_n(K) of őnite index.

This existence theorem is essentially contained in the following theorem which expresses certain Galois cohomology groups of K (for example the Brauer group of

Published 10 December 2000: © Geometry & Topology Publications

K ) by using the Milnor K -group of K. For a őeld k we deőne the group H^r(k) ( r ⩾ 0 ) as follows (cf. [9, §3.1]). In the case where char (k) = 0 let

H^r(k) = lim−→ H^r(k, μ^{⊗(r−1)}_m )

(the Galois cohomology). In the case where char (k) = p > 0 let

H^r(k) = lim−→ H^r(k, μ^{⊗(r−1)}_m ) + lim−→ H^r_pi (k).

Here in each case m runs over all integers invertible in k, μ_m denotes the group of all m th roots of 1 in the separable closure k^{sep} of k, and μ^{⊗(r−1)}_m denotes its (r − 1) th tensor power as a Z/m-module on which Gal(k^{sep}/k) acts in the natural way. In the case where char (k) = p > 0 we denote by H^r_{pi} (k) the cokernel of F − 1: C^{r−1}_i (k) → C^{r−1}_i (k)/{C^{r−2}_i (k), T } where C^·_i is the group deőned in [3, Ch.II,§7] (see also Milne [13, §3]). For example, H^1(k) is isomorphic to the group of all continuous characters of the compact abelian group Gal(k^{ab}/k) and H^2(k) is isomorphic to the Brauer group of k.

Theorem 2. Let K be as in Theorem 1. Then H^r(K) vanishes for r > n + 1 and is isomorphic to the group of all continuous characters of őnite order of K_{n+1−r}(K) in the case where 0 ⩽ r ⩽ n + 1.

We shall explain the contents of each section.

For a category C the category of pro-objects pro(C) and the category of ind-objects ind(C) are deőned as in Deligne [5]. Let F_0 be the category of őnite sets, and let F_1, F_2, . . . be the categories deőned by F_{n+1} = ind(pro(F_n)). Let F_∞ = ∪_nF_n. In section 1 we shall show that n-dimensional local őelds can be viewed as ring objects of F_n. More precisely we shall deőne a ring object K of F_n corresponding to an n-dimensional local őeld K such that K is identiőed with the ring [e, K]_{F∞} of morphisms from the one-point set e (an object of F_0 ) to K, and a group object K^∗ such that K^∗ is identiőed with [e, K^∗]_{F∞} . We call a subgroup N of K_q(K) open if and only if the map K^∗ × · · · × K^∗ → K_q(K)/N, (x_1, . . . , x_q ) → {x_1, . . . , x_q } mod N comes from a morphism K^∗ × · · · × K^∗ → K_q(K)/N of F_∞ where K_q(K)/N is viewed as an object of ind(F_0) ⊂ F_1. We call a homomorphism φ: K_q(K) → Q/Z a continuous character if and only if the induced map K^∗ × · · · × K^∗ → Q/Z, (x_1, . . . , x_q ) → φ({x_1, . . . , x_q }) comes from a morphism of F_∞ where Q/Z is viewed as an object of ind(F_0). In each case such a morphism of F_∞ is unique if it exists (cf. Lemma 1 of section 1).

In section 2 we shall generalize the self-duality of the additive group of a onedimensional local őeld in the sense of Pontryagin to arbitrary dimension.

Section 3 is a preliminary one for section 4. There we shall prove some ring-theoretic properties of [X, K]_{F∞} for objects X of F_∞.

In section 4 we shall treat the norm groups of cohomological objects. For a őeld k denote by E(k) the category of all őnite extensions of k in a őxed algebraic closure of k with the inclusion maps as morphisms. Let H be a functor from E(k) to the category Ab of all abelian groups such that lim−→_k′_{∈E(k)} H(k^′) = 0. For w_1, . . . , w_g ∈ H(k) deőne the K_q -norm group N_q(w_1, . . . , w_g ) as the subgroup of K_q(k) generated by the subgroups N_k′_{/k}K_q(k^′) where k^′ runs over all őelds in E(k) such that {w_1, . . . , w_g } ∈ ker(H(k) → H(k^′)) and where N_k′_{/k} denotes the canonical norm homomorphism of the Milnor K -groups (Bass and Tate [2, §5] and [9, §1.7]). For example, if H = H^1 and χ_1, . . . , χ_g ∈ H^1(k) then N_q (χ_1, . . . , χ_g) is nothing but N_k′_{/k}K_q(k^′) where k^′ is the őnite abelian extension of k corresponding to ∩_i ker(χ_i: Gal(k^{ab}/k) → Q/Z). If H = H^2 and w ∈ H^2(k) then N_1(w) is the image of the reduced norm map A^∗ → k^∗ where A is a central simple algebra over k corresponding to w.

As it is well known for a one-dimensional local őeld k the group N_1(χ_1, . . . , χ_g) is an open subgroup of k^∗ of őnite index for any χ_1, . . . , χ_g ∈ H^1(k) and the group N_1(w) = k^∗ for any w ∈ H^2(k). We generalize these facts as follows.

Theorem 3. Let K be an n-dimensional local őeld and let r ⩾ 1. (1) Let w_1, . . . , w_g ∈ H^r(K). Then the norm group N_{n+1−r}(w_1, . . . , w_g) is an open subgroup of K_{n+1−r}(K) of őnite index.

(2) Let M be a discrete torsion abelian group endowed with a continuous action of Gal(K^{sep}/K). Let H be the Galois cohomology functor H^r( , M). Then for every w ∈ H^r(K, M) the group N_{n+1−r}(w) is an open subgroup of K_{n+1−r}(K) of őnite index.

Let k be a őeld and let q, r ⩾ 0. We deőne a condition (N^r_q , k) as follows: for every k^′ ∈ E(k) and every discrete torsion abelian group M endowed with a continuous action of Gal(k^{′sep}/k^′) N_q(w_1, . . . , w_g ) = K_q(k^′) for every i > r, w_1, . . . , w_g ∈ H^i(k^′), w_1, . . . , w_g ∈ H^i(k^′, M), and in addition |k : k^p| ⩽ p^{q+r} in the case where char (k) = p > 0.

For example, if k is a perfect őeld then the condition (N^r_0 , k) is equivalent to cd(k) ⩽ r where cd denotes the cohomological dimension (Serre [16]).

Proposition 1. Let K be a complete discrete valuation őeld with residue őeld k. Let q ⩾ 1 and r ⩾ 0. Then the two conditions (N^r_q , K) and (N^r_{q−1}, k) are equivalent.

On the other hand by [11] the conditions (N^r_0 , K) and (N^{r−1}_0 , k) are equivalent for any r ⩾ 1. By induction on n we obtain

Corollary. Let K be an n-dimensional local őeld. Then the condition (N^r_q , K) holds if and only if q + r ⩾ n + 1.

We conjecture that if q + r = q^′ + r^′ then the two conditions (N^r_q , k) and (N^{r′}_q′ , k) are equivalent for any őeld k.

Finally in section 5 we shall prove Theorem 2. Then Theorem 1 will be a corollary of Theorem 2 for r = 1 and of [9, §3, Theorem 1] which claims that the canonical homomorphism K_n(K) → Gal(K^{ab}/K)

induces an isomorphism K_n(K)/N_{L/K} K_n(L) ~→ Gal(L/K) for each őnite abelian extension L of K.

I would like to thank Shuji Saito for helpful discussions and for the stimulation given by his research in this area (e.g. his duality theorem of Galois cohomology groups with locally compact topologies for two-dimensional local őelds).

Table of contents.

1. Deőnition of the continuity for higher local őelds. 2. Additive duality.

3. Properties of the ring of K -valued morphisms. 4. Norm groups.

5. Proof of Theorem 2.

Notation.

We follow the notation in the beginning of this volume. References to sections in this text mean references to sections of this work and not of the whole volume.

All őelds and rings in this paper are assumed to be commutative. Denote by Sets, Ab, Rings the categories of sets, of abelian groups and of rings respectively.

If C is a category and X, Y are objects of C then [X, Y ]_C (or simply [X, Y ] ) denotes the set of morphisms X → Y .

1. Deőnition of the continuity for higher local őelds

1.1. Ring objects of a category corresponding to rings.

For a category C let C^∘ be the dual category of C. If C has a őnal object we always denote it by e. Then, if θ: X → Y is a morphism of C, [e, θ] denotes the induced map [e, X] → [e, Y ]. In this subsection we prove the following

Proposition 2. Let C be a category with a őnal object e in which the product of any two objects exists. Let R be a ring object of C such that for a prime p the morphism R → R, x → px is the zero morphism, and via the morphism R → R, x → x^p the latter R is a free module of őnite rank over the former R. Let R = [e, R], and let A be a ring with a nilpotent ideal I such that R = A/I and such that I^i/I^{i+1} is a free R-module of őnite rank for any i.

Then:

(1) There exists a ring object A of C equipped with a ring isomorphism j: A ~→ [e, A] and with a homomorphism of ring objects θ: A → R having the following properties:

(a) [e, θ] ∘ j: A → R coincides with the canonical projection. (b) For any object X of C, [X, A] is a formally etale ring over A in the sense of Grothendieck [7, Ch. 0 §19], and θ induces an isomorphism [X, A]/I[X, A] ≃ [X, R]. (2) The above triple (A, j, θ) is unique in the following sense. If (A^′, j^′, θ^′) is another triple satisfying the same condition in (1), then there exists a unique isomorphism of ring objects ψ: A ~→ A^′ such that [e, ψ] ∘ j = j^′ and θ = θ^′ ∘ ψ.

(3) The object A is isomorphic (if one forgets the ring-object structure) to the product of őnitely many copies of R.

(4) If C has őnite inverse limits, the above assertions (1) and (2) are valid if conditions łfree module of őnite rankž on R and I^i/I^{i+1} are replaced by conditions łdirect summand of a free module of őnite rankž.

Example. Let R be a non-discrete locally compact őeld and A a local ring of őnite length with residue őeld R. Then in the case where char (R) > 0 Proposition 2 shows that there exists a canonical topology on A compatible with the ring structure such that A is homeomorphic to the product of őnitely many copies of R. On the other hand, in the case where char (R) = 0 it is impossible in general to deőne canonically such a topology on A. Of course, by taking a section s: R → A (as rings), A as a vector space over s(R) has the vector space topology, but this topology depends on the choice of s in general. This reŕects the fact that in the case of char (R) = 0 the ring of R-valued continuous functions on a topological space is not in general formally smooth over R contrary to the case of char (R) > 0.

Proof of Proposition 2. Let X be an object of C; put R_X = [X, R]. The assumptions on R show that the homomorphism R^{(p)} ⊗_R R_X → R_X , x ⊗ y → xy^p is bijective, where R^{(p)} = R as a ring and the structure homomorphism R → R^{(p)} is x → x^p. Hence by [10, §1 Lemma 1] there exists a formally etale ring A_X over A with a ring isomorphism θ_X : A_X /IA_X ≃ R_X . The property łformally etalež shows that the correspondence X → A_X is a functor C^∘ → Rings, and that the system θ_X forms a morphism of functors. More explicitly, let n and r be sufőciently large integers, let W_n(R) be the ring of p-Witt vectors over R of length n, and let φ: W_n(R) → A be the homomorphism (x_0, x_1, . . . ) → r∑ i=0 p^i ~x_i^{pr−i} where ~x_i is a representative of x_i ∈ R in A. Then A_X is deőned as the tensor product W_n(R_X ) ⊗_{Wn(R)} A

induced by φ. Since Tor^{Wn(R)}_1 (W_n(R_X ), R) = 0 we have

Tor^{Wn(R)}

1 (W_n(R_X ), A/I^i) = 0 for every i. This proves that the canonical homomorphism

I^i/I^{i+1} ⊗_R R_X → I^iA_X /I^{i+1}A_X

is bijective for every i. Hence each functor X → I^iA_X /I^{i+1}A_X is representable by a őnite product of copies of R, and it follows immediately that the functor A_X is represented by the product of őnitely many copies of R.

1.2. n-dimensional local őelds as objects of F_n .

Let K be an n-dimensional local őeld. In this subsection we deőne a ring object K and a group object K^∗ by induction on n.

Let k_0, . . . , k_n = K be as in the introduction. For each i such that char (k_{i−1}) = 0 (if such an i exists) choose a ring morphism s_i: k_{i−1} → O_{ki} such that the composite k_{i−1} → O_{ki} → O_{ki} /M_{ki} is the indentity map. Assume n ⩾ 1 and let k_{n−1} be the ring object of F_{n−1} corresponding to k_{n−1} by induction on n.

If char (k_{n−1}) = p > 0, the construction of K below will show by induction on n that the assumptions of Proposition 2 are satisőed when one takes F_{n−1}, k_{n−1}, k_{n−1} and O_K /M^r_K ( r ⩾ 1 ) as C, R, R and A. Hence we obtain a ring object O_K /M^r_K of F_{n−1}. We identify O_K /M^r_K with [e, O_K /M^r_K ] via the isomorphism j of Proposition 2. If char (k_{n−1}) = 0, let O_K /M^r_K be the ring object of F_{n−1} which represents the functor F^∘_{n−1} → Rings, X → O_K /M^r_K ⊗_{kn−1} [X, k_{n−1}],

where O_K /M^r_K is viewed as a ring over k_{n−1} via s_{n−1}.

In each case let O_K be the object " lim←− " O_K /M^r_K of pro(F_{n−1}). We deőne K as the ring object of F_n which corresponds to the functor

pro(F_{n−1})^∘ → Rings, X → K ⊗_{OK} [X, O_K ].

Thus, K is deőned canonically in the case of char (k_{n−1}) > 0, and it depends (and doesn’t depend) on the choices of s_i in the case of char (k_{n−1}) = 0 in the following sense. Assume that another choice of sections s^′_i yields k_i^′ and K^′. Then there exists an isomorphism of ring objects K ~→ K^′ which induces k_i ~→ k_i^′ for each i. But in general there is no isomorphism of ring objects ψ: K → K^′ such that [e, ψ]: K → K is the indentity map.

Now let K^∗ be the object of F_n which represents the functor F^∘_n → Sets, X → [X, K]^∗. This functor is representable because F_n has őnite inverse limits as can be shown by induction on n.

Deőnition 1. We deőne őne (resp. coőne) objects of F_n by induction on n. All objects in F_0 are called őne (resp. coőne) objects of F_0. An object of F_n ( n ⩾ 1 ) is called a őne (resp. coőne) object of F_n if and only if it is expressed as X = " lim−→ " X_λ for some objects X_λ of pro(F_{n−1}) and each X_λ is expressed as X_λ = " lim←− " X_{λμ} for some objects X_{λμ} of F_{n−1} satisfying the condition that all X_{λμ} are őne (resp. coőne) objects of F_{n−1} and the maps [e, X_λ] → [e, X_{λμ}] are surjective for all λ, μ (resp. the maps [e, X_λ] → [e, X] are injective for all λ ).

Recall that if i ⩽ j then F_i is a full subcategory of F_j . Thus each F_i is a full subcategory of F_∞ = ∪_iF_i.

Lemma 1.

(1) Let K be an n-dimensional local őeld. Then an object of F_n of the form K × . . . K × K^∗ × · · · × K^∗ is a őne and coőne object of F_n. Every set S viewed as an object of ind(F_0) is a őne and coőne object of F_1.

(2) Let X and Y be objects of F_∞, and assume that X is a őne object of F_n for some n and Y is a coőne object of F_m for some m. Then two morphisms θ, θ^′: X → Y coincide if [e, θ] = [e, θ^′].

As explained in 1.1 the deőnition of the object K depends on the sections s_i: k_{i−1} → O_{ki} chosen for each i such that char (k_{i−1}) = 0. Still we have the following:

Lemma 2.

(1) Let N be a subgroup of K_q(K) of őnite index. Then openness of N doesn’t depend on the choice of sections s_i.

(2) Let φ: K_q(K) → Q/Z be a homomorphism of őnite order. Then the continuity of χ doesn’t depend on the choice of sections s_i.

The exact meaning of Theorems 1,2,3 is now clear.

2. Additive duality

2.1. Category of locally compact objects.

If C is the category of őnite abelian groups, let ~C be the category of topological abelian groups G which possess a totally disconnected open compact subgroup H such that G/H is a torsion group. If C is the category of őnite dimensional vector spaces over a őxed (discrete) őeld k, let ~C be the category of locally linearly compact vector spaces over k (cf. Lefschetz [12]). In both cases the canonical self-duality of ~C is well known. These two examples are special cases of the following general construction.

Deőnition 2. For a category C deőne a full subcategory ~C of ind(pro(C)) as follows. An object X of ind(pro(C)) belongs to ~C if and only if it is expressed in the form " lim−→ "_{j∈J} " lim←− "_{i∈I} X(i, j) for some directly ordered sets I and J viewed as small categories in the usual way and for some functor X: I^∘ ×J → C satisfying the following conditions.

(i) If i, i^′ ∈ I, i ⩽ i^′ then the morphism X(i^′, j) → X(i, j) is surjective for every j ∈ J . If j, j^′ ∈ J , j ⩽ j^′ then the morphism X(i, j) → X(i, j^′) is injective for every i ∈ I.

(ii) If i, i^′ ∈ I, i ⩽ i^′ and j, j^′ ∈ J , j ⩽ j^′ then the square X(i^′, j) −−−−→ X(i^′, j^′)

X(i, j) −−−−→ X(i, j^′) is cartesian and cocartesian.

It is not difőcult to prove that ~C is equivalent to the full subcategory of pro(ind(C)) (as well as ind(pro(C)) ) consisting of all objects which are expressed in the form " lim←− "_{i∈I} " lim−→ "_{j∈J} X(i, j) for some triple (I, J, X) satisfying the same conditions as above. In this equivalence the object " lim−→ "_{j∈J} " lim←− "_{i∈I} X(i, j) corresponds to " lim←− "_{i∈I} " lim−→ "_{j∈J} X(i, j).

Deőnition 3. Let A_0 be the category of őnite abelian groups, and let A_1, A_2, . . . be the categories deőned as A_{n+1} = ~A_n .

It is easy to check by induction on n that A_n is a full subcategory of the category F^{ab}_n of all abelian group objects of F_n with additive morphisms.

2.2. Pontryagin duality.

The category A_0 is equivalent to its dual via the functor D_0: A^∘_0 ~→ A_0, X → Hom(X, Q/Z).

By induction on n we get an equivalence D_n: A^∘_n ~→ A_n, A^∘_n = ( ~A_{n−1})^∘ = ~A^∘_{n−1}^{Dn−1}−−−→ ~A_{n−1} = A_n where we use (~C)^∘ = ~C^∘ . As in the case of F_n each A_n is a full subcategory of A_∞ = ∪_nA_n . The functors D_n induce an equivalence D: A^∘_∞ ~→ A_∞ such that D ∘ D coincides with the indentity functor. Lemma 3. View Q/Z as an object of ind(A_0) ⊂ A_∞ ⊂ F^{ab}_∞. Then: (1) For every object X of A_∞ [X, Q/Z]_{A∞} ≃ [e, D(X)]_{F∞} . (2) For all objects X, Y of A_∞ [X, D(Y )]_{A∞} is canonically isomorphic to the group of biadditive morphisms X × Y → Q/Z in F_∞.

Proof. The isomorphism of (1) is given by [X, Q/Z]_{A∞} ≃ [D(Q/Z), D(X)]_{A∞} = [^Z, D(X)]_{A∞} ~→ [e, D(X)]_{F∞} ( ^Z is the totally disconnected compact abelian group lim←−_{n>0} Z/n and the last arrow is the evaluation at 1 ∈ ^Z). The isomorphism of (2) is induced by the canonical biadditive morphism D(Y ) × Y → Q/Z which is deőned naturally by induction on n.

Compare the following Proposition 3 with Weil [17, Ch. II §5 Theorem 3]. Proposition 3. Let K be an n-dimensional local őeld, and let V be a vector space over K of őnite dimension, V^′ = Hom_K (V, K). Then : (1) The abelian group object V of F_n which represents the functor X → V ⊗_K [X, K] belongs to A_n .

(2) [K, Q/Z]_{A∞} is one-dimensional with respect to the natural K -module structure and its non-zero element induces due to Lemma 3 (2) an isomorphism V^′ ≃ D(V ).

3. Properties of the ring of K-valued morphisms

3.1. Multiplicative groups of certain complete rings.

Proposition 4. Let A be a ring and let π be a non-zero element of A such that A = lim←− A/π^nA. Let R = A/πA and B = A[π^{−1}]. Assume that at least one of the following two conditions is satisőed.

(i) R is reduced (i.e. having no nilpotent elements except zero) and there is a ring homomorphism s: R → A such that the composite R^s−→ A −→ A/πA is the identity.

(ii) For a prime p the ring R is annihilated by p and via the homomorphism R → R, x → x^p the latter R is a őnitely generated projective module over the former R. Then we have B^∗ ≃ A^∗ × Γ(Spec(R), Z)

where Γ(Spec(R), Z) is the group of global sections of the constant sheaf Z on Spec(R) with Zariski topology. The isomorphism is given by the homomorphism of sheaves Z → O^∗_{Spec(R)}, 1 → π, the map

Γ(Spec(R), Z) ≃ Γ(Spec(A), Z) → Γ(Spec(B), Z)

and the inclusion map A^∗ → B^∗.

Proof. Let Aff_R be the category of afőne schemes over R. In case (i) let C = Aff_R . In case (ii) let C be the category of all afőne schemes Spec(R^′) over R such that the map R^{(p)} ⊗_R R^′ → R^′, x ⊗ y → xy^p (cf. the proof of Proposition 2) is bijective. Then in case (ii) every őnite inverse limit and őnite sum exists in C and coincides with that taken in Aff_R. Furthermore, in this case the inclusion functor C → Aff_R has a right adjoint. Indeed, for any afőne scheme X over R the corresponding object in C is lim←− X_i where X_i is the Weil restriction

of X with respect to the homomorphism R → R, x → x^{pi} .

Let R be the ring object of C which represents the functor X → Γ(X, O_X ), and let R^∗ be the object which represents the functor X → [X, R]^∗ , and 0 be the őnal object e regarded as a closed subscheme of R via the zero morphism e → R.

Lemma 4. Let X be an object of C and assume that X is reduced as a scheme (this condition is always satisőed in case (ii)). Let θ: X → R be a morphism of C. If θ^{−1}(R^∗) is a closed subscheme of X, then X is the direct sum of θ^{−1}(R^∗) and θ^{−1}(0) (where the inverse image notation are used for the őbre product).

The group B^∗ is generated by elements x of A such that π^n ∈ Ax for some n ⩾ 0. In case (i) let A/π^{n+1}A be the ring object of C which represents the functor X → A/π^{n+1}A ⊗_R [X, R] where A/π^{n+1}A is viewed as an R-ring via a őxed section s. In case (ii) we get a ring object A/π^{n+1}A of C by Proposition 2 (4).

In both cases there are morhisms θ_i: R → A/π^{n+1}A ( 0 ⩽ i ⩽ n ) in C such that the morphism R × · · · × R → A/π^{n+1}A, (x_0, . . . , x_n) → n∑ i=0 θ_i(x_i)π^i is an isomorphism.

Now assume xy = π^n for some x, y ∈ A and take elements x_i, y_i ∈ R = [e, R] ( 0 ⩽ i ⩽ n ) such that

x mod π^{n+1} = n∑ i=0 θ_i(x_i)π^i, y mod π^{n+1} = n∑ i=0 θ_i(y_i)π^i. An easy computation shows that for every r = 0, . . . , n (^{r−1}⋂ i=0 x^{−1}_i (0) ) ⋂ x^{−1}_r (R^∗) = (^{r−1}⋂ i=0 x^{−1}_i (0) ) ⋂(^{n−r−1}⋂ i=0 y^{−1}_i (0) ) . By Lemma 4 and induction on r we deduce that e = Spec(R) is the direct sum of the closed open subschemes ( ∩^{r−1}_{i=0} x^{−1}_i (0) ) ∩ x^{−1}_r (R^∗) on which the restriction of x has the form aπ^r for an invertible element a ∈ A.

3.2. Properties of the ring [X, K] .

Results of this subsection will be used in section 4.

Deőnition 4. For an object X of F_∞ and a set S let lcf(X, S) = lim−→_I [X, I]

where I runs over all őnite subsets of S (considering each I as an object of F_0 ⊂ F_∞ ).

Lemma 5. Let K be an n-dimensional local őeld and let X be an object of F_∞. Then:

(1) The ring [X, K] is reduced.

(2) For every set S there is a canonical bijection lcf(X, S) ~→ Γ(Spec([X, K]), S) where S on the right hand side is regarded as a constant sheaf on Spec([X, K]).

Proof of (2). If I is a őnite set and θ: X → I is a morphism of F_∞ then X is the direct sum of the objects θ^{−1}(i) = X ×_I {i} in F_∞ ( i ∈ I ). Hence we get the canonical map of (2). To prove its bijectivity we may assume S = {0, 1}. Note that Γ(Spec(R), {0, 1}) is the set of idempotents in R for any ring R. We may assume that X is an object of pro(F_{n−1}).

Let k_{n−1} be the residue őeld of k_n = K. Then Γ(Spec([X, K]), {0, 1}) ≃ Γ(Spec([X, k_{n−1}]), {0, 1}) by (1) applied to the ring [X, k_{n−1}].

Lemma 6. Let K be an n-dimensional local őeld of characteristic p > 0. Let k_0, . . . , k_n be as in the introduction. For each i = 1, . . . , n let π_i be a lifting to K of a prime element of k_i. Then for each object X of F_∞ [X, K]^∗ is generated by the subgroups [X, K^p(π^{(s)})]^∗ where s runs over all functions {1, . . . , n} → {0, 1, . . . , p − 1} and π^{(s)} denotes π^{s(1)}_1 . . . π^{s(n)}_n , K^p(π^{(s)}) is the subring object of K corresponding to K^p(π^{(s)}), i.e. [X, K^p(π^{(s)})] = K^p(π^{(s)}) ⊗_Kp [X, K].

Proof. Indeed, Proposition 4 and induction on n yield morphisms θ^{(s)}: K^∗ → K^p(π^{(s)})^∗ such that the product of all θ^{(s)} in K^∗ is the identity morphism K^∗ → K^∗.

The following similar result is also proved by induction on n.

Lemma 7. Let K, k_0 and (π_i)_{1⩽i⩽n} be as in Lemma 6. Then there exists a morphism of A_∞ (cf. section 2) (θ_1, θ_2): Ω^n_K → Ω^n_K × k_0 such that x = (1 − C)θ_1(x) + θ_2(x)dπ_1/π_1 ∧ · · · ∧ dπ_n/π_n for every object X of F_∞ and for every x ∈ [X, Ω^n_K ] where Ω^n_K is the object which represents the functor X → Ω^n_K ⊗_K [X, K] and C denotes the Cartier operator ([4], or see 4.2 in Part I for the deőnition).

Generalize the Milnor K -groups as follows.

Deőnition 5. For a ring R let Γ_0(R) = Γ(Spec(R), Z). The morphism of sheaves Z × O^∗_{Spec(R)} → O^∗_{Spec(R)}, (n, x) → x^n determines the Γ_0(R)-module structure on R^∗ . Put Γ_1(R) = R^∗ and for q ⩾ 2 put Γ_q (R) = ⊗^q_{Γ0(R)}Γ_1(R)/J_q where ⊗^q_{Γ0(R)}Γ_1(R) is the q th tensor power of Γ_1(R) over Γ_0(R) and J_q is the subgroup of the tensor power generated by elements x_1 ⊗ · · · ⊗ x_q which satisfy x_i + x_j = 1 or x_i + x_j = 0 for some i ≠ j. An element x_1 ⊗ · · · ⊗ x_q mod J_q will be denoted by {x_1, . . . , x_q }.

Note that Γ_q(k) = K_q(k) for each őeld k and Γ_q (R_1 × R_2) ≃ Γ_q(R_1) × Γ_q(R_2) for rings R_1, R_2.

Lemma 8. In one of the following two cases (i) A, R, B, π as in Proposition 4 (ii) an n-dimensional local őeld K, an object X of F_∞, A = [X, O_K ], R = [X, k_{n−1}], B = [X, K], let U_iΓ_q (B) be the subgroup of Γ_q(B) generated by elements {1 + π^ix, y_1, . . . , y_{q−1}} such that x ∈ A, y_j ∈ B^∗ , q, i ⩾ 1.

Then:

(1) There is a homomorphism ρ^q_0: Γ_q (R) → Γ_q(B)/U_1Γ_q (B) such that ρ^q_0({x_1, . . . , x_q }) = {~x_1, . . . , ~x_q } mod U_1Γ_q (B) where ~x_i ∈ A is a representative of x_i . In case (i) (resp. (ii)) the induced map Γ_q(R) + Γ_{q−1}(R) → Γ_q (B)/U_1Γ_q(B), (x, y) → ρ^q_0(x) + {ρ^{q−1}_0 (y), π} (resp. Γ_q (R)/m + Γ_{q−1}(R)/m → Γ_q(B)/(U_1Γ_q (B) + mΓ_q(B)), (x, y) → ρ^q_0(x) + {ρ^{q−1}_0 (y), π}) is bijective (resp. bijective for every non-zero integer m ).

(2) If m is an integer invertible in R then U_1Γ_q(B) is m-divisible. (3) In case (i) assume that R is additively generated by R^∗ . In case (ii) assume that char (k_{n−1}) = p > 0. Then there exists a unique homomorphism ρ^q_i : Ω^{q−1}_R → U_iΓ_q (B)/U_{i+1}Γ_q(B) such that ρ^q_i (xdy_1/y_1 ∧ · · · ∧ dy_{q−1}/y_{q−1}) = {1 + ~xπ^i, ~y_1, . . . , ~ y_{q−1}} mod U_{i+1}Γ_q (B) for every x ∈ R, y_1, . . . , y_{q−1} ∈ R^∗. The induced map Ω^{q−1}_R ⊕ Ω^{q−2}_R → U_iΓ_q(B)/U_{i+1}Γ_q (B), (x, y) → ρ^q_i (x) + {ρ^{q−1}_i (y), π} is surjective. If i is invertible in R then the homomorphism ρ^q_i is surjective.

Proof. In case (i) these results follow from Proposition 4 by BassśTate’s method [2, Proposition 4.3] for (1), Bloch’s method [3, §3] for (3) and by writing down the kernel of R ⊗ R^∗ → Ω^1_R , x ⊗ y → xdy/y as in [9, §1 Lemma 5].

If X is an object of pro(F_{n−1}) then case (ii) is a special case of (i) except n = 1 and k_0 = F_2 where [X, k_0] is not generated by [X, k_0]^∗ in general. But in this exceptional case it is easy to check directly all the assertions.

For an arbitrary X we present here only the proof of (3) because the proof of (1) is rather similar.

Put k = k_{n−1}. For the existence of ρ^q_i it sufőces to consider the cases where X = Ω^{q−1}_k and X = k × ∏_{q−1} k^∗ ( ∏_r Y denotes the product of r copies of Y ).

Note that these objects are in pro(F_{n−1}) since [X, Ω^q_k] = Ω^q_{[X,k]} for any X and q.

The uniqueness follows from the fact that [X, Ω^{q−1}_k ] is generated by elements of the form xdc_1/c_1 ∧ · · · ∧ dc_{q−1}/c_{q−1} such that x ∈ [X, k] and c_1, . . . , c_{q−1} ∈ k^∗.

To prove the surjectivity we may assume X = (1+π^iO_K )× ∏_{q−1} K^∗ and it sufőces to prove in this case that the typical element in U_iΓ_q(B)/U_{i+1}Γ_q(B) belongs to the image of the homomorphism introduced in (3). Let U_K be the object of F_n which represents the functor X → [X, O_K ]^∗ . By Proposition 4 there exist morphisms θ_1: K^∗ → ∐_{p−1} i=0 U_K π^i (the direct sum in F_n ) and θ_2: K^∗ → K^∗ such that x = θ_1(x)θ_2(x)^p for each X in F_∞ and each x ∈ [X, K^∗] (in the proof of (1) p is replaced by m ). Since ∐_{p−1} i=0 U_K π^i belongs to pro(F_{n−1}) and (1 + π^i[X, O_K ])^p ⊂ 1 + π^{i+1}[X, O_K ] we are reduced to the case where X is an object of pro(F_{n−1}).

4. Norm groups

In this section we prove Theorem 3 and Proposition 1. In subsection 4.1 we reduce these results to Proposition 6.

4.1. Reduction steps.

Deőnition 6. Let k be a őeld and let H: E(k) → Ab be a functor such that lim−→_k′_{∈E(k)} H(k^′) = 0. Let w ∈ H(k) (cf. Introduction). For a ring R over k and q ⩾ 1 deőne the subgroup N_q (w, R) (resp. L_q (w, R) ) of Γ_q (R) as follows.

An element x belongs to N_q(w, R) (resp. L_q (w, R) ) if and only if there exist a őnite set J and element 0 ∈ J , a map f: J → J such that for some n ⩾ 0 the n th iteration f^n with respect to the composite is a constant map with value 0, and a family (E_j , x_j )_{j∈J} ( E_j ∈ E(k) ), x_j ∈ Γ_q(E_j ⊗_k R) ) satisfying the following conditions:

(i) E_0 = k and x_0 = x.

(ii) E_{f(j)} ⊂ E_j for every j ∈ J .

(iii) Let j ∈ f(J). Then there exists a family (y_t, z_t)_{t∈f} −1_{(j)}

( y_t ∈ (E_t ⊗_k R)^∗ , z_t ∈ Γ_{q−1}(E_j ⊗_k R) ) such that x_t = {y_t, z_t} for all t ∈ f^{−1}(j) and

x_j = ∑ t∈f^−1(j) {N_{Et⊗kR/Ej ⊗kR}(y_t), z_t} where N_{Et⊗kR/Ej ⊗kR} denotes the norm homomorphism

(E_t ⊗_k R)^∗ → (E_j ⊗_k R)^∗.

(iv) If j ∈ J \ f(J) then w belongs to the kernel of H(k) → H(E_j ) (resp. then one of the following two assertions is valid: (a) w belongs to the kernel of H(k) → H(E_j ), (b) x_j belongs to the image of Γ(Spec(E_j ⊗_k R), K_q(E_j )) → Γ_q(E_j ⊗_k R), where K_q(E_j ) denotes the constant sheaf on Spec(E_j ⊗_k R) deőned by the set K_q(E_j ) ).

Remark. If the groups Γ_q(E_j ⊗_k R) have a suitable łnormž homomorphism then x is the sum of the łnormsž of x_j such that f^{−1}(j) = ∅. In particular, in the case where R = k we get N_q (w, k) ⊂ N_q (w) and N_1(w, k) = N_1(w).

Deőnition 7. For a őeld k let [E(k), Ab] be the abelian category of all functors E(k) → Ab.

(1) For q ⩾ 0 let N_{q,k} denote the full subcategory of [E(k), Ab] consisting of functors H such that lim−→_k′_{∈E(k)} H(k^′) = 0 and such that for every k^′ ∈ E(k), w ∈ H(k^′) the norm group N_q (w) coincides with K_q(k^′). Here N_q (w) is deőned with respect to the functor E(k^′) → Ab.

(2) If K is an n-dimensional local őeld and q ⩾ 1, let N_{q,K} (resp. L_{q,K} ) denote the full subcategory of [E(K), Ab] consisting of functors H such that

lim−→_K′_{∈E(K)} H(K^′) = 0

and such that for every K^′ ∈ E(K), w ∈ H(K^′) and every object X of F_∞ the group N_q(w, [X, K^′]) (resp. L_q(w, [X, K^′]) ) coincides with Γ_q ([X, K^′]).

Lemma 9. Let K be an n-dimensional local őeld and let H be an object of L_{q,K} . Then for every w ∈ H(K) the group N_q (w) is an open subgroup of K_q(K) of őnite index.

Proof. Consider the case where X = ∏_q K^∗. We can take a system (E_j , x_j )_{j∈J} as in Deőnition 6 such that E_0 = K, x_0 is the canonical element in Γ_q ([X, K]) and such that if j ∉ f(J) and w ∉ ker(H(K) → H(E_j )) then x_j is the image of an element θ_j of lcf(X, K_q (E_j )). Let θ ∈ lcf(X, K_q (K)/N_q(w)) be the sum of N_{Ej /K} ∘ θ_j mod N_q (w). Then the canonical map [e, X] = ∏_q K^∗ → K_q(K)/N_q(w) comes from θ. Deőnition 8. Let k be a őeld. A collection {C_k′ }_k′_{∈E(k)} of full subcategories C_k′ of [E(k^′), Ab] is called admissible if and only if it satisőes conditions (i) ś (iii) below. (i) Let E ∈ E(k). Then every subobject, quotient object, extension and őltered inductive limit (in the category of [E(E), Ab] ) of objects of C_E belongs to C_E .

(ii) Let E, E^′ ∈ E(k) and E ⊂ E^′ . If H is in C_E then the composite functor E(E^′) −→ E(E)^H−→ Ab is in C_E′ .

(iii) Let E ∈ E(k) and H is in [E(E), Ab]. Then H is in C_E if conditions (a) and (b) below are satisőed for a prime p.

(a) For some E^′ ∈ E(E) such that |E^′ : E| is prime to p the composite functor (E^′) −→ (E)^H−→ Ab is in C_E′ .

(b) Let q be a prime number distinct from p and let S be a direct subordered set of E(E). If the degree of every őnite extension of the őeld lim−→_E′_{∈S} E^′ is a power of p then lim−→_E′_{∈S} H(E^′) = 0.

Lemma 10.

(1) For each őeld k and q the collection {N_{q,k}′ }_k′_{∈E(k)} is admissible. If K is an n-dimensional local őeld then the collections {N_{q,k}′ }_k′_{∈E(k)} and {L_{q,k}′ }_k′_{∈E(k)} are admissible.

(2) Let k be a őeld. Assume that a collection {C_k′ }_k′_{∈E(k)} is admissible. Let r ⩾ 1 and for every prime p there exist E ∈ E(k) such that |E : k| is prime to p and such that the functor H^r( , Z/p^r): E(E) → Ab is in C_E . Then for each k^′ ∈ E(k), each discrete torsion abelian group M endowed with a continuous action of Gal(k^{′sep}/k^′) and each i ⩾ r the functor

H^i( , M): E(k^′) → Ab

is in C_k′ .

Deőnition 9. For a őeld k, r ⩾ 0 and a non-zero integer m deőne the group H^r_m(k) as follows.

If char (k) = 0 let H^r_m(k) = H^r(k, μ^{⊗(r−1)}_m ). If char (k) = p > 0 and m = m^′p^i where m^′ is prime to p and i ⩾ 0 let H^r_m(k) = H^r_m′ (k, μ^{⊗(r−1)}_m′ ) ⊕ coker(F − 1: C^{r−1}_i (k) → C^{r−1}_i (k)/{C^{r−2}_i (k), T })

(where C^·_i is the group deőned in [3, Ch.II,§7], C^r_i = 0 for r < 0 ).

By the above results it sufőces for the proof of Theorem 3 to prove the following Proposition 5 in the case where m is a prime number.

Proposition 5. Let K be an n-dimensional local őeld. Let q, r ⩾ 1 and let m be a non-zero integer. Then the functor H^r_m: E(K) → Ab is in L_{q,K} if q + r = n + 1 and in N_{q,K} if q + r > n + 1.

Now we begin the proofs of Proposition 1 and Proposition 5.

Deőnition 10. Let K be a complete discrete valuation őeld, r ⩾ 0 and m be a non-zero integer.

(1) Let H^r_{m,ur} and H^r_m/H^r_{m,ur} be the functors E(K) → Ab:

H^r_{m,ur}(K^′) = ker(H^r_m(K^′) → H^r_m(K^′_{ur})), (H^r_m/H^r_{m,ur})(K^′) = H^r_m(K^′)/H^r_{m,ur}(K^′)

where K^′_{ur} is the maximal unramiőed extension of K^′.

(2) Let I^r_m (resp. J^r_m ) be the functor E(K) → Ab such that I^r_m(K^′) = H^r_m(k^′) (resp. J^r_m(K^′) = H^r_m(k^′) ) where k^′ is the residue őeld of K^′ and such that the homomorphism I^r_m(K^′) → I^r_m(K^{′′}) (resp. J^r_m(K^′) → J^r_m(K^{′′}) ) for K^′ ⊂ K^{′′} is j_k′′_{/k}′ (resp. e(K^{′′}|K^′)j_k′′_{/k}′ ) where k^{′′} is the residue őeld of K^{′′} , j_k′′_{/k}′ is the canonical homomorphism induced by the inclusion k^′ ⊂ k^{′′} and e(K^{′′}|K^′) is the index of ramiőcation of K^{′′}/K^′.

Lemma 11. Let K and m be as in Deőnition 10. (1) For r ⩾ 1 there exists an exact sequence of functors 0 → I^r_m → H^r_{m,ur} → J^{r−1}_m → 0. (2) J^r_m is in N_{1,K} for every r ⩾ 0.

(3) Let q, r ⩾ 1. Then I^r_m is in N_{q,K} if and only if H^r_m: E(k) → Ab is in N_{q−1,k} where k is the residue őeld of K.

Proof. The assertion (1) follows from [11]. The assertion (3) follows from the facts that 1 + M_K ⊂ N_{L/K} (L^∗) for every unramiőed extension L of K and that there exists a canonical split exact sequence 0 → K_q(k) → K_q(K)/U_1K_q(K) → K_{q−1}(k) → 0. The following proposition will be proved in 4.4.

Proposition 6. Let K be a complete discrete valuation őeld with residue őeld k. Let q, r ⩾ 1 and m be a non-zero integer. Assume that [k : k^p| ⩽ p^{q+r−2} if char (k) = p > 0. Then:

(1) H^r_m/H^r_{m,ur} is in N_{q,K} .

(2) If K is an n-dimensional local őeld with n ⩾ 1 then H^r_m/H^r_{m,ur} is in N_{q,K} .

Proposition 1 follows from this proposition by Lemma 10 and Lemma 11 (note that if char (k) = p > 0 and i ⩾ 0 then H^r_{pi} (k) is isomorphic to ker(p^i: H^r (k) → H^r(k)) as it follows from [11]).

Lemma 12. Let K be an n-dimensional local őeld and let X be an object of F_∞. Consider the following cases.

(i) q > n + 1 and m is a non-zero integer. (ii) q = n + 1, char (K) = p > 0 and m is a power of p. (iii) q = n + 1 and m is a non-zero integer.

Let x ∈ Γ_q([X, K]. Then in cases (i) and (ii) (resp. in case (iii)) there exist a triple (J, 0, f) and a family (E_j , x_j )_{j∈J} which satisfy all the conditions in Deőnition 6 with k = K except condition (iv), and which satisfy the following condition: (iv)’ If j ∈ J \ f(J) then x_j ∈ mΓ_q ([X, E_j ])

(resp. x_j belongs to mΓ_q ([X, E_j ]) or to the image of lcf(X, K_q (E_j )) → Γ_q ([X, E_j ]) ).

Corollary. Let K be an n-dimensional local őeld. Then mK_{n+1}(K) is an open subgroup of őnite index of K_{n+1}(K) for every non-zero integer m.

This corollary follows from case (iii) above by the argument in the proof of Lemma 9. Proof of Lemma 12. We may assume that m is a prime number.

First we consider case (ii). By Lemma 6 we may assume that there are elements b_1, . . . , b_{n+1} ∈ [X, K]^∗ and c_1, . . . , c_{n+1} ∈ K^∗ such that x = {b_1, . . . , b_{n+1}} and b_i ∈ [X, K^p(c_i)]^∗ for each i. We may assume that |K^p(c_1, . . . , c_r) : K^p| = p^r and c_{r+1} ∈ K^p(c_1, . . . , c_r) for some r ⩽ n. Let J = {0, 1, . . . , r}, and deőne f: J → J by f(j) = j − 1 for j ⩾ 1 and f(0) = 0. Put E_j = K(c^{1/p}_1 , . . . , c^{1/p}_j ) and x_j = {b^{1/p}_1 , . . . , b^{1/p}_j , b_{j+1}, . . . , b_{n+1}}. Then x_r = p{b^{1/p}_1 , . . . , b^{1/p}_{r+1}, b_{r+2}, . . . , b_{n+1}} in Γ_{n+1}([X, E_r ]).

Next we consider cases (i) and (iii). If K is a őnite őeld then the assertion for (i) follows from Lemma 13 below and the assertion for (iii) is trivial. Assume n ⩾ 1 and let k be the residue őeld of K. By induction on n Lemma 8 (1) (2) and case (ii) of Lemma 12 show that we may assume x ∈ U_1Γ_q ([X, K]), char (K) = 0 and m = char (k) = p > 0. Furthermore we may assume that K contains a primitive p th root ζ of 1. Let e_K = v_K (p) and let π be a prime element of K. Then

U_iΓ_q([X, O_K ]) ⊂ pU_1Γ_q ([X, O_K ]), if i > pe_K /(p − 1) .

From this and Lemma 8 (3) (and a computation of the map x → x^p on U_1Γ_q([X, O_K ]) ) it follows that U_1Γ_q([X, K]) is p-divisible if q > n + 1 and that there is a surjective homomorphism

[X, Ω^{n−1}_k ]/(1 − C)[X, Ω^{n−1}_k ] → U_1Γ_{n+1}([X, K])/pU_1Γ_{n+1}([X, K]), xdy_1/y_1 ∧ · · · ∧ dy_{n−1}/y_{n−1} → {1 + ~x(ζ − 1)^p, ~y_1, . . . , ~y_{n1} , π} where C is the Cartier operator. By Lemma 7

[X, Ω^{n−1}_k ]/(1 − C)[X, Ω^{n−1}_k ] = lcf(X, Ω^{n−1}_k /(1 − C)Ω^{n−1}_k ).

Lemma 13. Let K be a őnite őeld and let X be an object of F_∞. Then (1) Γ_q[X, K] = 0 for q ⩾ 2.

(2) For every őnite extension L of K the norm homomorphism [X, L]^∗ → [X, K]^∗ is surjective.

Proof. Follows from Lemma 5 (2).

Proof of Proposition 5 assuming Proposition 6. If K is a őnite őeld, the assertion of Proposition 5 follows from Lemma 13.

Let n ⩾ 1. Let k be the residue őeld of K. Let I^r_m and J^r_m be as in Deőnition 10. Assume q + r = n + 1 (resp. q + r > n + 1 ). Using Lemma 8 (1) and the fact that U_1Γ_q([X, K]) ⊂ N_{L/K} Γ_q ([X, L]) for every unramiőed extension L/K we can deduce that I^r_m is in L_{q,K} (resp. N_{q,K} ) from the induction hypothesis H^r_m: E(k) → Ab is in L_{q−1,k} (resp. N_{q−1,k} ). We can deduce J^{r−1}_m is in L_{q,K} (resp. N_{q,K} ) from the hypothesis H^{r−1}_m : E(k) → Ab is in L_{q,k} (resp. N_{q,k} ). Thus H^r_{m,ur} is in L_{q,K} (resp. N_{q,K} ).

4.2. Proof of Proposition 6.

Let k be a őeld and let m be a non-zero integer. Then ⊕_{r⩾0}H^r_m(k) (cf. Deőnition 9) has a natural right ⊕_{q⩾0}K_q(k)-module structure (if m is invertible in k this structure is deőned by the cohomological symbol h^q_{m,k}: K_q(k)/m → H^q (k, μ^{⊗q}_m ) and the cupproduct, cf. [9, §3.1]). We denote the product in this structure by {w, a} ( a ∈ ⊕_{q⩾0}K_q(k), w ∈ ⊕_{r⩾0}H^r_m(k) ).

Deőnition 11. Let K be a complete discrete valuation őeld with residue őeld k such that char (k) = p > 0. Let r ⩾ 1. We call an element w of H^r_p (K) standard if and only if w is in one of the following forms (i) or (ii).

(i) w = {χ, a_1, . . . , a_{r−1}} where χ is an element of H^1_p (K) corresponding to a totally ramiőed cyclic extension of K of degree p, and a_1, . . . , a_{r−1} are elements of O^∗_K such that |k^p(a_1, . . . , a_{r−1}) : k^p| = p^{r−1}

( a_i denotes the residue of a_i ).

(ii) w = {χ, a_1, . . . , a_{r−2}, π} where χ is an element of H^1_p (K) corresponding to a cyclic extension of K of degree p whose residue őeld is an inseparable extension of k of degree p, π is a prime element of K and a_1, . . . , a_{r−2} are elements of O^∗_K such that |k^p(a_1, . . . , a_{r−2}) : k^p| = p^{r−2}.

Lemma 14. Let K and k be as in Deőnition 11. Assume that |k : k^p| = p^{r−1}. Then for every element w ∈ H^r_p (K) \ H^r_{p,ur}(K) there exists a őnite extension L of K such that |L : K| is prime to p and such that the image of w in H^r_p (L) is standard.

Proof. If char (K) = p the proof goes just as in the proof of [8, §4 Lemma 5] where the case of r = 2 was treated.

If char (K) = 0 we may assume that K contains a primitive p th root of 1. Then the cohomological symbol h^r_{p,K} : K_r(K)/p → H^r_p (K) is surjective and

coker(h^r_{p,K} : U_1K_r(K) → H^r_p (K)) ≃ ν_{r−1}(k)

by [11] and |k : k^p| = p^{r−1}.

Here we are making the following:

Deőnition 12. Let K be a complete discrete valuation őeld. Then U_iK_q(K) for i, q ⩾ 1 denotes U_iΓ_q(K) of Lemma 8 case (i) (take A = O_K and B = K ).

Deőnition 13. Let k be a őeld of characteristic p > 0. As in Milne [13] denote by ν_r(k) the kernel of the homomorphism Ω^r_k → Ω^r_k/d(Ω^{r−1}_k ), xdy_1/y_1 ∧ · · · ∧ dy_r/y_r → (x^p − x)dy_1/y_1 ∧ · · · ∧ dy_r/y_r. By [11, Lemma 2] for every element α of ν_{r−1}(k) there is a őnite extension k^′ of k such that |k^′ : k| is prime to p and the image of α in ν_{r−1}(k^′) is the sum of elements of type dx_1/x_1 ∧ · · · ∧ dx_r/x_r. Hence we can follow the method of the proof of [8, §4 Lemma 5 or §2 Proposition 2].

Proof of Proposition 6. If m is invertible in k then H^r_m = H^r_{m,ur}. Hence we may assume that char (k) = p > 0 and m = p^i, i ⩾ 1. Since ker(p: H^r_{pi} /H^r_{pi,ur} → H^r_{pi} /H^r_{pi,ur}) is isomorphic to H^r_p /H^r_{p,ur} by [11], we may assume m = p.

The proof of part (1) is rather similar to the proof of part (2). So we present here only the proof of part (2), but the method is directly applicable to the proof of (1).

The proof is divided in several steps. In the following K always denotes an n-dimensional local őeld with n ⩾ 1 and with residue őeld k such that char (k) = p > 0, except in Lemma 21. X denotes an object of F_∞.

Step 1. In this step w denotes a standard element of H^r_p (K) and w is its image in (H^r_p /H^r_{p,ur})(K). We shall prove here that U_1Γ_q([X, K]) ⊂ N(w, [X, K]). We őx a presentation of w as in (i) or (ii) of Deőnition 11. Let L be a cyclic extension of K corresponding to χ. In case (i) (resp. (ii)) let h be a prime element of L (resp. an element of O_L such that the residue class h is not contained in k ). Let G be the subgroup of K^∗ generated by a_1, . . . , a_{r−1} (resp. by a_1, . . . , a_{r−2}, π ), by 1 + M_K and N_{L/K} (h). Let l be the subőeld of k generated by the residue classes of a_1, . . . , a_{r−1} (resp. a_1, . . . , a_{r−2}, N_{L/K} (h) ).

Let i ⩾ 1. Let G_{i,q} be the subgroup of U_iΓ_q([X, K]) generated by {U_iΓ_{q−1}([X, K]), G} and U_{i+1}Γ_q([X, K]). Under these notation we have the following Lemma 15, 16 ,17.

Lemma 15.

(1) G_{i,q} ⊂ N_q (w, [X, K]) + U_{i+1}Γ_q ([X, K]).

(2) The homomorphism ρ^q_i of Lemma 8 (3) induces the surjections [X, Ω^{q−1}_k ] → [X, Ω^{q−1}_{k/l} ]^ρ q i−→ U_1Γ_q([X, K])/G_{i,q}. (3) If ρ^q_i is deőned using a prime element π which belongs to G then the above homomorphism ρ^q_i annihilates the image of the exterior derivation d: [X, Ω^{q−2}_{k/l} ] → [X, Ω^{q−1}_{k/l} ]. Lemma 16. Let a be an element of K^∗ such that v_K (a) = i and a = a^{s(1)}_1 . . . a^{s(r−1)}_{r−1} N_{L/K} (h)^{s(r)} (resp. a = a^{s(1)}_1 . . . a^{s(r−2)}_{r−2} π^{s(r−1)}N_{L/K} (h)^{s(r)} ) where s is a map {0, . . . , r} → Z such that p ∤ s(j) for some j ≠ r.

Then 1 − x^pa ∈ N_1(w, [X, K]) for each x ∈ [X, O_K ].

Proof. It follows from the fact that w ∈ {H^{r−1}_p (K), a} and 1 − x^pa is the norm of 1 − xa^{1/p} ∈ [X, K(a^{1/p})]^∗ ( K(a^{1/p}) denotes the ring object which represents the functor X → K(a^{1/p}) ⊗_K [X, K] ).

Lemma 17. Let σ be a generator of Gal(L/K) and let a = h^{−1}σ(h)−1, b = N_{L/K} (a), t = v_K (b). Let f = 1 in case (i) and let f = p in case (ii). Let N: [X, L]^∗ → [X, K]^∗ be the norm homomorphism. Then:

(1) If f|i and 1 ⩽ i < t then for every x ∈ M^{i/f}_L [X, O_L]

N(1 + x) ≡ 1 + N(x) mod M^{i+1}_K [X, O_K ].

(2) For every x ∈ [X, O_K ]

N(1 + xa) ≡ 1 + (x^p − x)b mod M^{t+1}_K [X, O_K ].

In case (ii) for every integer r prime to p and every x ∈ [X, O_K ] N(1 + xh^ra) ≡ 1 + x^pN(h)^rb mod M^{t+1}_K [X, O_K ]. (3) 1 + M^{t+1}_K [X, O_K ] ⊂ N(1 + M^{t/f+1}_L [X, O_L]).

Proof. Follows from the computation of the norm homomorphism L^∗ → K^∗ in Serre [15, Ch. V §3] and [8, §1].

From these lemmas we have (1) If 0 < i < t then U_iΓ_q([X, K]) ⊂ N_q (w, [X, K]) + U_{i+1}Γ_q([X, K]). (2) U_{t+1}Γ_q ([X, K]) ⊂ N_q(w, [X, K]).

(3) In case (ii) let a_{r−1} = N_{L/K} (h). then in both cases (i) and (ii) the homomorphism [X, Ω^{q+r−2}_k ] → U_1Γ_q([X, K])/N_q (w, [X, K]), xda_1/a_1 ∧ · · · ∧ da_{r−1}/a_{r−1} ∧ dy_1/y_1 ∧ · · · ∧ dy_{q−1}/y_{q−1} → {1 + ~xb, ~y_1, . . . , ~ y_{q−1}}, ( x ∈ [X, k], y_i ∈ [X, k^∗] ) annihilates (1 − C)[X, Ω^{q+r−2}_k ].

Lemma 7 and (1), (2), (3) imply that U_1Γ_q([X, K]) is contained in the sum of N_q (w, [X, K]) and the image of lcf(X, U_{t+1}K_q(K)).

Lemma 18. For each u ∈ O_K there exists an element ψ of H^1_{p,ur}(K) such that (1 + ub)N_{L/K} (h)^{−1} is contained in the norm group N_L′_{/K} L^{′∗} where L^′ is the cyclic extension of K corresponding to χ + ψ ( χ corresponds to L/K ). Proof. Follows from [9, §3.3 Lemma 15] (can be proved using the formula N_{Lur/Kur} (1 + xa) ≡ 1 + (x^p − x)b mod bM_{Kur} for x ∈ O_{Kur} .

Lemma 18 shows that 1 + ub is contained in the subgroup generated by N_{L/K} L^∗ and N_L′_{/K} L^{′∗} , χ_L = 0, χ_L′ ∈ H^1_{p,ur}(L^′).

Step 2. Next we prove that U_1Γ_q ([X, K]) ⊂ N(w, [X, K]) for every w ∈ H^r_p (K) where w is the image of w in (H^r_p /H^r_{p,ur})(K).

Lemma 19. Let q, r ⩾ 1 and let w ∈ H^r_p (K). Then there exists i ⩾ 1 such that p^iΓ_q([X, K^′]) and U_{e(K}′_{|K)i}Γ_q([X, K^′]) are contained in N_q (w_K′ , [X, K^′]) for every K^′ ∈ E(K) where w_K′ denotes the image of w in H^r_p (K^′) and e(K^′|K) denotes the ramiőcation index of K^′/K.

Lemma 20. Let i ⩾ 1 and x ∈ U_1Γ_q([X, K]); (resp. x = {u_1, . . . , u_q } with u_i ∈ [X, O^∗_K ]; resp. x ∈ Γ_q ([X, K]) ).

Then there exists a triple (J, 0, f) and a family (E_j , x_j )_{j∈J} which satisfy all the conditions of Deőnition 6 except (iv) and satisfy condition (iv)’ below. (iv)’ If j ∉ f(J) then x_j satisfy one of the following three properties:

(a) x_j ∈ p^iΓ_q([X, E_j ]).

(b) x_j ∈ U_{e(Ej |K)i}Γ_q ([X, E_j ]); (resp. (b) x_j ∈ U_1Γ_q([X, E_j ]). (c) Let E_j be the residue őeld of E_j . There are elements c_1, . . . , c_{q−1} of O^∗_{Ej} such that x_j ∈ {U_1Γ_1([X, E_j ]), c_1, . . . , c_{q−1}} and |E_j^p(c_1, . . . , c_{q−1}) : E_j^p| = p^{q−1}; (resp. (c) There are elements b_1, . . . , b_q of [X, O^∗_{Ej} ] and c_1, . . . , c_q of O^∗_{Ej} such that x_j = {b_1, . . . , b_q } and such that for each m the residue class b_m ∈ [X, E_j ] belongs to [X, E_j ]^p[c_m] and |E_j^p(c_1, . . . , c_q ) : E_j^p| = p^q ); (resp. (c) There are elements b_1, . . . , b_{q−1} of [X, O^∗_{Ej} ] and c_1, . . . , c_{q−1} of O^∗_{Ej} such that x_j ∈ {[X, E_j ]^∗, b_1, . . . , b_{q−1}} and such that for each m the residue class b_m ∈ [X, E_j ] belongs to [X, E_j ]^p[c_m] and |E_j^p(c_1, . . . , c_{q−1}) : E_j^p| = p^{q−1} ).

Using Lemma 19 and 20 it sufőces for the purpose of this step to consider the following elements {u, c_1, . . . , c_{q−1}} ∈ U_1Γ_q([X, K]) such that u ∈ U_1Γ_1([X, K]), c_1, . . . , c_{q−1} ∈ O^∗_K and |k^p(c_1, . . . , c_{q−1} : k^p| = p^{q−1}.

For each i = 1, . . . , q − 1 and each s ⩾ 0 take a p^s th root c_{i,s} of −c_i satisfying c^p_{i,s+1} = c_{i,s}. Note that N_{k(ci,s+1)/k(ci,s)}(−c_{i,s+1}) = −c_{i,s}. For each m ⩾ 0 write m in the form (q − 1)s + r ( s ⩾ 0, 0 ⩽ r < q − 1 ). Let E_m be the őnite extension of K of degree p^m generated by c_{i,s+1} ( 1 ⩽ i ⩽ r ) and c_{i,s} ( r + 1 ⩽ i ⩽ q − 1 ) and let x_m = {u, −c_{1,s+1}, . . . , −c_{r,s+1}, −c_{r+1,s}, . . . , −c_{q−1,s}} ∈ Γ_q([X, E_m]). Then E_∞ = lim−→ E_m is a henselian discrete valuation őeld with residue őeld E_∞ satisfying |E_∞ : E_∞^p| ⩽ p^{r−1}. Hence by Lemma 14 and Lemma 21 below there exists m < ∞ such that for some őnite extension E^′_m of E_m of degree prime to p the image of w in H^r_p (E^′_m) is standard. Let J = {0, 1, . . . , m, m^′}, f(j) = j − 1 for 1 ⩽ j ⩽ m, f(0) = 0, f(m^′) = m, E_m′ = E^′_m and x_m′ = {u^{1/|E′m:Em|}, c_1, . . . , c_{q−1}}.

Then from Step 1 we deduce {u, c_1, . . . , c_{q−1}} ∈ N_q(w, [X, K]).

Lemma 21. Let K be a henselian discrete valuation őeld, and let ^K be its completion. Then H^r_m(K) ≃ H^r_m( ^K) for every r and m.

Proof. If m is invertible in K this follows from the isomorphism Gal( ^K^{sep}/ ^K) ≃ Gal(K^{sep}/K) (cf. [1, Lemma 2.2.1]). Assume char (K) = p > 0 and m = p^i ( i ⩾ 1 ). For a őeld k of characteristic p > 0 the group H^r_{pi} (k) is isomorphic to (H^1_{pi} (k) ⊗ k^∗ ⊗ · · · ⊗ k^∗)/J where J is the subgroup of the tensor product generated by elements of the form (cf. [9, §2.2 Corollary 4 to Proposition 2]) (i) χ ⊗ a_1 ⊗ · · · ⊗ a_{r−1} such that a_i = a_j for some i ≠ j, (ii) χ⊗a_1 ⊗ · · ·⊗a_{r−1} such that a_i ∈ N_{kχ/k}k^∗_χ for some i where k_χ is the extension of k corresponding to χ.

By the above isomorphism of the Galois groups H^1_{pi} (K) ≃ H^1_{pi} ( ^K). Furthermore if L is a cyclic extension of K then 1 + M^n_K ⊂ N_{L/K} L^∗ and 1 + M^n^_K ⊂ N_L ^_{K/} ^_K (L ^K)^∗ for sufőciently large n. Since K^∗/(1 + M^n_K ) ≃ ^K^∗/(1 + M^n^_K ), the lemma follows.

Step 3. In this step we prove that the subgroup of Γ_q ([X, K]) generated by U_1Γ_q([X, K]) and elements of the form {u_1, . . . , u_q } ( u_i ∈ [X, O^∗_K ] ) is contained in N_q(w, [X, K]). By Lemma 20 it sufőces to consider elements {b_1, . . . , b_q } such that b_i ∈ [X, O^∗_K ] and such that there are elements c_j ∈ O^∗_K satisfying |k^p(c_1, . . . , c_q) : k^p| = p^q and b_i ∈ [X, k]^p[c_i] for each i. Deőne őelds E_m as in Step 2 replacing q − 1 by q. Then E_∞ = lim−→ E_m is a henselian discrete valuation őeld with residue őeld E_∞ satisfying |E_∞ : E_∞^p| ⩽ p^{r−2}. Hence H^r_p (^E_∞) = H^r_{p,ur}(^E_∞). By Lemma 21 there exists m < ∞ such that w_{Em} ∈ H^r_{p,ur}(E_m).

Step 4. Let w be a standard element. Then there exists a prime element π of K such that π ∈ N_1(w, [X, K]) = Γ_q([X, K]).

Step 5. Let w be any element of H^r_p (K). To show that Γ_q([X, K]) = N_q(w, [X, K]) it sufőces using Lemma 20 to consider elements of Γ_q ([X, K]) of the form {x, b_1, . . . , b_{q−1}} ( x ∈ [X, K]^∗ , b_i ∈ [X, O^∗_K ] ) such that there are elements c_1, . . . , c_{q−1} ∈ O^∗_K satisfying |k^p(c_1, . . . , c_{q−1}) : k^p| = p^{q−1} and b_i ∈ [X, k]^p[c_i] for each i. The őelds E_m are deőned again as in Step 2, and we are reduced to the case where w is standard.

5. Proof of Theorem 2

Let K be an n-dimensional local őeld. By [9, §3 Proposition 1] H^r(K) = 0 for r > n + 1 and there exists a canonical isomorphism H^{n+1}(K) ≃ Q/Z. For 0 ⩽ r ⩽ n + 1 the canonical pairing { , }: H^r(K) × K_{n+1−r}(K) → H^{n+1}(K) (see subsection 4.2) induces a homomorphism Φ^r_K : H^r (K) → Hom(K_{n+1−r}(K), Q/Z). if w ∈ H^r(K) with r ⩾ 1 (resp. r = 0 ) then Φ^r_K (w) annihilates the norm group N_{n+1−r}(w) (resp. Φ^r_K (w) annihilates mK_{n+1}(K) where m is the order of w ). Since N_{n+1−r}(w) (resp. mK_{n+1}(K) ) is open in K_{n+1−r}(K) by Theorem 3 (resp. Corollary to Lemma 12), Φ^r_K (w) is a continuous character of K_{n+1−r}(K) of őnite order.

5.1. Continuous characters of prime order.

In this subsection we shall prove that for every prime p the map Φ^r_K ( 0 ⩽ r ⩽ n+1 ) induces a bijection between H^r_p (K) (cf. Deőnition 10) and the group of all continuous characters of order p of K_{n+1−r}(K). We may assume that n ⩾ 1 and 1 ⩽ r ⩽ n. Let k be the residue őeld of K. In the case where char (k) ≠ p the above assertion follows by induction on n from the isomorphisms H^r_p (k) ⊕ H^{r−1}_p (k) ≃ H^r_p (K), K_q(k)/p ⊕ K_q(k)/p ≃ K_q(K)/p. Now we consider the case of char (k) = p.

Deőnition 14. Let K be a complete discrete valuation őeld with residue őeld k of characteristic p > 0. For r ⩾ 1 and i ⩾ 0 we deőne the subgroup T_iH^r_p (K) of H^r_p (K) as follows.

(1) If char (K) = p then let δ^r_K : Ω^{r−1}_K = C^{r−1}_1 (K) → H^r_p (K) be the canonical projection. Then T_iH^r_p (K) is the subgroup of H^r_p (K) generated by elements of the form δ^r_K (xdy_1/y_1 ∧ · · · ∧ dy_{r−1}/y_{r−1}), x ∈ K, y_1, . . . , y_{r−1} ∈ K^∗, v_K (x) ⩾ −i. (2) If char (K) = 0 then let ζ be a primitive p th root of 1, and let L = K(ζ).

Let j = (pe_K /(p − 1) − i)e(L|K) where e_K = v_K (p) and e(L|K) is the ramiőcation index of L/K. If j ⩾ 1 let U_j H^r_p (L) be the image of U_j K_r(L) (cf. Deőnition 12) under the cohomological symbol K_r(L)/p → H^r_p (L). If j ⩽ 0, let U_j H^r_p (L) = H^r_p (L). Then T_iH^r_p (K) is the inverse image of U_j H^r_p (L) under the canonical injection H^r_p (K) → H^r_p (L).

Remark. T_iH^1_p (K) coincides with the subgroup consisting of elements which corresponds to cyclic extensions of K of degree p with ramiőcation number ⩽ i (the ramiőcation number is deőned as t of Lemma 17).

Let K be as in Deőnition 14, and assume that |k : k^p| < ∞. Fix q, r ⩾ 1 such that |k : k^p| = p^{q+r−2}. Let T_i = T_iH^r_p (K), for i ⩾ 0; let U_i be the image of U_iK_q(K) in K_q(K)/p for i ⩾ 1, and let U_0 = K_q(K)/p. Let e = v_K (p) ( = ∞ if char (K) = p ). Fix a prime element π of K. Via the homomorphism (x, y) → ρ^q_i (x) + {ρ^{q−1}_i (y), π} of Lemma 8 whose kernel is known by [11], we identify U_i/U_{i+1} with the following groups:

(1) K_q(k)/p ⊕ K_{q−1}(k)/p if i = 0.

(2) Ω^{q−1}_k if 0 < i < pe/(p − 1) and i is prime to p. (3) Ω^{q−1}_k /Ω^{q−1}_{k,d=0} ⊕ Ω^{q−2}_k /Ω^{q−2}_{k,d=0} if 0 < i < pe/(p − 1) and p|i. (4) Ω^{q−1}_k /D^{q−1}_{a,k} ⊕ Ω^{q−2}_k /D^{q−2}_{a,k} if char (K) = 0, pe/(p − 1) is an integer and i = pe/(p − 1). (5) 0 if i > pe/(p − 1).

Here in (3) Ω^q_{k,d=0} ( q ⩾ 0 ) denotes the kernel of the exterior derivation d: Ω^q_k → Ω^{q+1}_k . In (4) a denotes the residue class of pπ^{−e} where e = v_K (p) and D_{a,k} denotes the subgroup of Ω^q_k generated by d(Ω^{q−1}_k ) and elements of the form (x^p + ax)dy_1/y_1 ∧ · · · ∧ dy_q/y_q. Note that H^{r+1}_p (K) ≃ H^{q+r−1}_p (k) by [11]. Let δ = δ^{q+r−1}_k : Ω^{q+r−2}_k → H^{q+r−1}_p (k) (Deőnition 14).

Lemma 22. In the canonical pairing H^r_p (K) × K_q(K)/p → H^{q+r}_p (K) ≃ H^{q+r−1}_p (k) T_i annihilates U_{i+1} for each i ⩾ 0. Furthermore, (1) T_0 = H^r_{p,ur}(k) ≃ H^r_p (k) ⊕ H^{r−1}_p (k), and the induced pairing T_0 × U_0/U_1 → H^{q+r−1}_p (k) is identiőed with the direct sum of the canonical pairings H^r_p (k) × K_{q−1}(k)/p → H^{q+r−1}_p (k), H^{r−1}_p (k) × K_q(k)/p → H^{q+r−1}_p (k). (2) If 0 < i < pe/(p − 1) and i is prime to p then there exists an isomorphism T_i/T_{i−1} ≃ Ω^{r−1}_k such that the induced pairing T_i/T_{i−1} × U_i/U_{i+1} → H^{q+r−1}_p (k) is identiőed with Ω^{r−1}_k × Ω^{q−1}_k → H^{q+r−1}_p (k), (w, v) → δ(w ∧ v).

(3) If 0 < i < pe/(p − 1) and p|i then there exists an isomorphism T_i/T_{i−1} ≃ Ω^{r−1}_k /Ω^{r−1}_{k,d=0} ⊕ Ω^{r−2}_k /Ω^{r−2}_{k,d=0} such that the induced pairing is identiőed with (w_1 ⊕ w_2, v_1 ⊕ v_2) → δ(dw_1 ∧ v_2 + dw_2 ∧ v_1).

(4) If char (K) = 0 and pe/(p−1) is not an integer, then H^r_p (K) = T_i for the maximal integer i smaller than pe/(p − 1). Assume that char (K) = 0 and pe/(p − 1) is an integer. Let a be the residue element of pπ^{−e} and let for s ⩾ 0 ν_s(a, F ) = ker(Ω^s_{k,d=0} → Ω^s_k, w → C(w) + aw) ( C denotes the Cartier operator). Then there exists an isomorphism T_{pe/(p−1)}/T_{pe/(p−1)−1} ≃ ν_r(a, k) ⊕ ν_{r−1}(a, k) such that the induced pairing is identiőed with (w_1 ⊕ w_2, v_1 ⊕ v_2) → δ(w_1 ∧ v_2 + w_2 ∧ v_1).

Proof. If char (K) = p the lemma follows from a computation in the differential modules Ω^s_K ( s = r −1, q +r −1 ). In the case where char (K) = 0 let ζ be a primitive p th root of 1 and let L = K(ζ). Then the cohomological symbol K_r(L)/p → H^r_p (L) is surjective and the structure of H^r_p (L) is explicitly given in [11]. Since H^r_p (K) ≃ {x ∈ H^r_p (L) : σ(x) = x for all σ ∈ Gal(L/K) }, the structure of H^r_p (K) is deduced from that of H^r_p (L) and the description of the pairing H^r_p (K) × K_q(K)/p → H^{q+r}_p (K) follows from a computation of the pairing K_r(L)/p × K_q(L)/p → K_{q+r}(L)/p. Lemma 23. Let K be an n-dimensional local őeld such that char (K) = p > 0. Then the canonical map δ^n_K : Ω^n_K → H^{n+1}_p (K) ≃ Z/p (cf. Deőnition 14) comes from a morphism Ω^n_K → Z/p of A_∞.

Proof. Indeed it comes from the composite morphism of F_∞ Ω^n_K^{θ2}−→ k_0^{Tr k0/Fp} −−−−−→ F_p deőned by Lemma 7.

Now let K be an n-dimensional local őeld ( n ⩾ 1 ) with residue őeld k such that char (k) = p > 0. Let 1 ⩽ r ⩽ n, q = n + 1 − r, and let T_i and U_i ( i ⩾ 0 ) be as in Lemma 22.

The injectivity of the map induced by Φ^r_K H^r_p (K) → Hom(K_{n+1−r}(K)/p, Z/p) follows by induction on n from the injectivity of T_i/T_{i−1} → Hom(U_i/U_{i+1}, Z/p), i ⩾ 1. Note that this injectivity for all prime p implies the injectivity of Φ^r_K .

Now let φ: K_{n+1−r}(K) → Z/p be a continuous character of order p. We prove that there is an element w of H^r_p (K) such that φ = Φ^r_K (w).

The continuity of φ implies that there exists i ⩾ 1 such that

φ({x_1, . . . , x_{n+1−r}}) = 0 for all x_1, . . . , x_{n+1−r} ∈ 1 + M^i_K .

Using Graham’s method [6, Lemma 6] we deduce that φ(U_i) = 0 for some i ⩾ 1. We prove the following assertion ( A_i ) ( i ⩾ 0 ) by downward induction on i. ( A_i ) The restriction of φ to U_i coincides with the restriction of Φ^r_K (w) for some w ∈ H^r_p (K). Indeed, by induction on i there exists w ∈ H^r_p (K) such that the continuous character φ^′ = φ − Φ^r_K (w) annihilates U_{i+1}.

In the case where i ⩾ 1 the continuity of φ^′ implies that the map Ω^{n−r}_k ⊕ Ω^{n−r−1}_k^{Lemma 8} −−−−−→ U_i/U_{i+1}^{φ′}−→ Z/p comes from a morphism of F_∞. By additive duality of Proposition 3 and Lemma 23 applied to k the above map is expressed in the form

(v_1, v_2) → δ^n_k (w_1 ∧ v_2 + w_2 ∧ v_1)

for some w_1 ∈ Ω^n_k , w_2 ∈ Ω^{r−1}_k . By the following argument the restriction of φ^′ to U_i/U_{i+1} is induced by an element of T_i/T_{i−1}. For example, assume char (K) = 0 and i = pe/(p − 1) (the other cases are treated similarly and more easily). Since φ^′ annihilates d(Ω^{n−r−1}_k ) ⊕ d(Ω^{n−r−2}_k ) and δ^n_k annihilates d(Ω^{n−2}_k ) we get

δ^n_k (dw_1 ∧ v_2) = ±δ^n_k (w_2 ∧ dv_2) = 0 for all v_2 .

Therefore dw_1 = 0. For every x ∈ F , y_1, . . . , y_{n−r−1} ∈ F^∗ we have δ^n_k ( (C(w_1)+aw_1)∧x dy_1 y_1 ∧ · · ·∧ dy_{n−r−1} y_{n−r−1} ) = δ^n_k ( w_1∧(x^p+ax) dy_1 y_1 ∧ · · ·∧ dy_{n−r−1} y_{n−r−1} ) = 0 (where a is as in Lemma 22 (4)). Hence w_1 ∈ ν_r(a, k) and similarly w_2 ∈ ν_{r−1}(a, k).

In the case where i = 0 Lemma 22 (1) and induction on n imply that there is an element w ∈ T_0 such that φ^′ = Φ^r_K (w).

5.2. Continuous characters of higher orders.

In treatment of continuous characters of higher order the following proposition will play a key role.

Proposition 7. Let K be an n-dimensional local őeld. Let p be a prime number distinct from the characteristic of K. Assume that K contains a primitive p th root ζ of 1. Let r ⩾ 0 and w ∈ H^r(K). Then the following two conditions are equivalent. (1) w = pw^′ for some w^′ ∈ H^r(K). (2) {w, ζ} = 0 in H^{r+1}(K).

Proof. We may assume that 0 ⩽ r ⩽ n. Let δ_r: H^r (K) → H^{r+1}(K, Z/p) be the connecting homomorphism induced by the exact sequence of Gal(K^{sep}/K)-modules 0 → Z/p → lim−→_i μ^{⊗(r−1)}_{pi}^p−→ lim−→_i μ^{⊗(r−1)}_{pi} → 0. Condition (1) is clearly equivalent to δ_r(w) = 0.

First we prove the proposition in the case where r = n. Since the kernel of δ_n: H^n(K) → H^{n+1}(K, Z/p) ≃ Z/p is contained in the kernel of the homomorphism { , ζ}: H^n(K) → H^{n+1}(K) it sufőces to prove that the latter homomorphism is not a zero map. Let i be the maximal natural number such that K contains a primitive p^i th root of 1. Since the image χ of a primitive p^i th root of 1 under the composite map K^∗/K^{∗p} ≃ H^1(K, μ_p) ≃ H^1(K, Z/p) → H^1(K) is not zero, the injectivity of Φ^1_K shows that there is an element a of K_n(K) such that {χ, a} ≠ 0. Let w be the image of a under the composite map induced by the cohomological symbol K_n(K)/p^i → H^n(K, μ^{⊗n}_{pi} ) ≃ H^n(K, μ^{⊗(n−1)}_{pi} ) → H^n(K). Then {χ, a} = ±{w, ζ}. Next we consider the general case of 0 ⩽ r ⩽ n. Let w be an element of H^r(K) such that {w, ζ} = 0. Since the proposition holds for r = n we get {δ_r(w), a} = δ_n({w, a}) = 0 for all a ∈ K_{n−r}(K). The injectivity of Φ^{r+1}_K implies δ_r(w) = 0.

Remark. We conjecture that condition (1) is equivalent to condition (2) for every őeld K. This conjecture is true if ⊕_{r⩾1}H^r(K) is generated by H^1(K) as a ⊕_{q⩾0}K_q(K)-module.

Completion of the proof of Theorem 2. Let φ be a non-zero continuous character of K_{n+1−r}(K) of őnite order, and let p be a prime divisor of the order of φ. By induction on the order there exists an element w of H^r(K) such that pφ = Φ^r_K (w).

If char (K) = p then H^r(K) is p-divisible. If char (K) ≠ p, let L = K(ζ) where ζ is a primitive p th root of 1 and let w_L be the image of w in H^r(L). Then Φ^r_L(w_L): K_{n+1−r}(L) → Q/Z coincides with the composite K_{n+1−r}(L)^{NL/K}−−−−→ K_{n+1−r}(K)^{pφ}−→ Q/Z and hence {w_L, ζ, a} = 0 in H^{n+1}(L) for all a ∈ K_{n−r}(L). The injectivity of Φ^{r+1}_L and Proposition 7 imply that w_L ∈ pH^r(L). Since |L : K| is prime to p, w belongs to pH^r(K).

Thus there is an element w^′ of H^r(K) such that w = pw^′ . Then φ − Φ^r_K (w^′) is a continuous character annihilated by p.

References

[1] M. Artin, Dimension cohomologique; premiers rÂesultats, ThÂeorie des topos et cohomologie etale des schÂemas, Tome 3, ExposÂe X, Lecture Notes in Math. 305, Springer, Berlin 1973, 43ś63 [2] H. Bass, J. Tate, The Milnor ring of a global őeld, Algebraic K -theory II, Lecture Notes in Math. 342, Springer, Berlin 1972, 349ś446.

[3] S. Bloch, Algebraic K -theory and crystalline cohomology, Publ. Math. IHES 47, 1977, 187ś268.

[4] P. Cartier, Une nouvelle opÂeration sur les formes diffÂerentielles, C. R. Acad. Sc. Paris 244, 1957, 426ś428.

[5] P. Deligne, Cohomologie Áa support propre et construction du functeur f !, in R. Hartshorne, Residue and duality, Lecture Notes in Math. 20, Springer, Berlin 1966, 404ś421.

[6] J. Graham, Continuous symbols on őelds of formal power series, Algebraic K -theory II, Lecture Notes in Math. 342, Springer, Berlin 1972, 474ś486.

[7] A. Grothendieck, Elements de GÂeomÂetrie AlgÂebrique IV, PremiÁere Partie, Publ. Math.

IHES 20, 1964.

[8] K. Kato, A generalization of local class őeld theory by using K -groups I, J. Fac. Sci.

Univ. Tokyo Sec. IA 26 No.2, 1979, 303ś376.

[9] K. Kato, A generalization of local class őeld theory by using K -groups II, J. Fac. Sci.

Univ. Tokyo Sec. IA 27 No.3, 1980, 603ś683.

[10] K. Kato, A generalization of local class őeld theory by using K -groups III, J. Fac. Sci.

Univ. Tokyo Sec. IA 29 No.1, 1982, 31ś42.

[11] K. Kato, Galois cohomology of complete discrete valuation őelds, Algebraic K -theory, Part II (Oberwolfach, 1980), Lecture Notes in Math. 967, 1982, 215ś238.

[12] S. Lefschetz, Algebraic Topology, Amer. Math. Soc. Colloq. Publ., 1942. [13] J. S. Milne, Duality in ŕat cohomology of a surface, Ann. Sc. Ec. Norm. Sup. 4Áeme sÂerie 9, 1976, 171ś202.

[14] J. Milnor, Algebraic K -theory and quadratic forms, Invent. Math. 9, 1970, 318ś344. [15] J.-P. Serre, Corps Locaux, Hermann, Paris 1962.

[16] J.-P. Serre, Cohomologie Galoisienne, Lecture Notes in Math. 5, Springer, Berlin 1965. [17] A. Weil, Basic Number Theory, Springer, Berlin 1967.

Department of Mathematics University of Tokyo 3-8-1 Komaba Meguro-Ku Tokyo 153-8914 Japan

Part II

Geometry & Topology Monographs Volume 3: Invitation to higher local őelds Part II, section 1, pages 199ś213

1. Higher dimensional local őelds and L-functions

A. N. Parshin

1.0. Introduction

1.0.1. Recall [P1], [FP] that if X is a scheme of dimension n and

X_0 ⊂ X_1 ⊂ . . . X_{n−1} ⊂ X_n = X

is a ŕag of irreducible subschemes ( dim(X_i) = i ), then one can deőne a ring K_{X0,...,Xn−1} associated to the ŕag. In the case where everything is regularly embedded, the ring is an n-dimensional local őeld. Then one can form an adelic object

A_X = ∏_′ K_{X0,...,Xn−1} where the product is taken over all the ŕags with respect to certain restrictions on components of adeles [P1], [Be], [Hu], [FP].

Example. Let X be an algebraic projective irreducible surface over a őeld k and let P be a closed point of X, C ⊂ X be an irreducible curve such that P ∈ C.

If X and C are smooth at P , then we let t ∈ O_{X,P} be a local equation of C at P and u ∈ O_{X,P} be such that u|_C ∈ O_{C,P} is a local parameter at P . Denote by C the ideal deőning the curve C near P . Now we can introduce a two-dimensional local őeld K_{P,C} attached to the pair P, C by the following procedure including completions and localizations:

^O_{X,P} = k(P )[[u, t]] ⊃ C = (t) | (^O_{X,P} )_C = discrete valuation ring with residue őeld k(P )((u)) | ^O_{P,C} := ^ (^O_{X,P} )_C = k(P )((u))[[t]] | K_{P,C} := Frac (^O_{P,C} ) = k(P )((u))((t))

Published 10 December 2000: © Geometry & Topology Publications

Note that the left hand side construction is meaningful without any smoothness condition.

Let K_P be the minimal subring of K_{P,C} which contains k(X) and ^O_{X,P} . The ring K_P is not a őeld in general. Then K ⊂ K_P ⊂ K_{P,C} and there is another intermediate subring K_C = Frac (O_C ) ⊂ K_{P,C} . Note that in dimension 2 there is a duality between points P and curves C (generalizing the classical duality between points and lines in projective geometry). We can compare the structure of adelic components in dimension one and two:

K_P KP,C ¨¨¨ ? ?? K_P ?? ? K^C ¨¨ ¨ K K

1.0.2. In the one-dimensional case for every character χ: Gal(K^{ab}/K) → C^∗ we have the composite

χ^′: A^∗ = ∏_′ K^∗_x^{reciprocity map} −−−−−−−−→ Gal(K^{ab}/K)^χ−→ C^∗. J. Tate [T] and independently K. Iwasawa introduced an analytically deőned L-function L(s, χ, f) = ∫ A^∗ f(a)χ^′(a)|a|^sd^∗a, where d^∗ is a Haar measure on A^∗ and the function f belongs to the BruhatśSchwartz space of functions on A (for the deőnition of this space see for instance [W1, Ch. VII]). For a special choice of f and χ = 1 we get the ζ -function of the scheme X

ζ_X (s) = ∏ x∈X (1 − N(x)^{−s})^{−1},

if dim (X) = 1 (adding the archimedean multipliers if necessary). Here x runs through the closed points of the scheme X and N(x) = |k(x)|. The product converges for Re(s) > dim X. For L(s, χ, f) they proved the analytical continuation to the whole s-plane and the functional equation L(s, χ, f) = L(1 − s, χ^{−1}, ^f), using Fourier transformation ( f → ^f ) on the space A_X (cf. [T], [W1], [W2]).

1.0.3. Schemes can be classiőed according to their dimension

dim (X) geometric case arithmetic case . . . . . . . . . 2 algebraic surface /F_q arithmetic surface 1 algebraic curve /F_q arithmetic curve 0 Spec(F_q ) Spec(F_1 )

where F_1 is the łőeld of one elementž.

The analytical method works for the row of the diagram corresponding to dimension one. The problem to prove analytical continuation and functional equation for the ζ -function of arbitrary scheme X (HasseśWeil conjecture) was formulated by A. Weil [W2] as a generalization of the previous Hasse conjecture for algebraic curves over őelds of algebraic numbers, see [S1],[S2]. It was solved in the geometric situation by A. Grothendieck who employed cohomological methods [G]. Up to now there is no extension of this method to arithmetic schemes (see, however, [D]). On the other hand, a remarkable property of the TateśIwasawa method is that it can be simultaneously applied to the őelds of algebraic numbers (arithmetic situation) and to the algebraic curves over a őnite őeld (algebraic situation).

For a long time the author has been advocating (see, in particular, [P4], [FP]) the following:

Problem. Extend TateśIwasawa’s analytic method to higher dimensions.

The higher adeles were introduced exactly for this purpose. In dimension one the adelic groups A_X and A^∗_X are locally compact groups and thus we can apply the classical harmonic analysis. The starting point for that is the measure theory on locally compact local őelds such as K_P for the schemes X of dimension 1. So we have the following:

Problem. Develop a measure theory and harmonic analysis on n-dimensional local őelds.

Note that n-dimensional local őelds are not locally compact topological spaces for n > 1 and by Weil’s theorem the existence of the Haar measure on a topological group implies its locally compactness [W3, Appendix 1].

In this work several őrst steps in answering these problems are described.

1.1. RiemannśHecke method

When one tries to write the ζ -function of a scheme X as a product over local őelds attached to the ŕags of subvarieties one meets the following obstacle. For dimension greater than one the local őelds are parametrized by ŕags and not by the closed points itself as in the Euler product. This problem is primary to any problems with the measure and integration. I think we have to return to the case of dimension one and reformulate the TateśIwasawa method. Actually, it means that we have to return to the Riemannś Hecke approach [He] known long before the work of Tate and Iwasawa. Of course, it was the starting point for their approach.

The main point is a reduction of the integration over ideles to integration over a single (or őnitely many) local őeld.

Let C be a smooth irreducible complete curve deőned over a őeld k = F_q . Put K = k(C). For a closed point x ∈ C denote by K_x the fraction őeld of the completion ^O_x of the local ring O_x .

Let P be a őxed smooth k-rational point of C. Put U = C \ P , A = Γ(U, O_C ). Note that A is a discrete subgroup of K_P .

A classical method to calculate ζ -function is to write it as a Dirichlet series instead of the Euler product:

ζ_C (s) = ∑ I∈Div (O_C ) |I|^s_C where Div (O_C ) is the semigroup of effective divisors, I = ∑ x∈X n_xx, n_x ∈ Z and n_x = 0 for almost all x ∈ C, |I|_C = ∏ x∈X q^− ∑_{nx|k(x):k|} . Rewrite ζ_C (s) as

ζ_U (s)ζ_P (s) = (∑ I⊂U |I|^s_U )( ∑ supp(I)=P |I|^s_P ) .

Denote A^′ = A \ {0}. For the sake of simplicity assume that Pic(U) = (0) and introduce A^{′′} such that A^{′′} ∩ k^∗ = (1) and A^′ = A^{′′}k^∗. Then for every I ⊂ U there is a unique b ∈ A^{′′} such that I = (b). We also write |b|_∗ = |(b)|_∗ for ∗ = P, U . Then from the product formula |b|_C = 1 we get |b|_U = |b|^{−1}_P . Hence

ζ_C (s) = ( ∑ b∈A^{′′} |b|^s_U )( ∑ m⩾0 q^{−ms} ) = ( ∑ b∈A^{′′} |b|^{−s}_P ) ∫ a∈K^∗_P |a|^s_P f_+(a)d^∗a

Geometry & Topology Monographs, Volume 3 (2000) ś Invitation to higher local őelds where in the last equality we have used local Tate’s calculation, f_+ = i^∗δ^_{OP} , i: K^∗_P →

K_P , δ^_{OP} is the characteristic function of the subgroup ^O_P , d^∗(^O^∗_P ) = 1. Therefore

ζ_C (s) = ∑ b∈A^{′′} ∫ a∈K^∗_P |ab^{−1}|^s_P f_+(a)d^∗a = ∑ b∈A^{′′} ∫ c=ab^−1 |c|^s_P f_+(bc)d^∗c = ∫ K^∗_P |c|^s_P F (c)d^∗c, where F (c) = ∑ b∈A^′ f+(bc). Thus, the calculation of ζ_C (s) is reduced to integration over the single local őeld K_P . Then we can proceed further using the Poisson summation formula applied to the function F .

This computation can be rewritten in a more functorial way as follows ζ_C (s) = ⟨| |^s, f_0⟩_G · ⟨| |^s, f_1⟩_G = ⟨| |^s, i^∗(F )⟩_{G×G} = ⟨| |^s, j_∗ ∘ i^∗(F )⟩_G, where G = K^∗_P , ⟨f, f^′⟩_G = ∫ G ff^′dg and we introduced the functions f_0 = δ_A′′ = sum of Dirac’s δ_a over all a ∈ A^{′′} and f_1 = δ_{OP} on K_P and the function F = f_0 ⊗ f_1 on K_P × K_P . We also have the norm map | |: G → C^∗ , the convolution map j: G × G → G, j(x, y) = x^{−1}y and the inclusion i: G × G → K_P × K_P .

For the appropriate classes of functions f_0 and f_1 there are ζ -functions with a functional equation of the following kind

ζ(s, f_0, f_1) = ζ(1 − s, ^f_0, ^f_1),

where ^f is a Fourier transformation of f . We will study the corresponding spaces of functions and operations like j_∗ or i^∗ in subsection 1.3.

Remark 1. We assumed that Pic(U) is trivial. To handle the general case one has to consider the curve C with several points removed. Finiteness of the Pic^0(C) implies that we can get an open subset U with this property.

1.2. Restricted adeles for dimension 2

1.2.1. Let us discuss the situation for dimension one once more. We consider the case of the algebraic curve C as above.

One-dimensional adelic complex K ⊕ ∏ x∈C ^O_x → ∏_′ x∈C K_x

Geometry & Topology Monographs, Volume 3 (2000) ś Invitation to higher local őelds can be included into the following commutative diagram K ⊕ ∏ x∈C ^O_x −−−−→ ∏^′_{x∈C} K_x

K ⊕ ^O_P −−−−→ ∏_′ x≠P Kx/^Ox ⊕ KP where the vertical map induces an isomorphism of cohomologies of the horizontal complexes. Next, we have a commutative diagram K ⊕ ^O_P −−−−→ ∏_′ x≠P Kx/^Ox ⊕ KP

K/A −−−−→ ∏_′ x≠P Kx/^Ox where the bottom horizontal arrow is an isomorphism (the surjectivity follows from the strong approximation theorem). This shows that the complex A ⊕ ^O_P → K_P is quasi-isomorphic to the full adelic complex. The construction can be extended to an arbitrary locally free sheaf F on C and we obtain that the complex W ⊕ ^F_P → ^F_P ⊗^_{OP} K_P , where W = Γ(F, C \ P ) ⊂ K, computes the cohomology of the sheaf F.

This fact is essential for the analytical approach to the ζ -function of the curve C. To understand how to generalize it to higher dimensions we have to recall another applications of this diagram, in particular, the so called Krichever correspondence from the theory of integrable systems.

Let z be a local parameter at P , so ^O_P = k[[z]]. The Krichever correspondence assigns points of inőnite dimensional Grassmanians to (C, P, z) and a torsion free coherent sheaf of O_C -modules on C. In particular, there is an injective map from classes of triples (C, P, z) to A ⊂ k((z)). In [P5] it was generalized to the case of algebraic surfaces using the higher adelic language.

1.2.2. Let X be a projective irreducible algebraic surface over a őeld k, C ⊂ X be an irreducible projective curve, and P ∈ C be a smooth point on both C and X.

In dimension two we start with the adelic complex

A_0 ⊕ A_1 ⊕ A_2 → A_{01} ⊕ A_{02} ⊕ A_{12} → A_{012},

where

A_0 = K = k(X), A_1 = ∏ C⊂X ^O_C , A_2 = ∏ x∈X ^O_x,

A_{01} = ∏_′ C⊂X K_C , A_{02} = ∏_′ x∈X K_x, A_{12} = ∏_′ x∈C ^O_{x,C} , A_{012} = A_X = ∏_′ K_{x,C} . Geometry & Topology Monographs, Volume 3 (2000) ś Invitation to higher local őelds

In fact one can pass to another complex whose cohomologies are the same as of the adelic complex and which is a generalization of the construction for dimension one. We have to make the following assumptions: P ∈ C is a smooth point on both C and X, and the surface X \ C is afőne. The desired complex is A ⊕ A_C ⊕ ^O_P → B_C ⊕ B_P ⊕ ^O_{P,C} → K_{P,C} where the rings B_x , B_C , A_C and A have the following meaning. Let x ∈ C. Let

B_x = ⋂ D≠C (K_x ∩ ^O_{x,D}) where the intersection is taken inside K_x ;

B_C = K_C ∩ ( ⋂ x≠P B_x) where the intersection is taken inside K_{x,C} ;

A_C = B_C ∩ ^O_C , A = K ∩ ( ⋂ x∈X\C ^Ox). This can be easily extended to the case of an arbitrary torsion free coherent sheaf F on X.

1.2.3. Returning back to the question about the ζ -function of the surface X over k = F_q we suggest to write it as the product of three Dirichlet series

ζ_X (s) = ζ_{X\C} (s)ζ_{C\P} (s)ζ_P (s) = ( ∑ I⊂X\C |I|^s_X )( ∑ I⊂C\P |I|^s_X )( ∑ I⊂Spec(^O_{P,C} ) |I|^s_X ) .

Again we can assume that the surface U = X \C has the most trivial possible structure. Namely, Pic(U) = (0) and Ch(U) = (0). Then every rank 2 vector bundle on U is trivial. In the general case one can remove őnitely many curves C from X to pass to the surface U satisfying these properties (the same idea was used in the construction of the higher BruhatśTits buildings attached to an algebraic surface [P3, sect. 3]).

Therefore any zero-ideal I with support in X \ C, C \ P or P can be deőned by functions from the rings A, A_C and O_P , respectively. The fundamental difference between the case of dimension one and the case of surfaces is that zero-cycles I and ideals of őnite colength on X are not in one-to-one correspondence.

Remark 2. In [P2], [FP] we show that the functional equation for the L-function on an algebraic surface over a őnite őeld can be rewritten using the K_2-adeles. Then it has the same shape as the functional equation for algebraic curves written in terms of A^∗ -adeles (as in [W1]).

1.3. Types for dimension 1

We again discuss the case of dimension one. If D is a divisor on the curve C then the RiemannśRoch theorem says l(D) − l(K_C − D) = deg (D) + χ(O_C ), where as usual l(D) = dim Γ(C, O_X (D)) and K_C is the canonical divisor. If A = A_C and A_1 = A (D) then

H^1(C, O_X (D)) = A /(A (D) + K), H^0(C, O_X (D)) = A (D) ∩ K where K = F_q (C). We have the following topological properties of the groups: A A (D) K A (D) ∩ K A (D) + K locally compact group, compact group, discrete group, őnite group, group of őnite index of A .

The group A is dual to itself. Fix a rational differential form ω ∈ Ω^1_K , ω ≠ 0 and an additive character ψ of F_q . The following bilinear form ⟨(f_x), (g_x)⟩ = ∑ x res_x(f_xg_xω), (f_x), (g_x) ∈ A

is non-degenerate and deőnes an auto-duality of A .

If we őx a Haar measure dx on A then we also have the Fourier transform f(x) → ^f(x) = ∫ A ψ(⟨x, y⟩)f(y)dy for functions on A and for distributions F deőned by the Parseval equality ( ^F , ^ϕ) = (F, ϕ). One can attach some functions and/or distributions to the subgroups introduced above δ_D = the characteristic function of A (D) δ_H1 = the characteristic function of A (D) + K δ_K = ∑ γ∈K δ_γ where δ_γ is the delta-function at the point γ

δ_H0 = ∑ γ∈A(D)∩K δ_γ . There are two fundamental rules for the Fourier transform of these functions ^δ_D = vol(A (D))δ_{A (D)⊥} , where A (D)^⊥ = A ((ω) − D), and ^δ_Γ = vol(A /Γ)^{−1} δ_{Γ⊥}

for any discrete co-compact group Γ. In particular, we can apply that to Γ = K = Γ^⊥. We have

(δ_K , δ_D) = #(K ∩ A (D)) = q^{l(D)}, (^δ_K , ^δ_D) = vol(A (D))vol(A /K)^{−1} (δ_K , δ_{KC −D}) = q^{deg D}q^{χ(OC )}q^{l(KC −D)} and the Parseval equality gives us the RiemannśRoch theorem.

The functions in these computations can be classiőed according to their types. There are four types of functions which were introduced by F. Bruhat in 1961 [Br].

Let V be a őnite dimensional vector space over the adelic ring A (or over an one-dimensional local őeld K with őnite residue őeld F_q ). We put

D = {locally constant functions with compact support}, E = {locally constant functions}, D^′ = {dual to D = all distributions}, E^′ = {dual to E = distributions with compact support}.

Every V has a őltration P ⊃ Q ⊃ R by compact open subgroups such that all quotients P/Q are őnite dimensional vector spaces over F_q .

If V, V^′ are the vector spaces over F_q of őnite dimension then for every homomorphism i: V → V^′ there are two maps

F(V )^{i∗}−→ F(V^′), F(V^′)^{i∗}−→ F(V ),

of the spaces F(V ) of all functions on V (or V^′ ) with values in C . Here i^∗ is the standard inverse image and i_∗ is deőned by

i_∗f(v^′) = { 0, if v^′ /∈ im(i) ∑ v→v^′ f(v), otherwise.

The maps i_∗ and i^∗ are dual to each other.

We apply these constructions to give a more functorial deőnition of the Bruhat spaces. For any triple P , Q, R as above we have an epimorphism i: P/R → P/Q with the corresponding map for functions F(P/Q)^{i∗}−→ F(P/R) and a monomorphism j: Q/R → P/R with the map for functions F(Q/R)^{j∗}−→ F(P/R).

Now the Bruhat spaces can be deőned as follows

D = lim−→_{j∗} lim−→_i∗ F(P/Q),

E = lim←−_j∗ lim−→_i∗ F(P/Q),

D^′ = lim←−_j∗ lim←−_{i∗} F(P/Q),

E^′ = lim−→_{j∗} lim←−_{i∗} F(P/Q).

The spaces don’t depend on the choice of the chain of subspaces P, Q, R. Clearly we have δ_D ∈ D(A ), δ_K ∈ D^′(A ), δ_H0 ∈ E^′(A ), δ_H1 ∈ E(A ).

We have the same relations for the functions δ_{OP} and δ_A′′ on the group K_P considered in section 1.

The Fourier transform preserves the spaces D and D^′ but interchanges the spaces E and E^′. Recalling the origin of the subgroups from the adelic complex we can say that, in dimension one the types of the functions have the following structure E ⧸ ⧹ D D^′ ⧹ ⧸ E^′

01 ⧸ ⧹ 1 0 ⧹ ⧸ ∅ corresponding to the full simplicial division of an edge. The Fourier transform is a reŕection of the diagram with respect to the middle horizontal axis.

The main properties of the Fourier transform we need in the proof of the Riemann- Roch theorem (and of the functional equation of the ζ -function) can be summarized as the commutativity of the following cube diagram

D ⊗ D^{′ j∗} //

i^∗ fflffl

E

α^∗ fflffl D ⊗ D^′ yy 99tt ttt ttt t_{i∗} //

j_∗ fflffl

E^′ –– ;;ww www www ww

β_∗ fflffl E^{′ β∗} // F(F1 )

E^α ∗ // yy 99tt ttt ttt ttt t F(F_1 ) vvv vvv vvv coming from the exact sequence A^i−→ A ⊕ A^j−→ A , with i(a) = (a, a), j(a, b) = a − b, and the maps F_1^α−→ A^β−→ F_1 with α(0) = 0, β(a) = 0. Here F_1 is the őeld of one element, F(F_1 ) = C and the arrows with heads on both ends are the Fourier transforms.

In particular, the commutativity of the diagram implies the Parseval equality used above: ⟨ ^F , ^G⟩ = β_∗ ∘ i^∗( ^F ⊗ ^G) = β_∗ ∘ i^∗( ^F ⊗ G) = β_∗ ^j_∗(F ⊗ G) = α^∗ ∘ j_∗(F ⊗ G) = β_∗ ∘ i^∗(F ⊗ G) = ⟨F, G⟩. Remark 3. These constructions can be extended to the function spaces on the groups G(A ) or G(K) for a local őeld K and a group scheme G.

1.4. Types for dimension 2

In order to understand the types of functions in the case of dimension 2 we have to look at the adelic complex of an algebraic surface. We will use physical notations and denote a space by the discrete index which corresponds to it. Thus the adelic complex can be written as ∅ → 0 ⊕ 1 ⊕ 2 → 01 ⊕ 02 ⊕ 12 → 012, where ∅ stands for the augmentation map corresponding to the inclusion of H^0. Just as in the case of dimension one we have a duality of A = A_{012} = 012 with itself deőned by a bilinear form ⟨(f_{x,C} ), (g_{x,C} )⟩ = ∑ x,C res_{x,C} (f_{x,C} g_{x,C} ω), (f_{x,C} ), (g_{x,C} ) ∈ A which is also non-degenerate and deőnes the autoduality of A .

It can be shown that

A_0 = A_{01} ∩ A_{02} , A^⊥_{01} = A_{01} , A^⊥_{02} = A_{02} , A^⊥_0 = A_{01} ⊕ A_{02} , and so on. The proofs depend on the following residue relations for a rational differential form ω ∈ Ω^2_{k(X)} for all x ∈ X ∑ C∋x res_{x,C} (ω) = 0, for all C ⊂ X ∑ x∈C res_{x,C} (ω) = 0.

We see that the subgroups appearing in the adelic complex are not closed under the duality. It means that the set of types in dimension two will be greater then the set of types coming from the components of the adelic complex. Namely, we have: Theorem 1 ([P4]). Fix a divisor D on an algebraic surface X and let A_{12} = A (D). Consider the lattice L of the commensurability classes of subspaces in A_X generated by subspaces A_{01} , A_{02} , A_{12} .

The lattice L is isomorphic to a free distributive lattice in three generators and has the structure shown in the diagram. 012 qqq qqq qqq q MMM MMM MMM M

01 + 12 MMM MMM MMM M 01 + 02

qqqq q qqqq q MMMM M MMMM M 02 + 12 qqq qqq qqq q 2 + 01 vvv vvv vvv MMM MMM MMM M 0 + 12 MMMM M MMM MM 1 + 02 qqq qqq qqq q HHH HHH HHH 01 HHH HHH HHH 0 + 1 + 2 qqq qqq qqq q MMM MMM MMM M 12 qqq qq qqqq q 02 vvv vvv vvv 0 + 1 MMM MMM MMM MM 1 + 2 qqqq q qqq qqq MMMM M MMM MMM 0 + 2 qqq qqq qqq qq 1 LLL LLL LLL LLL L 0 2 rrr rrr rrr rrr r

∅ Remark 4. Two subspaces V, V^′ are called commensurable if (V + V^′)/V ∩ V^′ is of őnite dimension. In the one-dimensional case all the subspaces of the adelic complex are commensurable (even the subspaces corresponding to different divisors). In this case we get a free distributive lattice in two generators (for the theory of lattices see [Bi]).

Just as in the case of curves we can attach to every node some space of functions (or distributions) on A . We describe here a particular case of the construction, namely, the space F_{02} corresponding to the node 02. Also we will consider not the full adelic group but a single two-dimensional local őeld K = F_q ((u))((t)).

In order to deőne the space we use the őltration in K by the powers M^n of the maximal ideal M = F_q ((u))[[t]]t of K as a discrete valuation (of rank 1) őeld. Then we try to use the same procedure as for the local őeld of dimension 1 (see above).

If P ⊃ Q ⊃ R are the elements of the őltration then we need to deőne the maps D(P/R)^{i∗}−→ D(P/Q), D(P/R)^{j∗}−→ D(Q/R) corresponding to an epimorphism i: P/R → P/Q and a monomorphism j: Q/R → P/R. The map j^∗ is a restriction of the locally constant functions with compact support and it is well deőned. To deőne the direct image i_∗ one needs to integrate along the őbers of the projection i. To do that we have to choose a Haar measure on the őbers for all P , Q, R in a consistent way. In other words, we need a system of Haar measures on all quotients P/Q and by transitivity of the Haar measures in exact sequences it is enough to do that on all quotients M^n/M^{n+1}.

Since O_K /M = F_q ((u)) = K_1 we can őrst choose a Haar measure on the residue őeld K_1. It will depend on the choice of a fractional ideal M^i_{K1} normalizing the Haar measure. Next, we have to extend the measure on all M^n/M^{n+1}. Again, it is enough to choose a second local parameter t which gives an isomorphism

t^n: O_K /M → M^n/M^{n+1}.

Having made these choices we can put as above

F_{02} = lim←−_j∗ lim←−_{i∗} D(P/Q)

where the space D was introduced in the previous section.

We see that contrary to the one-dimensional case the space F_{02} is not intrinsically deőned. But the choice of all additional data can be easily controlled.

Theorem 2 ([P4]). The set of the spaces F_{02} is canonically a principal homogeneous space over the valuation group Γ_K of the őeld K.

Recall that Γ_K is non-canonically isomorphic to the lexicographically ordered group Z ⊕ Z. One can extend this procedure to other nodes of the diagram of types. In particular, for 012 we get the space which does not depend on the choice of the Haar measures.

The standard subgroup of the type 02 is B_P = F_p [[u]]((t)) and it is clear that

δ_{BP} ∈ F_{02}.

The functions δ_{BC} and δ^_{OP,C} have the types 01, 12 respectively.

Remark 5. Note that the whole structure of all subspaces in A or K corresponding to different divisors or coherent sheaves is more complicated. The spaces A (D) of type 12 are no more commensurable. To describe the whole lattice one has to introduce several equivalence relations (commensurability up to compact subspace, a locally compact subspace and so on).

References

[Be] A. A. Beilinson, Residues and adeles, Funct. An. and its Appl. 14(1980), 34ś35. [Bi] G. Birkhoff, Lattice Theory, AMS, Providence, 1967. [Bo] N. Bourbaki, IntÂegration (Chapitre VII ), Hermann, Paris, 1963.

[Br] F. Bruhat, Distributions sur un groupe localement compact et applications Áa l’Âetude des reprÂesentations des groupes p-adiques, Bull. Soc. Math. France 89(1961), 43ś75.

[D] C. Deninger, Some analogies between number theory and dynamical systems, Doc. Math.

J. DMV, Extra volume ICM I (1998), 163ś186.

[FP] T. Fimmel and A. N. Parshin, Introduction into the Higher Adelic Theory, book in preparation.

[G] A. Grothendieck, Cohomologie l-adique and Fonctions L , SÂeminaire de GÂeomÂetrie AlgÂebrique du Bois-Marie 1965-66, SGA 5, Lecture Notes Math., 589, Springer-Verlag, Berlin etc., 1977.

[He] E. Hecke, Vorlesungen Èuber die Theorie der algebraischen Zahlen, Akad. Verlag, Leipzig, 1923.

[Hu] A. Huber, On the Parshin-Beilinson adeles for schemes, Abh. Math. Sem. Univ. Hamburg 61(1991), 249ś273.

[P1] A. N. Parshin, On the arithmetic of two-dimensional schemes. I. Repartitions and residues, Izv. Akad. Nauk SSSR Ser. Mat. 40(1976), 736ś773; English translation in Math. USSR Izv. 10 (1976).

[P2] A. N. Parshin, Chern classes, adeles and L-functions, J. reine angew. Math. 341(1983), 174ś192.

[P3] A. N. Parshin, Higher Bruhat-Tits buildings and vector bundles on an algebraic surface, Algebra and Number Theory (Proc. Conf. at Inst. Exp. Math. , Univ. Essen, 1992), de Gruyter, Berlin, 1994, 165ś192.

[P4] A. N. Parshin, Lectures at the University Paris-Nord, FebruaryśMay 1994 and MayśJune 1996.

[P5] A. N. Parshin, Krichever correspondence for algebraic surfaces, alg-geom/977911098. [S1] J.-P. Serre, Zeta and L-functions, Proc. Conf. Purdue Univ. 1963, New York, 1965, 82ś92 [S2] J.-P. Serre, Facteurs locaux des fonctions zeta des variÂetÂes algÂebriques (DÂeőnitions et conjectures), SÂeminaire Delange-Pisot-Poitou, 1969/70, n 19.

[T] J. Tate, Fourier analysis in number őelds and Hecke’s zeta-functions, Princeton, 1950, published in Cassels J. W. S., FrÈolich A., (eds), Algebraic Number Theory, Academic Press, London etc., 1967, 305ś347.

[W1] A. Weil, Basic Number Theory, Springer-Verlag, Berlin etc., 1967. [W2] A. Weil, Number theory and algebraic geometry, Proc. Intern. Math. Congres, Cambridge, Mass., vol. II, 90ś100.

[W3] A. Weil, L’intÂegration dans les groupes topologiques et ses applications, Hermann, Paris, 1940.

Department of Algebra, Steklov Mathematical Institute, Ul. Gubkina 8, Moscow GSP-1, 117966 Russia E-mail: an@parshin.mian.su, parshin@mi.ras.ru

Geometry & Topology Monographs Volume 3: Invitation to higher local őelds Part II, section 2, pages 215ś221

2. Adelic constructions for direct images

of differentials and symbols

Denis Osipov

2.0. Introduction

Let X be a smooth algebraic surface over a perfect őeld k.

Consider pairs x ∈ C, x is a closed point of X, C is either an irreducible curve on X which is smooth at x, or an irreducible analytic branch near x of an irreducible curve on X. As in the previous section 1 for every such pair x ∈ C we get a two-dimensional local őeld K_{x,C} .

If X is a projective surface, then from the adelic description of Serre duality on X there is a local decomposition for the trace map H^2(X, Ω^2_X ) → k by using a two-dimensional residue map res_{Kx,C /k(x)}: Ω^2_{Kx,C /k(x)} → k(x) (see [P1]).

From the adelic interpretation of the divisors intersection index on X there is a similar local decomposition for the global degree map from the group CH^2(X) of algebraic cycles of codimension 2 on X modulo the rational equivalence to Z by means of explicit maps from K_2(K_{x,C} ) to Z (see [P3]).

Now we pass to the relative situation. Further assume that X is any smooth surface, but there are a smooth curve S over k and a smooth projective morphism f: X → S with connected őbres. Using two-dimensional local őelds and explicit maps we describe in this section a local decomposition for the maps

f_∗: H^n(X, Ω^2_X ) → H^{n−1}(S, Ω^1_S ), f_∗: H^n(X, K_2(X)) → H^{n−1}(S, K_1(S))

where K is the Zariski sheaf associated to the presheaf U → K(U). The last two groups have the following geometric interpretation:

H^n(X, K_2(X)) = CH^2(X, 2 − n), H^{n−1}(S, K_1(S)) = CH^1(S, 2 − n)

where CH^2(X, 2 − n) and CH^1(S, 1 − n) are higher Chow groups on X and S (see [B]). Note also that CH^2(X, 0) = CH^2(X), CH^1(S, 0) = CH^1(S) = Pic(S), CH^1(S, 1) = H^0(S, O^∗_S ).

Published 10 December 2000: © Geometry & Topology Publications

Let s = f(x) ∈ S. There is a canonical embedding f^∗: K_s → K_{x,C} where K_s is the quotient of the completion of the local ring of S at s.

Consider two cases:

(1) C ≠ f^{−1}(s). Then K_{x,C} is non-canonically isomorphic to k(C)_x((t_C )) where k(C)_x is the completion of k(C) at x and t_C is a local equation of C near x.

(2) C = f^{−1}(s). Then K_{x,C} is non-canonically isomorphic to k(x)((u))((t_s )) where {u = 0} is a transversal curve at x to f^{−1}(s) and t_s ∈ K_s is a local parameter at s, i.e. k(s)((t_s)) = K_s .

2.1. Local constructions for differentials

Deőnition. For K = k((u))((t)) let U = u^ik[[u, t]]dk[[u, t]]+t^j k((u))[[t]]dk((u))[[t]] be a basis of neighbourhoods of zero in Ω^1_{k((u))[[t]]/k} (compare with 1.4.1 of Part I). Let ~Ω1_K = Ω1_{K/k}/(K · ∩U) and ~Ωn_K = ∧n ~Ω1_K . Similarly deőne ~Ωn_{Ks} .

Note that ~Ω^2_{Kx,C} is a one-dimensional space over K_{x,C} ; and ~Ω^n_{Kx,C} does not depend on the choice of a system of local parameters of ^O_x, where ^O_x is the completion of the local ring of X at x.

Deőnition. For K = k((u))((t)) and ω = ∑ i ω_i(u) ∧ t^idt = ∑ i u^idu ∧ ω^′_i(t) ∈ ~Ω^2_K put res_t(ω) = ω_{−1}(u) ∈ ~Ω^1_{k((u))}, res_u(ω) = ω^′_{−1}(t) ∈ ~Ω^1_{k((t))}.

Deőne a relative residue map f^{x,C}_∗ : ~Ω^2_{Kx,C} → ~Ω^1_{Ks} as f^{x,C}_∗ (ω) = { Tr_{k(C)x/Ks} res_{tC} (ω) if C ≠ f^{−1}(s) Tr_{k(x)((ts))/Ks} res_u(ω) if C = f^{−1}(s).

The relative residue map doesn’t depend on the choice of local parameters.

Theorem (reciprocity laws for relative residues). Fix x ∈ X. Let ω ∈ ~Ω^2_{Kx} where K_x is the minimal subring of K_{x,C} which contains k(X) and ^O_x . Then ∑ C∋x f^{x,C}_∗ (ω) = 0.

Geometry & Topology Monographs, Volume 3 (2000) ś Invitation to higher local őelds

Fix s ∈ S. Let ω ∈ ~Ω^2_{KF} where K_F is the completion of k(X) with respect to the discrete valuation associated with the curve F = f^{−1}(s). Then ∑ x∈F f^{x,F}_∗ (ω) = 0.

See [O].

2.2. The Gysin map for differentials

Deőnition. In the notations of subsection 1.2.1 in the previous section put Ω^1_{A S} = {(f_sdt_s) ∈ ∏ s∈S ~Ω^1_{Ks} , v_s(f_s) ⩾ 0 for almost all s ∈ S }

where t_s is a local parameter at s, v_s is the discrete valuation associated to t_s and K_s is the quotient of the completion of the local ring of S at s. For a divisor I on S deőne Ω_{A S} (I) = {(f_s) ∈ Ω^1_{A S} : v_s(f_s) ⩾ −v_s(I) for all s ∈ S }.

Recall that the n-th cohomology group of the following complex Ω^1_{k(S)/k} ⊕ Ω^1_{A S} (0) −→ Ω^1_{A S} (f_0, f_1) −→ f_0 + f_1.

is canonically isomorphic to H^n(S, Ω^1_S ) (see [S, Ch.II]).

The sheaf Ω^2_X is invertible on X. Therefore, Parshin’s theorem (see [P1]) shows that similarly to the previous deőnition and deőnition in 1.2.2 of the previous section for the complex Ω^2(A_X )

Ω^2_{A0} ⊕ Ω^2_{A1} ⊕ Ω^2_{A2} −→ Ω^2_{A01} ⊕ Ω^2_{A02} ⊕ Ω^2_{A12} −→ Ω^2_{A012} (f_0, f_1, f_2) −→ (f_0 + f_1, f_2 − f_0, −f_1 − f_2) (g_1, g_2, g_3) −→ g_1 + g_2 + g_3 where Ω^2_{Ai} ⊂ Ω^2_{Aij} ⊂ Ω^2_{A012} = Ω^2_{A X} = ∏ x∈C ′ ~Ω^2_{Kx,C} ⊂ ∏ x∈C ~Ω^2_{Kx,C} there is a canonical isomorphism H^n(Ω^2(A_X )) ≃ H^n(X, Ω^2_X ).

Using the reciprocity laws above one can deduce:

Theorem. The map f_∗ = ∑ C∋x,f(x)=s f x,C ∗ from Ω^2_{A X} to Ω^1_{A S} is well deőned. It maps the complex Ω^2(A_X ) to the complex 0 −→ Ω^1_{k(S)/k} ⊕ Ω^1_{A S} (0) −→ Ω^1_{A S} .

It induces the map f_∗: H^n(X, Ω^2_X ) → H^{n−1}(S, Ω^1_S ) of 2.0. See [O].

2.3. Local constructions for symbols

Assume that k is of characteristic 0.

Theorem. There is an explicitly deőned symbolic map f_∗( , )_{x,C} : K^∗_{x,C} × K^∗_{x,C} → K^∗_s (see remark below ) which is uniquely determined by the following properties N_{k(x)/k(s)} t_{Kx,C} (α, β, f^∗γ) = t_{Ks} (f_∗(α, β)_{x,C} , γ) for all α, β ∈ K^∗_{x,C} , γ ∈ K^∗_s where t_{Kx,C} is the tame symbol of the two-dimensional local őeld K_{x,C} and t_{Ks} is the tame symbol of the one-dimensional local őeld K_s (see 6.4.2 of Part I); Tr_{k(x)/k(s)}(α, β, f^∗(γ)]_{Kx,C} = (f_∗(α, β)_{x,C} , γ]_{Ks} for all α, β ∈ K^∗_{x,C} , γ ∈ K_s where (α, β, γ]_{Kx,C} = res_{Kx,C /k(x)}(γdα/α ∧ dβ/β) and (α, β]_{Ks} = res_{Ks/k(s)}(αdβ/β). The map f_∗( , )_{x,C} induces the map f_∗( , )_{x,C} : K_2(K_{x,C} ) → K_1(K_s).

Corollary (reciprocity laws). Fix a point s ∈ S. Let F = f^{−1}(s).

Let α, β ∈ K^∗_F . Then ∏ x∈F f_∗(α, β)_{x,F} = 1. Fix a point x ∈ F . Let α, β ∈ K^∗_x . Then ∏ C∋x f_∗(α, β)_{x,C} = 1. Remark. If C ≠ f^{−1}(s) then f_∗( , )_{x,C} = N_{k(C)x/Ks} t_{Kx,C} where t_{Kx,C} is the tame symbol with respect to the discrete valuation of rank 1 on K_{x,C} .

If C = f^{−1}(s) then f_∗( , )_{x,C} = N_{k(x)((ts))/Ks} ( , )_f where ( , )^{−1}_f coincides with Kato’s residue homomorphism [K, §1]. An explicit formula for ( , )_f is constructed in [O, Th.2].

2.4. The Gysin map for Chow groups

Assume that k is of arbitrary characteristic.

Deőnition. Let K^′_2(A_X ) be the subset of all (f_{x,C} ) ∈ K_2(K_{x,C} ), x ∈ C such that (a) f_{x,C} ∈ K_2(O_{x,C} ) for almost all irreducible curves C where O_{x,C} is the ring of integers of K_{x,C} with respect to the discrete valuation of rank 1 on it;

(b) for all irreducible curves C ⊂ X, all integers r ⩾ 1 and almost all points x ∈ C f_{x,C} ∈ K_2(O_{x,C} , M^r_C ) + K_2(^O_x[t^{−1}_C ]) ⊂ K_2(K_{x,C} ) where M_C is the maximal ideal of O_{x,C} and K_2(A, J) = ker(K_2(A) → K_2(A/J)). This deőnition is similar to the deőnition of [P2].

Deőnition. Using the diagonal map of K_2(K_C ) to ∏ x∈C K_2(K_{x∈C} ) and of K_2(K_x) to ∏ C∋x K_2(K_{x∈C} ) put

K^′_2(A_{01}) = K^′_2(A_X ) ∩ image of ∏ C⊂X K_2(K_C ),

K^′_2(A_{02}) = K^′_2(A_X ) ∩ image of ∏ x∈X K_2(K_x),

K^′_2(A_{12}) = K^′_2(A_X ) ∩ image of ∏ x∈C K_2(O_{x,C} ), K^′_2(A_0) = K_2(k(X)), K^′_2(A_1) = K^′_2(A_X ) ∩ image of ∏ C⊂X K_2(O_C ),

K^′_2(A_2) = K^′_2(A_X ) ∩ image of ∏ x∈X K_2(^O_x)

where O_C is the ring of integers of K_C .

Deőne the complex K_2(A_X ):

K^′_2(A_0) ⊕ K^′_2(A_1) ⊕ K^′_2(A_2) →K^′_2(A_{01}) ⊕ K^′_2(A_{02}) ⊕ K^′_2(A_{12}) → K^′_2(A_{012}) (f_0, f_1, f_2) →(f_0 + f_1, f_2 − f_0, −f_1 − f_2) (g_1, g_2, g_3) → g_1 + g_2 + g_3 where K^′_2(A_{012}) = K^′_2(A_X ).

Using the Gersten resolution from K -theory (see [Q, §7]) one can deduce:

Theorem. There is a canonical isomorphism

H^n(K_2(A_X )) ≃ H^n(X, K_2(X)).

Similarly one deőnes K^′_1(A_S ). From H^1(S, K_1(S)) = H^1(S, O^∗_S ) = Pic(S) (or from the approximation theorem) it is easy to see that the n-th cohomology group of the following complex

K_1(k(S)) ⊕ ∑ s∈S K_1(^O_s) −→ K^′_1(A_S ) (f_0, f_1) −→ f_0 + f_1.

is canonically isomorphic to H^n(S, K_1(S)) (here ^O_s is the completion of the local ring of C at s ).

Assume that k is of characteristic 0.

Using the reciprocity law above and the previous theorem one can deduce:

Theorem. The map f_∗ = ∑ C∋x,f(x)=s f∗( , )x,C from K ′ 2(A_X ) to K^′_1(A_S ) is well deőned. It maps the complex K_2(A_X ) to the complex

0 −→ K_1(k(S)) ⊕ ∑ s∈S K_1(^O_s) −→ K^′_1(A_S ).

It induces the map f_∗: H^n(X, K_2(X)) → H^{n−1}(S, K_1(S)) of 2.0. If n = 2, then the last map is the direct image morphism (Gysin map) from CH^2(X) to CH^1(S).

References

[B] S. Bloch, Algebraic K-theory, motives and algebraic cycles, ICM90, p.43ś54. [K] K. Kato, Residue homomorphism in Milnor K-theory, Galois groups and their representations (Nagoya 1981), Advanced Studies in Pure Math., vol. 2, North-Holland, Amsterdam-New York 1983, p.153ś172.

[O] D. V. Osipov, Adele constructions of direct images of differentials and symbols, Mat.

Sbornik (1997); English translation in Sbornik: Mathematics 188:5 (1997), 697ś723; slightly revised version in e-print alg-geom/9802112.

[P1] A. N. Parshin On the arithmetic of two-dimensional schemes. I. Repartitions and residues, Izv. Akad. Nauk SSSR Ser. Mat. 40(4) (1976), p.736ś773; English translation in Math. USSR Izv. 10 (1976).

[P2] A. N. Parshin, Abelian coverings of arithmetical schemes, DAN USSR, v.243 (1978), p.855ś858; English translation in Soviet. Math. Doklady 19 (1978).

[P3] A. N. Parshin, Chern classes, adeles and L-functions, J. reine angew. Math. 341(1983), 174ś192.

[Q] D. Quillen, Higher algebraic K-theory 1, Lecture Notes Math. 341, Algebraic K-theory I, Springer-Verlag, Berlin etc., 85ś147.

[S] J.-P. Serre, Groupes algÂebriques et corps de classes, Hermann, Paris, 1959.

Department of Algebra, Steklov Mathematical Institute, Ul. Gubkina, 8, Moscow, GSP-1, 117966, Russia

Email: d_−osipov@ mail.ru

Geometry & Topology Monographs Volume 3: Invitation to higher local őelds Part II, section 3, pages 223ś237

3. The BruhatśTits buildings over

higher dimensional local őelds

A. N. Parshin

3.0. Introduction

A generalization of the BruhatśTits buildings for the groups P GL(V ) over n-dimen-sional local őelds was introduced in [P1]. The main object of the classical BruhatśTits theory is a simplicial complex attached to any reductive algebraic group G deőned over a őeld K. There are two parallel theories in the case where K has no additional structure or K is a local (or more generally, complete discrete valuation) őeld. They are known as the spherical and euclidean buildings correspondingly (see subsection 3.2 for a brief introduction, [BT1], [BT2] for original papers and [R], [T1] for the surveys).

In the generalized theory of buildings they correspond to local őelds of dimension zero and of dimension one. The construction of the BruhatśTits building for the group P GL(2) over two-dimensional local őeld was described in detail in [P2]. Later V. Ginzburg and M. Kapranov extended the theory to arbitrary reductive groups over a two-dimensional local őelds [GK]. Their deőnition coincides with ours for P GL(2) and is different for higher ranks. But it seems that they are closely related (in the case of the groups of type A_l ). It remains to develop the theory for arbitrary reductive groups over local őelds of dimension greater than two.

In this work we describe the structure of the higher building for the group P GL(3) over a two-dimensional local őeld. We refer to [P1], [P2] for the motivation of these constructions.

This work contains four subsections. In 3.1 we collect facts about the Weyl group. Then in 3.2 we brieŕy describe the building for P GL(2) over a local őeld of dimension not greater than two; for details see [P1], [P2]. In 3.3 we study the building for P GL(3) over a local őeld F of dimension one and in 3.4 we describe the building over a two-dimensional local őeld.

We use the notations of section 1 of Part I.

Published 10 December 2000: © Geometry & Topology Publications

If K is an n-dimensional local őeld, let Γ_K be the valuation group of the discrete valuation of rank n on K^∗; the choice of a system of local parameters t_1, . . . , t_n of K induces an isomorphism of Γ_K and the lexicographically ordered group Z^{⊕n}.

Let K ( K = K_2, K_1, K_0 = k ) be a two-dimensional local őeld. Let O = O_K , M = M_K , O = O_K , M = M_K (see subsection 1.1 of Part I). Then O = pr^{−1}(O_{K1} ), M = pr^{−1}(M_{K1} ) where pr: O_K → K_1 is the residue map. Let t_1, t_2 be a system of local parameters of K.

If K ⊃ O is the fraction őeld of a ring O we call O-submodules J ⊂ K fractional O-ideals (or simply fractional ideals).

The ring O has the following properties: (i) O/M ≃ k, K^∗ ≃ ⟨t_1⟩ × ⟨t_2⟩ × O^∗, O^∗ ≃ k^∗ × (1 + M); (ii) every őnitely generated fractional O-ideal is principal and equal to

P (i, j) = (t^i_1t^j_2) for some i, j ∈ Z

(for the notation P (i, j) see loc.cit.);

(iii) every inőnitely generated fractional O-ideal is equal to

P (j) = M^j_K = ⟨t^i_1t^j_2 : i ∈ Z⟩ for some j ∈ Z

(see [FP], [P2] or section 1 of Part I). The set of these ideals is totally ordered with respect to the inclusion.

3.1. The Weyl group

Let B be the image of O O . . . O M O . . . O . . . M M . . . O in P GL(m, K). Let N be the subgroup of monomial matrices.

Deőnition 1. Let T = B ⋂ N be the image of O^∗ . . . 0 .. . 0 . . . O^∗ in G.

The group W = W_{K/K1/k} = N/T is called the Weyl group.

There is a rich structure of subgroups in G which have many common properties with the theory of BN-pairs. In particular, there are Bruhat, Cartan and Iwasawa decompositions (see [P2]).

The Weyl group W contains the following elements of order two

s_i =

1 . . . 0 0 . . . 0 .. . 0 . . . 1 0 0 . . . 0 1 . . . 0 0 1 0 . . . 0 0 . . . 1 . . . 0 .. . 0 . . . 0 0 . . . 1

, i = 1, ..., m − 1;

w_1 =

0 0 . . . 0 t_1 0 1 . . . 0 0 . . . . . . . . . 1 0 t^{−1}_1 0 . . . 0 0

, w_2 =

0 0 . . . 0 t_2 0 1 . . . 0 0 . . . . . . . . . 1 0 t^{−1}_2 0 . . . 0 0 .

The group W has the following properties:

(i) W is generated by the set S of its elements of order two, (ii) there is an exact sequence 0 → E → W_{K/K1/k} → W_K → 1, where E is the kernel of the addition map Γ_K ⊕ · · · ⊕ Γ_K m times → Γ_K

and W_K is isomorphic to the symmetric group S_m;

(iii) the elements s_i, i = 1, . . . , m − 1 deőne a splitting of the exact sequence and the subgroup ⟨s_1, . . . , s_{m−1}⟩ acts on E by permutations.

In contrast with the situation in the theory of BN-pairs the pair (W, S) is not a Coxeter group and furthermore there is no subset S of involutions in W such that (W, S) is a Coxeter group (see [P2]).

3.2. BruhatśTits building for P GL(2) over a local őeld of dimension ⩽ 2

In this subsection we brieŕy recall the main constructions. For more details see [BT1], [BT2], [P1], [P2].

3.2.1. Let k be a őeld (which can be viewed as a 0-dimensional local őeld). Let V be a vector space over k of dimension two.

Deőnition 2. The spherical building of P GL(2) over k is a zero-dimensional complex Δ(k) = Δ(P GL(V ), k) whose vertices are lines in V .

The group P GL(2, k) acts on Δ(k) transitively. The Weyl group (in this case it is of order two) acts on Δ(k) and its orbits are apartments of the building.

3.2.2. Let F be a complete discrete valuation őeld with residue őeld k. Let V be a vector space over F of dimension two. We say that L ⊂ V is a lattice if L is an O_F -module. Two submodules L and L^′ belong to the same class ⟨L⟩ ∼ ⟨L^′⟩ if and only if L = aL^′ , with a ∈ F^∗.

Deőnition 3. The euclidean building of P GL(2) over F is a one-dimensional complex Δ(F/k) whose vertices are equivalence classes ⟨L⟩ of lattices. Two classes ⟨L⟩ and ⟨L^′⟩ are connected by an edge if and only if for some choice of L, L^′ there is an exact sequence 0 → L^′ → L → k → 0. Denote by Δ_i(F/k) the set of i-dimensional simplices of the building Δ(F/k).

The following link property is important:

Let P ∈ Δ_0(F/k) be represented by a lattice L. Then the link of P ( = the set of edges of Δ(F/k) going from P ) is in one-to-one correspondence with the set of lines in the vector space V_P = L/M_F L (which is Δ(P GL(V_P ), k) ). The orbits of the Weyl group W (which is in this case an inőnite group with two generators of order two) are inőnite sets consisting of x_i = ⟨L_i⟩, L_i = O_F ⊕ M^i_F . . . . . . . x_{i−1} xi xi+1 An element w of the Weyl group acts in the following way: if w ∈ E = Z then w acts by translation of even length; if w ∉ E then w acts as an involution with a unique őxed point x_{i0} : w(x_{i+i0} ) = x_{i0−i}.

To formalize the connection of Δ(F/k) with Δ(F ) we deőne a boundary point of Δ(F/k) as a class of half-lines such that the intersection of every two half-lines from the class is a half-line in both of them. The set of the boundary points is called the boundary of Δ(F/k).

There is an isomorphism between P GL(2, F )-sets Δ(F ) and the boundary of Δ(F/k): if a half-line is represented by L_i = O_F ⊕ M^i_F , i > 0, then the corresponding vertex of Δ(F ) is the line F ⊕ (0) in V .

It seems reasonable to slightly change the notations to make the latter isomorphisms more transparent.

Deőnition 4 ([P1]). Put Δ_.[0](F/k) = the complex of classes of O_F -submodules in V isomorphic to F ⊕ O_F (so Δ_.[0](F/k) is isomorphic to Δ(F ) ) and put Δ_.[1](F/k) = Δ(F/k). Deőne the building of P GL(2) over F as the union Δ_.(F/k) = Δ_.[1](F/k) ⋃ Δ_.[0](F/k) and call the subcomplex Δ_.[0](F/k) the boundary of the building. The discrete topology on the boundary can be extended to the whole building.

3.2.3. Let K be a two-dimensional local őeld.

Let V be a vector space over K of dimension two. We say that L ⊂ V is a lattice if L is an O-module. Two submodules L and L^′ belong to the same class ⟨L⟩ ∼ ⟨L^′⟩ if and only if L = aL^′ , with a ∈ K^∗.

Deőnition 5 ([P1]). Deőne the vertices of the building of P GL(2) over K as

Δ_0[2](K/K_1/k) = classes of O-submodules L ⊂ V : L ≃ O ⊕ O Δ_0[1](K/K_1/k) = classes of O-submodules L ⊂ V : L ≃ O ⊕ O Δ_0[0](K/K_1/k) = classes of O-submodules L ⊂ V : L ≃ O ⊕ K. Put Δ_0(K/K_1/k) = Δ_0[2](K/K_1/k) ⋃ Δ_0[1](K/K_1/k) ⋃ Δ_0[0](K/K_1/k).

A set of {L_α}, α ∈ I, of O-submodules in V is called a chain if (i) for every α ∈ I and for every a ∈ K^∗ there exists an α^′ ∈ I such that aL_α = L_α′ , (ii) the set {L_α, α ∈ I} is totally ordered by the inclusion.

A chain {L_α, α ∈ I} is called a maximal chain if it cannot be included in a strictly larger set satisfying the same conditions (i) and (ii).

We say that ⟨L_0⟩, ⟨L_1⟩, . . . , ⟨L_m⟩ belong to a simplex of dimension m if and only if the L_i , i = 0, 1, ..., m belong to a maximal chain of O_F -submodules in V . The faces and the degeneracies can be deőned in a standard way (as a deletion or repetition of a vertex). See [BT2].

Let {L_α} be a maximal chain of O-submodules in the space V . There are exactly three types of maximal chains ([P2]):

(i) if the chain contains a module L isomorphic to O ⊕ O then all the modules of the chain are of that type and the chain is uniquely determined by its segment · · · ⊃ O ⊕ O ⊃ M ⊕ O ⊃ M ⊕ M ⊃ . . . . (ii) if the chain contains a module L isomorphic to O ⊕ O then the chain can be restored from the segment: · · · ⊃ O ⊕ O ⊃ O ⊕ P (1, 0) ⊃ O ⊕ P (2, 0) ⊃ · · · ⊃ O ⊕ M ⊃ . . . (recall that P (1, 0) = M ).

(iii) if the chain contains a module L isomorphic to O ⊕ O then the chain can be restored from the segment: · · · ⊃ O ⊕ O ⊃ P (1, 0) ⊕ O ⊃ P (2, 0) ⊕ O ⊃ · · · ⊃ M ⊕ O ⊃ . . . .

3.3. BruhatśTits building for P GL(3) over a local őeld F of dimension 1

Let G = P GL(3).

Let F be a one-dimensional local őeld, F ⊃ O_F ⊃ M_F , O_F /M_F ≃ k. Let V be a vector space over F of dimension three. Deőne lattices in V and their equivalence similarly to the deőnition of 3.2.2.

First we deőne the vertices of the building and then the simplices. The result will be a simplicial set Δ_.(G, F/k).

Deőnition 6. The vertices of the BruhatśTits building:

Δ_0[1](G, F/k) = {classes of O_F -submodules L ⊂ V : L ≃ O_F ⊕ O_F ⊕ O_F }, Δ_0[0](G, F/k) = {classes of O_F -submodules L ⊂ V : L ≃ O_F ⊕ O_F ⊕ F or L ≃ O_F ⊕ F ⊕ F }, Δ_0(G, F/k) = Δ_0[1](G, F/k) ∪ Δ_0[0](G, F/k). We say that the points of Δ_0[1] are inner points, the points of Δ_0[0] are boundary points. Sometimes we delete G and F/k from the notation if this does not lead to confusion.

We have deőned the vertices only. For the simplices of higher dimension we have the following:

Deőnition 7. Let {L_α, α ∈ I} be a set of O_F -submodules in V . We say that {L_α, α ∈ I} is a chain if

(i) for every α ∈ I and for every a ∈ K^∗ there exists an α^′ ∈ I such that aL_α = L_α′ , (ii) the set {L_α, α ∈ I} is totally ordered by the inclusion.

A chain {L_α, α ∈ I} is called a maximal chain if it cannot be included in a strictly larger set satisfying the same conditions (i) and (ii).

We say that ⟨L_0⟩, ⟨L_1⟩, . . . , ⟨L_m⟩ belong to a simplex of dimension m if and only if the L_i , i = 0, 1, ..., m belong to a maximal chain of O_F -submodules in V . The faces and the degeneracies can be deőned in a standard way (as a deletion or repetition of a vertex). See [BT2].

To describe the structure of the building we őrst need to determine all types of the maximal chains. Proceeding as in [P2] (for P GL(2) ) we get the following result.

Proposition 1. There are exactly three types of maximal chains of O_F -submodules in the space V :

(i) the chain contains a module isomorphic to O_F ⊕ O_F ⊕ O_F . Then all the modules from the chain are of that type and the chain has the following structure:

· · · ⊃ M^i_F L ⊃ M^i_F L^′ ⊃ M^i_F L^{′′} ⊃ M^{i+1}_F L ⊃ M^{i+1}_F L^′ ⊃ M^{i+1}_F L^{′′} ⊃ . . .

where ⟨L⟩, ⟨L^′⟩, ⟨L^{′′}⟩ ∈ Δ_0(G, F/k)[1] and L ≃ O_F ⊕ O_F ⊕ O_F , L^′ ≃ O_F ⊕ O_F ⊕ M_F , L^{′′} ≃ O_F ⊕ M_F ⊕ M_F .

(ii) the chain contains a module isomorphic to O_F ⊕ O_F ⊕ F . Then the chain has the following structure:

· · · ⊃ M^i_F L ⊃ M^i_F L^′ ⊃ M^{i+1}_F L ⊃ . . .

where ⟨L⟩, ⟨L^′⟩ ∈ Δ_0(G, F/k)[0] and L ≃ O_F ⊕ O_F ⊕ F , L^′ ≃ M_F ⊕ O_F ⊕ F . (iii) the chain contains a module isomorphic to O_F ⊕ F ⊕ F . Then the chain has the following structure: · · · ⊃ M^i_F L ⊃ M^{i+1}_F L ⊃ . . . where ⟨L⟩ ∈ Δ_0(G, F/k)[0]. We see that the chains of the őrst type correspond to two-simplices, of the second type Ð to edges and the last type represent some vertices. It means that the simplicial set Δ_. is a disconnected union of its subsets Δ_.[m], m = 0, 1. The dimension of the subset Δ_.[m] is equal to one for m = 0 and to two for m = 1.

Usually the buildings are deőned as combinatorial complexes having a system of subcomplexes called apartments (see, for example, [R], [T1], [T2]). We show how to introduce them for the higher building.

Deőnition 8. Fix a basis e_1, e_2, e_3 ∈ V . The apartment deőned by this basis is the following set Σ_. = Σ_.[1] ∪ Σ_.[0],

230 A. N. Parshin

where

Σ_0[1] = {⟨L⟩ : L =a_1e_1 ⊕ a_2e_2 ⊕ a_3e_3, where a_1, a_2, a_3 are O_F -submodules in F isomorphic to O_F } Σ_0[0] = {⟨L⟩ : L =a_1e_1 ⊕ a_2e_2 ⊕ a_3e_3, where a_1, a_2, a_3 are O_F -submodules in F isomorphic either to O_F or to F and at least one a_i is isomorphic to F }.

Σ_.[m] is the minimal subcomplex having Σ_0[m] as vertices.

⟨O_F ⊕F ⊕F ⟩

⟨F ⊕F ⊕O_F ⟩

⟨F ⊕O_F ⊕F ⟩

1 -11 01 11 21

0 -20 -10 00 10 -1 -2-1 -1-1 0-1 j_{⟨OF ⊕F ⊕M}-j_{F ⟩}

⟨F ⊕O_F ⊕M-^l_F ⟩ l 1 0 -1 -2

1 0 -1 i ⟨O_F ⊕M^i_F ⊕F ⟩

It can be shown that the building Δ_.(G, F/k) is glued from the apartments, namely Δ_.(G, F/k) = ⨆ all bases of V

Σ_. / an equivalence relation

Geometry & Topology Monographs, Volume 3 (2000) ś Invitation to higher local őelds

(see [T2]).

We can make this description more transparent by drawing all that in the picture above where the dots of different kinds belong to the different parts of the building. In contrast with the case of the group P GL(2) it is not easy to draw the whole building and we restrict ourselves to an apartment.

Here the inner vertices are represented by the lattices ij = ⟨O_F ⊕ M^i_F ⊕ M^j_F ⟩, i, j ∈ Z. The deőnition of the boundary gives a topology on Δ_0(G, F/k) which is discrete on both subsets Δ_0[1] and Δ_0[0]. The convergence of the inner points to the boundary points is given by the following rules: ⟨O_F ⊕ M^i_F ⊕ M^j_F ⟩^{j→−∞}−−−−→ ⟨O_F ⊕ M^i_F ⊕ F ⟩, ⟨O_F ⊕ M^i_F ⊕ M^j_F ⟩^{j→∞}−−−→ ⟨F ⊕ F ⊕ O_F ⟩, because ⟨O_F ⊕ M^i_F ⊕ M^j_F ⟩ = ⟨M^{−j}_F ⊕ M^{−j+i}_F ⊕ O_F ⟩. The convergence in the other two directions can be deőned along the same line (and it is shown on the picture). It is easy to extend it to the higher simplices.

Thus, there is the structure of a simplicial topological space on the apartment and then we deőne it on the whole building using the gluing procedure. This topology is stronger than the topology usually introduced to connect the inner part and the boundary together. The connection with standard łcompactiőcationž of the building is given by the following map:

⟨O_F ⊕F ⊕F ⟩

⟨O_F ⊕F ⊕O_F ⟩

⟨F ⊕F ⊕O_F ⟩ ⟨O_F ⊕F ⊕F ⟩ i ⟨O_F ⊕F ⊕M^i_F ⟩ ⟨F ⊕F ⊕O_F ⟩

−→

This map is bijective on the inner simplices and on a part of the boundary can be described as

↓ ↓ ↓

We note that the complex is not a CW-complex but only a closure őnite complex. This łcompactiőcationž was used by G. Mustaőn [M].

We have two kinds of connections with the buildings for other őelds and groups. First, for the local őeld F there are two local őelds of dimension 0, namely F and k. Then for every P ∈ Δ_0[1](P GL(V ), F/k) the Link(P ) is equal to Δ_.(P GL(V_P ), k) where V_P = L/M_F L if P = ⟨L⟩ and the Link(P ) is the boundary of the Star(P ). Since the apartments for the P GL(3, k) are hexagons, we can also observe this property on the picture. The analogous relation with the building of P GL(3, K) is more complicated. It is shown on the picture above.

The other relations work if we change the group G but not the őeld. We see that three different lines go out from every inner point in the apartment. They represent the apartments of the group P GL(2, F/k). They correspond to different embeddings of the P GL(2) into P GL(3).

Also we can describe the action of the Weyl group W on an apartment. If we őx a basis, the extension 0 → Γ_F ⊕ Γ_F → W → S_3 → 1

splits. The elements from S_3 ⊂ W act either as rotations around the point 00 or as reŕections. The elements of Z ⊕ Z ⊂ W can be represented as triples of integers (according to property (ii) in the previous subsection). Then they correspond to translations of the lattice of inner points along the three directions going from the point 00.

If we őx an embedding P GL(2) ⊂ P GL(3) then the apartments and the Weyl groups are connected as follows: Σ_.(P GL(2)) ⊂ Σ_.(P GL(3)), 0 −−−−→ Z −−−−→ W^′ −−−−→ S_2 −−−−→ 1

0 −−−−→ Z ⊕ Z −−−−→ W −−−−→ S_3 −−−−→ 1 where W^′ is a Weyl group of the group P GL(2) over the őeld F/k.

3.4. BruhatśTits building for P GL(3) over a local őeld of dimension 2

Let K be a two-dimensional local őeld. Denote by V a vector space over K of dimension three. Deőne lattices in V and their equivalence in a similar way to 3.2.3. We shall consider the following types of lattices:

Δ_0[2] 222 ⟨O ⊕ O ⊕ O⟩ Δ_0[1] 221 ⟨O ⊕ O ⊕ O⟩ 211 ⟨O ⊕ O ⊕ O⟩ Δ_0[0] 220 ⟨O ⊕ O ⊕ K⟩ 200 ⟨O ⊕ K ⊕ K⟩ Geometry & Topology Monographs, Volume 3 (2000) ś Invitation to higher local őelds

To deőne the buildings we repeat the procedure from the previous subsection.

Deőnition 10. The vertices of the BruhatśTits building are the elements of the following set:

Δ_0(G, K/K_1/k) = Δ_0[2] ∪ Δ_0[1] ∪ Δ_0[0].

To deőne the simplices of higher dimension we can repeat word by word Deőnitions 7 and 8 of the previous subsection replacing the ring O_F by the ring O (note that we work only with the types of lattices listed above). We call the subset Δ[1] the inner boundary of the building and the subset Δ[0] the external boundary. The points in Δ[2] are the inner points.

To describe the structure of the building we őrst need to determine all types of the maximal chains. Proceeding as in [P2] for P GL(2) we get the following result.

Proposition 2. Let {L_α} be a maximal chain of O-submodules in the space V . There are exactly őve types of maximal chains:

(i) If the chain contains a module L isomorphic to O ⊕ O ⊕ O then all the modules of the chain are of that type and the chain is uniquely determined by its segment · · · ⊃ O ⊕ O ⊕ O ⊃ M ⊕ O ⊕ O ⊃ M ⊕ M ⊕ O ⊃ M ⊕ M ⊕ M ⊃ . . . (ii) If the chain contains a module L isomorphic to O ⊕ O ⊕ O then the chain can be restored from the segment: ···⊃ł O⊕O⊕O ž⊃···⊃O⊕O⊕O⊃M⊕O⊕O⊃M⊕M⊕O⊃···⊃M⊕M⊕O quotient ≃K1⊕K1 11 =M⊕M⊕O⊃···⊃M⊕M⊕O⊃M⊕M⊕M⊃···⊃M⊕M⊕M⊃... quotient ≃K1 22 Here the modules isomorphic to O ⊕ O ⊕ O do not belong to this chain and are inserted as in the proof of Proposition 1 of [P2].

(iii) All the modules L_α ≃ O ⊕ O ⊕ O. Then the chain contains a piece · · · ⊃ ł O ⊕ O ⊕ O ž ⊃ · · · ⊃ O ⊕ O ⊕ O ⊃ M ⊕ O ⊕ O ⊃ · · · ⊃ M ⊕ O ⊕ O quotient ≃K_1 11 = M ⊕ O ⊕ O ⊃ · · · ⊃ M ⊕ O ⊕ O ⊃ · · · ⊃ M ⊕ M ⊕ O quotient ≃K_1 11 = M ⊕ M ⊕ O ⊃ · · · ⊃ M ⊕ M ⊕ O ⊃ · · · ⊃ M ⊕ M ⊕ M ⊃ . . . quotient ≃K_1 11 and can also be restored from it. Here the modules isomorphic to O ⊕ O ⊕ O do not belong to this chain and are inserted as in the proof of Proposition 1 of [P2].

(iv) If there is an L_α ≃ O ⊕ O ⊕ K then one can restore the chain from · · · ⊃ O ⊕ O ⊕ K ⊃ M ⊕ O ⊕ K ⊃ M ⊕ M ⊕ K ⊃ . . .

(v) If there is an L_α ≃ O ⊕ K ⊕ K then the chain can be written down as · · · ⊃ M^i ⊕ K ⊕ K ⊃ M^{i+1} ⊕ K ⊕ K ⊃ . . . We see that the chains of the őrst three types correspond to two-simplices, of the fourth type Ð to edges of the external boundary and the last type represents a vertex of the external boundary. As above we can glue the building from apartments. To introduce them we can again repeat the corresponding deőnition for the building over a local őeld of dimension one (see Deőnition 4 of the previous subsection). Then the apartment Σ_. is a union Σ_. = Σ_.[2] ∪ Σ_.[1] ∪ Σ_.[0]

where the pieces Σ_.[i] contain the lattices of the types from Δ_.[i].

The combinatorial structure of the apartment can be seen from two pictures at the end of the subsection. There we removed the external boundary Σ_.[0] which is simplicially isomorphic to the external boundary of an apartment of the building Δ_.(P GL(3), K/K_1/k). The dots in the őrst picture show a convergence of the vertices inside the apartment. As a result the building is a simplicial topological space.

We can also describe the relations of the building with buildings of the same group G over the complete discrete valuation őelds K and K_1. In the őrst case there is a projection map π: Δ_.(G, K/K_1/k) → Δ_.(G, K/K_1). Under this map the big triangles containing the simplices of type (i) are contracted into points, the triangles containing the simplices of type (ii) go to edges and the simplices of type (iii) are mapped isomorphically to simplices in the target space. The external boundary don’t change.

The lines

. . . . . . . . . . . . . . . x∞ zn y_{n−}1 x_{i,n} x_i+1_{,n} z_n+1 yn x_{i,n}+1 x0

can easily be visualized inside the apartment. Only the big white dots corresponding to the external boundary are missing. We have three types of lines going from the inner points under the angle 2π/3. They correspond to different embeddings of P GL(2) into P GL(3).

Using the lines we can understand the action of the Weyl group W on an apartment. The subgroup S_3 acts in the same way as in 3.2. The free subgroup E (see 3.1) has six types of translations along these three directions. Along each line we have two opportunities which were introduced for P GL(2).

Namely, if w ∈ Γ_K ≃ Z ⊕ Z ⊂ W then w = (0, 1) acts as a shift of the whole structure to the right: w(x_{i,n}) = x_{i,n+2}, w(y_n) = y_{n+2}, w(z_n) = z_{n+2}, w(x_0) = x_0, w(x_∞) = x_∞.

The element w = (1, 0) acts as a shift on the points x_{i,n} but leaves őxed the points in the inner boundary w(x_{i,n}) = x_{i+2,n}, w(y_n) = y_n, w(z_n) = z_n, w(x_0) = x_0, w(x_∞) = x_∞, (see [P2, Theorem 5, v]).

simplices of type (i) simplices of type (ii) simplices of type (iii)

. . . . . .

. . . . . .

. . . . . .

References

[BT1] F. Bruhat and J. Tits, Groupes rÂeductives sur un corps local. I. DonnÂees radicielles valuÂees, Publ. Math. IHES 41(1972), 5ś251; II.SchÂemas en groupes, Existence d’une donnÂee radicielle valuÂee, Publ. Math. IHES 60(1984), 5ś184.

[BT2] F. Bruhat and J. Tits, SchÂemas en groupes et immeubles des groupes classiques sur un corps local, Bull. Soc. Math. France 112(1984), 259ś301.

[FP] T. Fimmel and A. N. Parshin, An Introduction into the Higher Adelic Theory (in preparation).

[GK] V. A. Ginzburg and M. M. Kapranov, Hecke algebras for p-adique loop groups, preprint, 1996.

[M] G. A. Mustaőn, On non-archimedean uniformization, Math. Sbornik, 105(1978), 207ś 237.

[P1] A. N. Parshin, Higher BruhatśTits buildings and vector bundles on an algebraic surface, Algebra and Number Theory (Proc. Conf. Inst. Exp. Math. Univ. Essen, 1992), de Gruyter, Berlin, 1994, 165ś192.

[P2] A. N. Parshin, Vector bundles and arithmetical groups I, Proc. Steklov Math. Institute, 208(1996), 212ś233.

[R] M. Ronan, Buildings: main ideas and applications. I, Bull. London Math.Soc. 24(1992), 1ś51; II, ibid 24(1992), 97ś126.

[T1] J. Tits, On buildings and their applications, Proc. Intern. Congr. Math. (Vancouver 1974), Canad. Math. Congr., Montreal, 1975, Vol. 1, 209ś220.

[T2] J. Tits, Reductive groups over local őelds, Automorphic Forms, Representations and L-functions, Proc. Symp. Pure Math., 33, part 1, AMS, Providence, 1979, 29ś70.

Department of Algebra, Steklov Mathematical Institute, Ul. Gubkina 8, Moscow GSP-1, 117966 Russia E-mail: an@parshin.mian.su, parshin@mi.ras.ru

Geometry & Topology Monographs Volume 3: Invitation to higher local őelds Part II, section 4, pages 239ś253

4. Drinfeld modules and local őelds of positive characteristic

ErnstśUlrich Gekeler

The relationship between local őelds and Drinfeld modules is twofold. Drinfeld modules allow explicit construction of abelian and nonabelian extensions with prescribed properties of local and global őelds of positive characteristic. On the other hand, n-dimensional local őelds arise in the construction of (the compactiőcation of) moduli schemes X for Drinfeld modules, such schemes being provided with a natural stratiőcation X_0 ⊂ X_1 ⊂ · · · X_i · · · ⊂ X_n = X through smooth subvarieties X_i of dimension i.

We will survey that correspondence, but refer to the literature for detailed proofs (provided these exist so far). An important remark is in order: The contents of this article take place in characteristic p > 0, and are in fact locked up in the characteristic p world. No lift to characteristic zero nor even to schemes over Z/p^2 is known!

4.1. Drinfeld modules

Let L be a őeld of characteristic p containing the őeld F_q , and denote by τ = τ_q raising to the q th power map x → x^q . If ł a ž denotes multiplication by a ∈ L, then τa = a^q τ . The ring End(G_{a /L}) of endomorphisms of the additive group G_{a /L} equals L{τ_p} = { ∑ a_iτ^i_p : a_i ∈ L}, the non-commutative polynomial ring in τ_p = (x → x^p) with the above commutation rule τ_pa = a^pτ . Similarly, the subring End_{Fq} (G_{a /L}) of F_q -endomorphisms is L{τ} with τ = τ^n_p if q = p^n. Note that L{τ} is an F_q -algebra since F_q → L{τ} is central.

Deőnition 1. Let C be a smooth geometrically connected projective curve over F_q . Fix a closed (but not necessarily F_q -rational) point ∞ of C. The ring A = Γ(C−{∞}, O_C) is called a Drinfeld ring. Note that A^∗ = F^∗_q .

Published 10 December 2000: © Geometry & Topology Publications

Example 1. If C is the projective line P^1_{/Fq} and ∞ is the usual point at inőnity then A = F_q [T ].

Example 2. Suppose that p ≠ 2, that C is given by an afőne equation Y^2 = f(X) with a separable polynomial f(X) of even positive degree with leading coefőcient a non-square in F_q , and that ∞ is the point above X = ∞. Then A = F_q [X, Y ] is a Drinfeld ring with deg_{Fq} (∞) = 2.

Deőnition 2. An A-structure on a őeld L is a homomorphism of F_q -algebras (in brief: an F_q -ring homomorphism) γ: A → L. Its A-characteristic char_A(L) is the maximal ideal ker(γ), if γ fails to be injective, and ∞ otherwise. A Drinfeld module structure on such a őeld L is given by an F_q -ring homomorphism ϕ: A → L{τ} such that ∂ ∘ ϕ = γ, where ∂: L{τ} → L is the L-homomorphism sending τ to 0.

Denote ϕ(a) by ϕ_a ∈ End_{Fq} (G_{a /L}); ϕ_a induces on the additive group over L (and on each L-algebra M ) a new structure as an A-module: (4.1.1) a ∗ x := ϕ_a(x) (a ∈ A, x ∈ M). We brieŕy call ϕ a Drinfeld module over L, usually omitting reference to A.

Deőnition 3. Let ϕ and ψ be Drinfeld modules over the A-őeld L. A homomorphism u: ϕ → ψ is an element of L{τ} such that u ∘ ϕ_a = ψ_a ∘ u for all a ∈ A. Hence an endomorphism of ϕ is an element of the centralizer of ϕ(A) in L{τ}, and u is an isomorphism if u ∈ L^∗ → L{τ} is subject to u ∘ ϕ_a = ψ_a ∘ u. Deőne deg: a → Z∪{−∞} and deg_τ : L{τ} → Z∪{−∞} by deg(a) = log_q |A/a| ( a ≠ 0; we write A/a for A/aA ), deg(0) = −∞, and deg_τ (f) = the well deőned degree of f as a łpolynomialž in τ . It is an easy exercise in Dedekind rings to prove the following

Proposition 1. If ϕ is a Drinfeld module over L, there exists a non-negative integer r such that deg_τ (ϕ_a) = r deg(a) for all a ∈ A ; r is called the rank rk(ϕ) of ϕ.

Obviously, rk(ϕ) = 0 means that ϕ = γ, i.e., the A-module structure on G_{a /L} is the tautological one.

Deőnition 4. Denote by M^r(1)(L) the set of isomorphism classes of Drinfeld modules of rank r over L.

Example 3. Let A = F_q [T ] be as in Example 1 and let K = F_q (T ) be its fraction őeld. Deőning a Drinfeld module ϕ over K or an extension őeld L of K is equivalent to specifying ϕ_T = T + g_1τ + · · · + g_rτ^r ∈ L{T }, where g_r ≠ 0 and r = rk(ϕ). In the special case where ϕ_T = T + τ , ϕ is called the Carlitz module. Two such Drinfeld modules ϕ and ϕ^′ are isomorphic over the algebraic closure L^{alg} of L if and only if there is some u ∈ L^{alg ∗} such that g^′_i = u^{qi −1}g_i for all i ⩾ 1. Hence M^r(1)(L^{alg}) can be described (for r ⩾ 1 ) as an open dense subvariety of a weighted projective space of dimension r − 1 over L^{alg}.

4.2. Division points

Deőnition 5. For a ∈ A and a Drinfeld module ϕ over L, write_aϕ for the subscheme of a-division points of G_{a /L} endowed with its structure of an A-module. Thus for any L-algebra M , aϕ(M) = {x ∈ M: ϕ_a(x) = 0}. More generally, we put_aϕ = ⋂ a∈a ϕ_a for an arbitrary (not necessarily principal) ideal

a of A. It is a őnite ŕat group scheme of degree rk(ϕ) · deg(a), whose structure is described in the next result.

Proposition 2 ([Dr], [DH, I, Thm. 3.3 and Remark 3.4]). Let the Drinfeld module ϕ over L have rank r ⩾ 1.

(i) If char_A(L) = ∞,_aϕ is reduced for each ideal a of A, and_aϕ(L^{sep}) =_aϕ(L^{alg}) is isomorphic with (A/a)^r as an A-module.

(ii) If p = char_A(L) is a maximal ideal, then there exists an integer h, the height ht(ϕ) of ϕ, satisfying 1 ⩽ h ⩽ r, and such that_aϕ(L^{alg}) ≃ (A/a)^{r−h} whenever a is a power of p, and_aϕ(L^{alg}) ≃ (A/a)^r if (a, p) = 1.

The absolute Galois group G_L of L acts on_aϕ(L^{sep}) through A-linear automorphisms. Therefore, any Drinfeld module gives rise to Galois representations on its division points. These representations tend to be łas large as possiblež.

The prototype of result is the following theorem, due to Carlitz and Hayes [H1].

Theorem 1. Let A be the polynomial ring F_q [T ] with őeld of fractions K. Let ρ: A → K{τ} be the Carlitz module, ρ_T = T + τ . For any non-constant monic polynomial a ∈ A, let K(a) := K(_aρ(K^{alg})) be the őeld extension generated by the a-division points.

(i) K(a)/K is abelian with group (A/a)^∗ . If σ_b is the automorphism corresponding to the residue class of b mod a and x ∈_aρ(K^{alg}) then σ_b(x) = ρ_b(x).

(ii) If (a) = p^t is primary with some prime ideal p then K(a)/K is completely ramiőed at p and unramiőed at the other őnite primes.

(iii) If (a) = ∏ a_i ( 1 ⩽ i ⩽ s ) with primary and mutually coprime a_i , the őelds K(a_i) are mutually linearly disjoint and K = ⊗_{i⩽i⩽s}K(a_i).

(iv) Let K_+(a) be the őxed őeld of F^∗_q → (A/a)^∗ . Then ∞ is completely split in K_+(a)/K and completely ramiőed in K(a)/K_+(a).

(v) Let p be a prime ideal generated by the monic polynomial π ∈ A and coprime with a. Under the identiőcation Gal(K(a)/K) = (A/a)^∗ , the Frobenius element Frob_p equals the residue class of π mod a.

Letting a → ∞ with respect to divisibility, we obtain the őeld K(∞) generated over K by all the division points of ρ, with group Gal(K(∞)/K) = lim−→_a (A/a)^∗ , which almost agrees with the group of őnite idele classes of K. It turns out that K(∞) is the maximal abelian extension of K that is tamely ramiőed at ∞, i.e., we get a constructive version of the class őeld theory of K. Hence the theorem may be seen both as a global variant of LubinśTate’s theory and as an analogue in characteristic p of the KroneckerśWeber theorem on cyclotomic extensions of Q .

There are vast generalizations into two directions:

(a) abelian class őeld theory of arbitrary global function őelds K = Frac(A), where A is a Drinfeld ring.

(b) systems of nonabelian Galois representations derived from Drinfeld modules.

As to (a), the őrst problem is to őnd the proper analogue of the Carlitz module for an arbitrary Drinfeld ring A. As will result e.g. from Theorem 2 (see also (4.3.4)), the isomorphism classes of rank-one Drinfeld modules over the algebraic closure K^{alg} of K correspond bijectively to the (őnite!) class group Pic(A) of A. Moreover, these Drinfeld modules ρ^{(a)} ( a ∈ Pic(A) ) may be deőned with coefőcients in the ring O_{H+} of A-integers of a certain abelian extension H_+ of K, and such that the leading coefőcients of all ρ^{(a)}_a are units of O_{H+} . Using these data along with the identiőcation of H_+ in the dictionary of class őeld theory yields a generalization of Theorem 1 to the case of arbitrary A. In particular, we again őnd an explicit construction of the class őelds of K (subject to a tameness condition at ∞ ). However, in view of class number problems, the theory (due to D. Hayes [H2], and superbly presented in [Go2, Ch.VII]) has more of the ŕavour of complex multiplication theory than of classical cyclotomic theory.

Generalization (b) is as follows. Suppose that L is a őnite extension of K = Frac(A), where A is a general Drinfeld ring, and let the Drinfeld module ϕ over L have rank r. For each power p^t of a prime p of A, G_L = Gal(L^{sep}/L) acts on_pt ϕ ≃ (A/p^t)^r . We thus get an action of G_L on the p-adic Tate module T_p(ϕ) ≃ (A_p)^r of ϕ (see [DH, I sect. 4]. Here of course A_p = lim←− A/p^t is the p-adic completion of A with őeld of fractions K_p. Let on the other hand End(ϕ) be the endomorphism ring of ϕ, which also acts on T_p(ϕ). It is straightforward to show that (i) End(ϕ) acts faithfully and (ii) the two actions commute. In other words, we get an inclusion

(4.2.1) i: End(ϕ) ⊗_A A_p → End_{GL} (T_p(ϕ))

of őnitely generated free A_p -modules. The plain analogue of the classical Tate conjecture for abelian varieties, proved 1983 by Faltings, suggests that i is in fact bijective. This has been shown by Taguchi [Tag] and Tamagawa. Taking End(T_p(ϕ)) ≃ Mat(r, A_p ) and the known structure of subalgebras of matrix algebras over a őeld into account, this means that the subalgebra

K_p[G_L] → End(T_p(ϕ) ⊗_{Ap} K_p) ≃ Mat(r, K_p) generated by the Galois operators is as large as possible. A much stronger statement is obtained by R. Pink [P1, Thm. 0.2], who shows that the image of G_L in Aut(T_p(ϕ)) has őnite index in the centralizer group of End(ϕ) ⊗ A_p . Hence if e.g. ϕ has no łcomplex multiplicationsž over L^{alg} (i.e., End_Lalg (ϕ) = A; this is the generic case for a Drinfeld module in characteristic ∞ ), then the image of G_L has őnite index in Aut(T_p(ϕ)) ≃ GL(r, A_p). This is quite satisfactory, on the one hand, since we may use the Drinfeld module ϕ to construct large nonabelian Galois extensions of L with prescribed ramiőcation properties. On the other hand, the important (and difőcult) problem of estimating the index in question remains.

4.3. Weierstrass theory

Let A be a Drinfeld ring with őeld of fractions K, whose completion at ∞ is denoted by K_∞. We normalize the corresponding absolute value | | = | |_∞ as |a| = |A/a| for 0 ≠ a ∈ A and let C_∞ be the completed algebraic closure of K_∞, i.e., the completion of the algebraic closure K^{alg}_∞ with respect to the unique extension of | | to K^{alg}_∞ . By Krasner’s theorem, C_∞ is again algebraically closed ([BGS, p. 146], where also other facts on function theory in C_∞ may be found). It is customary to indicate the strong analogies between A, K, K_∞, C_∞, . . . and Z, Q, R, C , . . . , e.g. A is a discrete and cocompact subring of K_∞. But note that C_∞ fails to be locally compact since |C_∞ : K_∞| = ∞.

Deőnition 6. A lattice of rank r (an r-lattice in brief) in C_∞ is a őnitely generated (hence projective) discrete A-submodule Λ of C_∞ of projective rank r, where the discreteness means that Λ has őnite intersection with each ball in C_∞. The lattice function e_Λ: C_∞ → C_∞ of Λ is deőned as the product

(4.3.1) e_Λ(z) = z ∏ 0≠λ∈Λ (1 − z/λ). It is entire (deőned through an everywhere convergent power series), Λ-periodic and F_q -linear. For a non-zero a ∈ A consider the diagram

(4.3.2) 0 −−−−→ Λ −−−−→ C_∞^{eΛ}−−−−→ C_∞ −−−−→ 0 a a ϕ_{Λa} 0 −−−−→ Λ −−−−→ C_∞^{eΛ}−−−−→ C_∞ −−−−→ 0 with exact lines, where the left and middle arrows are multiplications by a and ϕ^Λ_a is deőned through commutativity. It is easy to verify that (i) ϕ^Λ_a ∈ C_∞{τ}, (ii) deg_τ (ϕ^Λ_a ) = r · deg(a),

(iii) a → ϕ^Λ_a is a ring homomorphism ϕ^Λ: A → C_∞{τ}, in fact, a Drinfeld module of rank r. Moreover, all the Drinfeld modules over C_∞ are so obtained.

Theorem 2 (Drinfeld [Dr, Prop. 3.1]).

(i) Each rank- r Drinfeld module ϕ over C_∞ comes via Λ → ϕ^Λ from some r-lattice Λ in C_∞ .

(ii) Two Drinfeld modules ϕ^Λ, ϕ^{Λ′} are isomorphic if and only if there exists 0 ≠ c ∈ C_∞ such that Λ^′ = c · Λ.

We may thus describe M^r(1)(C_∞) (see Deőnition 4) as the space of r-lattices modulo similarities, i.e., as some generalized upper half-plane modulo the action of an arithmetic group. Let us make this more precise.

Deőnition 7. For r ⩾ 1 let P^{r−1}(C_∞) be the C_∞ -points of projective r−1-space and Ω^r := P^{r−1}(C_∞) − ⋃ H(C_∞), where H runs through the K_∞ -rational hyperplanes of P^{r−1}. That is, ω = (ω_1 : . . . : ω_r) belongs to Drinfeld’s half-plane Ω^r if and only if there is no non-trivial relation ∑ a_iω_i = 0 with coefőcients a_i ∈ K_∞.

Both point sets P^{r−1}(C_∞) and Ω^r carry structures of analytic spaces over C_∞ (even over K_∞ ), and so we can speak of holomorphic functions on Ω^r . We will not give the details (see for example [GPRV, in particular lecture 6]); sufőce it to say that locally uniform limits of rational functions (e.g. Eisenstein series, see below) will be holomorphic.

Suppose for the moment that the class number h(A) = |Pic(A)| of A equals one, i.e., A is a principal ideal domain. Then each r-lattice Λ in C_∞ is free, Λ = ∑ 1⩽i⩽r Aωi, and the discreteness of Λ is equivalent with ω := (ω1 : . . . : ωr)

belonging to Ω^r → P^{r−1}(C_∞). Further, two points ω and ω^′ describe similar lattices (and therefore isomorphic Drinfeld modules) if and only if they are conjugate under Γ := GL(r, A), which acts on P^{r−1}(C_∞) and its subspace Ω^r . Therefore, we get a canonical bijection

(4.3.3) Γ \ Ω^r ~→ M^r(1)(C_∞)

from the quotient space Γ \ Ω^r to the set of isomorphism classes M^r(1)(C_∞).

In the general case of arbitrary h(A) ∈ N, we let Γ_i := GL(Y_i) → GL(r, k), where Y_i → K^r ( 1 ⩽ i ⩽ h(A) ) runs through representatives of the h(A) isomorphism classes of projective A-modules of rank r. In a similar fashion (see e.g. [G1, II sect.1], [G3]), we get a bijection

(4.3.4) ·⋃ 1⩽i⩽h(A)Γi \ Ω r ~→ M^r(1)(C_∞),

which can be made independent of choices if we use the canonical adelic description of the Y_i.

Example 4. If r = 2 then Ω = Ω^2 = P^1(C_∞) − −P^1(K_∞) = C_∞ − K_∞, which rather corresponds to C − R = H^+ ⋃ H^− (upper and lower complex half-planes) than to H^+ alone. The group Γ := GL(2, A) acts via (_{a b} c d ) (z) =^{az+b}_{cz+d} , and thus gives rise to Drinfeld modular forms on Ω (see [G1]). Suppose moreover that A = F_q [T ] as in Examples 1 and 3. We deőne ad hoc a modular form of weight k for Γ as a holomorphic function f: Ω → C_∞ that satisőes

(i) f (_{az+b} cz+d ) = (cz + d)^kf(z) for (_{a b} c d ) ∈ Γ and

(ii) f(z) is bounded on the subspace {z ∈ Ω : inf_{x∈K∞} |z − x| > 1} of Ω.

Further, we put M_k for the C_∞ -vector space of modular forms of weight k. (In the special case under consideration, (ii) is equivalent to the usual łholomorphy at cuspsž condition. For more general groups Γ, e.g. congruence subgroups of GL(2, A), general Drinfeld rings A, and higher ranks r ⩾ 2, condition (ii) is considerably more costly to state, see [G1].) Let

(4.3.5) E_k(z) := ∑ (0,0)≠(a,b)∈A×A 1 (az + b)^k be the Eisenstein series of weight k. Due to the non-archimedean situation, the sum converges for k ⩾ 1 and yields a modular form 0 ≠ E_k ∈ M_k if k ≡ 0 (q − 1). Moreover, the various M_k are linearly independent and

(4.3.6) M(Γ) := ⨁ k⩾0 M_k = C_∞[E_{q−1}, E_q2_{−1}]

is a polynomial ring in the two algebraically independent Eisenstein series of weights q−1 and q^2−1. There is an a priori different method of constructing modular forms via Drinfeld modules. With each z ∈ Ω, associate the 2-lattice Λ_z := Az + A → C_∞ and the Drinfeld module ϕ^{(z)} = ϕ^{(Λz )}. Writing ϕ^{(z)}_T = T + g(z)τ + Δ(z)τ^2, the coefőcients g and Δ become functions in z, in fact, modular forms of respective weights q − 1 and q^2 − 1. We have ([Go1], [G1, II 2.10])

(4.3.7) g = (T^g − T )E_{q−1}, : Δ = (T^{q2} − T )E_q2_{−1} + (T^{q2} − T^q)E^{q+1}_{q−1}.

The crucial fact is that Δ(z) ≠ 0 for z ∈ Ω, but Δ vanishes łat inőnityž. Letting j(z) := g(z)^{q+1}/Δ(z) (which is a function on Ω invariant under Γ ), the considerations of Example 3 show that j is a complete invariant for Drinfeld modules of rank two. Therefore, the composite map

(4.3.8) j: Γ \ Ω ~→ M^2(1)(C_∞) ~→ C_∞

is bijective, in fact, biholomorphic.

4.4. Moduli schemes

We want to give a similar description of M^r(1)(C_∞) for r ⩾ 2 and arbitrary A, that is, to convert (4.3.4) into an isomorphism of analytic spaces. One proceeds as follows (see [Dr], [DH], [G3]):

(a) Generalize the notion of łDrinfeld A-module over an A-őeld L ž to łDrinfeld A-module over an A-scheme S → Spec A ž. This is quite straightforward. Intuitively, a Drinfeld module over S is a continuously varying family of Drinfeld modules over the residue őelds of S.

(b) Consider the functor on A-schemes: M^r: S −→ { isomorphism classes of rank-r Drinfeld modules over S } . The naive initial question is to represent this functor by an S-scheme M^r(1). This is impossible in view of the existence of automorphisms of Drinfeld modules even over algebraically closed A-őelds.

(c) As a remedy, introduce rigidifying level structures on Drinfeld modules. Fix some ideal 0 ≠ n of A. An n-level structure on the Drinfeld module ϕ over the A-őeld L whose A-characteristic doesn’t divide n is the choice of an isomorphism of A-modules

α: (A/n)^r ~→_nϕ(L)

(compare Proposition 2). Appropriate modiőcations apply to the cases where char_A(L) divides n and where the deőnition őeld L is replaced by an A-scheme S. Let M^r(n) be the functor M^r(n): S −→ isomorphism classes of rank-r Drinfeld modules over S endowed with an n-level structure .

Theorem 3 (Drinfeld [Dr, Cor. to Prop. 5.4]). Suppose that n is divisible by at least two different prime ideals. Then M^r(n) is representable by a smooth afőne A-scheme M^r(n) of relative dimension r − 1.

In other words, the scheme M^r(n) carries a łtautologicalž Drinfeld module ϕ of rank r endowed with a level- n structure such that pull-back induces for each A-scheme S a bijection

(4.4.1) M^r(n)(S) = {morphisms (S, M^r(n))} ~→ M^r(n)(S), f −→ f^∗(ϕ).

M^r(n) is called the (őne) moduli scheme for the moduli problem M^r(n). Now the őnite group G(n) := GL(r, A/n) acts on M^r(n) by permutations of the level structures. By functoriality, it also acts on M^r(n). We let M^r(1) be the quotient of M^r(n) by G(n) (which does not depend on the choice of n ). It has the property that at least its L-valued points for algebraically closed A-őelds L correspond bijectively and functorially to M^r(1)(L). It is therefore called a coarse moduli scheme for M^r(1). Combining the above with (4.3.4) yields a bijection

(4.4.2) ·⋃ 1⩽i⩽h(A)Γi \ Ω r ~→ M^r(1)(C_∞), which even is an isomorphism of the underlying analytic spaces [Dr, Prop. 6.6]. The most simple special case is the one dealt with in Example 4, where M^2(1) = A^1_{/A} , the afőne line over A.

4.5. Compactiőcation

It is a fundamental question to construct and study a łcompactiőcationž of the afőne A-scheme M^r(n), relevant for example for the Langlands conjectures over K, the cohomology of arithmetic subgroups of GL(r, A), or the K -theory of A and K. This means that we are seeking a proper A-scheme M^r(n) with an A-embedding M^r(n) → M^r(n) as an open dense subscheme, and which behaves functorially with respect to the forgetful morphisms M^r(n) → M^r(m) if m is a divisor of n. For many purposes it sufőces to solve the apparently easier problem of constructing similar compactiőcations of the generic őber M^r(n) ×_A K or even of M^r(n) ×_A C_∞ . Note that varieties over C_∞ may be studied by analytic means, using the GAGA principle.

There are presently three approaches towards the problem of compactiőcation: (a) a (sketchy) construction of the present author [G2] of a compactiőcation M_Γ of M_Γ, the C_∞ -variety corresponding to an arithmetic subgroup Γ of GL(r, A) (see (4.3.4) and (4.4.2)). We will return to this below;

(b) an analytic compactiőcation similar to (a), restricted to the case of a polynomial ring A = F_q [T ], but with the advantage of presenting complete proofs, by M. M. Kapranov [K];

(c) R. Pink’s idea of a modular compactiőcation of M^r(n) over A through a generalization of the underlying moduli problem [P2].

Approaches (a) and (b) agree essentially in their common domain, up to notation and some other choices. Let us brieŕy describe how one proceeds in (a). Since there is nothing to show for r = 1, we suppose that r ⩾ 2.

We let A be any Drinfeld ring. If Γ is a subgroup of GL(r, K) commensurable with GL(r, A) (we call such Γ arithmetic subgroups), the point set Γ \ Ω is the set of C_∞ -points of an afőne variety M_Γ over C_∞, as results from the discussion of subsection 4.4. If Γ is the congruence subgroup Γ(n) = {γ ∈ GL(r, A): γ ≡ 1 mod n}, then M_Γ is one of the irreducible components of M^r(n) ×_A C_∞ .

Deőnition 8. For ω = (ω_1, : . . . : ω_r) ∈ P^{r−1}(C_∞) put

r(ω) := dim_K (Kω_1 + · · · + Kω_r) and r_∞(ω) := dim_{K∞} (K_∞ω_1 + · · · + K_∞ω_r).

Then 1 ⩽ r_∞(ω) ⩽ r(ω) ⩽ r and Ω^r = {ω | r_∞(ω) = r}. More generally, for 1 ⩽ i ⩽ r let Ω^{r,i} := {ω: r_∞(ω) = r(ω) = i}. Then Ω^{r,i} =^· ⋃ Ω_V , where V runs through the K -subspaces of dimension i of K^r and Ω_V is constructed from V in a similar way as is Ω^r = Ω_Kr from C^r_∞ = (K^r) ⊗ C_∞ . That is, Ω_V = {ω ∈ P(V ⊗ C_∞) → P^{r−1}(C_∞): r_∞(ω) = r(ω) = i}, which has a natural structure as analytic space of dimension dim(V ) − 1 isomorphic with Ω^{dim(V )}.

Finally, we let Ω^r := {ω: r_∞(ω) = r(ω)} =^· ⋃ 1⩽i⩽rΩ r,i. Ω^r along with its stratiőcation through the Ω^{r,i} is stable under GL(r, K), so this also holds for the arithmetic group Γ in question. The quotient Γ \ Ω^r turns out to be the C_∞ -points of the wanted compactiőcation M_Γ.

Deőnition 9. Let P_i → G := GL(r) be the maximal parabolic subgroup of matrices with őrst i columns being zero. Let H_i be the obvious factor group isomorphic GL(r − i). Then P_i(K) acts via H_i(K) on K^{r−i} and thus on Ω^{r−i}. From

G(K)/P_i(K) ~→ {subspaces V of dimension r − i of K^r }

we get bijections

(4.5.1) G(K) ×_{Pi (K)} Ω^{r−i} ~→ Ω^{r,r−i}, (g, ω_{i+1} : . . . : ω_r) −→ (0 : · · · : 0 : ω_{i+1} : . . . : ω_r)g^{−1} and (4.5.2) Γ \ Ω^{r,r−i} ~→ ·⋃ g∈Γ\G(K)/P_i (K) Γ(i, g) \ Ω^{r−i}, where Γ(i, g) := P_i ∩ g^{−1}Γ_g , and the double quotient Γ \ G(K)/P_i(K) is őnite by elementary lattice theory. Note that the image of Γ(i, g) in H_i(K) (the group that effectively acts on Ω^{r−i} ) is again an arithmetic subgroup of H_i(K) = GL(r − i, K), and so the right hand side of (4.5.2) is the disjoint union of analytic spaces of the same type Γ^′ \ Ω^{r′} .

Example 5. Let Γ = Γ(1) = GL(r, A) and i = 1. Then Γ \ G(K)/P_1(K) equals the set of isomorphism classes of projective A-modules of rank r − 1, which in turn (through the determinant map) is in one-to-one correspondence with the class group Pic(A).

Let F_V be the image of Ω_V in Γ \ Ω^r . The different analytic spaces F_V , corresponding to locally closed subvarieties of M_Γ, are glued together in such a way that F_U lies in the Zariski closure F_V of F_V if and only if U is Γ-conjugate to a K -subspace of V . Taking into account that F_V ≃ Γ^′ \ Ω^{dim(V )} = M_Γ′ (C_∞) for some arithmetic subgroup Γ^′ of GL(dim(V ), K), F_V corresponds to the compactiőcation M_Γ′ of M_Γ′ .

The details of the gluing procedure are quite technical and complicated and cannot be presented here (see [G2] and [K] for some special cases). Sufőce it to say that for each boundary component F_V of codimension one, a vertical coordinate t_V may be speciőed such that F_V is locally given by t_V = 0. The result (we refrain from stating a łtheoremž since proofs of the assertions below in full strength and generality are published neither in [G2] nor in [K]) will be a normal projective C_∞ -variety M_Γ provided with an open dense embedding i: M_Γ → M_Γ with the following properties: • M_Γ(C_∞) = Γ \ Ω^r , and the inclusion Γ \ Ω^r → Γ \ Ω^r corresponds to i; • M_Γ is deőned over the same őnite abelian extension of K as is M_Γ; • for Γ^′ → Γ, the natural map M_Γ′ → M_Γ extends to M_Γ′ → M_Γ; • the F_V correspond to locally closed subvarieties, and F_V = ∪F_U , where U runs through the K -subspaces of V contained up to the action of Γ in V ;

• M_Γ is łvirtually non-singularž, i.e., Γ contains a subgroup Γ^′ of őnite index such that M_Γ′ is non-singular; in that case, the boundary components of codimension one present normal crossings.

Now suppose that M_Γ is non-singular and that x ∈ M_Γ(C_∞) = ⋃ 1⩽i⩽r Ω r,i belongs to Ω^{r,1}. Then we can őnd a sequence {x} = X_0 ⊂ · · · X_i · · · ⊂ X_{r−1} = M_Γ of smooth subvarieties X_i = F_{Vi} of dimension i. Any holomorphic function around x (or more generally, any modular form for Γ ) may thus be expanded as a series in t_V with coefőcients in the function őeld of F_{Vr−1} , etc. Hence M_Γ (or rather its completion at the X_i ) may be described through (r − 1)-dimensional local őelds with residue őeld C_∞. The expansion of some standard modular forms can be explicitly calculated, see [G1, VI] for the case of r = 2. In the last section we shall present at least the vanishing orders of some of these forms.

Example 6. Let A be the polynomial ring F_q [T ] and Γ = GL(r, A). As results from Example 3, (4.3.3) and (4.4.2),

M_Γ(C_∞) = M^r(1)(C_∞) = {(g_1, . . . , g_r) ∈ C^r_∞: g_r ≠ 0}/C^∗_∞,

where C^∗_∞ acts diagonally through c(g_1, . . . , g_r) = (. . . , c^{qi −1}g_i, . . . ), which is the open subspace of weighted projective space P^{r−1}(q−1, . . . , q^r −1) with non-vanishing last coordinate. The construction yields

M_Γ(C_∞) = P^{r−1}(q − 1, . . . , q^r − 1)(C_∞) = ·⋃ 1⩽i⩽r M^i(1)(C_∞).

Its singularities are rather mild and may be removed upon replacing Γ by a congruence subgroup.

4.6. Vanishing orders of modular forms

In this őnal section we state some results about the vanishing orders of certain modular forms along the boundary divisors of M_Γ, in the case where Γ is either Γ(1) = GL(r, A) or a full congruence subgroup Γ(n) of Γ(1). These are relevant for the determination of K - and Chow groups, and for standard conjectures about the arithmetic interpretation of partial zeta values.

In what follows, we suppose that r ⩾ 2, and put z_i :=^{ωi}_{ωr} ( 1 ⩽ i ⩽ r ) for the coordinates (ω_1 : . . . : ω_r) of ω ∈ Ω^r . Quite generally, a = (a_1, . . . , a_r ) denotes a vector with r components.

Deőnition 10. The Eisenstein series E_k of weight k on Ω^r is deőned as

E_k(ω) := ∑ 0≠a∈A^r 1 (a_1z_1 + · · · + a_rz_r)^k . Similarly, we deőne for u ∈ n^{−1} × · · · × n^{−1} ⊂ K^r E_{k,u}(ω) = ∑ 0≠a∈Kr a≡umodAr 1 (a_1z_1 + · · · + a_rz_r)^k .

These are modular forms for Γ(1) and Γ(n), respectively, that is, they are holomorphic, satisfy the obvious transformation values under Γ(1) (resp. Γ(n) ), and extend to sections of a line bundle on M_Γ. As in Example 4, there is a second type of modular forms coming directly from Drinfeld modules.

Deőnition 11. For ω ∈ Ω^r write Λ_ω = Az_1 + · · · + Az_r and e_ω , ϕ^ω for the lattice function and Drinfeld module associated with Λ_ω , respectively. If a ∈ A has degree d = deg(a),

ϕ^ωa = a + ∑ 1⩽i⩽r·d ℓ_i(a, ω)τ^i.

The ℓ_i(a, ω) are modular forms of weight q^i − 1 for Γ. This holds in particular for Δ_a(ω) := ℓ_{rd}(a, ω), which has weight q^{rd} − 1 and vanishes nowhere on Ω^r . The functions g and Δ in Example 4 merely constitute a very special instance of this construction. We further let, for u ∈ (n^{−1})^r , e_u(ω) := e_ω(u_1z_1 + · · · + u_rz_r), the n-division point of type u of ϕ^ω . If u ∉ A^r , e_u(ω) vanishes nowhere on Ω^r , and it can be shown that in this case,

(4.6.1) e^{−1}_u = E_{1,u}.

We are interested in the behavior around the boundary of M_Γ of these forms. Let us őrst describe the set {F_V } of boundary divisors, i.e., of irreducible components, all of codimension one, of M_Γ − M_Γ. For Γ = Γ(1) = GL(r, A), there is a natural bijection (4.6.2) {F_V } ~→ Pic(A)

described in detail in [G1, VI 5.1]. It is induced from V → inverse of Λ^{r−1}(V ∩ A^r). (Recall that V is a K -subspace of dimension r − 1 of K^r , thus V ∩ A^r a projective module of rank r − 1, whose (r − 1)-th exterior power Λ^{r−1}(V ∩ A^r) determines an element of Pic(A). ) We denote the component corresponding to the class (a) of an ideal a by F_{(a)}. Similarly, the boundary divisors of M_Γ for Γ = Γ(n) could be described via generalized class groups. We simply use (4.5.1) and (4.5.2), which now give (4.6.3) {F_V } ~→ Γ(n) \ GL(r, K)/P_1(K). We denote the class of ν ∈ GL(r, K) by [ν]. For the description of the behavior of our modular forms along the F_V , we need the partial zeta functions of A and K. For more about these, see [W] and [G1, III].

Deőnition 12. We let

ζ_K (s) = ∑ |a|^{−s} = P (q^{−s}) (1 − q^{−s})(1 − q^{1−s}) be the zeta function of K with numerator polynomial P (X) ∈ Z[X]. Here the sum is taken over the positive divisors a of K (i.e., of the curve C with function őeld K ). Extending the sum only over divisors with support in Spec(A), we get

ζ_A(s) = ∑ 0≠a⊂A ideal |a|^{−s} = ζ_K (s)(1 − q^{−d∞s}), where d_∞ = deg_{Fq} (∞). For a class c ∈ Pic(A) we put

ζ_c(s) = ∑ a∈c |a|^{−s}. If őnally n ⊂ K is a fractional A-ideal and t ∈ K, we deőne

ζ_{tmodn}(s) = ∑ a∈K a≡tmodn |a|^{−s}. Among the obvious distribution relations [G1, III sect.1] between these, we only mention

(4.6.4) ζ_{(n}−1_)(s) = |n|^s q − 1 ζ_{0modn}(s).

We are now in a position to state the following theorems, which may be proved following the method of [G1, VI].

Theorem 4. Let a ∈ A be non-constant and c a class in Pic(A). The modular form Δ_a for GL(r, A) has vanishing order ord_c(Δ_a) = −(|a|^r − 1)ζ_c(1 − r) at the boundary component F_c corresponding to c.

Theorem 5. Fix an ideal n of A and u ∈ K^r − A^r such that u · n ⊂ A^r , and let e^{−1}_u = E_{1,u} be the modular form for Γ(n) determined by these data. The vanishing order ord_{[ν]} of E_{1,u}(ω) at the component corresponding to ν ∈ GL(r, K) (see (4.6.2) ) is given as follows: let π_1: K^r → K be the projection to the őrst coordinate and let a be the fractional ideal π_1(A^r · ν). Write further u · ν = (v_1, . . . , v_r). Then

ord_{[ν]}E_{1,u}(ω) = |n|^{r−1} |a|^{r−1} (ζ_{v1 moda}(1 − r) − ζ_{0moda}(1 − r)).

Note that the two theorems do not depend on the full strength of properties of M_Γ as stated without proofs in the last section, but only on the normality of M_Γ, which is proved in [K] for A = F_q [T ], and whose generalization to arbitrary Drinfeld rings is straightforward (even though technical).

References

[BGS] S. Bosch and U. GÈuntzer and R. Remmert, Non-archimedean Analysis, Grundl. Math.

Wiss. 261, Springer 1984.

[DH] P. Deligne and D. HusemÈoller, Survey of Drinfeld modules, Contemp. Math. 67 (1987), 25ś91.

[Dr] V.G. Drinfeld, Elliptic modules, Math. USSR-Sbornik 23 (1976), 561ś592. [G1] E.-U. Gekeler, Drinfeld modular curves, Lect. Notes Math. 1231, Springer 1986. [G2] E.-U. Gekeler, Satake compactiőcation of Drinfeld modular schemes, Proc. Conf. P -adic Analysis, Hengelhoef 1986.

[G3] E.-U. Gekeler, Moduli for Drinfeld modules, in: łThe Arithmetic of Function Fieldsž, D.

Goss et al. (eds.), Walter de Gruyter 1992.

[GPRV] Drinfeld Modules, Modular Schemes and Applications, E.-U. Gekeler et al. (eds.), World Scientiőc 1997.

[Go1] D. Goss, Modular forms for Fr [T ], J. reine angew. Math. 317 (1980), 3ś38. [Go2] D. Goss, Basic Structures of Function Field Arithmetic, Ergeb. Math. 35, Springer 1996. [H1] D. Hayes, Explicit class őeld theory for rational function őelds, Trans. AMS 189 (1974), 77ś91.

[H2] D. Hayes, Explicit class őeld theory in global function őelds, in: G.C. Rota (ed.), Studies in Algebra and Number Theory, Academic Press 1979.

[K] M.M. Kapranov, On cuspidal divisors on the modular varieties of elliptic modules, Math.

USSR Izv. 30 (1988), 533ś547.

[P1] R. Pink, The Mumford-Tate conjecture for Drinfeld modules, Publ. RIMS 33 (1997), 393ś425.

[P2] R. Pink, unpublished notes.

[Tag] Y. Taguchi, The Tate conjecture for t-motives, Proc. AMS 123 (1995), 3285ś3287. [Tam] A. Tamagawa, The Tate conjecture for A-premotives, Preprint 1994. [Tat] J. Tate, Les Conjectures de Stark sur les Functions L d’Artin en s = 0, Prog. Math. 47, BirkhÈauser 1984.

[W] A. Weil, Basic Number Theory, Springer 1967.

FR 6.1 - Mathematik UniversitÈat des Saarlandes Postfach 15 11 50 D-66041 SaarbrÈucken Germany E-mail: gekeler@math.uni-sb.de

Geometry & Topology Monographs Volume 3: Invitation to higher local őelds Part II, section 5, pages 255ś262

5. Harmonic analysis on algebraic groups over two-dimensional local őelds of equal characteristic

Mikhail Kapranov

In this section we review the main parts of a recent work [4] on harmonic analysis on algebraic groups over two-dimensional local őelds.

5.1. Groups and buildings

Let K ( K = K_2 whose residue őeld is K_1 whose residue őeld is K_0, see the notation in section 1 of Part I) be a two-dimensional local őeld of equal characteristic. Thus K_2 is isomorphic to the Laurent series őeld K_1((t_2)) over K_1. It is convenient to think of elements of K_2 as (formal) loops over K_1. Even in the case where char (K_1) = 0, it is still convenient to think of elements of K_1 as (generalized) loops over K_0 so that K_2 consists of double loops.

Denote the residue map O_{K2} → K_1 by p_2 and the residue map O_{K1} → K_0 by p_1. Then the ring of integers O_K of K as of a two-dimensional local őeld (see subsection 1.1 of Part I) coincides with p^{−1}_2 (O_{K1} ).

Let G be a split simple simply connected algebraic group over Z (e.g. G = SL_2 ). Let T ⊂ B ⊂ G be a őxed maximal torus and Borel subgroup of G; put N = [B, B], and let W be the Weyl group of G. All of them are viewed as group schemes.

Let L = Hom(G_m , T ) be the coweight lattice of G; the Weyl group acts on L. Recall that I(K_1) = p^{−1}_1 (B(F_q )) is called an Iwahori subgroup of G(K_1) and T (O_{K1} )N(K_1) can be seen as the łconnected component of unityž in B(K_1). The latter name is explained naturally if we think of elements of B(K_1) as being loops with values in B.

Published 10 December 2000: © Geometry & Topology Publications

Deőnition. Put D_0 = p^{−1}_2 p^{−1}_1 (B(F_q )) ⊂ G(O_K ),

D_1 = p^{−1}_2 (T (O_{K1} )N(K_1)) ⊂ G(O_K ), D_2 = T (O_{K2} )N(K_2) ⊂ G(K).

Then D_2 can be seen as the łconnected component of unityž of B(K) when K is viewed as a two-dimensional local őeld, D_1 is a (similarly understood) connected component of an Iwahori subgroup of G(K_2), and D_0 is called a double Iwahori subgroup of G(K).

A choice of a system of local parameters t_1, t_2 of K determines the identiőcation of the group K^∗/O^∗_K with Z ⊕ Z and identiőcation L ⊕ L with L ⊗ (K^∗/O^∗_K ).

We have an embedding of L ⊗ (K^∗/O^∗_K ) into T (K) which takes a ⊗ (t^j_1t^j_2), i, j ∈ Z, to the value on t^i_1t^j_2 of the 1-parameter subgroup in T corresponding to a.

Deőne the action of W on L ⊗ (K^∗/O^∗_K ) as the product of the standard action on L and the trivial action on K^∗/O^∗_K . The semidirect product ^W = (L ⊗ K_∗/O_{∗K} )⋊W is called the double afőne Weyl group of G.

A (set-theoretical) lifting of W into G(O_K ) determines a lifting of ^W into G(K).

Proposition. For every i, j ∈ {0, 1, 2} there is a disjoint decomposition G(K) = ·⋃ w∈ ^_W D^iwD^j . The identiőcation D_i\G(K)/D_j with ^W doesn’t depend on the choice of liftings.

Proof. Iterated application of the Bruhat, BruhatśTits and Iwasawa decompositions to the local őelds K_2, K_1.

For the Iwahori subgroup I(K_2) = p^{−1}_2 (B(K_1)) of G(K_2) the homogeneous space G(K)/I(K_2) is the łafőne ŕag varietyž of G, see [5]. It has a canonical structure of an ind-scheme, in fact, it is an inductive limit of projective algebraic varieties over K_1 (the closures of the afőne Schubert cells).

Let B(G, K_2/K_1) be the BruhatśTits building associated to G and the őeld K_2. Then the space G(K)/I(K_2) is a G(K)-orbit on the set of ŕags of type (vertex, maximal cell) in the building. For every vertex v of B(G, K_2/K_1) its locally őnite BruhatśTits building β_v isomorphic to B(G, K_1/K_0) can be viewed as a łmicrobuildingž of the double BruhatśTits building B(G, K_2/K_1/K_0) of K as a two-dimensional local őeld constructed by Parshin ([7], see also section 3 of Part II). Then the set G(K)/D_1 is identiőed naturally with the set of all the horocycles {w ∈ β_v : d(z, w) = r}, z ∈ ∂β_v of the microbuildings β_v (where the łdistancež d(z, ) is viewed as an element of a natural L-torsor). The őbres of the projection G(K)/D_1 → G(K)/I(K_2) are L-torsors.

5.2. The central extension and the afőne HeisenbergśWeyl group

According to the work of Steinberg, Moore and Matsumoto [6] developed by Brylinski and Deligne [1] there is a central extension 1 → K^∗_1 → Γ → G(K_2) → 1 associated to the tame symbol K^∗_2 ×K^∗_2 → K^∗_1 for the couple (K_2, K_1) (see subsection 6.4.2 of Part I for the general deőnition of the tame symbol). Proposition. This extension splits over every D_i, 0 ⩽ i ⩽ 2. Proof. Use Matsumoto’s explicit construction of the central extension.

Thus, there are identiőcations of every D_i with a subgroup of Γ. Put Δ_i = O^∗_{K1} D_i ⊂ Γ, Ξ = Γ/Δ_1.

The minimal integer scalar product Ψ on L and the composite of the tame symbol K^∗_2 × K^∗_2 → K^∗_1 and the discrete valuation v_{K1} : K^∗ → Z induces a W -invariant skew-symmetric pairing L ⊗ K^∗/O^∗_K × L ⊗ K^∗/O^∗_K → Z. Let 1 → Z → L → L ⊗ K^∗/O^∗_K → 1 be the central extension whose commutator pairing corresponds to the latter skewsymmetric pairing. The group L is called the Heisenberg group. Deőnition. The semidirect product ~W = L⋊W is called the double afőne HeisenbergśWeyl group of G.

Theorem. The group ~W is isomorphic to L_{aff}⋊^W where L_{aff} = Z ⊕ L, ^W = L⋊W and w ∘ (a, l^′) = (a, w(l)), l ∘ (a, l^′) = (a + Ψ(l, l^′), l^′), w ∈ W, l, l^′ ∈ L, a ∈ Z. For every i, j ∈ {0, 1, 2} there is a disjoint union Γ = ·⋃ w∈ ~W Δ^iwΔ^j and the identiőcation Δ_i\Γ/Δ_j with ~W is canonical.

5.3. Hecke algebras in the classical setting

Recall that for a locally compact group Γ and its compact subgroup Δ the Hecke algebra H(Γ, Δ) can be deőned as the algebra of compactly supported double Δ-invariant continuous functions of Γ with the operation given by the convolution with respect to the Haar measure on Γ. For C = ΔγΔ ∈ Δ\Γ/Δ the Hecke correspondence Σ_C = {(αΔ, βΔ) : αβ^{−1} ∈ C} is a Γ-orbit of (Γ/Δ) × (Γ/Δ). For x ∈ Γ/Δ put Σ_C (x) = Σ_C ∩ (Γ/Δ) × {x}. Denote the projections of Σ_C to the őrst and second component by π_1 and π_2.

Let F(Γ/Δ) be the space of continuous functions Γ/Δ → C . The operator τ_C : F(Γ/Δ) → F(Γ/Δ), f → π_{2∗}π^∗_1 (f) is called the Hecke operator associated to C. Explicitly,

(τ_C f)(x) = ∫ y∈Σ_C (x) f(y)dμ_{C,x}, where μ_{C,x} is the Stab(x)-invariant measure induced by the Haar measure. Elements of the Hecke algebra H(Γ, Δ) can be viewed as łcontinuousž linear combinations of the operators τ_C , i.e., integrals of the form ∫ ϕ(C)τ_C dC where dC is some measure on Δ\Γ/Δ and ϕ is a continuous function with compact support. If the group Δ is also open (as is usually the case in the p-adic situation), then Δ\Γ/Δ is discrete and H(Γ, Δ) consists of őnite linear combinations of the τ_C .

5.4. The regularized Hecke algebra H(Γ, Δ_1)

Since the two-dimensional local őeld K and the ring O_K are not locally compact, the approach of the previous subsection would work only after a new appropriate integration theory is available.

The aim of this subsection is to make sense of the Hecke algebra H(Γ, Δ_1). Note that the őbres of the projection Ξ = Γ/Δ_1 → G(K)/I(K_2) are L_{aff} -torsors and G(K)/I(K_2) is the inductive limit of compact (proőnite) spaces, so Ξ can be considered as an object of the category F_1 deőned in subsection 1.2 of the paper of Kato in this volume.

Using Theorem of 5.2 for i = j = 1 we introduce:

Deőnition. For (w, l) ∈ ~W = L_{aff}⋊^W denote by Σ_{w,l} the Hecke correspondence (i.e., the Γ-orbit of Ξ × Ξ ) associated to (w, l). For ξ ∈ Ξ put Σ_{w,l}(ξ) = {ξ^′ : (ξ, ξ^′) ∈ Σ_{w,l}}.

The stabilizer Stab(ξ) ⩽ Γ acts transitively on Σ_{w,l}(ξ).

Proposition. Σ_{w,l}(ξ) is an afőne space over K_1 of dimension equal to the length of w ∈ ^W . The space of compex valued Borel measures on Σ_{w,l}(ξ) is 1-dimensional. A choice of a Stab(ξ)-invariant measure μ_{w,l,ξ} on Σ_{w,l}(ξ) determines a measure μ_{w,l,ξ}′ on Σ_{w,l}(ξ^′) for every ξ^′.

Deőnition. For a continuous function f: Ξ → C put (τ_{w,l}f)(ξ) = ∫ η∈Σ_{w,l}(ξ) f(η)dμ_{w,l,ξ}.

Since the domain of the integration is not compact, the integral may diverge. As a őrst step, we deőne the space of functions on which the integral makes sense. Note that Ξ can be regarded as an L_{aff} -torsor over the ind-object G(K)/I(K_2) in the category pro(C_0), i.e., a compatible system of L_{aff} -torsors Ξ_ν over the afőne Schubert varieties Z_ν forming an exhaustion of G(K)/I(K_1). Each Ξ_ν is a locally compact space and Z_ν is a compact space. In particular, we can form the space F_0(Ξ_ν ) of locally constant complex valued functions on Ξ_ν whose support is compact (or, what is the same, proper with respect to the projection to Z_ν ). Let F(Ξ_ν) be the space of all locally constant complex functions on Ξ_ν . Then we deőne F_0(Ξ) = " lim←− " F_0(Ξ_ν ) and F(Ξ) = " lim←− " F(Ξ_ν). They are pro-objects in the category of vector spaces. In fact, because of the action of L_{aff} and its group algebra C [L_{aff} ] on Ξ, the spaces F_0(Ξ), F(Ξ) are naturally pro-objects in the category of C [L_{aff} ]-modules.

Proposition. If f = (f_ν ) ∈ F_0(X) then Supp(f_ν ) ∩ Σ_{w,l}(ξ) is compact for every w, l, ξ, ν and the integral above converges. Thus, there is a well deőned Hecke operator

τ_{w,l}: F_0(Ξ) → F(Ξ)

which is an element of Mor(pro(Mod_{C [Laff ]} )). In particular, τ_{w,l} is the shift by l and τ_{w,l+l}′ = τ_{w,l}′ τ_{e,l}. Thus we get Hecke operators as operators from one (pro-)vector space to another, bigger one. This does not yet allow to compose the τ_{w,l}. Our next step is to consider certain inőnite linear combinations of the τ_{w,l}.

Let T^∨_{aff} = Spec(C [L_{aff} ]) be the łdual afőne torusž of G. A function with őnite support on L_{aff} can be viewed as the collection of coefőcients of a polynomial, i.e., of an element of C [L_{aff} ] as a regular function on T^∨_{aff} . Further, let Q ⊂ L_{aff} ⊗ R be a strictly convex cone with apex 0. A function on L_{aff} with support in Q can be viewed as the collection of coefőcients of a formal power series, and such series form a ring containing C [L_{aff} ]. On the level of functions the ring operation is the convolution. Let F_Q(L_{aff} ) be the space of functions whose support is contained in some translation of Q. It is a ring with respect to convolution.

Let C (L_{aff} ) be the őeld of rational functions on T^∨_{aff} . Denote by F^{rat}_Q (L_{aff} ) the subspace in F_Q(L_{aff}) consisting of functions whose corresponding formal power series are expansions of rational functions on T^∨_{aff} .

If A is any L_{aff} -torsor (over a point), then F_0(A) is an (invertible) module over F_0(L_{aff} ) = C [L_{aff} ] and we can deőne the spaces F_Q(A) and F^{rat}_Q (A) which will be modules over the corresponding rings for L_{aff} . We also write F^{rat}(A) = F_0(A) ⊗_{C[Laff ]} C (L_{aff} ).

We then extend the above concepts łőberwisež to torsors over compact spaces (objects of pro(C_0) ) and to torsors over objects of ind(pro(C_0)) such as Ξ.

Let w ∈ ^W . We denote by Q(w) the image under w of the cone of dominant afőne coweights in L_{aff} .

Theorem. The action of the Hecke operator τ_{w,l} takes F_0(Ξ) into F^{rat}_{Q(w)}(Ξ). These operators extend to operators

τ^{rat}_{w,l} : F^{rat}(Ξ) → F^{rat}(Ξ).

Note that the action of τ^{rat}_{w,l} involves a kind of regularization procedure, which is hidden in the identiőcation of the F^{rat}_{Q(w)}(Ξ) for different w, with subspaces of the same space F^{rat}(Ξ). In practical terms, this involves summation of a series to a rational function and re-expansion in a different domain.

Let H_{pre} be the space of őnite linear combinations ∑ w,l a_{w,l}τ_{w,l}. This is not yet an algebra, but only a C [L_{aff} ]-module. Note that elements of H_{pre} can be written as őnite linear combinations ∑ w∈ ^W f^w(t)τ^w where f^w(t) = ∑ l a_{w,l}t^l , t ∈ T^∨_{aff} , is the polynomial in C [L_{aff} ] corresponding to the collection of the a_{w,l}. This makes the C [L_{aff} ]-module structure clear. Consider the tensor product

H_{rat} = H_{pre} ⊗_{C [Laff ]} C (L_{aff} ).

Elements of this space can be considered as őnite linear combinations ∑ w∈ ^W f^w(t)τ^w where f_w(t) are now rational functions. By expanding rational functions in power series, we can consider the above elements as certain inőnite linear combinations of the τ_{w,l}. Theorem. The space H_{rat} has a natural algebra structure and this algebra acts in the space F^{rat}(Ξ), extending the action of the τ_{w,l} deőned above.

The operators associated to H_{rat} can be viewed as certain integro-difference operators, because their action involves integration (as in the deőnition of the τ_{w,l} ) as well as inverses of linear combinations of shifts by elements of L (these combinations act as difference operators).

Deőnition. The regularized Hecke algebra H(Γ, Δ_1) is, by deőnition, the subalgebra in H_{rat} consisting of elements whose action in F_{rat}(Ξ) preserves the subspace F_0(Ξ).

5.5. The Hecke algebra and the Cherednik algebra

In [2] I. Cherednik introduced the so-called double afőne Hecke algebra Cher_q associated to the root system of G. As shown by V. Ginzburg, E. Vasserot and the author [3], Cher_q can be thought as consisting of őnite linear combinations ∑ w∈ ^W_{ad} f^w(t)[w] where W_{ad} is the afőne Weyl group of the adjoint quotient G_{ad} of G (it contains ^W ) and f_w(t) are rational functions on T ∨_{aff} satisfying certain residue conditions. We deőne the modiőed Cherednik algebra ÈH_q to be the subalgebra in Cher_q consisting of linear combinations as above, but going over ^W ⊂ ^W_{ad}.

Theorem. The regularized Hecke algebra H(Γ, Δ_1) is isomorphic to the modiőed Cherednik algebra ÈH_q . In particular, there is a natural action of ÈH_q on F_0(Ξ) by integro-difference operators.

Proof. Use the principal series intertwiners and a version of Mellin transform. The information on the poles of the intertwiners matches exactly the residue conditions introduced in [3].

Remark. The only reason we needed to assume that the 2-dimensional local őeld K has equal characteristic was because we used the fact that the quotient G(K)/I(K_2) has a structure of an inductive limit of projective algebraic varieties over K_1. In fact, we really use only a weaker structure: that of an inductive limit of proőnite topological spaces (which are, in this case, the sets of K_1 -points of afőne Schubert varieties over K_1 ). This structure is available for any 2-dimensional local őeld, although there seems to be no reference for it in the literature. Once this foundational matter is established, all the constructions will go through for any 2-dimensional local őeld.

References

[1] J.-L. Brylinski and P. Deligne, Central extensions of reductive groups by K2, preprint of IAS, Princeton, available from P. Deligne’s home page at < www.math.ias.edu >.

[2] I. Cherednik, Double afőne Hecke algebras and Macdonald’s conjectures, Ann. Math.

141 (1995), 191ś216.

[3] V. Ginzburg and M. Kapranov and E. Vasserot, Residue construction of Hecke algebras, Adv. in Math. 128 (1997), 1ś19.

[4] M. Kapranov, Double afőne Hecke algebras and 2-dimensional local őelds, preprint math.AG/9812021, to appear in Journal of the AMS.

[5] G. Lusztig, Singularities, character formula and q-analog of weight multiplicity, Asterisque 101-102 (1983), 208ś222.

[6] H. Matsumoto, Sur les sous-groupes arithmÂetiques des groupes semi-simples dÂeployÂes, Ann. ENS, 2 (1969), 1ś62.

[7] A. N. Parshin, Vector bundles and arithmetic groups I: The higher Bruhat-Tits tree, Proc.

Steklov Inst. Math. 208 (1995), 212ś233, preprint alg-geom/9605001.

Department of Mathematics University of Toronto Toronto M5S 3G3 Canada E-mail: kapranov@math.toronto.edu

Geometry & Topology Monographs Volume 3: Invitation to higher local őelds Part II, section 6, pages 263ś272

6. Φ-Γ-modules and Galois cohomology

Laurent Herr

6.0. Introduction

Let G be a proőnite group and p a prime number.

Deőnition. A őnitely generated Z_p-module V endowed with a continuous G-action is called a Z_p-adic representation of G. Such representations form a category denoted by Rep_{Zp}(G); its subcategory Rep_{Fp} (G) (respectively Rep_{p-tor}(G) ) of mod p representations (respectively p-torsion representations) consists of the V annihilated by p (respectively a power of p ).

Problem. To calculate in a simple explicit way the cohomology groups H^i(G, V ) of the representation V .

A method to solve it for G = G_K ( K is a local őeld) is to use Fontaine’s theory of Φ- Γ-modules and pass to a simpler Galois representation, paying the price of enlarging Z_p to the ring of integers of a two-dimensional local őeld. In doing this we have to replace linear with semi-linear actions.

In this paper we give an overview of the applications of such techniques in different situations. We begin with a simple example.

6.1. The case of a őeld of positive characteristic

Let E be a őeld of characteristic p, G = G_E and σ: E^{sep} → E^{sep}, σ(x) = x^p the absolute Frobenius map.

Deőnition. For V ∈ Rep_{Fp} (G_E ) put D(V ) := (E^{sep} ⊗_{Fp} V )^{GE} ; σ acts on D(V ) by acting on E^{sep}.

Published 10 December 2000: © Geometry & Topology Publications

Properties.

(1) dim_E D(V ) = dim_{Fp} V ;

(2) the łFrobeniusž map φ: D(V ) → D(V ) induced by σ ⊗ id_V satisőes:

a) φ(λx) = σ(λ)φ(x) for all λ ∈ E, x ∈ D(V ) (so φ is σ-semilinear); b) φ(D(V )) generates D(V ) as an E-vector space.

Deőnition. A őnite dimensional vector space M over E is called an Âetale Φ-module over E if there is a σ-semilinear map φ: M → M such that φ(M) generates M as an E-vector space.

ÂEtale Φ-modules form an abelian category ΦM^{Âet}_E (the morphisms are the linear maps commuting with the Frobenius φ ).

Theorem 1 (Fontaine, [F]). The functor V → D(V ) is an equivalence of the categories Rep_{Fp} (G_E ) and ΦM^{Âet}_E .

We see immediately that H^0(G_E , V ) = V^{GE} ≃ D(V )^φ .

So in order to obtain an explicit description of the Galois cohomology of mod p representations of G_E , we should try to derive in a simple manner the functor associating to an Âetale Φ-module the group of points őxed under φ. This is indeed a much simpler problem because there is only one operator acting.

For (M, φ) ∈ ΦM^{Âet}_E deőne the following complex of abelian groups: C_1(M) : 0 −→ M^{φ−1}−−→ M −→ 0 ( M stands at degree 0 and 1).

This is a functorial construction, so by taking the cohomology of the complex, we obtain a cohomological functor (H^i := H^i ∘ C_1)_{i∈N} from ΦM^{Âet}_E to the category of abelian groups.

Theorem 2. The cohomological functor (H^i ∘ D)_{i∈N} can be identiőed with the Galois cohomology functor (H^i(G_E , . ))_{i∈N} for the category Rep_{Fp} (G_E). So, if M = D(V ) then H^i(M) provides a simple explicit description of H^i(G_E , V ).

Proof of Theorem 2. We need to check that the cohomological functor (H^i)_{i∈N} is universal; therefore it sufőces to verify that for every i ⩾ 1 the functor H^i is effaceable: this means that for every (M, φ_M ) ∈ ΦM^{Âet}_E and every x ∈ H^i(M) there exists an embedding u of (M, φ_M ) in (N, φ_N ) ∈ ΦM^{Âet}_E such that H^i(u)(x) is zero in H^i(N). But this is easy: it is trivial for i ⩾ 2; for i = 1 choose an element m belonging to the class x ∈ M/(φ − 1)(M), put N := M ⊕ Et and extend φ_M to the σ-semi-linear map φ_N determined by φ_N (t) := t + m.

6.2. Φ- Γ-modules and Zp-adic representations

Deőnition. Recall that a Cohen ring is an absolutely unramiőed complete discrete valuation ring of mixed characteristic (0, p > 0), so its maximal ideal is generated by p.

We describe a general formalism, explained by Fontaine in [F], which lifts the equivalence of categories of Theorem 1 in characteristic 0 and relates the Z_p-adic representations of G to a category of modules over a Cohen ring, endowed with a łFrobeniusž map and a group action.

Let R be an algebraically closed complete valuation (of rank 1) őeld of characteristic p and let H be a normal closed subgroup of G. Suppose that G acts continuously on R by ring automorphisms. Then F := R^H is a perfect closed subőeld of R.

For every integer n ≥ 1, the ring W_n(R) of Witt vectors of length n is endowed with the product of the topology on R deőned by the valuation and then W (R) with the inverse limit topology. Then the componentwise action of the group G is continuous and commutes with the natural Frobenius σ on W (R). We also have W (R)^H = W (F ).

Let E be a closed subőeld of F such that F is the completion of the p-radical closure of E in R. Suppose there exists a Cohen subring O_E of W (R) with residue őeld E and which is stable under the actions of σ and of G. Denote by O^_{Eur} the completion of the integral closure of O_E in W (R): it is a Cohen ring which is stable by σ and G, its residue őeld is the separable closure of E in R and (O^_{Eur} )^H = O_E.

The natural map from H to G_E is an isomorphism if and only if the action of H on R induces an isomorphism from H to G_F . We suppose that this is the case.

Deőnition. Let Γ be the quotient group G/H. An Âetale Φ- Γ-module over O_E is a őnitely generated O_E -module endowed with a σ-semi-linear Frobenius map φ: M → M and a continuous Γ-semi-linear action of Γ commuting with φ such that the image of φ generates the module M .

ÂEtale Φ- Γ-modules over O_E form an abelian category ΦΓM^{Âet}_{OE} (the morphisms are the linear maps commuting with φ ). There is a tensor product of Φ- Γ-modules, the natural one. For two objects M and N of ΦΓM^{Âet}_{OE} the O_E -module Hom_{OE} (M, N) can be endowed with an Âetale Φ- Γ-module structure (see [F]).

For every Z_p-adic representation V of G, let D_H (V ) be the O_E -module (O^_{Eur} ⊗_{Zp} V )^H . It is naturally an Âetale Φ- Γ-module, with φ induced by the map σ ⊗ id_V and Γ acting on both sides of the tensor product. From Theorem 2 one deduces the following fundamental result:

Theorem 3 (Fontaine, [F]). The functor V → D_H (V ) is an equivalence of the categories Rep_{Zp}(G) and ΦΓM^{Âet}_{OE} .

Remark. If E is a őeld of positive characteristic, O_E is a Cohen ring with residue őeld E endowed with a Frobenius σ, then we can easily extend the results of the whole subsection 6.1 to Z_p-adic representations of G by using Theorem 3 for G = G_E and H = {1}.

6.3. A brief survey of the theory of the őeld of norms

For the details we refer to [W], [FV] or [F].

Let K be a complete discrete valuation őeld of characteristic 0 with perfect residue őeld k of characteristic p. Put G = G_K = Gal(K^{sep}/K).

Let C be the completion of K^{sep}, denote the extension of the discrete valuation v_K of K to C by v_K . Let R^∗ = lim←− C^∗_n where C_n = C and the morphism from C_{n+1} to C_n is raising to the p th power. Put R := R^∗ ∪ {0} and deőne v_R((x_n)) = v_K (x_0). For (x_n), (y_n) ∈ R deőne

(x_n) + (y_n) = (z_n) where z_n = lim_m (x_{n+m} + y_{n+m})^{pm} .

Then R is an algebraically closed őeld of characteristic p complete with respect to v_R (cf. [W]). Its residue őeld is isomorphic to the algebraic closure of k and there is a natural continuous action of G on R. (Note that Fontaine denotes this őeld by Fr R in [F]).

Let L be a Galois extension of K in K^{sep}. Recall that one can always deőne the ramiőcation őltration on Gal(L/K) in the upper numbering. Roughly speaking, L/K is an arithmetically proőnite extension if one can deőne the lower ramiőcation subgroups of G so that the classical relations between the two őltrations for őnite extensions are preserved. This is in particular possible if Gal(L/K) is a p-adic Lie group with őnite residue őeld extension.

The őeld R contains in a natural way the őeld of norms N(L/K) of every arithmetically proőnite extension L of K and the restriction of v to N(L/K) is a discrete valuation. The residue őeld of N(L/K) is isomorphic to that of L and N(L/K) is stable under the action of G. The construction is functorial: if L^′ is a őnite extension of L contained in K^{sep}, then L^′/K is still arithmetically proőnite and N(L^′/K) is a separable extension of N(L/K). The direct limit of the őelds N(L^′/K) where L^′ goes through all the őnite extensions of L contained in K^{sep} is the separable closure E^{sep} of E = N(L/K). It is stable under the action of G and the subgroup G_L identiőes with G_E . The őeld E^{sep} is dense in R.

Fontaine described how to lift these constructions in characteristic 0 when L is the cyclotomic Z_p-extension K_∞ of K. Consider the ring of Witt vectors W (R) endowed with the Frobenius map σ and the natural componentwise action of G. Deőne the topology of W (R) as the product of the topology deőned by the valuation on R. Then one can construct a Cohen ring O^_{Eur} with residue őeld E^{sep} ( E = N(L/K) ) such that:

(i) O^_{Eur} is stable by σ and the action of G, (ii) for every őnite extension L of K_∞ the ring (O^_{Eur} )^{GL} is a Cohen ring with residue őeld E.

Denote by O_{E(K)} the ring (O^_{Eur} )^{GK∞} . It is stable by σ and the quotient Γ = G/G_{K∞} acts continuously on O_{E(K)} with respect to the induced topology. Fix a topological generator γ of Γ: it is a continuous ring automorphism commuting with σ. The fraction őeld of O_{E(K)} is a two-dimensional standard local őeld (as deőned in section 1 of Part I). If π is a lifting of a prime element of N(K_∞/K) in O_{E(K)} then the elements of O_{E(K)} are the series ∑ i∈Za_iπ^i, where the coefőcients a_i are in W (k_{K∞} ) and converge p-adically to 0 when i → −∞.

6.4. Application of Zp-adic representations of G to the Galois cohomology

If we put together Fontaine’s construction and the general formalism of subsection 6.2 we obtain the following important result:

Theorem 3’ (Fontaine, [F]). The functor V → D(V ) := (O^_{Eur} ⊗_{Zp} V )^{GK∞} deőnes an equivalence of the categories Rep_{Zp}(G) and ΦΓM^{Âet}_{OE(K)} .

Since for every Z_p-adic representation of G we have H^0(G, V ) = V^G ≃ D(V )^φ , we want now, as in paragraph 6.1, compute explicitly the cohomology of the representation using the Φ- Γ-module associated to V .

For every Âetale Φ- Γ-module (M, φ) deőne the following complex of abelian groups: C_2(M) : 0 −→ M^α−→ M ⊕ M^β−→ M −→ 0 where M stands at degree 0 and 2, α(x) = ((φ − 1)x, (γ − 1)x), β((y, z)) = (γ − 1)y − (φ − 1)z. By functoriality, we obtain a cohomological functor (H^i := H^i ∘ C_2)_{i∈N} from ΦΓM^{Âet}_{OE(K)} to the category of abelian groups.

Theorem 4 (Herr, [H]). The cohomological functor (H^i ∘ D)_{i∈N} can be identiőed with the Galois cohomology functor (H^i(G, . ))_{i∈N} for the category Rep_{p-tor}(G). So, if M = D(V ) then H^i(M) provides a simple explicit description of H^i(G, V ) in the p-torsion case.

Idea of the proof of Theorem 4. We have to check that for every i ⩾ 1 the functor H^i is effaceable. For every p-torsion object (M, φ_M ) ∈ ΦΓM^{Âet}_{OE(K)} and every x ∈ H^i(M) we construct an explicit embedding u of (M, φ_M ) in a certain (N, φ_N ) ∈ ΦΓM^{Âet}_{OE(K)} such that H^i(u)(x) is zero in H^i(N). For details see [H]. The key point is of topological nature: we prove, following an idea of Fontaine in [F], that there exists an open neighbourhood of 0 in M on which (φ − 1) is bijective and use then the continuity of the action of Γ.

As an application of theorem 4 we can prove the following result (due to Tate):

Theorem 5. Assume that k_K is őnite and let V be in Rep_{p-tor}(G). Without using class őeld theory the previous theorem implies that H^i(G, V ) are őnite, H^i(G, V ) = 0 for i ⩾ 3 and 2∑ i=0 l(H^i(G, V )) = −|K: Q_p | l(V ), where l( ) denotes the length over Z_p.

See [H].

Remark. Because the őniteness results imply that the MittagśLefŕer conditions are satisőed, it is possible to generalize the explicit construction of the cohomology and to prove analogous results for Z_p (or Q_p )-adic representations by passing to the inverse limits.

6.5. A new approach to local class őeld theory

The results of the preceding paragraph allow us to prove without using class őeld theory the following:

Theorem 6 (Tate’s local duality). Let V be in Rep_{p-tor}(G) and n ∈ N such that p^nV = 0. Put V^∗(1) := Hom(V, μ_pn ). Then there is a canonical isomorphism from H^2(G, μ_pn ) to Z/p^n and the cup product H^i(G, V ) × H^{2−i}(G, V^∗(1))^∪−→ H^2(G, μ_pn ) ≃ Z/p^n is a perfect pairing.

It is well known that a proof of the local duality theorem of Tate without using class őeld theory gives a construction of the reciprocity map. For every n ⩾ 1 we have by duality a functorial isomorphism between the őnite groups Hom(G, Z/p^n) = H^1(G, Z/p^n) and H^1(G, μ_pn ) which is isomorphic to K^∗/(K^∗)^{pn} by Kummer theory. Taking the inverse limits gives us the p-part of the reciprocity map, the most difőcult part.

Sketch of the proof of Theorem 6. ([H2]).

a) Introduction of differentials:

Let us denote by Ω^1_c the O_{E(K)} -module of continuous differential forms of O_E over W (k_{K∞} ). If π is a őxed lifting of a prime element of E(K_∞/K) in O_{E(K)}, then this module is free and generated by dπ. Deőne the residue map from Ω^1_c to W (k_{K∞} ) by res (∑ i∈Za_iπ^idπ ) := a_{−1}; it is independent of the choice of π.

b) Calculation of some Φ- Γ-modules:

The O_{E(K)} -module Ω^1_c is endowed with an Âetale Φ- Γ-module structure by the following formulas: for every λ ∈ O_{E(K)} we put: pφ(λdπ) = σ(λ)d(σ(π)) , γ(λdπ) = γ(λ)d(γ(π)). The fundamental fact is that there is a natural isomorphism of Φ- Γ-modules over O_{E(K)} between D(μ_pn ) and the reduction Ω^1_{c,n} of Ω^1_c modulo p^n .

The Âetale Φ- Γ-module associated to the representation V^∗(1) is ~M := Hom(M, Ω1_{c,n}), where M = D(V ). By composing the residue with the trace

we obtain a surjective and continuous map Tr_n from M to Z/p^n. For every f ∈ ~M , the map Tr_n ∘ f is an element of the group M^∨ of continuous group homomorphisms from M to Z/p^n. This gives in fact a group isomorphism from ~M to M^∨ and we can therefore transfer the Φ- Γ-module structure from ~M to M^∨. But, since k is őnite, M is locally compact and M^∨ is in fact the Pontryagin dual of M .

c) Pontryagin duality implies local duality:

We simply dualize the complex C_2(M) using Pontryagin duality (all arrows are strict morphisms in the category of topological groups) and obtain a complex: C_2(M)^∨ : 0 −→ M^{∨ β∨}−−→ M^∨ ⊕ M^{∨ α∨}−−→ M^∨ −→ 0, where the two M^∨ are in degrees 0 and 2. Since we can construct an explicit quasiisomorphism between C_2(M^∨) and C_2(M)^∨ , we easily obtain a duality between H^i(M) and H^{2−i}(M^∨) for every i ∈ {0, 1, 2}.

d) The canonical isomorphism from H^2(Ω^1_{c,n}) to Z/p^n:

The map Tr_n from Ω^1_{c,n} to Z/p^n factors through the group H^2(Ω^1_{c,n}) and this gives an isomorphism. But it is not canonical! In fact the construction of the complex C_2(M) depends on the choice of γ. Fortunately, if we take another γ, we get a quasiisomorphic complex and if we normalize the map Tr_n by multiplying it by the unit −p^{vp(log χ(γ))}/ log χ(γ) of Z_p, where log is the p-adic logarithm, χ the cyclotomic character and v_p = v_{Qp} , then everything is compatible with the change of γ.

e) The duality is given by the cup product: We can construct explicit formulas for the cup product:

H^i(M) × H^{2−i}(M^∨)^∪−→ H^2(Ω^1_{c,n}) associated with the cohomological functor (H^i)_{i∈N} and we compose them with the preceding normalized isomorphism from H^2(Ω^1_{c,n}) to Z/p^n. Since everything is explicit, we can compare with the pairing obtained in c) and verify that it is the same up to a unit of Z_p.

Remark. Benois, using the previous theorem, deduced an explicit formula of Coleman’s type for the Hilbert symbol and proved Perrin-Riou’s formula for crystalline representations ([B]).

6.6. Explicit formulas for the generalized Hilbert symbol on formal groups

Let K_0 be the fraction őeld of the ring W_0 of Witt vectors with coefőcients in a őnite őeld of characteristic p > 2 and F a commutative formal group of őnite height h deőned over W_0.

For every integer n ⩾ 1, denote by F[p^n] the p^n -torsion points in F(M_C ), where M_C is the maximal ideal of the completion C of an algebraic closure of K_0. The group F[p^n] is isomorphic to (Z/p^nZ)^h.

Let K be a őnite extension of K_0 contained in K^{sep} and assume that the points of F[p^n] are deőned over K. We then have a bilinear pairing:

( , ]_{F,n}: G^{ab}_K × F(M_K ) → F[p^n]

(see section 8 of Part I).

When the őeld K contains a primitive p^n th root of unity ζ_pn , Abrashkin gives an explicit description for this pairing generalizing the classical BrÈucknerśVostokov formula for the Hilbert symbol ([A]). In his paper he notices that the formula makes sense even if K does not contain ζ_pn and he asks whether it holds without this assumption. In a recent unpublished work, Benois proves that this is true.

Suppose for simplicity that K contains only ζ_p. Abrashkin considers in his paper the extension ~K := K(π^{p−r} , r ⩾ 1), where π is a őxed prime element of K. It is not a Galois extension of K but is arithmetically proőnite, so by [W] one can consider the őeld of norms for it. In order not to loose information given by the roots of unity of order a power of p, Benois uses the composite Galois extension L := K_∞ ~K/K which is arithmetically proőnite. There are several problems with the őeld of norms N(L/K), especially it is not clear that one can lift it in characteristic 0 with its Galois action. So, Benois simply considers the completion F of the p-radical closure of E = N(L/K) and its separable closure F^{sep} in R. If we apply what was explained in subsection 6.2 for Γ = Gal(L/K), we get:

Theorem 7. The functor V → D(V ) := (W (F^{sep}) ⊗_{Zp} V )^{GL} deőnes an equivalence of the categories Rep_{Zp}(G) and ΦΓM^{Âet}_{W (F )}.

Choose a topological generator γ^′ of Gal(L/K_∞) and lift γ to an element of Gal(L/ ~K). Then Γ is topologically generated by γ and γ^′ , with the relation γγ^′ = (γ^′)^aγ, where a = χ(γ) ( χ is the cyclotomic character). For (M, φ) ∈ ΦΓM^{Âet}_{W (F )} the continuous action of Gal(L/K_∞) on M makes it a module over the Iwasawa algebra Z_p[[γ^′ − 1]]. So we can deőne the following complex of abelian groups: C_3(M) : 0 −→ M_0^{α→A0α}−−−−−→ M_1^{α→A1α}−−−−−→ M_2^{α→A2α}−−−−−→ M_3 −→ 0 where M_0 is in degree 0, M_0 = M_3 = M , M_1 = M_2 = M^3,

A_0 = φ − 1 γ − 1 γ^′ − 1

, A_1 = γ − 1 1 − φ 0 γ^′ − 1 0 1 − φ 0 γ^{′a} − 1 δ − γ , A_2 = ((γ^′)^a − 1 δ − γ φ − 1)

and δ = ((γ^′)^a − 1)(γ^′ − 1)^{−1} ∈ Z_p[[γ^′ − 1]].

As usual, by taking the cohomology of this complex, one deőnes a cohomological functor (H^i)_{i∈N} from ΦΓM^{Âet}_{W (F )} in the category of abelian groups. Benois proves only that the cohomology of a p-torsion representation V of G injects in the groups H^i(D(V )) which is enough to get the explicit formula. But in fact a stronger statement is true:

Theorem 8. The cohomological functor (H^i ∘ D)_{i∈N} can be identiőed with the Galois cohomology functor (H^i(G, . ))_{i∈N} for the category Rep_{p-tor}(G).

Idea of the proof. Use the same method as in the proof of Theorem 4. It is only more technically complicated because of the structure of Γ.

Finally, one can explicitly construct the cup products in terms of the groups H^i and, as in [B], Benois uses them to calculate the Hilbert symbol.

Remark. Analogous constructions (equivalence of category, explicit construction of the cohomology by a complex) seem to work for higher dimensional local őelds. In particular, in the two-dimensional case, the formalism is similar to that of this paragraph; the group Γ acting on the Φ- Γ-modules has the same structure as here and thus the complex is of the same form. This work is still in progress.

References

[A] V. A. Abrashkin, Explicit formulae for the Hilbert symbol of a formal group over the Witt vectors, Izv. RAN Math. 61(1997), 463ś515.

[B] D. Benois, On Iwasawa theory of crystalline representations, Duke Math. J. 104 (2) (2000), 211ś267.

[FV] I. Fesenko and S. Vostokov, Local Fields and Their Extensions, Trans. of Math. Monographs, 121, A.M.S., 1993.

[F] J.-M. Fontaine, ReprÂesentations p-adiques des corps locaux, The Grothendieck Festschrift 2, BirkhÈauser, 1994, 59ś111.

[H1] L. Herr, Sur la cohomologie galoisienne des corps p-adiques, Bull. de la Soc. Math. de France, 126(1998), 563ś600.

[H2] L. Herr, Une approche nouvelle de la dualitÂe locale de Tate, to appear in Math. Annalen. [W] J.-P. Wintenberger, Le corps des normes de certaines extensions inőnies de corps locaux;

applications, Ann. Sci. E.N.S. 16(1983), 59ś89.

UniversitÂe Bordeaux 1, Laboratoire A2X, 351 Cours de la LibÂeration, 33405 Talence, France E-mail: herr@math.u-bordeaux.fr

Geometry & Topology Monographs Volume 3: Invitation to higher local őelds Part II, section 7, pages 273ś279

7. Recovering higher global and local őelds from Galois groups Ð an algebraic approach

Ido Efrat

7.0. Introduction

We consider the following general problem: let F be a known őeld with absolute Galois group G_F . Let K be a őeld with G_K ≃ G_F . What can be deduced about the arithmetic structure of K?

As a prototype of this kind of questions we recall the celebrated ArtinśSchreier theorem: G_K ≃ G_R if and only if K is real closed. Likewise, the őelds K with G_K ≃ G_E for some őnite extension E of Q_p are the p-adically closed őelds (see [Ne], [P1], [E1], [K]). Here we discuss the following two cases:

1. K is a higher global őeld 2. K is a higher local őeld

7.1. Higher global őelds

We call a őeld őnitely generated (or a higher global őeld) if it is őnitely generated over its prime subőeld. The (proven) 0-dimensional case of Grothendieck’s anabelian conjecture ([G1], [G2]) can be stated as follows:

Let K, F be őnitely generated inőnite őelds. Any isomorphism G_K ≃ G_F is induced in a functorial way by an (essentially unique) isomorphism of the algebraic closures of K and F .

This statement was proven:

• by Neukirch [Ne] for őnite normal extensions of Q ;

• by Iwasawa (unpublished) and Uchida [U1ś3] (following Ikeda [I]) for all global őelds;

• by Pop [P2] and Spiess [S] for function őelds in one variable over Q ;

Published 10 December 2000: © Geometry & Topology Publications

• by Pop ([P3ś5]) in general.

For recent results on the 1-dimensional anabelian conjecture ś see the works of Mochizuki [M], Nakamura [N] and Tamagawa [T].

7.2. Earlier approaches

Roughly speaking, the above proofs in the 0-dimensional case are divided into a local part and a global part. To explain the local part, deőne the Kronecker dimension dim(K) of a őeld K as trdeg(K/F_p ) if char (K) = p > 0, and as trdeg(K/Q) + 1 if char (K) = 0. Now let v be a Krull valuation on K (not necessarily discrete or of rank 1 ) with residue őeld K_v . It is called 1-defectless if dim K = dim K_v + 1. The main result of the local theory is the following local correspondence: given an isomorphism φ: G_K ~→ G_F , a closed subgroup Z of G_K is the decomposition group of some 1-defectless valuation v on K if and only if φ(Z) is the decomposition group of some 1-defectless valuation v^′ on F . The ‘global theory’ then combines the isomorphisms between the corresponding decomposition őelds to construct the desired isomorphism of the algebraic closures (see [P5] for more details).

The essence of the local correspondence is clearly the detection of valuations on a őeld K just from the knowledge of the group-theoretic structure of G_K . In the earlier approaches this was done by means of various Hasse principles; i.e., using the injectivity of the map H(K) → ∏ v∈S H(K^h_v )

for some cohomological functor H and some set S of non-trivial valuations on K, where K^h_v is the henselization of K with respect to v. Indeed, if this map is injective and H(K) ≠ 0 then H(K^h_v ) ≠ 0 for at least one v ∈ S. In this way one őnds łarithmetically interesting" valuations on K.

In the above-mentioned works the local correspondence was proved using known Hasse principles for:

(1) Brauer groups over global őelds (Brauer, Hasse, Noether);

(2) Brauer groups over function őelds in one variable over local őelds (Witt, Tate, Lichtenbaum, Roquette, Sh. Saito, Pop);

(3) H^3(G_K , Q/Z(2)) over function őelds in one variable over Q (Kato, Jannsen). Furthermore, in his proof of the 0-dimensional anabelian conjecture in its general case, Pop uses a model-theoretic technique to transfer the Hasse principles in (2) to a more general context of conservative function őelds in one variable over certain henselian valued őelds. More speciőcally, by a deep result of KieslerśShelah, a property is elementary in a certain language (in the sense of the őrst-order predicate calculus) if and only if it is preserved by isomorphisms of models in the language, and both the property and its negation are preserved by nonprincipal ultrapowers. It turns out that in an appropriate setting, the Hasse principle for the Brauer groups satisőes these conditions, hence has an elementary nature. One can now apply model-completeness results on tame valued őelds by F.-V. Kuhlmann [Ku].

This led one to the problem of őnding an algebraic proof of the local correspondence, i.e., a proof which does not use non-standard arguments (see [S, p. 115]; other modeltheoretic techniques which were earlier used in the global theory of [P2] were replaced by Spiess in [S] by algebraic ones).

We next explain how this can indeed be done (see [E3] for details and proofs).

7.3. Construction of valuations from K-theory

Our algebraic approach to the local correspondence is based on a K -theoretic (yet elementary) construction of valuations, which emerged in the early 1980’s in the context of quadratic form theory (in works of Jacob [J], Ware [W], ArasonśElmanśJacob [AEJ], HwangśJacob [HJ]; see the survey [E2]). We also mention here the alternative approaches to such constructions by Bogomolov [B] and Koenigsmann [K]. The main result of (the őrst series of) these constructions is:

Theorem 1. Let p be a prime number and let E be a őeld. Assume that char (E) ≠ p and that ⟨−1, E^{∗p}⟩ ⩽ T ⩽ E^∗ is an intermediate group such that: (a) for all x ∈ E^∗ \ T and y ∈ T \ E^{∗p} one has {x, y} ≠ 0 in K_2(E) (b) for all x, y ∈ E^∗ which are F_p -linearly independent mod T one has {x, y} ≠ 0 in K_2(E).

Then there exists a valuation v on E with value group Γ_v such that: (i) char (E_v) ≠ p;

(ii) dim_{Fp} (Γ_v/p) ⩾ dim_{Fp} (E^∗/T ) − 1;

(iii) either dim_{Fp} (Γ_v/p) = dim_{Fp} (E^∗/T ) or E_v ≠ E^p_v .

In particular we have:

Corollary. Let p be a prime number and let E be a őeld. Suppose that char (E) ≠ p, −1 ∈ E^{∗p}, and that the natural symbolic map induces an isomorphism ∧^2(E^∗/E^{∗p}) ~→ K_2(E)/p. Then there is a valuation v on E such that (i) char (E_v) ≠ p;

(ii) dim_{Fp} (Γ_v/p) ⩾ dim_{Fp} (E^∗/E^{∗p}) − 1;

(iii) either dim_{Fp} (Γ_v/p) = dim_{Fp} (E^∗/E^{∗p}) or E_v ≠ E^p_v .

We remark that the construction used in the proof of Theorem 1 is of a completely explicit and elementary nature. Namely, one chooses a certain intermediate group T ⩽ H ⩽ E^∗ with (H : T )|p and denotes

O^− = { x ∈ E \ H : 1 − x ∈ T } , O^+ = { x ∈ H : xO^− ⊂ O^− } . It turns out that O = O^− ∪O^+ is a valuation ring on E, and the corresponding valuation v is as desired.

The second main ingredient is the following henselianity criterion proven in [E1]:

Proposition 1. Let p be a prime number and let (E, v) be a valued őeld with char (E_v) ≠ p, such that the maximal pro- p Galois group G_{Ev} (p) of E_v is inőnite. Suppose that

sup_E′ rk(G_E′ (p)) < ∞

with E^′ ranging over all őnite separable extensions of E. Then v is henselian.

Here the rank rk(G) of a proőnite group G is its minimal number of (topological) generators.

After translating the Corollary to the Galois-theoretic language using Kummer theory and the Merkur’evśSuslin theorem and using Proposition 1 we obtain:

Proposition 2. Let p be a prime number and let E be a őeld such that char (E) ≠ p. Suppose that for every őnite separable extension E^′ of E one has (1) H^1(G_E′ , Z/p) ≃ (Z/p)^{n+1};

(2) H^2(G_E′ , Z/p) ≃ ∧^2H^1(G_E′ , Z/p) via the cup product; (3) dim_{Fp} (Γ_u/p) ⩽ n for every valuation u on E^′ .

Then there exists a henselian valuation v on E such that char (E_v) ≠ p and dim_{Fp} (Γ_v/p) = n.

7.4. A Galois characterization of 1-defectless valuations

For a őeld L and a prime number p, we recall that the virtual p-cohomological dimension vcd_p(G_L) is the usual p-cohomological dimension cd_p(G_L) if char (L) ≠ 0 and is vcd_p(G_{L(}^√_{−1)}) if char (L) = 0.

Deőnition. Let p be a prime number and let L be a őeld with n = dim L < ∞ and char (L) ≠ p. We say that L is p-divisorial if there exist subőelds L ⊂ E ⊂ M ⊂ L^{sep} such that (a) M/L is Galois;

(b) every p-Sylow subgroup of G_M is isomorphic to Z_p; (c) the virtual p-cohomological dimension vcd_p(G_L) of G_L is n + 1;

(d) either n = 1 or Gal(M/L) has no non-trivial closed normal pro-soluble subgroups; (e) for every őnite separable extension E^′/E one has H^1(G_E′ , Z/p) ≃ (Z/p)^{n+1}, H^2(G_E′ , Z/p) ≃ ∧^2H^1(G_E′ , Z/p) via the cup product.

The main result is now:

Theorem 2 ([E3]). Let p be a prime number and let K be a őnitely generated őeld of characteristic different from p. Let L be an algebraic extension of K. Then the following conditions are equivalent:

(i) there exists a 1-defectless valuation v on K such that L = K^h_v ; (ii) L is a minimal p-divisorial separable algebraic extension of K.

Idea of proof. Suppose őrst that v is a 1-defectless valuation on K. Take L = K^h_v and let M be a maximal unramiőed extension of L. Also let w be a valuation on K such that Γ_w ≃ Z^{dim(K)}, char (K_w) ≠ p, and such that the corresponding valuation rings satisfy O_w ⊂ O_v . Let K^h_w be a henselization of (K, w) containing L and take E = K^h_w(μ_p) ( E = K^h_w(μ_4) if p = 2 ). One shows that L is p-divisorial with respect to this tower of of extensions.

Conversely, suppose that L is p-divisorial, and let L ⊂ E ⊂ M ⊂ L^{sep} be a tower of extensions as in the deőnition above. Proposition 2 gives rise to a henselian valuation w on E such that char (E_w) ≠ p and dim_{Fp} (Γ_w/p) = dim (K). Let w_0 be the unique valuation on E of rank 1 such that O_{w0} ⊃O_w , and let u be its restriction to L. The unique extension u_M of w_0 to M is henselian. Since M/L is normal, every extension of u to M is conjugate to u_M , hence is also henselian. By a classical result of F.-K. Schmidt, the non-separably closed őeld M can be henselian with respect to at most one valuation of rank 1. Conclude that u is henselian as well. One then shows that it is 1-defectless.

The equivalence of (i) and (ii) now follows from these two remarks, and a further application of F.-K. Schmidt’s theorem.

The local correspondence now follows from the observation that condition (ii) of the Theorem is actually a condition on the closed subgroup G_L of the proőnite group G_K (note that dim(L) = vcd(G_K ) − 1 ).

7.5. Higher local őelds

Here we report on a joint work with Fesenko [EF].

An analysis similar to the one sketched in the case of higher global őelds yields:

Theorem 3 ([EF]). Let F be an n-dimensional local őeld. Suppose that the canonical valuation on F of rank n has residue characteristic p. Let K be a őeld such that G_K ≃ G_F . Then there is a henselian valuation v on K such that Γ_v/l ≃ (Z/l)^n for every prime number l ≠ p and such that char (K_v) = p or 0.

Theorem 4 ([EF]). Let q = p^r be a prime power and let K be a őeld with G_K ≃ G_{Fq ((t))}. Then there is a henselian valuation v on K such that (1) Γ_v/l ≃ Z/l for every prime number l ≠ p; (2) char (K_v) = p;

(3) the maximal prime-to- p Galois group G_{Kv} (p^′) of K_v is isomorphic to ∏ l≠p Zl; (4) if char (K) = 0 then Γ_v = pΓ_v and K_v is perfect.

Moreover, for every positive integer d there exist valued őelds (K, v) as in Theorem 4 with characteristic p and for which Γ_v/p ≃ (Z/p)^d. Likewise there exist examples with Γ_v ≃ Z, G_{Kv} ≄ ÃZ and K_v imperfect, as well as examples with char (K) = 0.

References

[AEJ] J. K. Arason, R. Elman and B. Jacob, Rigid elements, valuations, and realization of Witt rings, J. Algebra 110 (1987), 449ś467.

[B] F. A. Bogomolov, Abelian subgroups of Galois groups, Izv. Akad. Nauk SSSR, Ser. Mat.

55 (1991), 32ś67; English translation in Math. USSR Izvest. 38 (1992), 27ś67. [E1] I. Efrat, A Galois-theoretic characterization of p-adically closed őelds, Isr. J. Math. 91 (1995), 273ś284.

[E2] I. Efrat, Construction of valuations from K -theory, Math. Research Letters 6 (1999), 335ś344.

[E3] I. Efrat, The local correspondence over absolute őelds ś an algebraic approach, Internat.

Math. Res. Notices, to appear.

[EF] I. Efrat and I. Fesenko, Fields Galois-equivalent to a local őeld of positive characteristic, Math. Research Letters 6 (1999), 245ś356.

[G1] A. Grothendieck, Esquisse d’un program, In: L. Schneps et al. (Eds.), Geometric Galois actions. 1. Around Grothendieck’s esquisse d’un programme, Cambridge: Cambridge University Press, Lond. Math. Soc. Lect. Note Ser. 242, 5ś48 (1997).

[G2] A. Grothendieck, A letter to G. Faltings, In: L. Schneps et al. (Eds.), Geometric Galois actions. 1. Around Grothendieck’s esquisse d’un programme, Cambridge: Cambridge University Press, Lond. Math. Soc. Lect. Note Ser. 242, 49ś58 (1997).

[HJ] Y. S. Hwang and B. Jacob, Brauer group analogues of results relating the Witt ring to valuations and Galois theory, Canad. J. math. 47 (1995), 527ś543.

[I] M. Ikeda, Completeness of the absolute Galois group of the rational number őeld, J.

reine angew. Math. 291 (1977), 1ś22.

[J] B. Jacob, On the structure of pythagorean őelds, J. Algebra 68 (1981), 247ś267.

[K] J. Koenigsmann, From p-rigid elements to valuations (with a Galois-characterisation of p-adic őelds) (with an appendix by F. Pop), J. reine angew. Math. 465 (1995), 165ś182.

[Ku] F.-V. Kuhlmann, Henselian function őelds and tame őelds, Heidelberg, 1990. [M] S. Mochizuki, The local pro- p anabelian geometry of curves, Invent. math. 138 (1999), 319ś423.

[N] H. Nakamura, Galois rigidity of the Âetale fundamental groups of the punctured projective line, J. reine angew. Math. 411 (1990), 205ś216.

[Ne] J. Neukirch, Kennzeichnung der p-adischen und endlichen algebraischen ZahlkÈorper, Invent. math. 6 (1969), 269ś314.

[P1] F. Pop, Galoissche Kennzeichnung p-adisch abgeschlossener KÈorper, J. reine angew.

Math. 392 (1988), 145ś175.

[P2] F. Pop, On the Galois theory of function őelds of one variable over number őelds, J.

reine angew. Math. 406 (1990), 200ś218.

[P3] F. Pop, On Grothendieck’s conjecture of birational anabelian geometry, Ann. Math. 139 (1994), 145ś182.

[P4] F. Pop, On Grothendieck’s conjecture of birational anabelian geometry II, Preprint, Heidelberg 1995.

[P5] F. Pop, Alterations and birational anabelian geometry, In: Resolution of singularities (Obergurgl, 1997), 519ś532, Progr. Math. 181, Birkhauser, Basel, 2000.

[S] M. Spiess, An arithmetic proof of Pop’s theorem concerning Galois groups of function őelds over number őelds, J. reine angew. Math. 478 (1996), 107ś126.

[T] A. Tamagawa, The Grothendieck conjecture for afőne curves, Compositio Math. 109 (1997), 135ś194.

[U1] K. Uchida, Isomorphisms of Galois groups of algebraic function őelds, Ann. Math. 106 (1977), 589ś598.

[U2] K. Uchida, Isomorphisms of Galois groups of solvably closed Galois extensions, TohÃoku Math. J. 31 (1979), 359ś362.

[U3] K. Uchida, Homomorphisms of Galois groups of solvably closed Galois extensions, J.

Math. Soc. Japan 33 (1981), 595ś604.

[W] R. Ware, Valuation rings and rigid elements in őelds, Canad. J. Math. 33 (1981), 1338ś 1355.

Department of Mathematics, Ben Gurion University of the Negev P.O. Box 653, Be’er-Sheva 84105 Israel E-mail: efrat@math.bgu.ac.il

Geometry & Topology Monographs Volume 3: Invitation to higher local őelds Part II, section 8, pages 281ś292

8. Higher local skew őelds

Alexander Zheglov

n-dimensional local skew őelds are a natural generalization of n-dimensional local őelds. The latter have numerous applications to problems of algebraic geometry, both arithmetical and geometrical, as it is shown in this volume. From this viewpoint, it would be reasonable to restrict oneself to commutative őelds only. Nevertheless, already in class őeld theory one meets non-commutative rings which are skew őelds őnite-dimensional over their center K. For example, K is a (commutative) local őeld and the skew őeld represents elements of the Brauer group of the őeld K (see also an example below). In [Pa] A.N. Parshin pointed out another class of non-commutative local őelds arising in differential equations and showed that these skew őelds possess many features of commutative őelds. He deőned a skew őeld of formal pseudodifferential operators in n variables and studied some of their properties. He raised a problem of classifying non-commutative local skew őelds.

In this section we treat the case of n = 2 and list a number of results, in particular a classiőcation of certain types of 2-dimensional local skew őelds.

8.1. Basic deőnitions

Deőnition. A skew őeld K is called a complete discrete valuation skew őeld if K is complete with respect to a discrete valuation (the residue skew őeld is not necessarily commutative). A őeld K is called an n-dimensional local skew őeld if there are skew őelds K = K_n, K_{n−1}, . . . , K_0 such that each K_i for i > 0 is a complete discrete valuation skew őeld with residue skew őeld K_{i−1}.

Examples.

(1) Let k be a őeld. Formal pseudo-differential operators over k((X)) form a 2- dimensional local skew őeld K = k((X))((∂^{−1}_X )), ∂_X X = X∂_X + 1. If char (k) = 0 we get an example of a skew őeld which is an inőnite dimensional vector space over its centre.

Published 10 December 2000: © Geometry & Topology Publications

(2) Let L be a local őeld of equal characteristic (of any dimension). Then an element of Br(L) is an example of a skew őeld which is őnite dimensional over its centre.

From now on let K be a two-dimensional local skew őeld. Let t_2 be a generator of M_{K2} and t^′_1 be a generator of M_{K1} . If t_1 ∈ K is a lifting of t^′_1 then t_1, t_2 is called a system of local parameters of K. We denote by v_{K2} and v_{K1} the (surjective) discrete valuations of K_2 and K_1 associated with t_2 and t^′_1.

Deőnition. A two-dimensional local skew őeld K is said to split if there is a section of the homomorphism O_{K2} → K_1 where O_{K2} is the ring of integers of K_2.

Example (N. Dubrovin). Let Q ((u))⟨x, y⟩ be a free associative algebra over Q ((u)) with generators x, y. Let I = ⟨[x, [x, y]], [y, [x, y]]⟩. Then the quotient A = Q ((u))⟨x, y⟩/I is a Q -algebra which has no non-trivial zero divisors, and in which z = [x, y] + I is a central element. Any element of A can be uniquely represented in the form

f_0 + f_1z + . . . + f_mz^m

where f_0, . . . , f_m are polynomials in the variables x, y.

One can deőne a discrete valuation w on A such that w(x) = w(y) = w(Q ((u))) = 0, w([x, y]) = 1, w(a) = k if a = f_kz^k + . . . + f_mz^m, f_k ≠ 0. The skew őeld B of fractions of A has a discrete valuation v which is a unique extension of w. The completion of B with respect to v is a two-dimensional local skew őeld which does not split (for details see [Zh, Lemma 9]).

Deőnition. Assume that K_1 is a őeld. The homomorphism

φ_0: K^∗ → Int(K), φ_0(x)(y) = x^{−1}yx

induces a homomorphism φ: K^∗_2 /O^∗_{K2} → Aut(K_1). The canonical automorphism of K_1 is α = φ(t_2) where t_2 is an arbitrary prime element of K_2.

Deőnition. Two two-dimensional local skew őelds K and K^′ are isomorphic if there is an isomorphism K → K^′ which maps O_K onto O_K′ , M_K onto M_K′ and O_{K1} onto O_K′_1 , M_{K1} onto M_K′_1 .

8.2. Canonical automorphisms of inőnite order

Theorem.

(1) Let K be a two-dimensional local skew őeld. If α^n ≠ id for all n ⩾ 1 then char (K_2) = char (K_1), K splits and K is isomorphic to a two-dimensional local skew őeld K_1((t_2)) where t_2a = α(a)t_2 for all a ∈ K_1.

(2) Let K, K^′ be two-dimensional local skew őelds and let K_1, K^′_1 be őelds. Let α^n ≠ id , α^{′n} ≠ id for all n ⩾ 1. Then K is isomorphic to K^′ if and only if there is an isomorphism f: K_1 → K^′_1 such that α = f^{−1}α^′f where α, α^′ are the canonical automorphisms of K_1 and K^′_1.

Remarks.

1. This theorem is true for any higher local skew őeld.

2. There are examples (similar to Dubrovin’s example) of local skew őelds which do not split and in which α^n = id for some positive integer n.

Proof. (2) follows from (1). We sketch the proof of (1). For details see [Zh, Th.1].

If char (K) ≠ char (K_1) then char (K_1) = p > 0. Hence v(p) = r > 0. Then for any element t ∈ K with v(t) = 0 we have ptp^{−1} ≡ α^r(t) mod M_K where t is the image of t in K_1. But on the other hand, pt = tp, a contradiction.

Let F be the prime őeld in K. Since char (K) = char (K_1) the őeld F is a subring of O = O_{K2} . One can easily show that there exists an element c ∈ K_1 such that α^n(c) ≠ c for every n ⩾ 1 [Zh, Lemma 5].

Then any lifting c^′ in O of c is transcendental over F . Hence we can embed the őeld F (c^′) in O. Let L be a maximal őeld extension of F (c^′) which can be embedded in O. Denote by L its image in O. Take a ∈ K_1 \ L. We claim that there exists a lifting a^′ ∈ O of a such that a^′ commutes with every element in L. To prove this fact we use the completeness of O in the following argument.

Take any lifting a in O of a. For every element x ∈ L we have axa^{−1} ≡ x mod M_K . If t_2 is a prime element of K_2 we can write

axa^{−1} = x + δ_1(x)t_2

where δ_1(x) ∈ O. The map δ_1: L ∋ x → δ_1(x) ∈ K_1 is an α-derivation, i.e.

δ_1(ef) = δ_1(e)α(f) + eδ_1(f)

for all e, f ∈ L. Take an element h such that α(h) ≠ h, then δ_1(a) = gα(a) − ag where g = δ_1(h)/(α(h) − h). Therefore there is a_1 ∈ K_1 such that

(1 + a_1t_2)axa^{−1}(1 + a_1t_2)^{−1} ≡ x mod M^2_K .

By induction we can őnd an element a^′ = . . . · (1 + a_1t_2)a such that a^′xa^{′−1} = x.

Now, if a is not algebraic over L, then for its lifting a^′ ∈ O which commutes with L we would deduce that L(a^′) is a őeld extension of F (c^′) which can be embedded in O, which contradicts the maximality of L.

Hence a is algebraic and separable over L. Using a generalization of Hensel’s Lemma [Zh, Prop.4] we can őnd a lifting a^′ of a such that a^′ commutes with elements of L and a^′ is algebraic over L, which again leads to a contradiction.

Finally let a be purely inseparable over L, a^{pk} = x, x ∈ L. Let a^′ be its lifting which commutes with every element of L. Then a^{′pk} − x commutes with every element of L. If v_K (a^{′pk} − x) = r ≠ ∞ then similarly to the beginning of this proof we deduce that the image of (a^{′pk} − x)c(a^{′pk} − x)^{−1} in K_1 is equal to α^r(c) (which is distinct from c ), a contradiction. Therefore, a^{′pk} = x and the őeld L(a^′) is a őeld extension of F (c^′) which can be embedded in O, which contradicts the maximality of L.

Thus, L = K_1.

To prove that K is isomorphic to a skew őeld K_1((t_2)) where t_2a = α(a)t_2 one can apply similar arguments as in the proof of the existence of an element a^′ such that a^′xa^{′−1} = x (see above). So, one can őnd a parameter t_2 with a given property.

In some cases we have a complete classiőcation of local skew őelds.

Proposition ([Zh]). Assume that K_1 is isomorphic to k((t_1)). Put

ζ = α(t_1)t^{−1}_1 mod M_{K1} .

Put i_α = 1 if ζ is not a root of unity in k and i_α = v_{K1} (α^n(t_1) − t_1) if ζ is a primitive n th root. Assume that k is of characteristic zero. Then there is an automorphism f ∈ Aut_k(K_1) such that f^{−1}αf = β where

β(t_1) = ζt_1 + xt^{iα}_1 + x^2yt^{2iα−1}_1

for some x ∈ k^∗/k^{∗(iα−1)}, y ∈ k.

Two automorphisms α and β are conjugate if and only if (ζ(α), i_α , x(α), y(α)) = (ζ(β), i_β , x(β), y(β)). Proof. First we prove that α = fβ^′f^{−1} where

β^′(t_1) = ζt_1 + xt^{in+1}_1 + yt^{2in+1}_1

for some natural i. Then we prove that i_α = i_β′ .

Consider a set {α_i : i ∈ N } where α_i = f_iα_{i−1}f^{−1}_i , f_i(t_1) = t_1 + x_it^i_1 for some x_i ∈ k, α_1 = α. Write

α_i(t_1) = ζt_1 + a_{2,i}t^2_1 + a_{3,i}t^3_1 + . . . .

One can check that a_{2,2} = x_2(ζ^2 − ζ) + a_{2,1} and hence there exists an element x_2 ∈ k such that a_{2,2} = 0. Since a_{j,i+1} = a_{j,i}, we have a_{2,j} = 0 for all j ⩾ 2. Further, a_{3,3} = x_3(ζ^3 − ζ) + a_{3,2} and hence there exists an element x_3 ∈ k such that a_{3,3} = 0. Then a_{3,j} = 0 for all j ⩾ 3. Thus, any element a_{k,k} can be made equal to zero if n ̸|(k − 1), and therefore α = f Äαf^{−1} where

Äα(t_1) = ζt_1 + Äa_{in+1}t^{in+1}_1 + Äa_{in+n+1}t^{in+n+1}_1 + . . .

for some i, Äa_j ∈ k. Notice that Äa_{in+1} does not depend on x_i. Put x = x(α) = Äa_{in+1}.

Now we replace α by Äα. One can check that if n|(k − 1) then a_{j,k} = a_{j,k−1} for 2 ⩽ j < k + in and a_{k+in,k} = x_kx(k − in − 1) + a_{k+in} + some polynomial which does not depend on x_k.

From this fact it immediately follows that a_{2in+1,in+1} does not depend on x_i and for all k ≠ in + 1 a_{k+in,k} can be made equal to zero. Then y = y(α) = a_{2in+1,in+1}.

Now we prove that i_α = i_β′ . Using the formula

β^{′n}(t_1) = t_1 + nx(α)ζ^{−1}t^{in+1}_1 + . . .

we get i_β′ = in+1. Then one can check that v_{K1} (f^{−1}(α^n −id )f) = v_{K1} (α^n −id ) = i_α . Since β^{′n} − id = f^{−1}(α^n − id )f , we get the identity i_α = i_β′ .

The rest of the proof is clear. For details see [Zh, Lemma 6 and Prop.5].

8.3. Canonical automorphisms of őnite order

8.3.1. Characteristic zero case.

Assume that a two-dimensional local skew őeld K splits, K_1 is a őeld, K_0 ⊂ Z(K), char (K) = char (K_0) = 0, α^n = id for some n ⩾ 1, for any convergent sequence (a_j ) in K_1 the sequence (t_2a_j t^{−1}_2 ) converges in K.

Lemma. K is isomorphic to a two-dimensional local skew őeld K_1((t_2)) where

t_2at^{−1}_2 = α(a) + δ_i(a)t^i_2 + δ_{2i}(a)t^{2i}_2 + δ_{2i+n}(a)t^{2i+n}_2 + . . . for all a ∈ K_1

where n|i and δ_j : K_1 → K_1 are linear maps and

δ_i(ab) = δ_i(a)α(b) + α(a)δ_i(b) for every a, b ∈ K_1 .

Moreover t^n_2 at^{−n}_2 = a + δ^′_i(a)t^i_2 + δ^′_{2i}(a)t^{2i}_2 + δ^′_{2i+n}(a)t^{2i+n}_2 + . . .

where δ^′_j are linear maps and δ^′_i and δ := δ^′_{2i} − ((i + 1)/2)δ^′_i^2 are derivations. Remark. The following fact holds for the őeld K of any characteristic: K is isomorphic to a two-dimensional local skew őeld K_1((t_2)) where t_2at^{−1}_2 = α(a) + δ_i(a)t^i_2 + δ_{i+1}(a)t^{i+1}_2 + . . .

where δ_j are linear maps which satisfy some identity. For explicit formulas see [Zh, Prop.2 and Cor.1].

Proof. It is clear that K is isomorphic to a two-dimensional local skew őeld K_1((t_2)) where t_2at^{−1}_2 = α(a) + δ_1(a)t_2 + δ_2(a)t^2 + . . . for all a and δ_j are linear maps. Then δ_1 is a (α^2, α)-derivation, that is δ_1(ab) = δ_1(a)α^2(b) + α(a)δ_1(b).

Indeed,

t_2abt^{−1}_2 = t_2at^{−1}_2 t_2bt^{−1}_2 = (α(a) + δ_1(a)t_2 + . . . )(α(b) + δ_1(b)t_2 + . . . ) = α(a)α(b) + (δ_1(a)α^2(b) + α(a)δ_1(b))t_2 + . . . = α(ab) + δ_1(ab)t_2 + . . . .

From the proof of Theorem 8.2 it follows that δ_1 is an inner derivation, i.e. δ_1(a) = gα^2(a) − α(a)g for some g ∈ K_1, and that there exists a t_{2,2} = (1 + x_1t_2)t_2 such that t_{2,2}at^{−1}_{2,2} = α(a) + δ_{2,2}(a)t^2_{,2} + . . . .

One can easily check that δ_{2,2} is a (α^3, α)-derivation. Then it is an inner derivation and there exists t_{2,3} such that t_{2,3}at^{−1}_{2,3} = α(a) + δ_{3,3}(a)t^3_{2,3} + . . . .

By induction one deduces that if t_{2,j} at^{−1}_{2,j} = α(a) + δ_{n,j} (a)t^n_{2,j} + . . . + δ_{kn,j}(a)t^{kn}_{2,j} + δ_{j,j} (a)t^j_{2,j} + . . . then δ_{j,j} is a (α^{j+1}, α)-derivation and there exists t_{2,j+1} such that

t_{2,j+1}at^{−1}_{2,j+1} = α(a) + δ_{n,j} (a)t^n_{2,j+1} + . . . + δ_{kn,j}(a)t^{kn}_{2,j+1} + δ_{j+1,j+1}(a)t^{j+1}_{2,j+1} + . . . . The rest of the proof is clear. For details see [Zh, Prop.2, Cor.1, Lemmas 10, 3].

Deőnition. Let i = v_{K2} (φ(t^n_2 )(t_1) − t_1) ∈ nN ∪ ∞, ( φ is deőned in subsection 8.1) and let r ∈ Z/i be v_{K1} (x) mod i where x is the residue of (φ(t^n_2 )(t_1) − t_1)t^{−i}_2 . Put

a = res_{t1} ( (δ^′_{2i} −^{i+1}_2 δ^′_i^2)(t_1) δ^′_i(t_1)^2 dt_1 ) ∈ K_0.

( δ^′_i, δ^′_{2i} are the maps from the preceding lemma).

Proposition. If n = 1 then i, r don’t depend on the choice of a system of local parameters; if i = 1 then a does not depend on the choice of a system of local parameters; if n ≠ 1 then a depends only on the maps δ_{i+1}, . . . , δ_{2i−1}, i, r depend only on the maps δ_j , j /∈ nN , j < i.

Proof. We comment on the statement őrst. The maps δ_j are uniquely deőned by parameters t_1, t_2 and they depend on the choice of these parameters. So the claim that i, r depend only on the maps δ_j , j /∈ nN , j < i means that i, r don’t depend on the choice of parameters t_1, t_2 which preserve the maps δ_j , j /∈ nN , j < i.

Note that r depends only on i. Hence it is sufőcient to prove the proposition only for i and a. Moreover it sufőces to prove it for the case where n ≠ 1, i ≠ 1, because if n = 1 then the sets {δ_j : j /∈ nN } and {δ_{i+1} : . . . , δ_{2i−1}} are empty.

It is clear that i depends on δ_j , j /∈ nN . Indeed, it is known that δ_1 is an inner (α^2, α)-derivation (see the proof of the lemma). By [Zh, Lemma 3] we can change a parameter t_2 such that δ_1 can be made equal δ_1(t_1) = t_1. Then one can see that i = 1. From the other hand we can change a parameter t_2 such that δ_1 can be made equal to 0. In this case i > 1. This means that i depends on δ_1. By [Zh, Cor.3] any map δ_j is uniquely determined by the maps δ_q , q < j and by an element δ_j (t_1). Then using similar arguments and induction one deduces that i depends on other maps δ_j , j /∈ nN , j < i. Now we prove that i does not depend on the choice of parameters t_1, t_2 which preserve the maps δ_j , j /∈ nN , j < i.

Note that i does not depend on the choice of t_1: indeed, if t^′_1 = t_1 + bz^j , b ∈ K_1 then z^nt^′_1z^{−n} = z^nt_1z^{−n} + (z^nbz^{−n})z^j = t^′_1 + r, where r ∈ M^i_K \M^{i+1}_K . One can see that the same is true for t^′_1 = c_1t_1 + c_2t^2 + . . . , c_j ∈ K_0.

Let δ_q be the őrst non-zero map for given t_1, t_2. If q ≠ i then by [Zh, Lemma 8, (ii)] there exists a parameter t^′_1 such that zt^′_1z^{−1} = t^′_1^α + δ_{q+1}(t^′_1)z^{q+1} + . . . . Using this fact and Proposition 8.2 we can reduce the proof to the case where q = i, α(t_1) = ξt_1, α(δ_i(t_1)) = ξδ_i(t_1) (this case is equivalent to the case of n = 1 ). Then we apply [Zh, Lemma 3] to show that

v_{K2} ((ϕ(t^′_2) − 1)(t_1)) = v_{K2} ((ϕ(t_2) − 1)(t_1)),

for any parameters t_2, t^′_2, i.e. i does not depend on the choice of a parameter t_2. For details see [Zh, Prop.6].

To prove that a depends only on δ_{i+1}, . . . , δ_{2i−1} we use the fact that for any pair of parameters t^′_1, t^′_2 we can őnd parameters t^{′′}_1 = t_1 + r, where r ∈ M^i_K , t^{′′}_2 such that corresponding maps δ_j are equal for all j. Then by [Zh, Lemma 8] a does not depend on t^{′′}_1 and by [Zh, Lemma 3] a depends on t^{′′}_2 = t_2 + a_1t^2 + . . . , a_j ∈ K_1 if and only if a_1 = . . . = a_{i−1}. Using direct calculations one can check that a doesn’t depend on t^{′′}_2 = a_0t_2, a_0 ∈ K^∗_1 .

To prove the fact it is sufőcient to prove it for t^{′′}_1 = t_1 +ct^h_1 z^j for any j < i, c ∈ K_0. Using [Zh, Lemma 8] one can reduce the proof to the assertion that some identity holds. The identity is, in fact, some equation on residue elements. One can check it by direct calculations. For details see [Zh, Prop.7].

Remark. The numbers i, r, a can be deőned only for local skew őelds which splits. One can check that the deőnition can not be extended to the skew őeld in Dubrovin’s example.

Theorem.

(1) K is isomorphic to a two-dimensional local skew őeld K_0((t_1))((t_2)) such that

t_2t_1t^{−1}_2 = ξt_1 + xt^i_2 + yt^{2i}_2

where ξ is a primitive n th root, x = ct^r_1, c ∈ K^∗_0 /(K^∗_0 )^d,

y = (a + r(i + 1)/2)t^{−1}_1 x^2, d = gcd(r − 1, i). If n = 1, i = ∞, then K is a őeld.

(2) Let K, K^′ be two-dimensional local skew őelds of characteristic zero which splits;

and let K_1, K^′_1 be őelds. Let α^n = id , α^{′n′} = id for some n, n^′ ⩾ 1. Then K is isomorphic to K^′ if and only if K_0 is isomorphic to K^′_0 and the ordered sets (n, ξ, i, r, c, a) and (n^′, ξ^′, i^′, r^′, c^′, a^′) coincide. Proof. (2) follows from the Proposition of 8.2 and (1). We sketch the proof of (1).

From Proposition 8.2 it follows that there exists t_1 such that α(t_1) = ξt_1; δ_i(t_1) can be represented as ct^r_1a^i . Hence there exists t_2 such that

t_2t_1t^{−1}_2 = ξt_1 + xt^i_2 + δ_{2i}(t_1)t^{2i}_2 + . . .

Using [Zh, Lemma 8] we can őnd a parameter t^′_1 = t_1 mod M_K such that

t_2t^′_1t^{−1}_2 = ξt_1 + xt^i_2 + yt^{2i}_2 + . . .

The rest of the proof is similar to the proof of the lemma. Using [Zh, Lemma 3] one can őnd a parameter t^′_2 = t_2 mod M^2_K such that δ_j (t_1) = 0, j > 2i.

Corollary. Every two-dimensional local skew őeld K with the ordered set (n, ξ, i, r, c, a) is a őnite-dimensional extension of a skew őeld with the ordered set (1, 1, 1, 0, 1, a).

Remark. There is a construction of a two-dimensional local skew őeld with a given set (n, ξ, i, r, c, a).

Examples.

(1) The ring of formal pseudo-differential equations is the skew őeld with the set (n = 1, ξ = 1, i = 1, r = 0, c = 1, a = 0).

(2) The elements of Br(L) where L is a two-dimensional local őeld of equal characteristic are local skew őelds. If, for example, L is a C_2 - őeld, they split and i = ∞. Hence any division algebra in Br(L) is cyclic.

8.3.2. Characteristic p case.

Theorem. Suppose that a two-dimensional local skew őeld K splits, K_1 is a őeld, K_0 ⊂ Z(K), char (K) = char (K_0) = p > 2 and α = id .

Then K is a őnite dimensional vector space over its center if and only if K is isomorphic to a two-dimensional local skew őeld K_0((t_1))((t_2)) where

t^{−1}_2 t_1t_2 = t_1 + xt^i_2

with x ∈ K^p_1 , (i, p) = 1.

Proof. The łifž part is obvious. We sketch the proof of the łonly ifž part.

If K is a őnite dimensional vector space over its center then K is a division algebra over a henselian őeld. In fact, the center of K is a two-dimensional local őeld k((u))((t)). Then by [JW, Prop.1.7] K_1/(Z(K))_1 is a purely inseparable extension. Hence there exists t_1 such that t^{pk}_1 ∈ Z(K) for some k ∈ N and K ≃ K_0((t_1))((t_2)) as a vector space with the relation

t_2t_1t^{−1}_2 = t_1 + δ_i(t_1)t^i_2 + . . .

(see Remark 8.3.1). Then it is sufőcient to show that i is prime to p and there exist parameters t_1 ∈ K_1, t_2 such that the maps δ_j satisfy the following property: (*) If j is not divisible by i then δ_j = 0. If j is divisible by i then δ_j = c_{j/i}δ^{j/i}_i with some c_{j/i} ∈ K_1.

Indeed, if this property holds then by induction one deduces that c_{j/i} ∈ K_0, c_{j/i} = ((i + 1) . . . (i(j/i − 1) + 1))/(j/i)!. Then one can őnd a parameter t^′_2 = bt_2, b ∈ K_1 such that δ^′_j satisőes the same property and δ^2_i = 0. Then

t^′_2^{−1}t_1t^′_2 = t_1 − δ^′_i(t_1)t^i_2.

First we prove that (i, p) = 1. To show it we prove that if p|i then there exists a map δ_j such that δ_j (t^{pk}_1 ) ≠ 0. To őnd this map one can use [Zh, Cor.1] to show that δ_{ip}(t^p_1) ≠ 0, δ_{ip}2 (t^{p2}_1 ) ≠ 0, . . . , δ_{ip}k (t^{pk}_1 ) ≠ 0.

Then we prove that for some t_2 property (*) holds. To show it we prove that if property (*) does not hold then there exists a map δ_j such that δ_j (t^{pk}_1 ) ≠ 0. To őnd this map we reduce the proof to the case of i ≡ 1 mod p. Then we apply the following idea.

Let j ≡ 1 mod p be the minimal positive integer such that δ_j is not equal to zero on K^{pl}_1 . Then one can prove that the maps δ_m, kj ⩽ m < (k + 1)j, k ∈ {1, . . . , p − 1} satisfy the following property:

there exist elements c_{m,k} ∈ K_1 such that (δ_m − c_{m,1}δ − . . . − c_{m,k}δ^k)|_{Kp}l_1 = 0 where δ: K_1 → K_1 is a linear map, δ|_{Kp}l_1 is a derivation, δ(t^j_1) = 0 for j /∈ p^lN,

δ(t^{pl}_1 ) = 1, c_{kj,k} = c(δ_j (t^{pl}_1 ))^k , c ∈ K_0.

Now consider maps ~δ_q which are deőned by the following formula

t^{−1}_2 at_2 = a + ~δ_i(a)t^i_2 + ~δ_{i+1}(a)t^{i+1}_2 + . . . , a ∈ K_1.

Then ~δ_q + δ_q + ∑_{q−1} k=1 δ_k ~δ_{q−k} = 0 for any q. In fact, ~δ_q satisfy some identity which is similar to the identity in [Zh, Cor.1]. Using that identity one can deduce that if j ≡ 1 mod p and there exists the minimal m ( m ∈ Z ) such that δ_{mp+2i}|_{Kp}l_1 ≠ 0

if j ̸|(mp + 2i) and δ_{mp+2i}|_{Kp}l_1 ≠ sδ^{(2i+mp)/j}_j |_{Kp}l_1 for any s ∈ K_1 otherwise, and

δ_q(t^{pl}_1 ) = 0 for q < mp + 2i, q ≢ 1 mod p, then

(mp + 2i) + (p − 1)j is the minimal integer such that δ_{(mp+2i)+(p−1)j} |_{Kp}l+1_1 ≠ 0.

To complete the proof we use induction and [Zh, Lemma 3] to show that there exist parameters t_1 ∈ K_1, t_2 such that δ_q(t^{pl}_1 ) = 0 for q ≢ 1, 2 mod p and δ^2_j = 0 on K^{pl}_1 .

Corollary 1. If K is a őnite dimensional division algebra over its center then its index is equal to p.

Corollary 2. Suppose that a two-dimensional local skew őeld K splits, K_1 is a őeld, K_0 ⊂ Z(K), char (K) = char (K_0) = p > 2, K is a őnite dimensional division algebra over its center of index p^k .

Then either K is a cyclic division algebra or has index p.

Proof. By [JW, Prop. 1.7] K_1/Z(K) is the compositum of a purely inseparable extension and a cyclic Galois extension. Then the canonical automorphism α has order p^l for some l ∈ N. By [Zh, Lemma 10] (which is true also for char (K) = p > 0 ), K ≃ K_0((t_1))((t_2)) with

t_2at^{−1}_2 = α(a) + δ_i(a)t^i_2 + δ_{i+p}l (a)t^{i+pl}_2 + δ_{i+p}l (a)t^{i+2pl}_2 + . . .

where i ∈ p^lN, a ∈ K_1. Suppose that α ≠ 1 and K_1 is not a cyclic extension of Z(K). Then there exists a őeld F ⊂ K_1, F ⊄ Z(K) such that α|_F = 1. If a ∈ F then for some m the element a^{pm} belongs to a cyclic extension of the őeld Z(K), hence δ_j (a^{pm} ) = 0 for all j. But we can apply the same arguments as in the proof of the preceding theorem to show that if δ_i ≠ 0 then there exists a map δ_j such that δ_j (a^{pm} ) ≠ 0, a contradiction. We only need to apply [Zh, Prop.2] instead of [Zh, Cor.1] and note that αδ = xδα where δ is a derivation on K_1, x ∈ K_1, x ≡ 1 mod M_{K1} , because α(t_1)/t_1 ≡ 1 mod M_{K1} .

Hence t_2at^{−1}_2 = α(a) and K_1/Z(K) is a cyclic extension and K is a cyclic division algebra (K_1(t^{pk}_2 )/Z(K), α, t^{pk}_2 ).

Corollary 3. Let F = F_0((t_1))((t_2)) be a two-dimensional local őeld, where F_0 is an algebraically closed őeld. Let A be a division algebra over F .

Then A ≃ B ⊗ C, where B is a cyclic division algebra of index prime to p and C is either cyclic (as in Corollary 2) or C is a local skew őeld from the theorem of index p.

Proof. Note that F is a C_2 -őeld. Then A_1 is a őeld, A_1/F_1 is the compositum of a purely inseparable extension and a cyclic Galois extension, and A_1 = F_0((u)) for some u ∈ A_1. Hence A splits. So, A is a splitting two-dimensional local skew őeld.

It is easy to see that the index of A is |A : F | = p^qm, (m, p) = 1. Consider subalgebras B = C_A(F_1), C = C_A(F_2) where F_1 = F (u^{pq} ), F_2 = F (u^m). Then by [M, Th.1] A ≃ B ⊗ C.

The rest of the proof is clear.

Now one can easily deduce that

Corollary 4. The following conjecture: the exponent of A is equal to its index for any division algebra A over a C_2 -őeld F (see for example [PY, 3.4.5.]) has the positive answer for F = F_0((t_1))((t_2)).

Reference

[JW] B. Jacob and A. Wadsworth, Division algebras over Henselian őelds, J.Algebra,128(1990), p. 126ś179.

[M] P. Morandi, Henselisation of a valued division algebra, J. Algebra, 122(1989), p.232ś243. [Pa] A.N. Parshin, On a ring of formal pseudo-differential operators, Proc. Steklov Math.

Inst., v.224 , 1999, pp. 266ś280, (alg-geom/ 9911098).

[PY] V.P. Platonov and V.I. Yanchevskii, Finite dimensional division algebras, VINITY, 77(1991), p.144-262 (in Russian) [Zh] A. B. Zheglov, On the structure of two-dimensional local skew őelds, to appear in Izv.

RAN Math. (2000).

Department of Algebra, Steklov Institute, Ul. Gubkina, 8, Moscow GSP-1, 117966 Russia. E-mail: abzv24@mail.ru, azheglov@chat.ru

Geometry & Topology Monographs Volume 3: Invitation to higher local őelds Part II, section 9, pages 293ś298

9. Local reciprocity cycles

Ivan Fesenko

In this section we introduce a description of totally ramiőed Galois extensions of a local őeld with őnite residue őeld (extensions have to satisfy certain arithmetical restrictions if they are inőnite) in terms of subquotients of formal power series F^{sep}_p [[X]]^∗. This description can be viewed as a non-commutative local reciprocity map (which is not in general a homomorphism but a cocycle) which directly describes the Galois group in terms of certain objects related to the ground őeld. Abelian class őeld theory as well as metabelian theory of Koch and de Shalit [K], [KdS] (see subsection 9.4) are partial cases of this theory.

9.1. Group U ⋄ ^ N(L/F ) Let F be a local őeld with őnite residue őeld. Denote by φ ∈ G_F a lifting of the Frobenius automorphism of F_{ur}/F .

Let F^φ be the őxed őeld of φ. The extension F^φ/F is totally ramiőed.

Lemma ([KdS, Lemma 0.2]). There is a unique norm compatible sequence of prime elements π_E in őnite subextensions E/F of F^φ/F .

Proof. Uniqueness follows from abelian local class őeld theory, existence follows from the compactness of the group of units.

In what follows we őx F^φ and consider Galois subextensions L/F of F^φ/F . Assume that L/F is arithmetically proőnite, ie for every x the ramiőcation group Gal(L/F )^x is open in Gal(L/F ) (see also subsection 6.3 of Part II). For instance, a totally ramiőed p-adic Lie extension is arithmetically proőnite.

For an arithmetically proőnite extension L/F deőne its HasseśHerbrand function h_{L/F} : [0, ∞) → [0, ∞) as h_{L/F} (x) = lim h_{M/F} (x) where M/F runs over őnite subextensions of L/F (cf. [FV, Ch. III §5]).

Published 10 December 2000: © Geometry & Topology Publications

If L/F is inőnite let N(L/F ) be the őeld of norms of L/F . It can be identiőed with k_F ((Π)) where Π corresponds to the norm compatible sequence π_E (see subsection 6.3 of Part II, [W], [FV, Ch.III §5]).

Denote by φ the automorphism of N(L/F )_{ur} and of its completion ^N(L/F ) corresponding to the Frobenius automorphism of F_{ur}/F .

Deőnition. Denote by U^⋄ ^_{N(L/F )} the subgroup of the group U ^_{N(L/F )} of those elements whose ^F -component belongs to U_F . An element of U^⋄ ^_{N(L/F )} such that its ^F -component is ε ∈ U_F will be called a lifting of ε.

The group U^⋄ ^_{N(L/F )}/U_{N(L/F )} is a direct product of a quotient group of the group of multiplicative representatives of the residue őeld k_F of F , a cyclic group Z/p^a and a free topological Z_p-module. The Galois group Gal(L/F ) acts naturally on U^⋄ ^ N(L/F ) /U_{N(L/F )}.

9.2. Reciprocity map NL/F

To motivate the next deőnition we interpret the map ϒ_{L/F} (deőned in 10.1 and 16.1) for a őnite Galois totally ramiőed extension L/F in the following way. Since in this case both π_Σ and π_L are prime elements of L_{ur}, there is ε ∈ U_{Lur} such that π_Σ = π_Lε. We can take Äσ = σφ. Then π^{σ−1}_L = ε^{1−σφ}. Let η ∈ U^_L be such that η^{φ−1} = ε. Since (η^{σφ−1}ε^{−1})^{φ−1} = (η^{(σ−1)φ})^{φ−1}, we deduce that ε = η^{σφ−1}η^{(1−σ)φ}ρ with ρ ∈ U_L . Thus, for ξ = η^{σφ−1} ϒ_{L/F} (σ) ≡ N_{Σ/F} π_Σ ≡ N^_{L/} ^_F ξ mod N_{L/F} L^∗, ξ^{1−φ} = π^{σ−1}_L . Deőnition. For a σ ∈ Gal(L/F ) let U_σ ∈ U ^_{N(L/F )} be a solution of the equation U^{1−φ} = Π^{σ−1} (recall that id − φ: U ^_{N(L/F )} → U ^_{N(L/F )} is surjective). Put N_{L/F} : Gal(L/F ) → U^⋄ ^_{N(L/F )}/U_{N(L/F )}, N_{L/F} (σ) = U_σ mod U_{N(L/F )}. Remark. Compare the deőnition with Fontaine-Herr’s complex deőned in subsection 6.4 of Part II.

Properties.

(1) N_{L/F} ∈ Z^1(Gal(L/F ), U^⋄ ^_{N(L/F )}/U_{N(L/F )}) is injective.

(2) For a őnite extension L/F the ^F -component of N_{L/F} (σ) is equal to the value ϒ_{L/F} (σ) of the abelian reciprocity map ϒ_{L/F} (see the beginning of 9.2).

(3) Let M/F be a Galois subextension of L/F and E/F be a őnite subextension of L/F . Then the following diagrams of maps are commutative: Gal(L/E)^{NL/E}−−−−→ U^⋄ ^_{N(L/E)}/U_{N(L/E)}

Gal(L/F )^{NL/F}−−−−→ U^⋄ ^_{N(L/F )}/U_{N(L/F )}

Gal(L/F )^{NL/F}−−−−→ U^⋄ ^_{N(L/F )}/U_{N(L/F )}

Gal(M/F )^{NM/F}−−−−→ U^⋄ ^_{N(M/F )}/U_{N(M/F )}. (4) Let U^⋄_{n,} ^_{N(L/F )} be the őltration induced from the őltration U_{n,} ^_{N(L/F )} on the őeld

of norms. For an inőnite arithmetically proőnite extension L/F with the Hasseś Herbrand function h_{L/F} put Gal(L/F )_n = Gal(L/F )^{h−1L/F (n)}. Then N_{L/F} maps Gal(L/F )_n \ Gal(L/F )_{n+1} into U^⋄_{n,} ^_{N(L/F )}U_{N(L/F )} \ U^⋄_{n+1,} ^_{N(L/F )}U_{N(L/F )}.

(6) The set im(N_{L/F} ) is not closed in general with respect to multiplication in the group U ^ N(L/F )/UN(L/F ). Endow im(NL/F ) with a new group structure given by x ⋆ y =

xN^{−1}_{L/F} (x)(y). Then clearly im(N_{L/F} ) is a group isomorphic to Gal(L/F ).

Problem. What is im(N_{L/F} )?

One method to solve the problem is described below.

9.3. Reciprocity map HL/F

Deőnition. Fix a tower of subőelds F = E_0 − E_1 − E_2 − . . . , such that L = ∪E_i , E_i/F is a Galois extension, and E_i/E_{i−1} is cyclic of prime degree. We can assume that |E_{i+1} : E_i| = p for all i ⩾ i_0 and |E_{i0} : E_0| is relatively prime to p.

Let σ_i be a generator of Gal(E_i/E_{i−1}). Denote X_i = U^{σi −1}^_{Ei} . The group X_i is a Z_p-submodule of U_{1,} ^_{Ei} . It is the direct sum of a cyclic torsion group of order p^{ni} , n_i ⩾ 0, generated by, say, α_i ( α_i = 1 if n_i = 0 ) and a free topological Z_p-module Y_i.

We shall need a sufőciently łnicež injective map from characteristic zero or p to characteristic p f_i: U^{σi −1}^_{Ei} → U ^_{N(L/Ei)} → U_{N(L/F )}.

If F is a local őeld of characteristic zero containing a non-trivial p th root ζ and f_i is a homomorphism, then ζ is doomed to go to 1. Still, from certain injective maps (not homomorphisms) f_i speciőcally deőned below we can obtain a subgroup ∏ f_i(U^{σi −1}^_{Ei} ) of U^⋄ ^_{N(L/F )}.

Deőnition. If n_i = 0, set A^{(i)} ∈ U ^_{N(L/Ei)} to be equal to 1.

If n_i > 0, let A^{(i)} ∈ U ^_{N(L/Ei )} be a lifting of α_i with the following restriction: A^{(i)}^_{Ei+1} is not a root of unity of order a power of p (this condition can always be satisőed, since the kernel of the norm map is uncountable).

Lemma ([F]). If A^{(i)} ≠ 1, then β_{i+1} = A^{(i)}^_{Ei+1}^p ni belongs to X_{i+1}.

Note that every β_{i+1} when it is deőned doesn’t belong to X^p_{i+1}. Indeed, otherwise we would have A^{(i)}^_{Ei+1}^p ni = γ^p for some γ ∈ X_{i+1} and then A^{(i)}^_{Ei+1}^p ni−1 = γζ for a root ζ of order p or 1. Taking the norm down to ^E_i we get α^{pni −1}_i = N^_{Ei+1/} ^_{Ei} γ = 1, which contradicts the deőnition of α_i.

Deőnition. Let β_{i,j} , j ⩾ 1 be free topological generators of Y_i which include β_i whenever β_i is deőned. Let B^{(i,j)} ∈ U ^_{N(L/Ei )} be a lifting of β_{i,j} (i.e. B^{(i,j)} ^_{Ei} =

β_{i,j} ), such that if β_{i,j} = β_i, then B^{(i,j)}^_{Ek} = B^{(i)}^_{Ek} = A^{(i−1)}^_{Ek}^p ni−1 for k ⩾ i.

Deőne a map X_i → U ^_{N(L/Ei)} by sending a convergent product α^c_i ∏ j β^{cj}_{i,j} , where 0 ⩽ c ⩽ n_i − 1, c_j ∈ Z_p, to A^{(i)c} ∏ j B^{(i,j)cj} (the latter converges). Hence we get a map f_i: U^{σi −1}^_{Ei} → U ^_{N(L/Ei)} → U_{N(L/F )} which depends on the choice of lifting. Note that f_i(α) ^_{Ei} = α.

Denote by Z_i the image of f_i. Let Z_{L/F} = Z_{L/F} ({E_i, f_i}) = {∏ i z^{(i)} : z^{(i)} ∈ Z_i } , Y_{L/F} = {y ∈ U ^_{N(L/F )} : y^{1−φ} ∈ Z_{L/F} }.

Lemma. The product of z^{(i)} in the deőnition of Z_{L/F} converges. Z_{L/F} is a subgroup of U^⋄ ^_{N(L/F )}. The subgroup Y_{L/F} contains U_{N(L/F )}.

Theorem ([F]). For every (u ^_{Ei} ) ∈ U^⋄ ^_{N(L/F )} there is a unique automorphism τ in the group Gal(L/F ) satisfying (u ^_{Ei} )^{1−φ} ≡ Π^{τ−1} mod Z_{L/F} . If (u ^_{Ei} ) ∈ Y_{L/F} , then τ = 1.

Hint. Step by step, passing from ^E_i to ^E_{i+1}.

Remark. This theorem can be viewed as a non-commutative generalization for őnite k of exact sequence (∗) of 16.2. Corollary. Thus, there is map H_{L/F} : U^⋄ ^_{N(L/F )} → Gal(L/F ), H_{L/F} ((u ^_{Ei} )) = τ.

The composite of N_{L/F} and H_{L/F} is the identity map of Gal(L/F ).

9.4. Main Theorem

Theorem ([F]). Put H_{L/F} : U^⋄ ^_{N(L/F )}/Y_{L/F} → Gal(L/F ), H_{L/F} ((u^_E )) = τ where τ is the unique automorphism satisfying (u^_E )^{1−φ} ≡ Π^{τ−1} mod Z_{L/F} . The injective map H_{L/F} is a bijection. The bijection N_{L/F} : Gal(L/F ) → U^⋄ ^_{N(L/F )}/Y_{L/F} induced by N_{L/F} deőned in 9.2 is a 1-cocycle.

Corollary. Denote by q the cardinality of the residue őeld of F . Koch and de Shalit [K], [KdS] constructed a sort of metabelian local class őeld theory which in particular describes totally ramiőed metabelian extensions of F (the commutator group of the commutator group is trivial) in terms of the group

n(F ) = { (u ∈ U_F , ξ(X) ∈ F^{sep}_p [[X]]^∗) : ξ(X)^{φ−1} = {u}(X)/X } with a certain group structure. Here {u}(X) is the residue series in F^{sep}_p [[X]]^∗ of the endomorphism [u](X) ∈ O_F [[X]] of the formal LubinśTate group corresponding to π_F , q, u.

Let M/F be the maximal totally ramiőed metabelian subextension of F_φ, then M/F is arithmetically proőnite. Let R/F be the maximal abelian subextension of M/F . Every coset of U^⋄ ^_{N(M/F )} modulo Y_{M/F} has a unique representative in im(N_{M/F} ). Send a coset with a representative (u^_Q) ∈ U^⋄ ^_{N(M/F )} ( F ⊂ Q ⊂ M ,

|Q : F | < ∞ ) satisfying (u^_Q)^{1−φ} = (π_Q)^{τ−1} with τ ∈ Gal(M/F ) to ( u^{−1}^_F , (u^_E ) ∈ U^⋄ ^_{N(R/F )} ) (F ⊂ E ⊂ R, |E : F | < ∞). It belongs to n(F ), so we get a map g: U^⋄ ^ N(M/F )/YM/F → n(F ). This map is a bijection [F] which makes Kochśde Shalit’s theory a corollary of the main results of this section.

References

[F] I. Fesenko, Nonabelian local reciprocity maps, to appear in Class Field Theory: Its Centenary and Prospect, ed. K. Miyake, Advanced Studies in Pure Mathematics, Math. Soc. Japan, Tokyo 2001.

[FV] I. Fesenko and S. Vostokov, Local Fields and Their Extensions, AMS, Providence, R.I., 1993.

[K] H. Koch, Local class őeld theory for metabelian extensions, In Proceed. 2nd Gauss Symposium. Conf. A: Mathematics and Theor. Physics (Munich, 1993), de Gruyter, Berlin, 1995, 287ś300.

[KdS] H. Koch and E. de Shalit, Metabelian local class őeld theory, J. reine angew. Math.

478(1996), 85ś106.

[W] J.-P. Wintenberger, Le corps des normes de certaines extensions inőnies des corps locaux;

applications, Ann. Sci. E.N.S., 4 sÂerie 16(1983), 59ś89.

Department of Mathematics University of Nottingham Nottingham NG7 2RD England E-mail: ibf@maths.nott.ac.uk

Geometry & Topology Monographs Volume 3: Invitation to higher local őelds Part II, section 10, pages 299ś304

10. Galois modules and class őeld theory

Boas Erez

In this section we shall try to present the reader with a sample of several signiőcant instances where, on the way to proving results in Galois module theory, one is lead to use class őeld theory. Conversely, some contributions of Galois module theory to class őelds theory are hinted at. We shall also single out some problems that in our opinion deserve further attention.

10.1. Normal basis theorem

The Normal Basis Theorem is one of the basic results in the Galois theory of őelds. In fact one can use it to obtain a proof of the fundamental theorem of the theory, which sets up a correspondence between subgroups of the Galois group and subőelds. Let us recall its statement and give a version of its proof following E. Noether and M. Deuring (a very modern proof!).

Theorem (Noether, Deuring). Let K be a őnite extension of Q . Let L/K be a őnite Galois extension with Galois group G = Gal(L/K). Then L is isomorphic to K[G] as a K[G]-module. That is: there is an a ∈ L such that {σ(a)}_{σ∈G} is a K -basis of L. Such an a is called a normal basis generator of L over K.

Proof. Use the isomorphism φ: L ⊗_K L → L[G], φ(x ⊗ y) = ∑ σ∈G σ(x)yσ^{−1} , then apply the KrullśSchmidt theorem to deduce that this isomorphism descends to K. Note that an element a in L generates a normal basis of L over K if and only if φ(a) ∈ L[G]^∗ .

Published 10 December 2000: © Geometry & Topology Publications

10.1.1. Normal integral bases and ramiőcation.

Let us now move from dimension 0 (őelds) to dimension 1, and consider rings of algebraic integers.

Let p be a prime number congruent to 1 modulo an (odd) prime l. Let L_1 = Q(μ_p ), and let K be the unique subőeld of L_1 of degree l over Q . Then G = Gal(K/Q) is cyclic of order l and K is tamely ramiőed over Q . One can construct a normal basis for the ring O_K of integers in K over Z: indeed if ζ denotes a primitive p-th root of unity, then ζ is a normal basis generator for L_1/Q and the trace of ζ to K gives the desired normal integral basis generator. Let now L_2 = Q(μ_l2 ). It is easy to see that there is no integral normal basis for L_2 over Q . As noticed by Noether, this is related to the fact that L_2 is a wildly ramiőed extension of the rationals. However there is the following structure result, which gives a complete and explicit description of the Galois module structure of rings of algebraic integers in absolute abelian extensions.

Theorem (Leopoldt 1959). Let K be an abelian extension of Q . Let G = Gal(K/Q). Deőne

Λ = {λ ∈ Q[G] : λO_K ⊂ O_K }

where O_K is the ring of integers of K. Then O_K is isomorphic to Λ as a Λ-module.

Note that the statement is not true for an arbitrary global őeld, nor for general relative extensions of number őelds. The way to prove this theorem is by őrst dealing with the case of cyclotomic őelds, for which one constructs explicit normal basis generators in terms of roots of unity. In this step one uses the criterion involving the resolvent map φ which we mentioned in the previous theorem. Then, for a general absolute abelian őeld K, one embeds K into the cyclotomic őeld Q(f_K ) with smallest possible conductor by using the KroneckerśWeber theorem, and one łtraces the result downž to K. Here it is essential that the extension Q(f_K )/K is essentially tame. Explicit class őeld theory is an important ingredient of the proof of this theorem; and, of course, this approach has been generalized to other settings: abelian extensions of imaginary quadratic őelds (complex multiplication), extensions of LubinśTate type, etc.

10.1.2. Factorizability.

While Leopoldt’s result is very satisfactory, one would still like to know a way to express the relation there as a relation between the Galois structure of rings of integers in general Galois extensions and the most natural integral representation of the Galois group, namely that given by the group algebra. There is a very neat description of this which uses the notion of factorizability, introduced by A. FrÈohlich and A. Nelson. This leads to an equivalence relation on modules which is weaker than local equivalence (genus), but which is non-trivial.

Let G be a őnite group, and let S = {H : H ⩽ G}. Let T be an abelian group.

Deőnition. A map f: S → T is called factorizable if every relation of the form ∑ H∈S a_H ind^G_H 1 = 0

with integral coefőcients a_H , implies the relation ∏ H∈S f(H)^{aH} = 1 .

Example. Let G = Gal(L/K), then the discriminant of L/K deőnes a factorizable function (conductor-discriminant formula).

Deőnition. Let i: M → N be a morphism of O_K [G]-lattices. The lattices M and N are said to be factor-equivalent if the map H → |L^H : i(M)^H | is factorizable.

Theorem (FrÈohlich, de Smit). If G = Gal(L/K) and K is a global őeld, then O_L is factor-equivalent to O_K [G].

Again this result is based on the isomorphism induced by the resolvent map φ and the fact that the discriminant deőnes a factorizable function.

10.1.3. Admissible structures.

Ideas related to factorizability have very recently been used to describe the Galois module structure of ideals in local őeld extensions. Here is a sample of the results.

Theorem (Vostokov, Bondarko). Let K be a local őeld of mixed characteristic with őnite residue őeld. Let L be a őnite Galois extension of K with Galois group G. (1) Let I_1 and I_2 be indecomposable O_K [G]-submodules of O_L. Then I_1 is isomorphic to I_2 as O_K [G]-modules if and only if there is an a in K^∗ such that I_1 = aI_2.

(2) O_L contains decomposable ideals if and only if there is a subextension E/L of L/K such that |L : E|O_L contains the different D_{L/E} .

(3) If L is a totally ramiőed Galois p-extension of K and O_L contains decomposable ideals, then L/K is cyclic and |L : K|O_L contains the different D_{L/K} .

In fact what is remarkable with these results is that they do not involve class őeld theory.

10.2. Galois module theory in geometry

Let X be a smooth projective curve over an algebraically closed őeld k. Let a őnite group G act on X. Put Y = X/G.

Theorem (Nakajima 1975). The covering X/Y is tame if and only if for every line bundle L of sufőciently large degree which is stable under the G-action H^0(X, L) is a projective k[G]-module.

This is the precise analogue of Ullom’s version of Noether’s Criterion for the existence of a normal integral basis for ideals in a Galois extension of discrete valuation rings. In fact if (X, G) is a tame action of a őnite group G on any reasonable proper scheme over a ring A like Z or F_p , then for any coherent G-sheaf F on X one can deőne an equivariant EulerśPoincarÂe characteristic χ(F, G) in the Grothendieck group K_0(A[G]) of őnitely generated projective A[G]-modules. It is an outstanding problem to compute these equivariant Euler characteristics. One of the most important results in this area is the following. Interestingly it relies heavily on results from class őeld theory.

Theorem (Pappas 1998). Let G be an abelian group and let X be an arithmetic surface over Z with a free G-action. Then 2χ(O_X, G) = 0 in K_0(Z[G])/⟨Z[G]⟩.

10.3. Galois modules and L-functions

Let a őnite group G act on a projective, regular scheme X of dimension n deőned over the őnite őeld F_q and let Y = X/G. Let ζ(X, t) be the zeta-function of X. Let e_X be the l-adic Euler characteristic of X. Recall that ζ(X, t) = ±(q^nt^2)^{−eX /2}ζ(X, q^{−n}t^{−1}), e_X · n = 2 ∑ 0⩽i⩽n (−1)^i(n − i)χ(Ω^i_{X/Fq} ) the latter being a consequence of the HirzebruchśRiemannśRoch theorem and Serre duality. It is well known that the zeta-function of X decomposes into product of L-functions, which also satisfy functional equations. One can describe the constants in these functional equations by łtaking isotypic componentsž in the analogue of the above expression for e_X · n/2 in terms of equivariant Euler-PoincarÂe characteristics. The results that have been obtained so far do not use class őeld theory in any important way. So we are lead to formulate the following problem:

Problem. Using Parshin’s adelic approach (sections 1 and 2 of Part II) őnd another proof of these results.

Let us note that one of the main ingredients in the work on these matters is a formula on ε-factors of T. Saito, which generalizes one by S. Saito inspired by Parshin’s results.

10.4. Galois structure of class formations

Let K be a number őeld and let L be a őnite Galois extension of K, with Galois group G = Gal(L/K). Let S be a őnite set of primes including those which ramify in L/K and the archimedean primes. Assume that S is stable under the G-action. Put ΔS = ker(ZS → Z). Let U_S be the group of S-units of L. Recall that U_S ⊗ Q is isomorphic to ΔS ⊗ Q as Q[G]-modules. There is a well known exact sequence 0 → U_S → A → B → ΔS → 0 with őnitely generated A, B such that A has őnite projective dimension and B is projective. The latter sequence is closely related to the fundamental class in global class őeld theory and the class Ω = (A) − (B) in the projective class group Cl (Z[G] is clearly related to the Galois structure of S-units. There are local analogues of the above sequence, and there are analogous sequences relating (bits) of higher K -theory groups (the idea is to replace the pair ( U_S , ΔS ) by a pair ( K^′_i(O), K^′_{i−1}(O) )).

Problem. Using complexes of G-modules (as in section 11 of part I) can one generalize the local sequences to higher dimensional őelds?

For more details see [E].

References

[E] B. Erez, Geometric trends in Galois module theory, Galois Representations in Arithmetic Algebraic Geometry, eds. A. Scholl and R. Taylor, Cambridge Univ. Press 1998, p. 115ś145.

[F] A. FrÈohlich, L-values at zero and multiplicative Galois module structure (also Galois Gauss sums and additive Galois module structure), J. reine angew. Math. 397 (1989), 42ś99.

[Leo] H.-W. Leopoldt, ÈUber die Hauptordnung der ganzen Elemente eines abelschen ZahlkÈorpers, J. reine angew. Math. 201(1959), 119ś149.

[Let] G. Lettl, The ring of integers of an abelian number őeld, J. reine angew. Math. 404 (1990), 162ś170.

[P] G. Pappas, Galois modules and the theorem of the cube, Invent. Math. 133 (1998), no. 1, 193ś225.

[S] B. De Smit, Factor equivalence results for integers and units, Enseign. Math. (2) 42 (1996), no. 3-4, 383ś394.

[U] S. Ullom, Integral representations afforded by ambiguous ideals in some abelian extensions, J. Number Theory 6 (1974), 32ś49.

[VB] S.V. Vostokov and M. V. Bondarko, Isomorphisms of ideals as Galois modules in complete discrete valuation őelds with residue őeld of positive characteristic, preprint, 1999.

UniversitÂe Bordeaux 1, Institut de MathÂematiques 351 Cours de la LibÂeration, 33405 Talence, France E-mail: erez@math.u-bordeaux.fr