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Chapter 7

Geometries and decompositions

Every closed connected surface is geometric, i.e., is a quotient of one of the
three model 2-dimensional geometries E?, H? or S? by a free and properly
discontinuous action of a discrete group of isometries. Much current research
on 3-manifolds is guided by Thurston’s Geometrization Conjecture, that ev-
ery closed irreducible 3-manifold admits a finite decomposition into geometric
pieces. In §1 we shall recall Thurston’s definition of geometry, and shall de-
scribe briefly the 19 4-dimensional geometries. Our concern in the middle third
of this book is not to show how this list arises (as this is properly a question
of differential geometry; see [Fi], [Pa96] and [WI85,86]), but rather to describe
the geometries sufficiently well that we may subsequently characterize geomet-
ric manifolds up to homotopy equivalence or homeomorphism. In §2 we relate
the notions of “geometry of solvable Lie type” and “infrasolvmanifold”. The
limitations of geometry in higher dimensions are illustrated in §3, where it is
shown that a closed 4-manifold which admits a finite decomposition into ge-
ometric pieces is (essentially) either geometric or aspherical. The geometric
viewpoint is nevertheless of considerable interest in connection with complex
surfaces [Ue90,91, WI85,86]. With the exception of the geometries S? x H?,
H? x H?, H? x E? and SL x E! no closed geometric manifold has a proper
geometric decomposition.

A number of the geometries support natural Seifert fibrations or compatible
complex structures. In §4 we characterize the groups of aspherical 4-manifolds
which are orbifold bundles over flat or hyperbolic 2-orbifolds. We outline what
we need about Seifert fibrations and complex surfaces in §5 and §6.

Subsequent chapters shall consider in turn geometries whose models are con-
tractible (Chapters 8 and 9), geometries with models diffeomorphic to S? x R?
(Chapter 10), the geometry S? x E! (Chapter 11) and the geometries with com-
pact models (Chapter 12). In Chapter 13 we shall consider geometric structures
and decompositions of bundle spaces. In the final chapter of the book we shall
consider knot manifolds which admit geometries.
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132 Chapter 7: Geometries and decompositions

7.1 Geometries

An n-dimensional geometry X in the sense of Thurston is represented by a pair
(X,Gx) where X is a complete 1-connected n-dimensional Riemannian mani-
fold and Gx is a Lie group which acts effectively, transitively and isometrically
on X and which has discrete subgroups I" which act freely on X so that I'\X
has finite volume. (Such subgroups are called lattices.) Since the stabilizer of
a point in X is isomorphic to a closed subgroup of O(n) it is compact, and so
I\ X is compact if and only if I'\Gx is compact. Two such pairs (X,G) and
(X',G") define the same geometry if there is a diffecomorphism f : X — X’
which conjugates the action of G onto that of G’. (Thus the metric is only
an adjunct to the definition.) We shall assume that G is maximal among Lie
groups acting thus on X, and write Isom(X) = G, and Isom,(X) for the com-
ponent of the identity. A closed manifold M is an X-manifold if it is a quotient
'\ X for some lattice in Gx. Under an equivalent formulation, M is an X-
manifold if it is a quotient I'\ X for some discrete group I' of isometries acting
freely on a 1-connected homogeneous space X = G/K, where G is a connected
Lie group and K is a compact subgroup of G such that the intersection of
the conjugates of K is trivial, and X has a G-invariant metric. The manifold
admits a geometry of type X if it is homeomorphic to such a quotient. If G is
solvable we shall say that the geometry is of solvable Lie type. If X = (X,Gx)
and Y = (Y,Gy) are two geometries then X X Y supports a geometry in a
natural way; however the maximal group of isometries Gxxy may be strictly
larger than Gx x Gy.

The geometries of dimension 1 or 2 are the familiar geometries of constant cur-
vature: E!', E2, H? and S?. Thurston showed that there are eight maximal
3-dimensional geometries (E2, Nil3, Sol®, SL, H? x E!, H3, S? x E! and S3.)
Manifolds with one of the first five of these geometries are aspherical Seifert
fibred 3-manifolds or Sol*-manifolds. These are determined among irreducible
3-manifolds by their fundamental groups, which are the P Ds-groups with non-
trivial Hirsch-Plotkin radical. There are just four S? x E'-manifolds. It is not
yet known whether every aspherical 3-manifold whose fundamental group con-
tains no rank 2 abelian subgroup must be hyperbolic, and the determination
of the closed H?-manifolds remains incomplete. Nor is it known whether every
3-manifold with finite fundamental group must be spherical. For a detailed and
lucid account of the 3-dimensional geometries see [Sc83’].

There are 19 maximal 4-dimensional geometries; one of these (Soly, , ) is in
fact a family of closely related geometries, and one (F*) is not realizable by
any closed manifold [Fi]. We shall see that the geometry is determined by
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7.2 Infranilmanifolds 133

the fundamental group (cf. [WI86, K092]). In addition to the geometries of
constant curvature and products of lower dimensional geometries there are
seven ‘new” 4-dimensional geometries. Two of these are modeled on the ir-
reducible Riemannian symmetric spaces CP? = U(3)/U(2) and H?*(C) =
SU(2,1)/S(U(2) x U(1)). The model for the geometry F* is C' x H?. The
component of the identity in its isometry group is the semidirect product
R? x, SL(2,R), where « is the natural action of SL(2,R) on R?. This group
acts on C' x H? as follows: if (u,v) € R* and A = (¢}%) € SL(2,R) then
(u,v)(w,2) = (u—vz+w,z) and A(w, 2) = (3, gjig) for all (w,z) € Cx H?.
The other four new geometries are of solvable Lie type, and shall be described
in §2 and §3.

In most cases the model X is homeomorphic to R*, and the corresponding ge-
ometric manifolds are aspherical. Six of these geometries (E*, Nil*, Nil® x E!,
Solﬁ%n, Sol§ and Sol}) are of solvable Lie type; in Chapter 8 we shall show man-
ifolds admitting such geometries have Euler characteristic 0 and fundamental
group a torsion free virtually poly-Z group of Hirsch length 4. Such manifolds
are determined up to homeomorphism by their fundamental groups, and every
such group arises in this way. In Chapter 9 we shall consider closed 4-manifolds
admitting one of the other geometries of aspherical type (H® x E!, SL x E!,
H? x E2, H? x H?, H*, H?*(C) and F*). These may be characterised up to
s-cobordism by their fundamental group and Euler characteristic. However it
is unknown to what extent surgery arguments apply in these cases, and we do
not yet have good characterizations of the possible fundamental groups. Al-
though no closed 4-manifold admits the geometry F*, there are such manifolds
with proper geometric decompositions involving this geometry; we shall give
examples in Chapter 13.

Three of the remaining geometries (S? x E2, §? x H? and S? x E!) have models
homeomorphic to S? x R? or $%x R. (Note that we shall use E® or H" to refer
to the geometry and R™ to refer to the underlying topological space). The final
three (S*, CP? and S? x S?) have compact models, and there are only eleven
such manifolds. We shall discuss these nonaspherical geometries in Chapters
10, 11 and 12.

7.2 Infranilmanifolds

The notions of “geometry of solvable Lie type” and “infrasolvmanifold” are
closely related. We shall describe briefly the latter class of manifolds, from
a rather utilitarian point of view. As we are only interested in closed mani-
folds, we shall frame our definitions accordingly. We consider the easier case of

Geometry € Topology Monographs, Volume 5 (2002)
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infranilmanifolds in this section, and the other infrasolvmanifolds in the next
section.

A flat n-manifold is a quotient of R™ by a discrete torsion free subgroup of
E(n) = Isom(E") = R"™ x, O(n) (where « is the natural action of O(n) on
R™). A group w is a flat n-manifold group if it is torsion free and has a nor-
mal subgroup of finite index which is isomorphic to Z™. (These are necessary
and sufficient conditions for m to be the fundamental group of a closed flat
n-manifold.) The action of 7 by conjugation on its translation subgroup T'(m)
(the maximal abelian normal subgroup of 7) induces a faithful action of 7 /7 ()
on T'(m). On choosing an isomorphism T'(r) = Z" we may identify /T (m)
with a subgroup of GL(n,Z); this subgroup is called the holonomy group of m,
and is well defined up to conjugacy in GL(n,Z). We say that 7 is orientable if
the holonomy group lies in SL(n,Z). (The group is orientable if and only if the
corresponding flat n-manifold is orientable.) If two discrete torsion free cocom-
pact subgroups of E(n) are isomorphic then they are conjugate in the larger
group Af f(R") = R" X, GL(n,R), and the corresponding flat n-manifolds are
“affinely” diffeomorphic. There are only finitely many isomorphism classes of
such flat n-manifold groups for each n.

A nilmanifold is a coset space of a 1-connected nilpotent Lie group by a discrete
subgroup. More generally, an infranilmanifold is a quotient 7\ N where N is a
1-connected nilpotent Lie group and 7 is a discrete torsion free subgroup of the
semidirect product Aff(N) = N x, Aut(N) such that 7 N N is a lattice in N
and 7/m N N is finite. Thus infranilmanifolds are finitely covered by nilmani-
folds. The Lie group N is determined by /7, by Mal’cev’s rigidity theorem,
and two infranilmanifolds are diffeomorphic if and only if their fundamental
groups are isomorphic. The isomorphism may then be induced by an affine
diffeomorphism. The infranilmanifolds derived from the abelian Lie groups R"
are just the flat manifolds. It is not hard to see that there are just three 4-
dimensional (real) nilpotent Lie algebras. (Compare the analogous argument of
Theorem 1.4.) Hence there are three 1-connected 4-dimensional nilpotent Lie
groups, R*, Nil® x R and Nil*.

The group Nil® is the subgroup of SL(3,R) consisting of upper triangular

1 r t
matrices [r,s,t] = [0 1 s|. It has abelianization R? and centre (Nil® =
0 01

Nil®" = R. The elements [1,0,0], [0,1,0] and [0,0,1/q] generate a discrete
cocompact subgroup of Nil® isomorphic to I' ¢> and these are essentially the
only such subgroups. (Since they act orientably on R?® they are PDJ -groups.)
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7.3 Infrasolvmanifolds 135

The coset space N, = Nil3/I‘q is the total space of the S'-bundle over S x S!
with Euler number ¢, and the action of (Nil® on Nil® induces a free action
of 1 = (Nil/¢I'y on Ng. The group Nil* is the semidirect product R? x4 R,
where (t) = [t,t,t2/2]. Tt has abelianization R? and central series (Nil* =
R < ?Nil* = Nil* ~ R2.

These Lie groups have natural left invariant metrics. (See [Sc83’].) The in-
franilmanifolds corresponding to R*, Nil* and Nil? x R are the E*-, Nil*-
and Nil? x E'-manifolds. (The isometry group of E4 is the semidirect product
R* x4, O(4); the group Nil* is the identity component for its isometry group,
while Nil® x E! admits an additional isometric action of S!.)

7.3 Infrasolvmanifolds

The situation for (infra)solvmanifolds is more complicated. An infrasolvmani-
foldis a quotient M = I'"\'S where S is a 1-connected solvable Lie group and I is
a closed torsion free subgroup of the semidirect product Af f(S) = S x4 Aut(5)
such that T', (the component of the identity of I') is contained in the nilrad-
ical of S (the maximal connected nilpotent normal subgroup of S), I'/T N S
has compact closure in Aut(S) and M is compact. The pair (S,T") is called a
presentation for M, and is discrete if I' is a discrete subgroup of Aff(S), in
which case 71 (M) = T'. Every infrasolvmanifold has a presentation such that
/T NS is finite [FJ97], but we cannot assume that I' is discrete, and S is not
determined by 7.

Farrell and Jones showed that in all dimensions ezcept perhaps 4 infrasolv-
manifolds with isomorphic fundamental groups are diffeomorphic. However
an affine diffeomorphism is not always possible [FJ97]. They showed also
that 4-dimensional infrasolvmanifolds are determined up to homeomorphism
by their fundamental groups (see Theorem 8.2 below). Using the Mostow orb-
ifold bundle associated to a presentation of an infrasolvmanifold (see §5 below)
and standard 3-manifold theory it is possible to show that, in most cases, 4-
dimensional infrasolvmanifolds are determined up to diffeomorphism by their
groups ([Cb] - see Theorem 8.9 below). However there may still be a nonori-
entable 4-dimensional infrasolvmanifold with virtually nilpotent fundamental
group which has no discrete presentation.

An important special case includes most infrasolvmanifolds of dimension < 4
(and all infranilmanifolds). Let 7,7 (R) be the subgroup of GL(n,R) consisting
of upper triangular matrices with positive diagonal entries. A Lie group S is
triangular if is isomorphic to a closed subgroup of 7, (R) for some n. The
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eigenvalues of the image of each element of S under the adjoint representation
are then all real, and so S is of type R in the terminology of [Go71]. (It can
be shown that a Lie group is triangular if and only if it is 1-connected and
solvable of type R.) Two infrasolvmanifolds with discrete presentations (S;,I';)
where each S; is triangular (for ¢ = 1, 2) are affinely diffeomorphic if and
only if their fundamental groups are isomorphic, by Theorem 3.1 of [Le95].
The translation subgroup S N T of a discrete pair with S triangular can be
characterised intrinsically as the subgroup of I' consisting of the elements g € I’
such that all the eigenvalues of the automorphisms of the abelian sections of
the lower central series for v/T' induced by conjugation by g are positive [De97].
Does every infrasolvmanifold with a presentation (S,I') where S is triangular
have a discrete presentation?

Since S and I', are each contractible, X = I';\\S is contractible also. It can
be shown that m# = I'/T', acts freely on X, and so is the fundamental group
of M = m\X. (See Chapter IIL.3 of [Au73] for the solvmanifold case.) Since
M is aspherical 7 is a PD,, group, where m is the dimension of M since
7 is also virtually solvable it is thus virtually poly-Z of Hirsch length m, by
Theorem 9.23 of [Bi], and x(M) = x(m) = 0. Conversely, any torsion free
virtually poly-Z group is the fundamental group of a closed smooth manifold
which is finitely covered by the coset space of a lattice in a 1-connected solvable
Lie group [AJ76].

Let S be a connected solvable Lie group of dimension m, and let N be its
nilradical. If 7 is a lattice in S then it is torsion free and virtually poly-Z of
Hirsch length m and 7 N N = /7 is a lattice in N. If S is 1-connected then
S/N is isomorphic to some vector group R", and «/\/m = Z". A complete
characterization of such lattices is not known, but a torsion free virtually poly-
Z group 7 is a lattice in a connected solvable Lie group S if and only if 7/\/7
is abelian. (See Sections 4.29-31 of [Rg].)

The 4-dimensional solvable Lie geometries other than the infranil geometries
are Solfn’n, Sol§ and Sol}, and the model spaces are solvable Lie groups with
left invariant metrics. The following descriptions are based on [W186]. The Lie
group is the identity component of the isometry group for the geometries Solfn,n
and Sol}; the identity component of Isom(Sol3) is isomorphic to the semidirect
product (C'® R) x, C*, where v(2)(u,z) = (zu, |2|"2z) for all (u,z) in CHR
and z in C*, and thus Solé admits an additional isometric action of S', by
rotations about an axis in C' @ R = R3, the radical of Solj.

Solﬁ%n = R? X9,,, It, where m and n are integers such that the polynomial
finn = X3—mX24+nX —1 has distinct roots e?, ¢’ and e¢ (with a < b < ¢ real)
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7.3 Infrasolvmanifolds 137

and 0y, ,(t) is the diagonal matrix diag[e®, €%, e!]. Since Oy, (t) = O m(—t)
we may assume that m < n; the condition on the roots then holds if and only if
2/n < m < n. The metric given by ds?> = e 2% dx? + e~ 2t dy? + e~ 2t d2? + dt?
(in the obvious global coordinates) is left invariant, and the automorphism of
Solﬁ%n which sends (¢, z,y, z) to (¢,pz, qy,72z) is an isometry if and only if p? =
q®> =12 =1. Let G be the subgroup of GL(4,R) of bordered matrices (D E),

01
where D = diag[+e®, £, £e] and ¢ € R3. Then Soly, ,, is the subgroup of
G with positive diagonal entries, and G = Isom(Solﬁ%n) ifm#n Ifm=n
then b = 0 and Solﬁ%m = Sol® x E!, which admits the additional isometry
sending (t,z,y,2) to (t7%,2,y,7), and G has index 2 in Isom(Sol® x E!). The
stabilizer of the identity in the full isometry group is (Z/2Z2)* for Soly, ,, if m #

n and Dg x (Z/2Z) for Sol* x R. In all cases Isom(Soly, ) < Af f(Soly, ).

In general Solj, ,, = Sol, ., if and only if (a,b,c) = A(a/, ', ) for some X # 0.
Must A be rational? (Thié is a case of the “problem of the four exponentials” of
transcendental number theory.) If m # n then F,, ,, = Q[X]/(fm.n) is a totally
real cubic number field, generated over Q by the image of X . The images of X
under embeddings of F}, , in R are the roots e“, e and €°, and so it represents
a unit of norm 1. The group of such units is free abelian of rank 2. Therefore
if A =r/s € QX this unit is an 7* power in F,, (and its 7" root satisfies
another such cubic). It can be shown that |r| < logy(m), and so (modulo the
problem of the four exponentials) there is a canonical “minimal” pair (m,n)
representing each such geometry.

Solj = R® x¢ R, where &(t) is the diagonal matrix diagle?,e’,e™!]. Note
that if £(¢) preserves a lattice in R® then its characteristic polynomial has
integral coefficients and constant term —1. Since it has e’ as a repeated root
we must have £(t) = I. Therefore Sol does not admit any lattices. The metric
given by the expression ds? = e~2!(dz? + dy?) + e*'dz? + dt? is left invariant,
and O(2) x O(1) acts via rotations and reflections in the (x,y)-coordinates and
reflection in the z-coordinate, to give the stabilizer of the identity. These actions
are automorphisms of Solg, so Isom(Sol) = Solg x(O(2)xO(1)) < Af f(Sol}).
The identity component of I'som(Solg) is not triangular.

1 b ¢
Sol} is the group of real matrices {[0 a a| :a >0, a, b, c € R}. The
0 0 1

metric given by ds? = t72((142?)(dt* +dy?) + ¢ (dz? + dz*) — 2tz (dtdz + dydz))
is left invariant, and the stabilizer of the identity is Dg, generated by the
isometries which send (¢, x,v,2) to (t,—z,y, —z) and to t (1, —y, —z, vy —t2).
These are automorphisms. (The latter one is the restriction of the involution

Geometry € Topology Monographs, Volume 5 (2002)



138 Chapter 7: Geometries and decompositions

of GL(3,R) which sends A to J(A")~1J, where J reverses the order of the
standard basis of R3.) Thus Isom(Sol}) < Af f(Sol}).

Closed Solffn’n— or Sol}-manifolds are clearly infrasolvmanifolds. The Solg case
is more complicated. Let 5(z)(u,z) = (e*u, e 2R°()z) for all (u,z) in C ® R
and z in C. Then I = (C & R) x5 C is the universal covering group of
Isom(Solg). If M is a closed Sols-manifold its fundamental group 7 is a
semidirect product Z3 x4 Z, where 0(1) € GL(3,Z) has two complex conjugate
eigenvalues A # A with |\ # 0 or 1 and one real eigenvalue p such that
|p| = |\|72 (see Chapter 8). If M is orientable (i.e., p > 0) then 7 is a lattice
in Sy =(COR)x;R < I, where 0(r) = 7(rlog()\)). In general, 7 is a lattice in
Aff(S,+). The action of I on Sol} determines a diffeomorphism S+ /7 = M,
and so M is an infrasolvmanifold with a discrete presentation.

We shall see in Chapter 8 that every orientable 4-dimensional infrasolvmanifold
is diffeomorphic to a geometric 4-manifold, but the argument uses the Mostow
fibration and is differential-topological rather than differential-geometric.

7.4 Geometric decompositions

An n-manifold M admits a geometric decomposition if it has a finite collection
of disjoint 2-sided hypersurfaces S such that each component of M — US is
geometric of finite volume, i.e., is homeomorphic to I'\ X, for some geometry
X and lattice I'. We shall call the hypersurfaces S cusps and the components
of M — US pieces of M. The decomposition is proper if the set of cusps is
nonempty.

Theorem 7.1 If a closed 4-manifold M admits a geometric decomposition
then either

(1) M is geometric; or

2) M has a codimension-2 foliation with leaves S? or RP?; or
) the components of M — US all have geometry H? x H?; or
)

the components of M — US have geometry H*, H? x E', H? x E? or
SL x E!; or
(5) the components of M — US have geometry H?(C) or F*.

In cases (3), (4) or (5) x(M) > 0 and in cases (4) or (5) M is aspherical.
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Proof The proof consists in considering the possible ends (cusps) of complete
geometric 4-manifolds of finite volume. The hypersurfaces bounding a com-
ponent of M — US correspond to the ends of its interior. If the geometry is
of solvable or compact type then there are no ends, since every lattice is then
cocompact [Rg]. Thus we may concentrate on the eight geometries S? x H?,
H2 x E2, H? x H2, SL x E!, H3 x E!, H*, H2(C) and F*. The ends of a
geometry of constant negative curvature H™ are flat [Eb80]; since any lattice
in a Lie group must meet the radical in a lattice it follows easily that the ends
are also flat in the mixed euclidean cases H? x E', H? x E? and SL x E'. Sim-
ilarly, the ends of S? x H?-manifolds are S? x E!-manifolds. Since the elements
of PSL(2,C) corresponding to the cusps of finite area hyperbolic surfaces are
parabolic, the ends of F4-manifolds are Nil?-manifolds. The ends of H?(C)-
manifolds are also Ni/3-manifolds [Ep87], while the ends of H? x H?-manifolds
are Sol*-manifolds in the irreducible cases [Sh63], and graph manifolds whose
fundamental groups contain nonabelian free subgroups otherwise. Clearly if
two pieces are contiguous their common cusps must be homeomorphic. If the
piece is not a reducible H? x H?-manifold then the inclusion of a cusp into the
closure of the piece induces a monomorphism on fundamental group.

If M is a closed 4-manifold with a geometric decomposition of type (2) the
inclusions of the cusps into the closures of the pieces induce isomorphisms on
72, and a Mayer-Vietoris argument in the universal covering space M shows
that M is homotopy equivalent to S?. The natural foliation of S? x H? by
2-spheres induces a codimension-2 foliation on each piece, with leaves S? or
RP?. The cusps bounding the closure of a piece are S? x E!'-manifolds, and
hence also have codimension-1 foliations, with leaves S? or RP?. Together
these foliations give a foliation of the closure of the piece, so that each cusp is a
union of leaves. The homeomorphisms identifying cusps of contiguous pieces are
isotopic to isometries of the corresponding S? x E'-manifolds. As the foliations
of the cusps are preserved by isometries M admits a foliation with leaves S
or RP%. (In other words, it is the total space of an orbifold bundle over a
hyperbolic 2-orbifold, with general fibre S2.)

If at least one piece has an aspherical geometry other than H? x H? then all
do and M is aspherical. Since all the pieces of type H*, H?(C) or H? x H?
have strictly positive Euler characteristic while those of type H? x E!, H? x E2,
SL x E! or F* have Euler characteristic 0 we must have x(M) > 0. O

If in case (2) M admits a foliation with all leaves homeomorphic then the
projection to the leaf space is a submersion and so M is the total space of an
S2-bundle or RP%-bundle over a hyperbolic surface. In particular, the covering
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space M, corresponding to the kernel k of the action of 7 (M) on (M) = Z
is the total space of an S%-bundle over a hyperbolic surface. In Chapter 9
we shall show that S?-bundles and RP?-bundles over aspherical surfaces are
geometric. This surely holds also for orbifold bundles (defined in the next
section) over flat or hyperbolic 2-orbifolds, with general fibre S2.

If an aspherical closed 4-manifold has a nontrivial geometric decomposition
with no pieces of type H? x H? then its fundamental group contains nilpotent
subgroups of Hirsch length 3 (corresponding to the cusps).

Is there an essentially unique minimal decomposition? Since hyperbolic surfaces
are connected sums of tori, and a punctured torus admits a complete hyperbolic
geometry of finite area, we cannot expect that there is an unique decomposition,
even in dimension 2. Any PD,,-group satisfying Maz-c (the maximal condition
on centralizers) has an essentially unique minimal finite splitting along virtually
poly-Z subgroups of Hirsch length n — 1, by Theorem A2 of [Kr90]. Do all
fundamental groups of aspherical manifolds with geometric decompositions have
Maz-c? A compact non-positively curved n-manifold (n > 3) with convex
boundary is either flat or has a canonical decomposition along totally geodesic
closed flat hypersurfaces into pieces which are Seifert fibred or codimension-1
atoroidal [LS00]. Which 4-manifolds with geometric decompositions admit such
metrics? (Closed SL x E!-manifolds do not [KL96].)

Closed H*- or H?(C)-manifolds admit no proper geometric decompositions,
since their fundamental groups have no noncyclic abelian subgroups [Pr43]. A
similar argument shows that closed H? x E!-manifolds admit no proper decom-
positions, since they are finitely covered by cartesian products of H?-manifolds
with S'. Thus closed 4-manifolds with a proper geometric decomposition in-
volving pieces of types other than S? x H?, H? x E2, H? x H? or SL x E! are
never geometric.

Many S? x H2-, H2 x H2-, H? x E2- and SL x E!-manifolds admit proper
geometric decompositions. On the other hand, a manifold with a geometric
decomposition into pieces of type H? x E? need not be geometric. For instance,
let G = (u,v,z,y | [u,v] = [z,y]) be the fundamental group of T§T, the closed
orientable surface of genus 2, and let 6 : G — SL(2,7Z) be the epimorphism
determined by 0(u) = (9 '), 6(z) = (% 1), Then the semidirect product
7 = Z% x¢ G is the fundamental group of a torus bundle over THT" which has a
geometric decomposition into two pieces of type H? x E2, but is not geometric,
since 7 does not have a subgroup of finite index with centre Z2.

It is easily seen that each S? x E!-manifold may be realized as the end of a
complete S? x H2-manifold with finite volume and a single end. However, if the

Geometry € Topology Monographs, Volume 5 (2002)



7.5 Orbifold bundles 141

manifold is orientable the ends must be orientable, and if it is complex analytic
then they must be S? x S'. Every flat 3-manifold is a cusp of some complete
H*-manifold with finite volume [Ni98]. However if such a manifold has only one
cusp the cusp cannot have holonomy Z/3Z or Z/6Z [LR00]. The fundamental
group of a cusp of an SL x E!'-manifold must have a chain of abelian normal
subgroups Z < Z% < Z3; not all orientable flat 3-manifold groups have such
subgroups. The ends of complete, complex analytic H? x H?-manifolds with
finite volume and irreducible fundamental group are orientable Sol?-manifolds
which are mapping tori, and all such may be realized in this way [Sh63].

Let M be the double of T, x T,,, where T, = T — intD? is the once-punctured
torus. Since T, admits a complete hyperbolic geometry of finite area M ad-
mits a geometric decomposition into two pieces of type H? x H?. However as
F(2) x F(2) has cohomological dimension 2 the homomorphism of fundamental
groups induced by the inclusion of the cusp into T, x T, has nontrivial kernel,
and M is not aspherical.

7.5 Orbifold bundles

An n-dimensional orbifold B has an open covering by subspaces of the form
D" /G, where G is a finite subgroup of O(n). Let F be a closed manifold.
An orbifold bundle with general fibre F over B is amap f: M — B which is
locally equivalent to a projection G\(F x D") — G\D", where G acts freely
on F' and effectively and orthogonally on D".

If the base B has a finite regular covering B which is a manifold, then D
induces a fibre bundle projection p : M — B with fibre F , and the action
of the covering group maps fibres to fibres. Conversely, if p; : My} — B is a
fibre bundle projection with fibre F} and G is a finite group which acts freely
on M7 and maps fibres to fibres then passing to orbit spaces gives an orbifold
bundle p : M = G\M; — B = H\B; with general fibre F' = K\F;, where
H is the induced group of homeomorphisms of B; and K is the kernel of the
epimorphism from G to H.

Theorem 7.2 [Cb] Let M be an infrasolvmanifold. Then there is an orbifold

bundle p : M — B with general fibre an infranilmanifold and base a flat
orbifold.

Proof Let (S,T') be a presentation for M and let R be the nilradical of S.
Then A = S/R is a 1-connected abelian Lie group, and so A =2 R? for some
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d > 0. Since R is characteristic in S there is a natural projection ¢ : Aff(S) —
Aff(A). Let I's =I'NS and I'r = I'N R. Then the action of I's on S induces
an action of the discrete group ¢(I's) = RI'g/R on A. The Mostow fibration for
M; =T'g\S is the quotient map to By = ¢(I's)\ A, which is a bundle projection
with fibre F; = T'r\R. Now I', is normal in R, by Corollary 3 of Theorem 2.3
of [Rg], and I'r/I', is a lattice in the nilpotent Lie group R/T',. Therefore F}
is a nilmanifold, while Bj is a torus.

The finite group I'/T's acts on Mj, respecting the Mostow fibration. Let I =
q(T'), K =T NKer(q) and B =T\A. Then the induced map p: M — B is an
orbifold bundle projection with general fibre the infranilmanifold F' = K\R =
(K/T',)\(R/T,), and base a flat orbifold. O

We shall call p : M — B the Mostow orbifold bundle corresponding to the
presentation (S,I"). In Theorem 8.9 we shall use this construction to show that
orientable 4-dimensional infrasolvmanifolds are determined up to diffeomor-
phism by their fundamental groups, with the possible exception of manifolds
having one of two virtually abelian groups.

7.6 Realization of virtual bundle groups

Every extension of one PDs-group by another may be realized by some surface
bundle, by Theorem 5.2. The study of Seifert fibred 4-manifolds and singu-
lar fibrations of complex surfaces lead naturally to consideration of the larger
class of torsion free groups which are virtually such extensions. Johnson has
asked whether such “ virtual bundle groups” may be realized by aspherical
4-manifolds.

Theorem 7.3 Let m be a torsion free group with normal subgroups K < G <
7 such that K and G/K are PDy-groups and [ : G] < co. Then 7 is the
fundamental group of an aspherical closed smooth 4-manifold which is the total
space of an orbifold bundle with general fibre an aspherical closed surface over
a 2-dimensional orbifold.

Proof Let p: 7 — /K be the quotient homomorphism. Since 7 is torsion
free the preimage in 7 of any finite subgroup of 7/K is a PDs-group. As the
finite subgroups of 7/K have order at most [ : G], we may assume that 7/K
has no nontrivial finite normal subgroup, and so is the orbifold fundamental
group of some 2-dimensional orbifold B, by the solution to the Nielsen realiza-
tion problem for surfaces [Ke83]. Let F' be the aspherical closed surface with
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m(F) 2 K. If 7/K is torsion free then B is a closed aspherical surface, and
the result follows from Theorem 5.2. In general, B is the union of a punctured
surface B, with finitely many cone discs and regular neighborhoods of reflector
curves (possibly containing corner points). The latter may be further decom-
posed as the union of squares with a reflector curve along one side and with
at most one corner point, with two such squares meeting along sides adjacent
to the reflector curve. These suborbifolds U; (i.e., cone discs and squares) are
quotients of D? by finite subgroups of O(2). Since B is finitely covered (as an
orbifold) by the aspherical surface with fundamental group G/K these finite

orb

groups embed in 7™ (B) = 7 /K, by the Van Kampen Theorem for orbifolds.

The action of 7/K on K determines an action of m(B,) on K and hence
an F-bundle over B,. Let H; be the preimage in 7 of Wi’rb(Ui). Then H;
is torsion free and [H; : K] < oo, so H; acts freely and cocompactly on X2,
where X2 = R? if x(K) =0 and X? = H? otherwise, and F is a finite covering
space of H;\X2. The obvious action of H; on X? x D? determines a bundle
with general fibre F' over the orbifold U;. Since self homeomorphisms of F
are determined up to isotopy by the induced element of Out(K'), bundles over
adjacent suborbifolds have isomorphic restrictions along common edges. Hence
these pieces may be assembled to give a bundle with general fibre F' over the
orbifold B, whose total space is an aspherical closed smooth 4-manifold with
fundamental group =. m]

We shall verify in Theorem 9.8 that torsion free groups commensurate with
products of two centreless PDs-groups are also realizable.

We can improve upon Theorem 5.7 as follows.

Corollary 7.3.1 Let M be a closed 4-manifold M with fundamental group
w. Then the following are equivalent.

(1) M is homotopy equivalent to the total space of an orbifold bundle with
general fibre an aspherical surface over an E?- or H?-orbifold;

(2) 7 has an FP, normal subgroup K such that /K is virtually a PDs-
group and ma(M) = 0;

(3) m has a normal subgroup N which is a PDs-group and ma(M) = 0.

Proof Condition (1) clearly implies (2) and (3). Conversely, if they hold the
argument of Theorem 5.7 shows that K is a PDs-group and N is virtually a
PDy-group. In each case (1) now follows from Theorem 7.2. O
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It follows easily from the argument of part (1) of Theorem 5.4 that if 7 is a
group with a normal subgroup K such that K and 7/K are PDs-groups with
(K =((r/K) =1, p is a subgroup of finite index in 7 and L = K N p then
C,(L) =1 if and only if Cr(K) = 1. Since p is virtually a product of PDy-
groups with trivial centres if and only if 7 is, Johnson’s trichotomy extends to
groups commensurate with extensions of one centreless PDs-group by another.

Theorem 7.2 settles the realization question for groups of type I. (For suppose
7 has a subgroup ¢ of finite index with a normal subgroup v such that v and
o/v are PDy-groups with (v = ((c/v) = 1. Let G = Nhoh™! and K = vNG.
Then [r: G] < 0o, G isnormal in 7, and K and G/K are PDs-groups. If G is
of type I then K is characteristic in G, by Theorem 5.5, and so is normal in .)
Groups of type II need not have such normal PDs-subgroups - although this
is almost true. It is not known whether every type III extension of centreless
PDsy-groups has a characteristic PDs-subgroup (although this is so in many
cases, by the corollaries to Theorem 5.6).

If 7 is an extension of Z? by a normal PDy-subgroup K with (K = 1 then
Cr(K) = /7, and [r: KC,(K)] < oo if and only if 7 is virtually K x Z2, so
Johnson’s trichotomy extends to such groups. The three types may be charac-
terized by (I) 7 = Z, (II) /7 = Z2, and (III) /7 = 1. As these properties
are shared by commensurate torsion free groups the trichotomy extends further
to torsion free groups which are virtually such extensions. There is at present
no uniqueness result corresponding to Theorem 5.5 for such subgroups K < ,
and (excepting for groups of type II) it is not known whether every such group
is realized by some aspherical closed 4-manifold. (In fact, it also appears to be
unknown in how many ways a 3-dimensional mapping torus may fibre over S*.)

The Johnson trichotomy is inappropriate if (K # 1, as there are then nontrivial
extensions with trivial action (6 = 1). Moreover Out (K) is virtually free and
so the action € is never injective. However all such groups = may be realized
by aspherical 4-manifolds, for either /7 = Z? and Theorem 7.2 applies, or 7
is virtually poly-Z and is the fundamental group of an infrasolvmanifold. (See
Chapter 8.)

7.7 Seifert fibrations

A closed 4-manifold M is Seifert fibred if it is the total space of an orbifold
bundle with general fibre a torus or Klein bottle over a 2-orbifold. (In [Zn85],
[Ue90,91] it is required that the general fibre be a torus. This is always so if the
manifold is orientable.) The fundamental group 7 of such a 4-manifold then
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has a rank two free abelian normal subgroup A such that w/A is virtually a
surface group. If the base orbifold is good then the manifold is finitely covered
by a torus bundle over a closed surface. This is in fact so in general, by the
following theorem. In particular, x(M) = 0.

Theorem (Ue) Let S be a closed orientable 4-manifold which is Seifert fibred
over the 2-orbifold B. Then

(1) If B is spherical or bad S has geometry S3 x E! or S? x E?;
(2) If B is euclidean then S has geometry E*, Nil*, Nil®> x E! or Sol® x E!;

(3) If B is orientable and hyperbolic then S is geometric if and only if it
has a complex structure, in which case the geometry is either H? x E? or
SL x E!.

Conversely, excepting only two flat 4-manifolds, any orientable 4-manifold ad-
mitting one of these geometries is Seifert fibred. O

If the base is euclidean or hyperbolic then S is determined up to diffeomorphism
by 71(S); if moreover the base is hyperbolic or S is geometric of type Nil* or
Sol® x E! there is a fibre-preserving diffeomorphism. If the base is bad or
spherical then S may admit many inequivalent Seifert fibrations.

Less is known about the nonorientable cases. Seifert fibred 4-manifolds with
general fibre a torus and base a hyperbolic orbifold with no reflector curves are
determined up to fibre preserving diffeomorphism by their fundamental groups
[Zi69]. Closed 4-manifolds which fibre over S with fibre a small Seifert fibred
3-manifold are determined up to diffeomorphism by their fundamental groups
[Oh90]. This class includes many nonorientable Seifert fibred 4-manifolds over
bad, spherical or euclidean bases, but not all. It may be true in general that a
Seifert fibred 4-manifold is geometric if and only if its orientable double covering
space is geometric, and that aspherical Seifert fibred 4-manifolds are determined
up to diffeomorphism by their fundamental groups.

The homotopy type of a S? x E2-manifold is determined up to finite ambiguity
by the fundamental group (which must be virtually Z2), Euler characteristic
(which must be 0) and Stiefel-Whitney classes. There are just nine possible
fundamental groups. Six of these have infinite abelianization, and the above
invariants determine the homotopy type in these cases. (See Chapter 10.) The
homotopy type of a S? x E!-manifold is determined by the fundamental group
(which has two ends), Euler characteristic (which is 0), orientation character
wy and first k-invariant in H*(7;73). (See Chapter 11.)
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Every Seifert fibred 4-manifold with base an euclidean orbifold has Euler char-
acteristic 0 and fundamental group solvable of Hirsch length 4, and so is home-
omorphic to an infrasolvmanifold, by Theorem 6.11 and [AJ76]. As no group
of type Solg, Sol{ or Soly, , (with m # n) has a rank two free abelian normal
subgroup, the manifold must have one of the geometries E*, Nil*, Nil x E' or
Sol x E'. Conversely, excepting only three flat 4-manifolds, such manifolds are
Seifert fibred. The fundamental group of a closed Nil® x E'- or Nil*-manifold
has a rank two free abelian normal subgroup, by Theorem 1.5. If 7 is the
fundamental group of a Sol? x E!'-manifold then the commutator subgroup of
the intersection of all index 4 subgroups is such a subgroup. (In the Nil* and
Sol® x E! cases there is an unique maximal such subgroup, and the general fibre
must be a torus.) Case-by-case inspection of the 74 flat 4-manifold groups shows
that all but three have such subgroups. The only exceptions are the semidirect
products Gg X9 Z where 0 = j, cej and abcej. (See Chapter 8. There is a
minor oversight in [Ue90]; in fact there are two orientable flat four-manifolds
which are not Seifert fibred.)

As H2 x E2- and SL x E!-manifolds are aspherical, they are determined up to
homotopy equivalence by their fundamental groups. See Chapter 9 for more
details.

Theorem 7.3 specializes to give the following characterization of the fundamen-
tal groups of Seifert fibred 4-manifolds.

Theorem 7.4 A group 7 is the fundamental group of a closed 4-manifold
which is Seifert fibred over a hyperbolic base 2-orbifold with general fibre a
torus if and only if it is torsion free, \/T = Z?, w/\/7 has no nontrivial finite
normal subgroup and w/\/7 is virtually a PDs-group. m]

If /7 is central ({7 = Z2) the corresponding Seifert fibred manifold M ()
admits an effective torus action with finite isotropy subgroups.

7.8 Complex surfaces and related structures

In this section we shall summarize what we need from [BPV], [Ue90,91], [WI186]
and [GS], and we refer to these sources for more details.

A complex surface shall mean a compact connected nonsingular complex ana-
lytic manifold S of complex dimension 2. It is Kéhler (and thus diffeomorphic
to a projective algebraic surface) if and only if 8;(S) is even. Since the Kéhler
condition is local, all finite covering spaces of such a surface must also have (3,
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even. If S has a complex submanifold L = C P! with self-intersection —1 then
L may be blown down: there is a complex surface S; and a holomorphic map
p: S — S1 such that p(L) is a point and p restricts to a biholomorphic isomor-
phism from S— L to S;—p(L). In particular, S is diffeomorphic to S1§C' P?. If
there is no such embedded projective line L the surface is minimal. Excepting
only the ruled surfaces, every surface has an unique minimal representative.

For many of the 4-dimensional geometries (X, G) the identity component G, of
the isometry group preserves a natural complex structure on X, and so if 7 is a
discrete subgroup of G, which acts freely on X the quotient 7\ X is a complex
surface. This is clear for the geometries CP?, S2xS?, S?xE?, S? x H?, H? x E2,
H? x H? and H?(C). (The corresponding model spaces may be identified with
CP?, CP' xCP', CP' x C, CP' x H?, H?> x C, H?> x H? and the unit ball
in C?, respectively, where H? is identified with the upper half plane.) It is also
true for Nil3 x B!, Sol#, Sol‘f, SL x E! and F*. TIn addition, the subgroups
R*xU(2) of E(4) and U(2) x R of Isom(S? x E!) act biholomorphically on
C? and C? — {0}, respectively, and so some E*- and S? x E!-manifolds have
complex structures. No other geometry admits a compatible complex structure.
Since none of the model spaces contain an embedded S? with self-intersection
—1 any complex surface which admits a compatible geometry must be minimal.

Complex surfaces may be coarsely classified by their Kodaira dimension «,
which may be —oo, 0, 1 or 2. Within this classification, minimal surfaces may
be further classified into a number of families. We have indicated in parentheses
where the geometric complex surfaces appear in this classification. (The dashes
signify families which include nongeometric surfaces.)

Kk = —oo: Hopf surfaces (S® x E!, -); Inoue surfaces (Solg, Sol});

rational surfaces (CP?, S? x S?); ruled surfaces (S? x E2, S? x HZ2, -).

x = 0: complex tori (E*); hyperelliptic surfaces (E*); Enriques surfaces (-);
K3 surfaces (-); Kodaira surfaces (Nil3 x E!).

% = 1: minimal properly elliptic surfaces (gﬂ: x E!, H? x E?).

x = 2: minimal (algebraic) surfaces of general type (H? x H?, H?(C), -).

A Hopf surface is a complex surface whose universal covering space is home-
omorphic to S? x R = C? — {0}. Some Hopf surfaces admit no compatible
geometry, and there are S? x E'-manifolds that admit no complex structure.
The Inoue surfaces are exactly the complex surfaces admitting one of the ge-
ometries Solg or Sol.
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A rational surface is a complex surface birationally equivalent to C'P?. Minimal
rational surfaces are diffeomorphic to CP? or to CP' x CP'. A ruled surface is
a complex surface which is holomorphically fibred over a smooth complex curve
(closed orientable 2-manifold) of genus g > 0 with fibre CP'. Rational and
ruled surfaces may be characterized as the complex surfaces S with x(S) = —oo
and (1(5) even. Not all ruled surfaces admit geometries compatible with their
complex structures.

A complex torus is a quotient of C? by a lattice, and a hyperelliptic surface is
one properly covered by a complex torus. If S is a complex surface which is
homeomorphic to a flat 4-manifold then S is a complex torus or is hyperelliptic,
since it is finitely covered by a complex torus. Since S is orientable and (i (S)
is even m = m1(S) must be one of the eight flat 4-manifold groups of orientable
type and with 7 = Z4 or I(7) = Z2. In each case the holonomy group is cyclic,
and so is conjugate (in GL'(4,R)) to a subgroup of GL(2,C). (See Chapter
8.) Thus all of these groups may be realized by complex surfaces. A Kodaira
surface is finitely covered by a surface which fibres holomorphically over an
elliptic curve with fibres of genus 1.

An elliptic surface S is a complex surface which admits a holomorphic map p
to a complex curve such that the generic fibres of p are diffeomorphic to the
torus T'. If the elliptic surface S has no singular fibres it is Seifert fibred, and
it then has a geometric structure if and only if the base is a good orbifold.
An orientable Seifert fibred 4-manifold over a hyperbolic base has a geometric
structure if and only if it is an elliptic surface without singular fibres [Ue90].
The elliptic surfaces S with x(S) = —oo and (;(S5) odd are the geometric
Hopf surfaces. The elliptic surfaces S with x(S) = —oo and (1(S) even are
the cartesian products of elliptic curves with CP?.

All rational, ruled and hyperelliptic surfaces are projective algebraic surfaces, as
are all surfaces with x = 2. Complex tori and surfaces with geometry H? x E?
are diffeomorphic to projective algebraic surfaces. Hopf, Inoue and Kodaira
surfaces and surfaces with geometry SL x E' all have 3, odd, and so are not
Kahler, let alone projective algebraic.

An almost complex structure on a smooth 2n-manifold M is a reduction of
the structure group of its tangent bundle to GL(n,C) < GL™(2n,R). Such a
structure determines an orientation on M. If M is a closed oriented 4-manifold
and ¢ € H?(M;Z) then there is an almost complex structure on M with first
Chern class ¢ and inducing the given orientation if and only if ¢ = wy(M) mod
(2) and ¢ N [M] = 30(M) + 2x(M), by a theorem of Wu. (See the Appendix
to Chapter I of [GS] for a recent account.)
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A symplectic structure on a closed smooth manifold M is a closed nondegenerate
2-form w. Nondegenerate means that for all x € M and all w € T, M there is
a v € T, M such that w(u,v) # 0. Manifolds admitting symplectic structures
are even-dimensional and orientable. A condition equivalent to nondegeneracy
is that the n-fold wedge w”" is nowhere 0, where 2n is the dimension of M.
The n* cup power of the corresponding cohomology class [w] is then a nonzero
element of H?"(M;R). Any two of a riemannian metric, a symplectic structure
and an almost complex structure together determine a third, if the given two
are compatible. In dimension 4, this is essentially equivalent to the fact that
SO(4)NSp(4) = SO(4)NGL(2,C) = Sp(4)NGL(2,C) = U(2), as subgroups of
GL(4,R). (See [GS] for a discussion of relations between these structures.) In
particular, Kahler surfaces have natural symplectic structures, and symplectic
4-manifolds admit compatible almost complex tangential structures. However
orientable Sol® x E!-manifolds which fibre over T are symplectic [Ge92] but
have no complex structure (by the classification of surfaces) and Hopf surfaces
are complex manifolds with no symplectic structure (since Gy = 0).
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Chapter 8

Solvable Lie geometries

The main result of this chapter is the characterization of 4-dimensional infra-
solvmanifolds up to homeomorphism, given in §1. All such manifolds are either
mapping tori of self homeomorphisms of 3-dimensional infrasolvmanifolds or
are unions of two twisted I-bundles over such 3-manifolds. In the rest of the
chapter we consider each of the possible 4-dimensional geometries of solvable
Lie type.

In §2 we determine the automorphism groups of the flat 3-manifold groups,
while in §3 and §4 we determine ab initio the 74 flat 4-manifold groups. There
have been several independent computations of these groups; the consensus re-
ported on page 126 of [Wo] is that there are 27 orientable groups and 48 nonori-
entable groups. However the tables of 4-dimensional crystallographic groups in
[B-Z] list only 74 torsion free groups. As these computer-generated tables give
little insight into how these groups arise, and as the earlier computations were
never published in detail, we shall give a direct and elementary computation,
motivated by Lemma 3.14. Our conclusions as to the numbers of groups with
abelianization of given rank, isomorphism type of holonomy group and orienta-
tion type agree with those of [B-Z]. (We have not attempted to make the lists
correspond.)

There are infinitely many examples for each of the other geometries. In §5
we show how these geometries may be distinguished, in terms of the group
theoretic properties of their lattices. In §6, §7 and §8 we consider mapping
tori of self homeomorphisms of E3-, Nil3- and Sol?-manifolds, respectively. In
89 we show directly that “most” groups allowed by Theorem 8.1 are realized
geometrically and outline classifications for them, while in §10 we show that
“most” 4-dimensional infrasolvmanifolds are determined up to diffeomorphism
by their fundamental groups.

8.1 The characterization
In this section we show that 4-dimensional infrasolvmanifolds may be charac-

terized up to homeomorphism in terms of the fundamental group and Euler
characteristic.
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Theorem 8.1 Let M be a closed 4-manifold with fundamental group © and
such that x(M) = 0. The following conditions are equivalent:

(1) = is torsion free and virtually poly-Z and h(m) = 4;

(2) h(ym) = 3;

(3) m has an elementary amenable normal subgroup p with h(p) > 3, and
H?(m; Z[x]) = 0; and

(4) m is restrained, every finitely generated subgroup of m is F'Ps and w
maps onto a virtually poly-Z group @ with h(Q) > 3.

Moreover if these conditions hold M is aspherical, and is determined up to
homeomorphism by 7, and every automorphism of m may be realized by a self
homeomorphism of M .

Proof If (1) holds then h(y/m) > 3, by Theorem 1.6, and so (2) holds. This
in turn implies (3), by Theorem 1.17. If (3) holds then = has one end, by
Lemma 1.15, and ﬂf)(w) = 0, by Corollary 2.3.1. Hence M is aspherical,
by Corollary 3.5.2. Hence 7 is a PDy-group and 3 < h(p) < c.d.p < 4. In
particular, p is virtually solvable, by Theorem 1.11. If c.d.p = 4 then [r : p]
is finite, by Strebel’s Theorem, and so 7 is virtually solvable also. If c.d.p =3
then c.d.p = h(p) and so p is a duality group and is F'P [Kr86]. Therefore
Hi(p;Q[r]) = HY(p;Q[p]) ® Q[r/p] and is 0 unless ¢ = 3. It then follows
from the LHSSS for 7 as an extension of 7/p by p (with coefficients Q[r]) that
HA(m; Qlr]) = H'(n/p; Q[ /o)) @ H3(p; Qlp]). Therefore H'(r/p; Qlr/p]) = Q.
so m/p has two ends and we again find that 7 is virtually solvable. In all cases
7 is torsion free and virtually poly-Z, by Theorem 9.23 of [Bi|, and h(w) = 4.

If (4) holds then 7 is an ascending HNN extension 7 = Bx, with base F'P3
and so M is aspherical, by Theorem 3.16. As in Theorem 2.13 we may deduce
from [BG85] that B must be a PD3s-group and ¢ an isomorphism, and hence
B and 7 are virtually poly-Z. Conversely (1) clearly implies (4).

The final assertions follow from Theorem 2.16 of [FJ], as in Theorem 6.11 above.
O

Does the hypothesis h(p) > 3 in (3) imply H?(r;Z[r]) = 0?7 The examples
F x S' x S' where FF = S? or is a closed hyperbolic surface show that the
condition that h(p) > 2 is necessary. (See also §1 of Chapter 9.)

Corollary 8.1.1 The 4-manifold M is homeomorphic to an infrasolvmanifold
if and only if the equivalent conditions of Theorem 8.1 hold.
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Proof If M is homeomorphic to an infrasolvmanifold then x(M) = 0, 7 is
torsion free and virtually poly-Z and h(mw) =4 (see Chapter 7). Conversely, if
these conditions hold then 7 is the fundamental group of an infrasolvmanifold,
by [AJ76]. O

It is easy to see that all such groups are realizable by closed smooth 4-manifolds
with Euler characteristic 0.

Theorem 8.2 If 7 is torsion free and virtually poly-Z of Hirsch length 4 then
it is the fundamental group of a closed smooth 4-manifold M which is either a
mapping torus of a self homeomorphism of a closed 3-dimensional infrasolvman-
ifold or is the union of two twisted I-bundles over such a 3-manifold. Moreover,
the 4-manifold M is determined up to homeomorphism by the group.

Proof The Eilenberg-Mac Lane space K(m,1) is a PDy-complex with Euler
characteristic 0. By Lemma 3.14, either there is an epimorphism ¢ : 7 — Z, in
which case 7 is a semidirect product GxyZ where G = Ker(¢), or m = G1xgG>
where [G; : G] = [G2 : G] = 2. The subgroups G, G; and Gy are torsion
free and virtually poly-Z. Since in each case /G has Hirsch length 1 these
subgroups have Hirsch length 3 and so are fundamental groups of closed 3-
dimensional infrasolvmanifolds. The existence of such a manifold now follows
by standard 3-manifold topology, while its uniqueness up to homeomorphism
was proven in Theorem 6.11. D

The first part of this theorem may be stated and proven in purely algebraic
terms, since torsion free virtually poly-Z groups are Poincaré duality groups.
(See Chapter I1I of [Bi].) If 7 is such a group then either it is virtually nilpotent
or /T = Z3 or I';, for some ¢, by Theorems 1.5 and 1.6. In the following sections
we shall consider how such groups may be realized geometrically. The geometry
is largely determined by /7. We shall consider first the virtually abelian cases.

8.2 Flat 3-manifold groups and their automorphisms

The flat n-manifold groups for n < 2 are Z, Z? and K = Zx_,Z, the Klein
bottle group. There are six orientable and four nonorientable flat 3-manifold
groups. The first of the orientable flat 3-manifold groups G4 - Gg is G = Z3.
The next four have I(G;) & Z? and are semidirect products Z? x1 Z where
T=-1, ((1) j) , ((1] *01) or ((1) *11 ), respectively, is an element of finite order
in SL(2,Z). These groups all have cyclic holonomy groups, of orders 2, 3, 4

Geometry € Topology Monographs, Volume 5 (2002)



154 Chapter 8: Solvable Lie geometries

and 6, respectively. The group Gg is the group of the Hantzsche-Wendt flat
3-manifold, and has a presentation

(r,y |zy?e ™t =y 2, yaly =y 2).

Its maximal abelian normal subgroup is generated by z2,%? and (zy)? and
its holonomy group is the diagonal subgroup of SL(3,7Z), which is isomorphic
to (Z/2Z)%. (This group is the generalized free product of two copies of K,
amalgamated over their maximal abelian subgroups, and so maps onto D.)

The nonorientable flat 3-manifold groups B; - B are semidirect products
K xg Z, corresponding to the classes in Out(K) = (Z/2Z)?. In terms of
the presentation (x,y | zyz~! = y~1) for K these classes are represented by
the automorphisms # which fix y and send z to z,zy,2~ " and z~ 'y, respec-
tively. The groups B; and Bs are also semidirect products Z? xr1 Z, where
T =(§2%) or (9}) has determinant —1 and T? = I. They have holonomy
groups of order 2, while the holonomy groups of Bs and By are isomorphic to
(Z/)272)2.

All the flat 3-manifold groups either map onto Z or map onto D. The methods
of this chapter may be easily adapted to find all such groups. Assuming these
are all known we may use Sylow theory and a little topology to show that there
are no others. We sketch here such an argument. Suppose that 7 is a flat 3-
manifold group with finite abelianization. Then 0 = x(7) = 1+32(7)—B3(7), so
B3(m) # 0 and 7 must be orientable. Hence the holonomy group F' = 7/T'() is
a subgroup of SL(3,7Z). Let f be a nontrivial element of F'. Then f has order
2, 3, 4 or 6, and has a +1-eigenspace of rank 1, since it is orientation preserving.
This eigenspace is invariant under the action of the normalizer Ng((f)), and
the induced action of Ng((f)) on the quotient space is faithful. Thus Ng({f))
is isomorphic to a subgroup of GL(2,7Z) and so is cyclic or dihedral of order
dividing 24. This estimate applies to the Sylow subgroups of F', since p-groups
have nontrivial centres, and so the order of F' divides 24. If I’ has a nontrivial
cyclic normal subgroup then 7 has a normal subgroup isomorphic to Z2? and
hence maps onto Z or D. Otherwise F' has a nontrivial Sylow 3-subgroup C
which is not normal in F'. The number of Sylow 3-subgroups is congruent to
1 mod (3) and divides the order of F'. The action of F' by conjugation on
the set of such subgroups is transitive. It must also be faithful. (For otherwise
NgergNr(C)g™ # 1. As Np(C) is cyclic or dihedral it would follow that F
must have a nontrivial cyclic normal subgroup, contrary to hypothesis.) Hence
F must be A4 or Sy, and so contains V = (Z/2Z)% as a normal subgroup.
But any orientable flat 3-manifold group with holonomy V must have finite
abelianization. As Z/3Z cannot act freely on a Q-homology 3-sphere (by the
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Lefshetz fixed point theorem) it follows that A4 cannot be the holonomy group
of a flat 3-manifold. Hence we may exclude Sy also.

We shall now determine the (outer) automorphism groups of each of the flat
3-manifold groups. Clearly Out(G1) = Aut(G1) = GL(3,Z). If 2 <i <5 let
t € G; represent a generator of the quotient G;/I(G;) = Z. The automorphisms
of G; must preserve the characteristic subgroup I(G;) and so may be identified
with triples (v,A,€) € Z? x GL(2,Z) x {1} such that ATA™! = T¢ and
which act via A on I(G;) = Z% and send t to t“v. Such an automorphism is
orientation preserving if and only if € = det(A). The multiplication is given
by (v,A,€e)(w,B,n) = (Ev + Aw, AB,en), where =2 = [ if n = 1 and E =
—T¢ if n = —1. The inner automorphisms are generated by (0,7,1) and
(T -1)22,1,1).

In particular, Aut(Ga) = (Z2x,GL(2,7Z))x{%1}, where « is the natural action
of GL(2,Z) on Z?, for = is always I if T = —I. The involution (0,1, —1) is
central in Aut(G2), and is orientation reversing. Hence Out(G2) is isomorphic
to ((Z/2Z)? xpo PGL(2,Z)) x (Z/2Z), where Pa is the induced action of
PGL(2,7Z) on (Z/27)2.

If n =3, 4 or 5 the normal subgroup I(G;) may be viewed as a module over the
ring R = Z[t]/(¢(t)), where ¢(t) = t2+t+1, t2+1 or t2—t+1, respectively. As
these rings are principal ideal domains and I(G;) is torsion free of rank 2 as an
abelian group, in each case it is free of rank 1 as an R-module. Thus matrices
A such that AT = TA correspond to units of R. Hence automorphisms of
G; which induce the identity on G;/I(G;) have the form (v,+7"™, 1), for some
m € Z and v € Z?. There is also an involution (0,(9}),—1) which sends
t to t71. In all cases € = det(A). It follows that Out(Gs) = S5 x (Z/22),
Out(Gy) & (Z/2Z)? and Out(Gs) = Z/2Z. All these automorphisms are

orientation preserving.

The subgroup A of Gg generated by {z?,v%, (zy)?} is the maximal abelian
normal subgroup of Gg, and Gg/A = (Z/2Z)?. Let a, b, c, d, e, f, i and
j be the automorphisms of G which send = to =%, x,z, z,y?z, (vy)?z,y, 2y
and y to y,y7 ', (2y)%y, 2%y, v, (vy)%y, v, z, respectively. The natural homo-
morphism from Aut(Gg) to Aut(Gg/A) = GL(2,F3) is onto, as the images of
i and j generate GL(2,FF3), and its kernel E is generated by {a,b,c,d,e, f}.
(For an automorphism which induces the identity on Gg/A must send x to
2Py (2y)? x, and y to x%5y*(zy)?“y. The images of 22, y? and (zy)? are
then 212, y4*2 and (xy)*"~%+*2, which generate A if and only if p = 0
or —1,t=0o0r —1 and r = u — 1 or u. Composing such an automorphism
appropriately with a, b and ¢ we may acheive p =t = 0 and r = u. Then
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by composing with powers of d, e and f we may obtain the identity automor-
phism.) The inner automorphisms are generated by bed (conjugation by x)
and acef (conjugation by y). Then Out(Gg) has a presentation

2 2 2

(a,b,ceijla®> == =e*=i>=4%=1, a,b,c,e commute, iai = b,

1= be, 53 = abee, (ji)? = be).

ici = ae, jaj ' =e¢, jbj! = abe, jej”
The generators a,b,c, and j represent orientation reversing automorphisms.
(Note that jej~! = bc follows from the other relations. See [Zn90] for an

alternative description.)
The group B; = Z x K has a presentation
(t,x,y | te =at, ty = yt, zyz~' =y~ ).

An automorphism of B; must preserve the centre ¢(B; (which has basis ¢, z?)
and I(Bj) (which is generated by y). Thus the automorphisms of B; may be
identified with triples (A, m,€) € To x Zx {£1}, where T is the subgroup of
GL(2,7Z) consisting of matrices congruent mod (2) to upper triangular matrices.
Such an automorphism sends ¢ to t*2?, z to t°z%™ and y to y°, and induces
multiplication by A on By/I(B;) = Z2. Composition of automorphisms is
given by (A,m,€)(B,n,n) = (AB,m + en,en). The inner automorphisms are
generated by (I,1,—1) and (/,2,1), and so Out(By) = YTq x (Z/22).
The group B, has a presentation

(t,a,y | twt™" = wy, ty = yt, zya™" = y7).
Automorphisms of By may be identified with triples (A4, (m,n),¢), where A €
Iy, myn € Z, e = £1 and m = (A11 — €)/2. Such an automorphism sends
t to t%ly™, x to tz%™ and y to vy, and induces multiplication by A on
By /I(By) = Z?. The automorphisms which induce the identity on Bo/I(Bs)
are all inner, and so Out(Bz) = Y.

The group Bs has a presentation

(toayy [tat™ =a7l bty = yt, ayz™ =y,
An automorphism of Bs must preserve [(Bs) = K (which is generated by
x,y) and I(I(Bs)) (which is generated by y). It follows easily that Out(Bs) =
(Z/27)3, and is generated by the classes of the automorphisms which fix y and

send t to t~1,¢,t2? and = to x,xy,x, respectively.

A similar argument using the presentation

1 _ y71>

for By shows that Out(By) = (Z/2Z)3, and is generated by the classes of the
automorphisms which fix y and send ¢ to t~'y~',t,t2? and = to z,27 !, x,

respectively.

(t,z,y | tet™" = a7y, ty = yt, zyaz
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8.3 Flat 4-manifold groups with infinite abelianization

We shall organize our determination of the flat 4-manifold groups 7 in terms
of I(m). Let m be a flat 4-manifold group, 8 = f1(n) and h = h(I(x)).
Then n/I(w) = ZP and h+ 8 = 4. If I(n) is abelian then C,(I(7)) is a
nilpotent normal subgroup of m and so is a subgroup of the Hirsch-Plotkin
radical /7, which is here the maximal abelian normal subgroup 7T'(7). Hence
Cr(I(m)) = T(m) and the holonomy group is isomorphic to 7/Cr(I(7)).

h =0 In this case I(7) =1, so = Z* and is orientable.

h =1 In this case I(m) = Z and 7 is nonabelian, so 7/Cr(I(7)) = Z/2Z.
Hence n has a presentation of the form

1

(t,x,y, 2z | tot™ = 222, tyt™! = y2b, tat™ = 271y, 2 commute),

for some integers a, b. On replacing « by xy or interchanging z and y if
necessary we may assume that a is even. On then replacing x by zz%? and y
by yz?l we may assume that a = 0 and b =0 or 1. Thus 7 is a semidirect
product Z3 x¢ Z, where the normal subgroup Z3 is generated by the images

of z, y and z, and the action of ¢ is determined by a matrix T = ((012,]) Pl> in

GL(3,Z). Hence 7 = Z x By = Z? x K or Z x Bs. Both of these groups are
nonorientable.

h =2 If I(r) & Z? and 7/C,(I(7)) is cyclic then we may again assume
that 7 is a semidirect product Z3 x7 Z, where T = (FIL U), with o= (%) and
U e GL(2,Z) is of order 2, 3, 4 or 6 and does not have 1 as an eigenvalue. Thus
U=-1, ((1) j), ((1) _01) or ((1) _11). Conjugating T by (ig) replaces p by
i+ (Io —U)v. In each case the choice a = b = 0 leads to a group of the form
m = Z x G, where G is an orientable flat 3-manifold group with £;(G) = 1.
For each of the first three of these matrices there is one other possible group.
However if U = ((1) *11) then Iy — U is invertible and so Z x G5 is the only
possibility. All seven of these groups are orientable.

If I(r) = Z? and 7/Cyr(I(7)) is not cyclic then 7/Cy(I(7)) =& (Z/2Z)?. There
are two conjugacy classes of embeddings of (Z/22)% in GL(2,Z). One has
image the subgroup of diagonal matrices. The corresponding groups 7 have

presentations of the form
(tau,z,y | te=at, tyt ' =y~ wan™ =27 wyut =y, 2y = ya,

tut Tt =2 Y
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for some integers m, n. On replacing t by tz~™/2y["/2l if necessary we may
assume that 0 < m,n < 1. On then replacing ¢ by tu and interchanging = and
y if necessary we may assume that m < n. The only infinite cyclic subgroups of
I(m) which are normal in 7 are the subgroups (z) and (y). On comparing the
quotients of these groups 7 by such subgroups we see that the three possibilities
are distinct. The other embedding of (Z/2Z)? in GL(2,Z) has image generated
by —I and (9}). The corresponding groups m have presentations of the form

(tou, oy | tat ™ =y, tyt ™ =z, vau T =27 wyu =y, ay = ya,

tut ™ tumt = 2™my™),

for some integers m, n. On replacing ¢ by tzl(™ /2 and « by uz™™ if
necessary we may assume that m = 0 and n = 0 or 1. Thus there two such
groups. All five of these groups are nonorientable.

Otherwise, I(w) = K, I(I(7)) = Z and G = «/I(I(w)) is a flat 3-manifold
group with £1(G) = 2, but with I(G) = I(x)/I(I(7)) not contained in G’
(since it acts nontrivially on I(I(w))). Therefore G = B; = Z x K, and so has
a presentation

(t,x,y | te = xt, ty = yt, zyz~ ' =y 1),

If w: G — Aut(Z) is a homomorphism which restricts nontrivially to I(G)
then we may assume (up to isomorphism of G) that w(z) =1 and w(y) = —1.
Groups 7 which are extensions of Z x K by Z corresponding to the action
with w(t) = w (= £1) have presentations of the form

(t,x,y,z | tot™ =229, tyt™! = y2’, tzt = 2%, aya Tl = y 120 1z = 22,

yzy =271,

for some integers a,b. Any group with such a presentation is easily seen to be
an extension of Z x K by a cyclic normal subgroup. However conjugating the
fourth relation leads to the equation

tot iyttt T = taya T =ty T2 =ty (gt h)e

which simplifies to zz%y2P27% "1 = (y2z?)712%¢ and hence to z¢72¢ = 2

Hence this cyclic normal subgroup is finite unless 2a = (1 — w)e.

Suppose first that w = 1. Then 22 = 1 and so we must have ¢ = 0. On
replacing t by ¢z[®2 and z by zzl¢/2 | if necessary, we may assume that 0 <
be < 1. If b =0 then m &£ Z x By or Z x Bs. Otherwise, after further
replacing x by txz if necessary we may assume that ¢ = 0. The three remaining
possibilities may be distinguished by their abelianizations, and so there are three
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such groups. In each case the subgroup generated by {t,2?, 4%, 2} is maximal
abelian, and the holonomy group is isomorphic to (Z/27)2.

If instead w = —1 then 2% % =1 and so we must have a = ¢. On replacing

y by yz[/3 and z by 2212 if necessary we may assume that 0 < b, ¢ < 1. If
b = 1 then after replacing x by txy, if necessary, we may assume that a = 0.
If a=0b=0 then n/n' = Z2® (Z/2Z)?. The remaining two possibilities both
have abelianization Z2®(Z/2Z), but one has centre of rank 2 and the other has
centre of rank 1. Thus there are three such groups. The subgroup generated
by {ty,z?,y?, 2z} is maximal abelian, and the holonomy group is isomorphic to
(Z/2Z)?. All of these groups 7 with I(7) = K are nonorientable.

h =3 In this case 7 is uniquely a semidirect product m = I(7) xg Z, where
I(r) is a flat 3-manifold group and € is an automorphism of I(7) such that the
induced automorphism of I(x)/I(I(m)) has no eigenvalue 1, and whose image in
Out(I(m)) has finite order. (The conjugacy class of the image of 6 in Out(I (7))
is determined up to inversion by .)

Since T'(I(r)) is the maximal abelian normal subgroup of I(w) it is normal in
m. It follows easily that T'(w) N I(w) = T'(I(m)). Hence the holonomy group of
I() is isomorphic to a normal subgroup of the holonomy subgroup of 7, with
quotient cyclic of order dividing the order of 6 in Out(I(m)). (The order of the
quotient can be strictly smaller.)

If I(7) = Z3 then Out(I(n)) = GL(3,Z). If T € GL(3,Z) has finite order n
and 31(Z3 xr Z) = 1 then either T = —I or n =4 or 6 and the characteristic
polynomial of T is (t+1)¢(t) with ¢(t) =t>+1, t*+t+1 or t> —t+1. In the
latter cases T is conjugate to a matrix of the form (_01 fj‘) , where A = ((1) _01 ) ,
((1) j) or ((1) - ), respectively. The row vector p = (my, mg) is well defined
mod Z*(A+ I). Thus there are seven such conjugacy classes. All but one pair
(corresponding to (9 7') and p ¢ Z?(A+ 1)) are self-inverse, and so there are
six such groups. The holonomy group is cyclic, of order equal to the order of T'.
As such matrices all have determinant —1 all of these groups are nonorientable.

If I(r) =2 G; for 2 <i <5 the automorphism 6 = (v, A, €) must have e = —1,
for otherwise 31(7) = 2. We have Out(G2) = ((Z/2Z)?>xPGL(2,Z)) x (Z/2Z).
The five conjugacy classes of finite order in PGL(2,Z) are represented by the
matrices I, (Y1), (98), (§ %) and (% }). The numbers of conjugacy
classes in Out(G2) with € = —1 corresponding to these matrices are two, two,
two, three and one, respectively. All of these conjugacy classes are self-inverse.
Of these, only the two conjugacy classes corresponding to (9 }) and the three
conjugacy classes corresponding to ((1) _01) give rise to orientable groups. The
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holonomy groups are all isomorphic to (Z/2Z)?, except when A = (§ ') or
(91 %), when they are isomorphic to Z/4Z or Z/6Z & Z/2Z, respectively.

There are five orientable groups and five nonorientable groups.

As Out(G3) =2 S5 x (Z/27), Out(Gy) = (Z/2Z)* and Out(G5) = Z/2Z, there
are three, two and one conjugacy classes corresponding to automorphisms with
€ = —1, respectively, and all these conjugacy classes are closed under inversion.
The holonomy groups are dihedral of order 6, 8 and 12, respectively. The six
such groups are all orientable.

The centre of Out(Gg) is generated by the image of ab, and the image of ce
in the quotient Out(Gg)/(ab) generates a central Z/2Z direct factor. The
quotient Out(Gg)/(ab,ce) is isomorphic to the semidirect product of a normal
subgroup (Z/27)% (generated by the images of a and c¢) with S3 (generated
by the images of ia and j), and has five conjugacy classes, represented by
1,a,i,7 and ci. Hence Out(Gg)/{ab) has ten conjugacy classes, represented by
1,ce,a,ace,i,cei, j,cej,ci and cice = ei. Thus Out(Gg) itself has between 10
and 20 conjugacy classes. In fact Out(Gg) has 14 conjugacy classes, of which
those represented by 1, ab, ace, bee, i, cej, abcej and ei are orientation preserv-
ing, and those represented by a, ce, cei, j,abj and ci are orientation reversing.
All of these classes are self inverse, except for j and abj, which are mutually
inverse (5~ = ai(abj)ia). The holonomy groups corresponding to the classes
1,ab, ace and bece are isomorphic to (Z/27)%, those corresponding to a and ce
are isomorphic to (Z/22)3, those corresponding to 4, ei, cei and ci are dihedral
of order 8, those corresponding to cej and abcej are isomorphic to A4 and the
one corresponding to j has order 24. There are eight orientable groups and five
nonorientable groups.

All the remaining cases give rise to nonorientable groups.

I(r) =2 Z x K. If amatrix A in T9 has finite order then as its trace is even the
order must be 1, 2 or 4. If moreover A does not have 1 as an eigenvalue then
either A = —I or A has order 4 and is conjugate (in Y2) to (Z3 1 ). Each of the
four corresponding conjugacy classes in Ty x {£1} is self inverse, and so there
are four such groups. The holonomy groups are isomorphic to Z/nZ @& Z/2Z,
where n = 2 or 4 is the order of A.

I(m) 2 By. As Out(Bg) = Yo there are two relevant conjugacy classes and
hence two such groups. The holonomy groups are again isomorphic to Z/nZ @&
Z/2Z, where n =2 or 4 is the order of A.

I(m) = Bs or By. In each case Out(H) = (Z/2Z)3, and there are four outer
automorphism classes determining semidirect products with 5 = 1. (Note that
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here conjugacy classes are singletons and are self-inverse.) The holonomy groups
are all isomorphic to (Z/27)3.

8.4 Flat 4-manifold groups with finite abelianization

There remains the case when 7 /7’ is finite (equivalently, h = 4). By Lemma
3.14 if 7 is such a flat 4-manifold group it is nonorientable and is isomorphic
to a generalized free product J J , where ¢ is an isomorphism from G < J
to G <Jand [J:G] = [J G] = 2. The groups G, J and J are then flat 3-
manifold groups. If A and A are automorphisms of G and G which extend to .J
and J, respectively, then .J *¢J and Jx*3 ¢/\J are isomorphic, and so we shall say

that ¢ and )\¢)\ are equivalent isomorphisms. The major difficulty in handling
these cases is that some such flat 4-manifold groups split as a generalised free
product in several essentially distinct ways.

It follows from the Mayer-Vietoris sequence for m = J x4 J that Hi(G;Q)
maps onto Hi(J; Q) ® Hy(J;Q), and hence that £;(J) + 1(J) < £1(G). Since
Gs, G4, Bs and By are only subgroups of other flat 3-manifold groups via
maps inducing isomorphisms on Hi(—;Q) and G5 and Gg are not index 2
subgroups of any flat 3-manifold group we may assume that G = Z3, G,
By or By. If j and j are the automorphisms of T'(.J) and T'(J) determined
by conjugation in J and J, respectively, then 7 is a flat 4-manifold group if
and only if ® = jT(¢)"'jT(¢) has finite order. In particular, the trace of ®
must have absolute value at most 3. At this point detailed computation seems
unavoidable. (We note in passing that any generalised free product Jx*g J with
G = G3, Gy, By or By, J and J torsion free and [J : G] = [J : G] = 2 is
a flat 4-manifold group, since Out(G) is then finite. However all such groups
have infinite abelianization.)

Suppose first that G = Z3, with basis {z,y,2}. Then J and J must have
holonomy of order < 2, and B1(J) + B1(J) < 3. Hence we may assume that
J =~ Gy and J = Go, By or By. In each case we have G = T(J) and G = T(j)
We may assume that J and J are generated by G and elements s and t,
respectively, such that s = x and t? € G. We may also assume that the action
of s on G has matrix j = (0 I) with respect to the basis {z,y,z}. Fix an
isomorphism ¢ : G — G and let T = T(¢)"'5T(¢) = (4 %) be the matrix
corresponding to the action of t on G. (Here v is a 2 x 1 column vector, ¢ is
a 1 x 2 row vector and D is a 2 x 2 matrix, possibly singular.) Then T2 = I
and so the trace of T is odd. Since j = I mod (2) the trace of ® = jT is also
odd, and so ® cannot have order 3 or 6. Therefore ®* = I. If ® = I then
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w /7" is infinite. If ® has order 2 then j7 = Tj and so v = 0, § = 0 and
D? = I. Moreover we must have a = —1 for otherwise 7/7’ is infinite. After
conjugating 7' by a matrix commuting with j if necessary we may assume that
D=1T,or (§°). (Since J must be torsion free we cannot have D = (9}).)
These two matrices correspond to the generalized free products G x4 By and
G2 x4 G2, with presentations

(s,t,2 | st?s7t=t72 s2s =271 ts%7 =572, tz = 2t)
and  (s,t,z|st?’s 1 =172 szs t =27 ts?t T =572 bt = 27,

respectively. These groups each have holonomy group isomorphic to (Z/27)2.
If ® has order 4 then we must have (jT)? = (jT)"2 = (T5)? and so (§T)?
commutes with j. It can then be shown that after conjugating T by a matrix
commuting with j if necessary we may assume that 7' is the elementary matrix
which interchanges the first and third rows. The corresponding group Gg x4 B2
has a presentation

(s,t,2 | st?s™h =172 525V =271 62t = 2, tat™! = 57).
Its holonomy group is isomorphic to the dihedral group of order 8.

If G = By or By then J and J are nonorientable and £;(.J) + £1(J) < 2.
Hence J and J are B3 or By. Since neither of these groups contains By as an
index 2 subgroup we must have G =2 By. In each case there are two essentially
different embeddings of B; as an index 2 subgroup of Bs or By. (The image of
one contains I(B;) while the other does not.) In all cases we find that j and j
are diagonal matrices with determinant —1, and that T(¢) = (4 2 ) for some
M € T'y. Calculation now shows that if ® has finite order then M is diagonal
and hence (1(J #4 J) > 0. Thus there are no flat 4-manifold groups (with
finite abelianization) which are generalized free products with amalgamation
over copies of By or Bs.

If G = Gy then p1(J) + ﬁl(j) < 1, so we may assume that J = Gg. The
other factor J must then be one of Go, G4, Gg, Bs or By, and then every
amalgamation has finite abelianization. In each case the images of any two
embeddings of (G2 in one of these groups are equivalent up to composition with
an automorphism of the larger group. In all cases the matrices for j and j
have the form (io1 V) where N* =1 € GL(2,Z), and T(¢) = (§ ;) for some
M € GL(2,Z). Calculation shows that ® has finite order if and only if M is
in the dihedral subgroup Dg of GL(2,Z) generated by the diagonal matrices
and (9¢). (In other words, either M is diagonal or both diagonal elements of
M are 0.) Now the subgroup of Aut(G2) consisting of automorphisms which
extend to Gg is (Z2 x, Dg) x {£1}. Hence any two such isomorphisms ¢ from
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G to G: are equivalent, and so there is an unique such flat 4-manifold group
Ge *4 J for each of these choices of J. The corresponding presentations are

(u,z,y | zur™t =u™t y? =u?, y2ty T =272, u(zy)? = (vy)u),
(w,z,y | yz®y ™t =272 uyPu! 2
(u,z,y | wy’a ' =y~ 2, yaly~

(tay | ay?e b =y 2 gty =272 2t =12,y = (1 )?, tay)? = (ay)?t)

= (acy)Q, u(acy)Qu_l =y 5, x= u2>,

1 2, -1 2 2

=ur?u"t =272, y? = u?, yry = uzu),

and (t,z,y | ay’a ! =y 2 yaly T =272, 2% = P (ay)?, P = (tT0)?,
t(zy)? = (zy)*t),

respectively. The corresponding holonomy groups are isomorphic to (Z/27)3,
Ds, (Z/22)%, (Z/2Z)3 and (Z/2Z)3, respectively.

Thus we have found eight generalized free products J ¢ J which are flat 4-
manifold groups with 3 = 0. The groups G2 *¢ By, G2 x4 G2 and Gg x4 Gg are
all easily seen to be semidirect products of Gg with an infinite cyclic normal
subgroup, on which Gg acts nontrivially. It follows easily that these three
groups are in fact isomorphic, and so there is just one flat 4-manifold group
with finite abelianization and holonomy isomorphic to (Z/22)2.

The above presentations of Gg *4 By and Gg x4 G4 are in fact equivalent; the
function sending s to v, ¢t to yu~' and z to uy?u~"' determines an isomorphism
between these groups. Thus there is just one flat 4-manifold group with finite
abelianization and holonomy isomorphic to Dsg.

The above presentations of Gg x4 G2 and Gg *4 By are also equivalent; the
function sending z to 2t™!, y to yt and u to 2y~ 't determines an isomorphism
between these groups (with inverse sending = to uy~'z72, y to uz~! and ¢t to
zuy~!). (This isomorphism and the one in the paragraph above were found by
Derek Holt, using the program described in [HR92].) The translation subgroups
of Gg *4 Bs and Gg x4 By are generated by the images of U = (ty)?, X = 22,
Y =y? and Z = (xy)? (with respect to the above presentations). In each case
the images of ¢, x and y act diagonally, via the matrices diag[—1,1,—1,1],
diag[1,1,—1,—1] and diag[—1,—1,1, —1], respectively. However the maximal
orientable subgroups have abelianization Z @ (Z/2)3 and Z®(Z/42)®(Z/27),
respectively, and so Gg *4 B3 is not isomorphic to Gg x4 B4. Thus there are
two flat 4-manifold groups with finite abelianization and holonomy isomorphic
to (Z/27)3.

In summary, there are 27 orientable flat 4-manifold groups (all with 8 > 0), 43
nonorientable flat 4-manifold groups with 3 > 0 and 4 (nonorientable) flat 4-
manifold groups with # = 0. (We suspect that the discrepancy with the results
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reported in [Wo| may be explained by an unnoticed isomorphism between two
examples with finite abelianization.)

8.5 Distinguishing between the geometries

Let M be a closed 4-manifold with fundamental group m and with a geometry
of solvable Lie type. We shall show that the geometry is largely determined
by the structure of /7. (See also Proposition 10.4 of [WI86].) As a geometric
structure on a manifold lifts to each covering space of the manifold it shall suffice
to show that the geometries on suitable finite covering spaces (corresponding
to subgroups of finite index in 7) can be recognized.

If M is an infranilmanifold then [ : /7] < oo. If it is flat then /7 = Z%,
while if it has the geometry Nil® x E! or Nil* then /7 is nilpotent of class 2
or 3 respectively. (These cases may also be distinguished by the rank of (/x.)
All such groups have been classified, and may be realized geometrically. (See
[De] for explicit representations of the Nil3 x E!- and Nil*-groups as lattices

in Aff(Nil® x R) and Aff(Nil%), respectively.)

If M is a Solg- or Soly, ,-manifold then /7w = Z3. Hence h(r/\/7) = 1 and
so m has a normal subgroup o of finite index which is a semidirect product
VT Xg Z, where the action of a generator t of Z by conjugation on /7 is
given by a matrix 6 in GL(3,Z). We may further assume that 6 is in SL(3,7Z)
and has no negative eigenvalues, and that ¢ is maximal among such normal
subgroups. The characteristic polynomial of 0 is X3 —mX2+nX—1, where m =
trace() and n = trace(f~'). The matrix § has infinite order, for otherwise
the subgroup generated by /7 and a suitable power of ¢ would be abelian of
rank 4. Moreover the eigenvalues must be distinct. For otherwise they would
be all 1, so (§ — I)3 =0 and 7 would be virtually nilpotent.

If M is a Solé—manifold two of the eigenvalues are complex conjugates. They
cannot be roots of unity, since 6 has infinite order, and so the real eigenvalue
isnot 1. If M is a Solffn’n—manifold the eigenvalues of 6 are distinct and real.
The geometry is Sol® x E!(= Solj, ,, for any m > 4) if and only if 6 has 1 as
a simple eigenvalue.

The groups of E*-, Ni/3 x E'- and Nil*-manifolds also have finite index sub-
groups o = Z3 xy Z. We may assume that all the eigenvalues of  are 1, so
N = §—1 is nilpotent. If the geometry is E* then N = 0; if it is Nil3 x E! then
N # 0 but N2 = 0, while if it is Ni/* then N? # 0 but N3 = 0. (Conversely,
it is easy to see that such semidirect products may be realized by lattices in the
corresponding Lie groups.)
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Finally, if M is a Solj-manifold then /7 = I'; for some ¢ > 1 (and so is
nonabelian, of Hirsch length 3).

If h(y/7) = 3 then 7 is an extension of Z or D by a normal subgroup v which
contains /7 as a subgroup of finite index. Hence either M is the mapping
torus of a self homeomorphism of a flat 3-manifold or a Nil3-manifold, or it is
the union of two twisted I-bundles over such 3-manifolds and is doubly covered
by such a mapping torus. (Compare Theorem 8.2.)

We shall consider the converse question of realizing geometrically such torsion
free virtually poly-Z groups 7 (with h(7) =4 and h(y/7) = 3) in §9.

8.6 Mapping tori of self homeomorphisms of E?-manifolds

It follows from the above that a 4-dimensional infrasolvmanifold M admits one
of the product geometries of type E*, Nil3 x E! or Sol® x E!' if and only if
m1(M) has a subgroup of finite index of the form v x Z, where v is abelian,
nilpotent of class 2 or solvable but not virtually nilpotent, respectively. In
the next two sections we shall examine when M is the mapping torus of a
self homeomorphism of a 3-dimensional infrasolvmanifold. (Note that if M is
orientable then it must be a mapping torus, by Lemma 3.14 and Theorem 6.11.)

Theorem 8.3 Let v be the fundamental group of a flat 3-manifold, and let
0 be an automorphism of v. Then
(1) /v is the maximal abelian subgroup of v and v/+/v embeds in Aut(\/v);
(2) Out(v) is finite if and only if [v : \/V] > 2;
(3) the kernel of the restriction homomorphism from Out(v) to Aut(y/v) is
finite;
(4) if [v:/v] =2 then (9|\ﬁ)2 has 1 as an eigenvalue;
(5) if [v: \/v] =2 and 0| s has infinite order but all of its eigenvalues are
roots of unity then ((9|\/;)2 - 0?=0.

Proof It follows immediately from Theorem 1.5 that /v = Z3 and is thus
the maximal abelian subgroup of v. The kernel of the homomorphism from v
to Aut(y/v) determined by conjugation is the centralizer C = C,(y/v). As /v
is central in C' and [C : y/v] is finite, C' has finite commutator subgroup, by
Schur’s Theorem (Proposition 10.1.4 of [Ro]). Since C is torsion free it must
be abelian and so C' = \/v. Hence H = v/\/v embeds in Aut(\/v) = GL(3,Z).
(This is just the holonomy representation.)

Geometry € Topology Monographs, Volume 5 (2002)



166 Chapter 8: Solvable Lie geometries

If H has order 2 then 6 induces the identity on H; if H has order greater than
2 then some power of # induces the identity on H, since /v is a characteristic
subgroup of finite index. The matrix 6| 5 then commutes with each element of
the image of H in GL(3,Z), and the remaining assertions follow from simple
calculations, on considering the possibilities for 7 and H listed in §3 above. O

Corollary 8.3.1 The mapping torus M(¢) = N x4 S of a self homeomor-
phism ¢ of a flat 3-manifold N is flat if and only if the outer automorphism
[¢«] induced by ¢ has finite order. O

If N is flat and [¢.] has infinite order then M (¢) may admit one of the other
product geometries Sol? x E! or Nil? x E'; otherwise it must be a Solﬁ%n-,

Solg- or Nil*-manifold. (The latter can only happen if N = R3/Z3, by part
(v) of the theorem.)

Theorem 8.4 Let M be an infrasolvmanifold with fundamental group w such
that /7 = Z3 and ©/\/7 is an extension of D by a finite normal subgroup.
Then M is a Sol® x E'-manifold.

Proof Let p: 7 — D be an epimorphism with kernel K containing /7 as a
subgroup of finite index, and let ¢ and u be elements of m whose images under
p generate D and such that p(t) generates an infinite cyclic subgroup of index
2 in D. Then there is an N > 0 such that the image of s = ¢t in 7//7
generates a normal subgroup. In particular, the subgroup generated by s and
V/T is normal in 7 and usu~! and s~! have the same image in w/\/7. Let 6
be the matrix of the action of s on /7, with respect to some basis /7 = Z3.
Then 6 is conjugate to its inverse, since usu~! and s~! agree modulo /7.
Hence one of the eigenvalues of 6 is £1. Since 7 is not virtually nilpotent
the eigenvalues of # must be distinct, and so the geometry must be of type
Sol? x EL. O

Corollary 8.4.1 If M admits one of the geometries Sol§ or Sol, ,, with m #

m,n
n then it is the mapping torus of a self homeomorphism of R3/Z3, and so

=73 xg Z for some 0 in GL(3,7) and is a metabelian poly-Z group.
Proof This follows immediately from Theorems 8.3 and 8.4. |

We may use the idea of Theorem 8.2 to give examples of E4-, Nil*-, Nil3 x E!-
and Sol? x E'-manifolds which are not mapping tori. For instance, the groups
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with presentations

(u,v,2,9,2 | zy = yx, xz = zx, yz = 2y, uru~t = :c_l, u? = Y, uzut = z_l,
v =z, vev =27 oot =y,
= = — 2 _ -1 _,-1 -1 _ -1
(uyv,2,y,2 | zy =y, x2 = 2, Yz = 2y, U =T, YU =y -, uzu - =2z -,
v? =z, vyu !t = o7y v = 271
— _ _ 2 _ 2 _
and (u,v,2,y,2 | xy = yz, x2 = 22, Y2 = 2y, u* = x, V° =1y,
uylf1 = x4y*1, vev ! = xilyQ, wzu Tl = vzl = z*1>

are each generalised free products of two copies of Z2 x_; Z amalgamated over
their maximal abelian subgroups. The Hirsch-Plotkin radicals of these groups
are isomorphic to Z* (generated by {(uv)?, z,y,z2}), T2 x Z (generated by
{uv,z,y,2}) and Z3 (generated by {z,y,z}), respectively. The group with
presentation

(uyv,2,y, 2 | Yy = yx, 2 = 22, Y2 = 2Y, u? =z, uz = zu, uyu_1 = x2y_1,

v? =y, vev !t =27 vzoTt =0t

is a generalised free product of copies of (Zx_1Z)xZ (generated by {u,y,z})
and Z2x_;Z (generated by {v,r, z, } ) amalgamated over their maximal abelian
subgroups. Its Hirsch-Plotkin radical is the subgroup of index 4 generated by
{(uv)?,z,y,2}, and is nilpotent of class 3. The manifolds corresponding to
these groups admit the geometries E*, Nil? x B!, Sol? x E! and Nil*, respec-
tively. However they cannot be mapping tori, as these groups each have finite
abelianization.

8.7 Mapping tori of self homeomorphisms of Ni/*-manifolds

Let ¢ be an automorphism of I'y, sending x to z%2™ and y to xfy?z" for
some a...n in Z. Then A = (¢5) is in GL(2,Z) and ¢(z) = 2% ). (In
particular, the PD3-group I'; is orientable, as already observed in §2 of Chapter
7, and ¢ is orientation preserving, by the criterion of page 177 of [Bi], or by the
argument of §3 of Chapter 18 below.) Every pair (4, i) in the set GL(2,7Z) x Z?
determines an automorphism (with @ = (m,n)). However Aut(I'y) is not the
direct product of GL(2,7Z) and Z2, as

(A, 1)(B,v) = (AB, uB + det(A)v + qw(A, B)),

where w(A, B) is biquadratic in the entries of A and B. The natural map p :
Aut(I'g) — Aut(I'y/(Ty) = GL(2,Z) sends (A, i) to A and is an epimorphism,
with Ker(p) = Z2. The inner automorphisms are represented by gKer(p),
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and Out(I'y) is the semidirect product of GL(2,Z) with the normal subgroup
(Z/qZ)?. (Let [A,u] be the image of (A, u) in Out(T,). Then [A,pu][B,v] =
[AB, uB + det(A)v].) In particular, Out(I'y) = GL(2,Z).

Theorem 8.5 Let v be the fundamental group of a Nil®-manifold N. Then
(1) v/\/v embeds in Aut(\/v/(\/v) = GL(2,Z);

(2) v =v/{\/v is a 2-dimensional crystallographic group;

(3) the images of elements of v of finite order under the holonomy
representation in Aut(\/7) & GL(2,Z) have determinant 1;

(4) Owut() is infinite if and only if v = Z% or Z% x_;(Z/2Z);
(5) the kernel of the natural homomorphism from Out(v) to Out(v) is finite.

(6) v is orientable and every automorphism of v is orientation preserving.

Proof Let h : v — Aut(y/v/(\/v) be the homomorphism determined by
conjugation, and let C' = Ker(h). Then /v/(\/v is central in C/(\/v and
[C/C/v : \/v/(\/V] is finite, so C/(\/v has finite commutator subgroup, by
Schur’s Theorem (Proposition 10.1.4 of [Ro].) Since C is torsion free it fol-
lows easily that C' is nilpotent and hence that C = y/v. This proves (1) and
(2). In particular, h factors through the holonomy representation for 7, and
gzg~t = 29 for all g € v and z € (\/v, where d(g) = det(h(g)). If g € v
is such that ¢ # 1 and ¢* € ¢\/v for some k > 0 then ¢* # 1 and so g
must commute with elements of (/v, i.e., the determinant of the image of g
is 1. Condition (4) follows as in Theorem 8.3, on considering the possible finite
subgroups of GL(2,Z). (See Theorem 1.3.)

If (v # 1 then (v = (/v = Z and so the kernel of the natural homomorphism
from Aut(v) to Aut(p) is isomorphic to Hom(v/v',Z). If v/ is finite this
kernel is trivial. If 7 2 Z2 then v = /v = I'y, for some ¢ > 1, and the kernel
is isomorphic to (Z/qZ)?. Otherwise v = Zx_1Z, ZxD or D x, Z (where T
is the automorphism of D = (Z/2Z) x (Z/2Z) which interchanges the factors).
But then H?(;Z) is finite and so any central extension of such a group by Z
is virtually abelian, and thus not a Nil?-manifold group.

If (v =1 then v/\/v < GL(2,Z) has an element of order 2 with determinant
—1. No such element can be conjugate to (9 (), for otherwise v would not be
torsion free. Hence the image of v//v in GL(2,Z) is conjugate to a subgroup of
the group of diagonal matrices (§ %), with |e| = |¢/| = 1. If v/\/v is generated
by ((1) _01) then v/(\/v & Zx 17 and v = Z? xy Z, where 0 = (701 —T1) for
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some nonzero integer r, and N is a circle bundle over the Klein bottle. If
v/\/v = (Z/2Z)? then v has a presentation

1yt = 17255,

(tyu, z | u? =z, t2t7 1 = 271 wt?u

and N is a Seifert bundle over the orbifold P(22). It may be verified in each
case that the kernel of the natural homomorphism from Out(v) to Out(v) is
finite. Therefore (5) holds.

Since /v =T, is a PDJ -group, [v: V] < oo and every automorphism of T,
is orientation preserving v must also be orientable. Since /v is characteristic
in v and the image of H3(\/v;Z) in H3(v;Z) has index [v : \/v] it follows easily
that any automorphism of ¥ must be orientation preserving. m]

In fact every Nil3-manifold is a Seifert bundle over a 2-dimensional euclidean
orbifold [Sc83’]. The base orbifold must be one of the seven such with no
reflector curves, by (3).

Theorem 8.6 The mapping torus M(¢) = N x4 S of a self homeomorphism
¢ of a Nil3-manifold N is orientable, and is a Nil® x E'-manifold if and only
if the outer automorphism [¢.] induced by ¢ has finite order.

Proof Since N is orientable and ¢ is orientation preserving (by part (6) of
Theorem 8.5) M (¢) must be orientable.

The subgroup (/v is characteristic in v and hence normal in 7, and v/{\/v
is virtually Z2. If M(¢) is a Nil® x E!-manifold then 7/(+/v is also virtually
abelian. It follows easily that that the image of ¢, in Aut(rv/(+/v) has finite
order. Hence [¢,] has finite order also, by Theorem 8.5. Conversely, if [¢,] has
finite order in Out(v) then 7w has a subgroup of finite index which is isomorphic
to v x Z, and so M(¢) has the product geometry, by the discussion above. O

Theorem 4.2 of [KLR83] (which extends Bieberbach’s theorem to the virtually
nilpotent case) may be used to show directly that every outer automorphism
class of finite order of the fundamental group of an E3- or Nil3-manifold is
realizable by an isometry of an affinely equivalent manifold.

The image of an automorphism 6 of I'; in Out(I';) has finite order if and
only if the induced automorphism 6 of T'y = T',/¢T; = Z? has finite order in
Aut(T,) 2 GL(2,Z). If § has infinite order but has trace £2 (i.e., if #2 — I is
a nonzero nilpotent matrix) then 7 =1T'; Xy Z is virtually nilpotent of class 3.
If the trace of § has absolute value greater than 2 then h(,/7) = 3.
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Theorem 8.7 Let M be a closed 4-manifold which admits one of the geome-
tries Nil* or Solf. Then M is the mapping torus of a self homeomorphism of
a Nil®-manifold if and only if it is orientable.

Proof If M is such a mapping torus then it is orientable, by Theorem 8.6.
Conversely, if M is orientable then m = (M) has infinite abelianization, by
Lemma 3.14. Let p: # — Z be an epimorphism with kernel K, and let ¢ be
an element of 7 such that p(t) generates Z. If K is virtually nilpotent of class
2 we are done, by Theorem 6.12. (Note that this must be the case if M is a
Sol$-manifold.) If K is virtually abelian then K = Z3, by part (5) of Theorem
8.3. The matrix corresponding to the action of ¢ on K by conjugation must
be orientation preserving, since M is orientable. It follows easily that m is
nilpotent. Hence there is another epimorphism with kernel nilpotent of class 2,
and so the theorem is proven. m]

Corollary 8.7.1 Let M be a closed Sol{-manifold with fundamental group
. Then (1(M) <1 and M is orientable if and only if 51(M) = 1.

Proof The first assertion is clear if 7 is a semidirect product I'y x4 Z, and
then follows in general. Hence if there is an epimorphism p: m — Z with kernel
K then K must be virtually nilpotent of class 2 and the result follows from the
theorem. O

If M is a Nil® x E'- or Nil*-manifold then (;(7) < 3 or 2, respectively, with
equality if and only if 7 is nilpotent. In the latter case M is orientable, and
is a mapping torus, both of a self homeomorphism of R3/Z3 and also of a self
homeomorphism of a Nil3-manifold. We have already seen that Nil® x E!-
and Nil*-manifolds need not be mapping tori at all. We shall round out this
discussion with examples illustrating the remaining combinations of mapping
torus structure and orientation compatible with Lemma 3.14 and Theorem 8.7.
As the groups have abelianization of rank 1 the corresponding manifolds are
mapping tori in an essentially unique way. The groups with presentations

7‘/1/‘7y7z xz:zx? yZ:Zy7 x :x M y :y M Z :yz b
t tot ! Loyt =7 ! -1

Vo ze =20, yz =2y, tat™ L =271 tyt ™! = y71>

- :1:_1, zyz_l = y_l, tot~ ! = x_l, ty = yt,

tzt™t =271

(t,z,y,z | zyz~ 'y~

and (t,x,y,z | xy = yzx, zx2"

are each virtually nilpotent of class 2. The corresponding Nil? x E!'-manifolds
are mapping tori of self homeomorphisms of R3/Z3, a Nil3-manifold and a flat
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manifold, respectively. The latter two of these manifolds are orientable. The
groups with presentations

(t,x,y, 2 | zz =z, yz = zy, tot L =271 tyt 7 = ay™ ! b2t = g2l

1

and (t,x,y,z |zyrly Tl =2, w2 = 2x, yzr = 2y, tat T =27 tyt T = ay!)

are each virtually nilpotent of class 3. The corresponding Nil*-manifolds are
mapping tori of self homeomorphisms of R3/Z3 and of a Nil3>-manifold, respec-
tively.

The group with presentation

(t,u,z,y, 2 | vy ly™t = 22, 2z = 2w, yz = 2y, tat™ = 2%y, tyt™! = ay,

1

tz = zt, ut = 2, uru Tt = Yy, uyu_1 =z, utu™t = t_1>

has Hirsch-Plotkin radical isomorphic to I's (generated by {z,y,z2}), and has
finite abelianization. The corresponding Sol{-manifold is nonorientable and is
not a mapping torus.

8.8 Mapping tori of self homeomorphisms of Sol*-manifolds
The arguments in this section are again analogous to those of §6.

Theorem 8.8 Let o be the fundamental group of a Sol®-manifold. Then

(1) Vo222 and 0/\/od = Z or D;
(2) Out(o) is finite.

Proof The argument of Theorem 1.6 implies that h(y/o) > 1. Since o is not
virtually nilpotent h(y/o) < 3. Hence /o = Z2, by Theorem 1.5. Let F be
the preimage in o of the maximal finite normal subgroup of o/4/v, let t be an
element of o whose image generates the maximal abelian subgroup of o/ F and
let 7 be the automorphism of F determined by conjugation by ¢t. Let o1 be
the subgroup of ¢ generated by F and t. Then oy 2 F x, Z, [0:01] <2, Fis
torsion free and h(F) = 2. If F' # \/o then F = Zx_,Z. But extensions of Z
by Zx_1Z are virtually abelian, since Out(Z x_, Z) is finite. Hence F = /o
and so o/\/o 2 Z or D.

Every automorphism of ¢ induces automorphisms of /o and of o/\/o. Let
Out™ (o) be the subgroup of Out(c) represented by automorphisms which in-
duce the identity on o/y/o. The restriction of any such automorphism to
Vo commutes with 7. We may view /o as a module over the ring R =
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Z[X]/(MX)), where \(X) = X2 — tr(7)X + det(r) is the characteristic poly-
nomial of 7. The polynomial A is irreducible and has real roots which are not
roots of unity, for otherwise /o X, Z would be virtually nilpotent. Therefore
R is a domain and its field of fractions Q[X]/(A(X)) is a real quadratic num-
ber field. The R-module /o is clearly finitely generated, R-torsion free and
of rank 1. Hence the endomorphism ring Endg( /o) is a subring of R, the
integral closure of R. Since R is the ring of integers in Q[X]/(A(X)) the group
of units R* is isomorphic to {£1} x Z. Since 7 determines a unit of infinite
order in R* the index [R* : 77] is finite.

Suppose now that o/y/oc = Z. If f is an automorphism which induces the
identity on /o and on o/\/c then f(t) = tw for some w in \/o. If w is in the
image of 7 —1 then f is an inner automorphism. Now /o /(T — 1)/c is finite,
of order det(t — 1). Since 7 is the image of an inner automorphism of o it
follows that Out™ () is an extension of a subgroup of R* /7% by /o /(t—1)\/&.
Hence Out(c) has order dividing 2[R* : 77]det(r — 1).

If 0/\/o = D then o has a characteristic subgroup o such that [o : 01] = 2,
Vo < o1 and 01/y/o =2 Z = v/D. Every automorphism of o restricts to an
automorphism of o;. It is easily verified that the restriction from Aut(o) to
Aut(o1) is a monomorphism. Since Out(o;) is finite it follows that Out(o) is
also finite. O

Corollary 8.8.1 The mapping torus of a self homeomorphism of a Sol®-
manifold is a Sol® x E'-manifold. O

The group with presentation

(gt | oy =y, tot™' =252, tyt™! = 2%y)

is the fundamental group of a nonorientable Sol*-manifold ¥. The nonori-

entable Sol? x E'-manifold ¥ x S! is the mapping torus of idy, and is also the
mapping torus of a self homeomorphism of R3/Z3.

The groups with presentations

D=y =y et =y, gt =,

tat™l =271y,
1

(t,z,y,z | xy = yx, zx2~

1 1, -1

= ny, zyz = uwy, to = xt, tyt_1 =z "y °,

tzt™t =271,

(t,x,y,z | xy = yx, zoz"

(t,x,y,2 | 2y = yx, 22 = 2z, yz = 2y, tot™ ' = 2%y, tyt ™! = ay, tzt71 = 271)
and (t,u,z,y | oy = yx, tot™! = 2%y, tyt ™! = 2y, vaut =y,

uyu™t =z, utu™t =¢71)
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have Hirsch-Plotkin radical Z3 and abelianization of rank 1. The corresponding
Sol? x E'-manifolds are mapping tori in an essentially unique way. The first two
are orientable, and are mapping tori of self homeomorphisms of the orientable
flat 3-manifold with holonomy of order 2 and of an orientable Sol*-manifold,
respectively. The latter two are nonorientable, and are mapping tori of ori-
entation reversing self homeomorphisms of R3/Z3 and of the same orientable
Sol3-manifold, respectively.

8.9 Realization and classification

Let m be a torsion free virtually poly-Z group of Hirsch length 4. If 7 is
virtually abelian then it is the fundamental group of a flat 4-manifold, by the
work of Bieberbach, and such groups are listed in §2-§4 above.

If 7 is virtually nilpotent but not virtually abelian then /7 is nilpotent of class
2 or 3. In the first case it has a characteristic chain /7' = Z < C' = (/7 = Z2.
Let 6 : m — Aut(C) = GL(2,Z) be the homomorphism induced by conjugation
in 7. Then Im(#) is finite and triangular, and so is 1, Z/2Z or (Z/2Z)?. Let
K = Cr(C) = Ker(#). Then K is torsion free and (K = C, so K/C is a
flat 2-orbifold group. Moreover as K/vK acts trivially on /T it must act
orientably on K /C, and so K/VK is cyclic of order 1, 2, 3, 4 or 6. As /7
is the preimage of VK in 7 we see that [r : /7] < 24. (In fact 7/\/7T = F or
F & (Z/2Z), where F is a finite subgroup of GL(2,Z), excepting only direct
sums of the dihedral groups of order 6, 8 or 12 with (Z/2Z) [De].) Otherwise
(if /7' £ ¢/7) it has a subgroup of index < 2 which is a semidirect product
Z3 x¢ Z, by part (5) of Theorem 8.3. Since (# — I is nilpotent it follows that
n/vm =1, Z/2Z or (Z/2Z)?. All these possibilities occur.

Such virtually nilpotent groups are fundamental groups of Nil® x E'- and Nil*-
manifolds (respectively), and are classified in [De]. Dekimpe observes that
has a characteristic subgroup Z such that Q = 7/Z is a Nil3- or E3-orbifold
group and classifies the torsion free extensions of such @) by Z. There are 61
families of Nil3 x E'-groups and 7 families of Nil*-groups. He also gives a
faithful affine representation for each such group.

We shall sketch an alternative approach for the geometry Nil*, which applies
also to Solfn’n, Solg and Solf. Each such group 7 has a characteristic subgroup
v of Hirsch length 3, and such that 7/v = Z or D. The preimage in 7w of /7 /v
is characteristic, and is a semidirect product v xy Z. Hence it is determined up

to isomorphism by the union of the conjugacy classes of # and 6~ in Out(v),
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by Lemma 1.1. All such semidirect products may be realized as lattices and
have faithful affine representations.

If the geometry is Nil* then v = C/z(Gym) = Z3, by Theorem 1.5 and
part (5) of Theorem 8.3. Moreover v has a basis z,y, z such that (z) = (/7
and (y,z) = (2y/m. As these subgroups are characteristic the matrix of 6
with respect to such a basis is £(I + N), where N is strictly lower triangular
and nainga # 0. (See §5 above.) The conjugacy class of 6 is determined by
(det(0), |21, |n32|, [n31 mod (n32)]). (Thus @ is conjugate to ' if and only if
nsg divides 2ng;.) The classification is more complicated if 7/v = D.

If the geometry is Solfn,n for some m # n then m = Z3 x4y Z, where the
eigenvalues of 0 are distinct and real, and not 1, by the Corollary to Theorem
8.4. The translation subgroup 7N Solf‘;%n is Z3 x4 Z, where A =0 or 62 is the
least nontrivial power of § with all eigenvalues positive, and has index < 2 in
. Conversely, it is clear from the description of the isometries of Solf‘;%n in §3
of Chapter 7 that every such group is a lattice in 1 som(Solﬁ%n). The conjugacy
class of 0 is determined by its characteristic polynomial Ay(t) and the ideal
class of v = 73| considered as a rank 1 module over the order A/(Ay(t)), by
Theorem 1.4. (No such € is conjugate to its inverse, as neither 1 nor -1 is an

eigenvalue.)

A similar argument applies for Soli. Although Sol has no lattice subgroups,
any semidirect product Z2 xy Z where # has a pair of complex conjugate roots
which are not roots of unity is a lattice in Isom(Solg). Such groups are again
classified by the characteristic polynomial and an ideal class.

If the geometry is Sol{ then /7 2 T, for some ¢ > 1, and either v = /7 or
v/\m=27/27 and v/{\/T = Z? x_;(Z/2Z). (In the latter case v is uniquely
determined by ¢.) Moreover 7 is orientable if and only if fi(7) = 1. In
particular, Ker (w1 (m)) & v xg Z for some 0 € Aut(v). Let A= 0] 7 and let A
be its image in Aut(\/7/(/7) =2 GL(2,Z). If v = /7 the translation subgroup
7N Solf is T =Ty xp Z, where B = A or A? is the least nontrivial power of A
such that both eigenvalues of A are positive. If v # /7 the conjugacy class of
A is only well-defined up to sign. If moreover m/v = D then A is conjugate to
its inverse, and so det(A) = 1, since A has infinite order. We can then choose
0 and hence A so that T'= /7 x4 Z. In all cases we find that [ : T| divides
4. (Note that Isom(Solj) has 8 components.)

Conversely, it is fairly easy to verify that a torsion free semidirect product v xyZ
(with [v : I'y] <2 and v as above) which is not virtually nilpotent is a lattice
in the group of upper triangular matrices generated by Sol‘l1 and the diagonal
matrix diag[41, 1, £1], which is contained in Isom(Sol}). The conjugacy class
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of 6 is determined up to a finite ambiguity by the characteristic polynomial
of A. Realization and classification of the nonorientable groups seems more
difficult.

In the remaining case Sol® x E! the subgroup v is one of the four flat 3-manifold
groups Z3, Z? x _; Z, By or By, and 0|\/v has distinct real eigenvalues, one
being £1. The index of the translation subgroup 7 N (Sol® x R) in 7 divides
8. (Note that Isom(Sol® x E') has 16 components.) Conversely any such
semidirect product v Xy Z can be realized as a lattice in the index 2 subgroup
G < Isom(Sol® x E') defined in §3 of Chapter 7. Realization and classification
of the groups with 7/v = D seems more difficult. (The number of subcases to
be considered makes any classification an uninviting task. See however [Cb].)

8.10 Diffeomorphism

In all dimensions n # 4 it is known that infrasolvmanifolds with isomorphic
fundamental group are diffeomorphic [FJ97]. In general one cannot expect
to find affine diffeomorphisms, and the argument of Farrell and Jones uses
differential topology rather than Lie theory for the cases n > 5. The cases with
n < 3 follow from standard results of low dimensional topology. We shall show
that related arguments also cover most 4-dimensional infrasolvmanifolds. The
following theorem extends the main result of [Cb] (in which it was assumed
that 7 is not virtually nilpotent).

Theorem 8.9 Let M and M’ be 4-manifolds which are total spaces of orb-
ifold bundles p : M — B and p’ : M' — B’ with flat orbifold bases and
infranilmanifold fibres, and suppose that w1 (M) = w1 (M') = w. Suppose that
either m is orientable or (1(mw) =3 or (1(w) =2 and (/7)) =2 Z. Then M and
M'" are diffeomorphic.

Proof We may assume that d = dim(B) < d' = dim(B’). Clearly d' <
4 — 1 (y/7). Suppose first that 7 is not virtually abelian or virtually nilpotent
of class 2 (i.e., suppose that (v/7) £ (/7). Then all subgroups of finite index
in m have 31 < 2, and so 1 < d < d < 2. Moreover 7 has a characteristic
nilpotent subgroup © such that h(w/P) = 1, by Theorems 1.5 and 1.6. Let v
be the preimage in 7 of the maximal finite normal subgroup of 7/#. Then v
is a characteristic virtually nilpotent subgroup (with /v = 7) and n/v = Z
or D. If d =1 then 7(F) =v and p: M — B induces this isomorphism. If
d = 2 the image of v in 7¢"*(B) is normal. Hence there is an orbifold map ¢

from B to the circle S* or the reflector interval I such that gp is an orbifold
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bundle projection. A similar analysis applies to M’. In either case, M and M’
are canonically mapping tori or the unions of two twisted I-bundles, and the
theorem follows via standard 3-manifold theory.

If 7 is virtually nilpotent it is realized by an infranilmanifold M, [DeK]. Hence
we may assume that M = My, d = 0 or 4 and (/7)) < (/m. It d =0
or 4 then M’ is also an infranilmanifold and the result is clear. If d' = 1
or if f1(w) +d > 4 then M’ is a mapping torus or the union of twisted I-
bundles, and 7 is a semidirect product x x Z or a generalized free product with
amalgamation G x; H where [G : J| = [H : J] = 2. Hence the model M is
also a mapping torus or the union of twisted I-bundles, and we may argue as
before.

Therefore we may assume that either d = 2 and f3i(7) < 2 or d = 3 and
fi(m) < 1. If d = 2 then M and M’ are Seifert fibred. If moreover 7 is
orientable then M is diffeomorphic to M’, by [Ue90]. If (1 (7w) = 2 then either

79" (B") maps onto Z or 7 is virtually abelian.

If 7 is orientable then (;(7w) > 0, by Lemma 3.14. Therefore the remaining
possibility is that @’ = 3 and Bi(n) = 1. If 7{"*(B’) maps onto Z then we
may argue as before. Otherwise 71(F) N7’ =1, so 7 is virtually abelian and
the kernel of the induced homomorphism from 7 to 7§"*(B) is infinite cyclic
and central. Hence the orbifold projection is the orbit map of an S'-action on
M. If M is orientable it is determined up to diffeomorphism by the orbifold
data and an Euler class corresponding to the central extension of 7¢"°(B) by

Z [Fi78]. Thus M and M’ are diffeomorphic. D

It is highly probable that the arguments of Ue and of Fintushel can be extended
to all 4-manifolds which are Seifert fibred or admit smooth S!'-actions, and the
theorem is surely true without any restrictions on 7. (If =3 and 51(7) =0
then 7 maps onto D, by Lemma 3.14, and 7;(F) = Z. It is not difficult to
determine the maximal infinite cyclic normal subgroups of the flat 4-manifold
groups 7 with fi(m) = 0, and to verify that in each case the quotient maps
onto D. Otherwise 7 (F) = (y/7)’, since d’ = 3, and any epimorphism from
to D must factor through 7¢"*(B") = w/(\/7)".)

We may now compare the following notions for M a closed smooth 4-manifold:
(1) M is geometric of solvable Lie type;

(2) M is an infrasolvmanifold;

(3) M is the total space of an orbifold bundle with infranilmanifold fibre and
flat base.
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Geometric 4-manifolds of solvable Lie type are infrasolvmanifolds, by the ob-
servations in §3 of Chapter 7, and the Mostow orbifold bundle of an infrasolv-
manifold is as in (3), by Theorem 7.2. If 7 is orientable then it is realized
geometrically and determines the total space of such an orbifold bundle up to
diffeomorphism. Hence orientable smooth 4-manifolds admitting such orbifold
fibrations are diffeomorphic to geometric 4-manifolds of solvable Lie type.

Are these three notions equivalent in general?
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Chapter 9

The other aspherical geometries

The aspherical geometries of nonsolvable type which are realizable by closed
4-manifolds are the “mixed” geometries H? x E2, SL x E!, H? x E! and the
“semisimple” geometries H? x H?, H* and H?(C). (We shall consider the ge-
ometry F* briefly in Chapter 13.) Closed H? x E?- or SL x E!-manifolds are
Seifert fibred, have Euler characteristic 0 and their fundamental groups have
Hirsch-Plotkin radical Z2. In §1 and §2 we examine to what extent these
properties characterize such manifolds and their fundamental groups. Closed
H? x E'-manifolds also have Euler characteristic 0, but we have only a conjec-
tural characterization of their fundamental groups (§3). In §4 we determine the
mapping tori of self homeomorphisms of geometric 3-manifolds which admit
one of these mixed geometries. (We return to this topic in Chapter 13.) In
85 we consider the three semisimple geometries. All closed 4-manifolds with
product geometries other than H? x H? are finitely covered by cartesian prod-
ucts. We characterize the fundamental groups of H? x H?-manifolds with this
property; there are also “irreducible” H? x H?-manifolds which are not virtually
products. Little is known about manifolds admitting one of the two hyperbolic
geometries.

Although it is not yet known whether the disk embedding theorem holds over
lattices for such geometries, we can show that the fundamental group and Euler
characteristic determine the manifold up to s-cobordism (§6). Moreover an
aspherical orientable closed 4-manifold which is finitely covered by a geometric
manifold is homotopy equivalent to a geometric manifold (excepting perhaps if
the geometry is H? x E? or SL x E).

9.1 Aspherical Seifert fibred 4-manifolds

In Chapter 8 we saw that if M is a closed 4-manifold with fundamental group =
such that x(M) =0 and h(y/7) > 3 then M is homeomorphic to an infrasolv-
manifold. Here we shall show that if x(M) =0, h(y/7) =2 and [r: /7| = 0
then M is homotopy equivalent to a 4-manifold which is Seifert fibred over a
hyperbolic 2-orbifold. (We shall consider the case when x(M) =0, h(y/7) = 2
and [ : /7] < oo in Chapter 10.)
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Theorem 9.1 Let M be a closed 4-manifold with fundamental group w. If
X(M) = 0 and 7 has an elementary amenable normal subgroup p with h(p) = 2
and such that either H?(m;Z[n]) = 0 or p is torsion free and [ : p] = oo then
M is aspherical and p is virtually abelian.

Proof Since 7 has one end, by Corollary 1.16.1, and 59) (m) = 0, by Theorem
2.3, M is aspherical if also H?(m;Z[r]) = 0, by Corollary 3.5.2. In this case p
is torsion free and of infinite index in 7, and so we may assume this henceforth.
Since p is torsion free elementary amenable and h(p) = 2 it is virtually solvable,
by Theorem 1.11. Therefore A = ,/p is nontrivial, and as it is characteristic
in p it is normal in 7. Since A is torsion free and h(A) < 2 it is abelian, by
Theorem 1.5.

Suppose first that h(A) = 1. Then A is isomorphic to a subgroup of @ and
the homomorphism from B = p/A to Aut(A) induced by conjugation in p is
injective. Since Aut(A) is isomorphic to a subgroup of Q* and h(B) = 1 either
B=Z o B=Z®(Z/2Z). We must in fact have B = Z, since p is torsion
free. Moreover A is not finitely generated and the centre of p is trivial. The
quotient group 7/A has one end as the image of p is an infinite cyclic normal
subgroup of infinite index. Therefore 7 is 1-connected at oo, by Theorem 1 of
[Mi87], and so H*(m;Z[r]) = 0 for s < 2 [GM86]. Hence M is aspherical and
m is a PD4-group.

As A is a characteristic subgroup every automorphism of p restricts to an au-
tomorphism of A. This restriction from Aut(p) to Aut(A) is an epimorphism,
with kernel isomorphic to A, and so Aut(p) is solvable. Let C'= Cx(p) be the
centralizer of p in w. Then C is nontrivial, for otherwise = would be isomor-
phic to a subgroup of Aut(p) and hence would be virtually poly-Z. But then A
would be finitely generated, p would be virtually abelian and h(A) = 2. More-
over CNp=Cp=1,50 Cp=C xp and c.dC+cdp=cdCp<cdm=4.
The quotient group 7/C)p is isomorphic to a subgroup of Out(p).

If c.d.Cp < 3 then as C is nontrivial and h(p) = 2 we must have ¢.d.C =1 and
c.d.p = h(p) = 2. Therefore C' is free and p is of type F'P [Kr86]. By Theorem
1.13 p is an ascending HNN group with base a finitely generated subgroup
of A and so has a presentation (a,t | tat™! = a™) for some nonzero integer
n. We may assume |n| > 1, as p is not virtually abelian. The subgroup of
Aut(p) represented by (n — 1)A consists of inner automorphisms. Since n > 1
the quotient A/(n — 1)A = Z/(n — 1)Z is finite, and as Aut(A) = Z[1/n]*
it follows that Out(p) is virtually abelian. Therefore 7 has a subgroup o of
finite index which contains Cp and such that o/Cp is a finitely generated free
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abelian group, and in particular c.d.c/Cp is finite. As o is a PDy-group it
follows from Theorem 9.11 of [Bi] that Cp is a PD3-group and hence that p is
a PDs-group. We reach the same conclusion if ¢.d.Cp = 4, for then [7 : Cp]
is finite, by Strebel’s Theorem, and so Cp is a PDy-group. As a solvable
PD,-group is virtually Z2? our original assumption must have been wrong.

Therefore h(A) = 2. As 7/A is finitely generated and infinite 7 is not ele-
mentary amenable of Hirsch length 2. Hence H*(m;Z[r]) = 0 for s < 2, by
Theorem 1.17, and so M is aspherical. Moreover as every finitely generated
subgroup of p is either isomorphic to Z x_; Z or is abelian [p : A] < 2. D

The group Z#*, (with presentation (a,t | tat™' = a™)) is torsion free and
solvable of Hirsch length 2, and is the fundamental group of a closed orientable
4-manifold M with x(M) = 0. (See Chapter 3.) Thus the hypothesis that the
subgroup p have infinite index in 7 is necessary for the above theorem. Do the
other hypotheses imply that p must be torsion free?

Theorem 9.2 Let M be a closed 4-manifold with fundamental group w. If
h(y/T) =2, [1: /7] = 0o and x(M) = 0 then M is aspherical and /7 = Z?.

Proof As H®(m;Z[r]) =0 for s < 2, by Theorem 1.17, M is aspherical, by
Theorem 9.1. We may assume henceforth that /7 is a torsion free abelian
group of rank 2 which is not finitely generated.

Suppose first that [r : C] = oo, where C' = Cr(y/7). Then c.d.C < 3, by
Strebel’s Theorem. Since /7 is not finitely generated c.d./m = h(y/m) +
1 = 3, by Theorem 7.14 of [Bi]. Hence C' = \/m, by Theorem 8.8 of [Bi], so
the homomorphism from = /\/7 to Aut(y/m) determined by conjugation in 7
is a monomorphism. Since /7 is torsion free abelian of rank 2 Aut(y/7) is
isomorphic to a subgroup of GL(2,Q) and therefore any torsion subgroup of
Aut(y/7) is finite, by Corollary 1.3.1. Thus if #’\/7//7 is a torsion group =’+/7
is elementary amenable and so w is itself elementary amenable, contradicting
our assumption. Hence we may suppose that there is an element ¢ in 7’ which
has infinite order modulo /7. The subgroup (y/7,g) generated by /7 and
g is an extension of Z by /7 and has infinite index in 7, for otherwise =
would be virtually solvable. Hence c.d.(v/7,g) = 3 = h({\/7,g)), by Strebel’s
Theorem. By Theorem 7.15 of [Bi], L = Ha(y/m;Z) is the underlying abelian
group of a subring Z[m 1] of Q, and the action of g on L is multiplication by a
rational number a/b, where a and b are relatively prime and ab and m have the
same prime divisors. But g acts on /7 as an element of GL(2,Q)" < SL(2,Q).
Since L = /m A /7, by Proposition 11.4.16 of [Ro], g acts on L via det(g) = 1.
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Therefore m = 1 and so L must be finitely generated. But then /7 must also
be finitely generated, again contradicting our assumption.

Thus we may assume that C' has finite index in 7. Let A < /7 be a subgroup of
/7 which is free abelian of rank 2. Then A; is central in C' and C/A is finitely
presentable. Since [ : C] is finite A has only finitely many distinct conjugates
in 7, and they are all subgroups of (C'. Let N be their product. Then N is a
finitely generated torsion free abelian normal subgroup of 7 and 2 < h(N) <
h(v/C) < h(y/m) = 2. An LHSSS argument gives H?(7/N;Z[r/N]) = Z, and
so /N is virtually a PDy-group, by Bowditch’s Theorem. Since /7/N is a
torsion group it must be finite, and so /7 = Z2. O

Corollary 9.2.1 The manifold M is homotopy equivalent to one which is
Seifert fibred with general fibre T or Kb over a hyperbolic 2-orbifold if and

only if h(y/7) =2, [r: /7] =00 and x(M) = 0.

Proof This follows from the theorem together with Theorem 7.3. O

9.2 The Seifert geometries: H2 x E2 and SL x E!

A manifold with geometry H? x E? or SL x E! is Seifert fibred with base a
hyperbolic orbifold. However not all such Seifert fibred 4-manifolds are geomet-
ric. An orientable Seifert fibred 4-manifold over an orientable hyperbolic base

is geometric if and only if it is an elliptic surface; the relevant geometries are
then H? x E? and SL x E! [Ue90,91].

In this section we shall show that such manifolds may be characterized up to
homotopy equivalence in terms of their fundamental groups.

Theorem 9.3 Let M be a closed H? x E!-, SL x E!- or H2 x E2-manifold.
Then M has a finite covering space which is diffeomorphic to a product N x S*.

Proof If M is an H?® x E'-manifold then m = 71 (M) is a discrete cocompact
subgroup of G = Isom(H? x E'). The radical of this group is Rad(G) = R,
and G,/Rad(G) = PSL(2,C), where G, is the component of the identity in
G. Therefore A = N Rad(G) is a lattice subgroup, by Proposition 8.27 of
[Rg]. Since R/A is compact the image of 7/A in Isom(H?) is again a discrete
cocompact subgroup. Hence /m = A 2 Z. Moreover m preserves the foliation
of the model space by euclidean lines, so M is an orbifold bundle with general
fibre S over an H3-orbifold with orbifold fundamental group 7//7.
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On passing to a 2-fold covering space, if necessary, we may assume that 7 <
Isom(H?3) x R and (hence) (7 = /7. Projection to the second factor maps /7
monomorphically to R. Hence on passing to a further finite covering space, if
necessary, we may assume that 7 2 v x Z, where v = w/y/7 = 11 () for some
closed orientable H?-manifold N. (Note that we do not claim that 7 = v x Z as
a subgroup of PSL(2,R) x R.) The foliation of H? x R by lines induces an S!-
bundle structure on M, with base N. As such bundles (with aspherical base)
are determined by their fundamental groups, M is diffeomorphic to N x S*'.

Similar arguments apply in the other two cases. If G = I'som(X) where X =
H2 x E2 or SL x E!, then Rad(G) = R?, and G,/R? = PSL(2,R). The
intersection A = 7 N Rad(G) is again a lattice subgroup, and the image of
/A in PSL(2,R) is a discrete cocompact subgroup. Hence /7 = A = 7?2
and 7/y/7 is virtually a PDs-group. If X = SL x E! then (after passing to a
2-fold covering space, if necessary) we may assume that = < [ som(gﬂ:) X R.
If X = H? x E2 then PSL(2,R) x R? is a cocompact subgroup of I'som(X).
Hence 7N PSL(2,R) x R? has finite index in 7. In each case projection to the
second factor maps /7 monomorphically. Moreover 7 preserves the foliation
of the model space by copies of the euclidean factor. As before, M is virtually
a product. O

In general, there may not be such a covering which is geometrically a cartesian
product. Let v be a discrete cocompact subgroup of Isom(X) where X = H?
or SL which admits an epimorphism « : v — Z. Define a homomorphism
0:vxZ — Isom(X xEY) by 0(g,n)(z,7) = (9(z),r +n + a(g)V2) for all
gev,neZ, x € X and r € R. Then 0 is a monomorphism onto a discrete
subgroup which acts freely and cocompactly on X x R, but the image of (v x Z)
in E(1) has rank 2.

Orientable H2 x E2- and SL x E!-manifolds are determined up to diffeomor-
phism (among such geometric manifolds) by their fundamental groups [Ue91].
However we do not yet have a complete characterization of the possible groups.

Corollary 9.3.1 Let M be a closed 4-manifold with fundamental group .
Then M has a covering space of degree dividing 4 which is homotopy equivalent
to a SL x E'- or H? x E2-manifold if and only if /7 = Z2, [r : /7] = oo,
[1:Cr(v/m)] < o0 and x(M) = 0.

Proof The necessity of most of these conditions is clear from the proof of
the theorem. If X = H? x E? then 7 has a subgroup of finite index which is
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isomorphic to 7 x Z2, where (7 = 1. If X = SL x E! then 7 has a normal
subgroup of finite index which is isomorphic to a product Z x o, and /7 has
a characteristic infinite cyclic subgroup. Hence 7/Cy(y/7) is isomorphic to a
finite upper triangular subgroup of GL(2,Z). Since M is aspherical and /7 is
infinite x (M) = 0.

If these conditions hold ﬂ?) (m) =0 and H®(m;Z[r]) =0 for s <2, and so M is
aspherical, by Corollary 3.5.2. Hence M is homotopy equivalent to a manifold
M (7) which is Seifert fibred over a hyperbolic base orbifold, by Theorem 7.3.
On passing to a covering space of degree dividing 4, if necessary, we may assume
that M and the base orbifold are each orientable. Since m must then act on
/7 through a finite subgroup of SL(2,Z) (which is upper triangular if /7 is
not a direct factor of a subgroup of finite index in 7) the result follows from
Theorem B of §5 of [Ue91]. D

Corollary 9.3.2 A group 7 is the fundamental group of a closed orientable
SL x E!'- or H? x E2-manifold with orientable base orbifold if and only if it is
a PDJ -group, /7 & Z?, [r : \/7] = 0o and 7 acts on /7 through a finite
cyclic subgroup of SL(2,7). O

The geometry is H? x E? if and only if /7 is virtually a direct factor in .
This case may also be distinguished as follows.

Theorem 9.4 Let M be a closed 4-manifold with fundamental group w. Then
M has a covering space of degree dividing 4 which is homotopy equivalent to
a H? x E2-manifold if and only if © has a finitely generated infinite subgroup
p such that [r: Nx(p)] < oo, \/p =1, (Cr(p) = Z* and x(M) = 0.

Proof The necessity of the conditions follows from Theorem 9.3. Suppose that
they hold. Then M is aspherical and so 7 is a PD4-group. Let C' = Cr(p).
Then C' is also normal in v = Ni(p), and CNp = 1, since \/p = 1. Hence
pxC = p.C <m. Now p is nontrivial. If p were free then an argument
using the LHSSS for H*(m; Q[r]) would imply that p has two ends, and hence
that \/p = p = Z. Hence c.d.p > 2. Since moreover 7% < C we must have
c.d.p=cdC =2 and [r:p.C] < oo. It follows easily that /7 = Z2 and that
[ : Cr(y/7)] < 0o. Hence we may apply Corollary 9.3.1. Since 7 is virtually a
product it must be of type H? x E2. O

Is it possible to give a more self-contained argument for this case? It is not

hard to see that m/,/7 acts discretely, cocompactly and isometrically on H?2.
However it is more difficult to find a suitable homomorphism from 7 to E(2).
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Theorems 9.1 and 9.2 suggest that there should be a characterization of closed
H? x E2- and SL x E!'-manifolds parallel to Theorem 8.1, i.e., in terms of the
conditions “x(M) = 0" and “m has an elementary amenable normal subgroup
of Hirsch length 2 and infinite index”.

9.3 H? x E!'-manifolds

We have only conjectural characterizations of manifolds homotopy equivalent
to H? x E'-manifolds and of their fundamental groups. An argument similar
to that of Corollary 9.3.1 shows that a 4-manifold M with fundamental group
7 is virtually simple homotopy equivalent to an H? x E!-manifold if and only
if x(M) =0, v/t = Z and 7 has a normal subgroup of finite index which is
isomorphic to p x Z where p is a discrete cocompact subgroup of PSL(2,C). If
every PDs-group is the fundamental group of an aspherical closed 3-manifold
and if every atoroidal aspherical closed 3-manifold is hyperbolic we could replace
the last assertion by the more intrinsic conditions that p have one end (which
would suffice with the other conditions to imply that M is aspherical and
hence that p is a PDs-group), no noncyclic abelian subgroups and /p = 1
(which would imply that any irreducible 3-manifold with fundamental group
p is atoroidal). Similarly, a group G should be the fundamental group of an
H? x E!-manifold if and only if it is torsion free and has a normal subgroup of
finite index isomorphic to p X Z where p is a PD3-group with /p =1 and no
noncyclic abelian subgroups.

Lemma 9.5 Let 7 be a finitely generated group with /7 = Z, and which
has a subgroup G of finite index such that /7 NG’ = 1. Then there is a
homomorphism A : m — D which is injective on /.

Proof We may assume that G is normal in 7 and that G < Cr(y/7). Let
H = 7/I(G) and let A be the image of \/7 in H. Then H is an extension of the
finite group 7/G by the finitely generated free abelian group G/I(G), and A =
Z. Conjugation in H determines a homomorphism w from 7/G to Aut(A) =
{£1}. Since the rational group ring Q[7/G] is semisimple Q ® A is a direct
summand of Q ® (G/I(G)), and so there is a Z[r/G]-linear homomorphism
p: G/I(G) — Z" which is injective on A. The kernel is a normal subgroup of
H, and H/Ker(p) has two ends. The lemma now follows easily. O

The foliation of H3 x R by copies of H? induces a codimension 1 foliation of

any closed H? x E'-manifold. If all the leaves are compact, then it is either a
mapping torus or the union of two twisted I-bundles.
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Theorem 9.6 Let M be a closed H? x E'-manifold. If (v = Z then M is
homotopy equivalent to a mapping torus of a self homeomorphism of an H3-
manifold; otherwise M is homotopy equivalent to the union of two twisted
I-bundles over H?-manifold bases.

Proof Let A : 1 — D be a homomorphism as in Lemma 9.5 and let K =
Ker(\). Then K Ny/m =1, so K is isomorphic to a subgroup of finite index in
7/y/7. Therefore K = 71(N) for some closed H3-manifold, since it is torsion
free. If (w = Z then Im(\) = Z (since (D = 1); if (w =1 then w # 1 and so
Im(\) = D. The theorem now follows easily. D

Is M itself such a mapping torus or union of I-bundles?

9.4 Mapping tori

In this section we shall use 3-manifold theory to characterize mapping tori with
one of the geometries H? x E!, SL x E! or H? x E2.

Theorem 9.7 Let ¢ be a self homeomorphism of a closed 3-manifold N which
admits the geometry H? x E! or SL. Then the mapping torus M(¢) = N x5!
admits the corresponding product geometry if and only if the outer automor-
phism [¢,] induced by ¢ has finite order. The mapping torus of a self homeo-
morphism ¢ of an H3-manifold N admits the geometry H? x E'.

Proof Let v = 71(N) and let ¢ be an element of m = 71 (M (¢)) which projects
to a generator of m(S'). If M(¢) has geometry SL x E! then after passing
to the 2-fold covering space M (¢?), if necessary, we may assume that 7 is a
discrete cocompact subgroup of 1 som(SN]L) x R. Asin Theorem 9.3 the intersec-
tion of m with the centre of this group is a lattice subgroup L = Z2. Since the
centre of v is Z the image of L in 7/v is nontrivial, and so 7 has a subgroup
o of finite index which is isomorphic to v x Z. In particular, conjugation by
tlmo] induces an inner automorphism of v.

If M(¢) has geometry H? xE? a similar argument implies that 7 has a subgroup
o of finite index which is isomorphic to p x Z2, where p is a discrete cocompact
subgroup of PSL(2,R), and is a subgroup of v. It again follows that tlm:ol
induces an inner automorphism of v.

Conversely, suppose that N has a geometry of type H? x E! or SL and that
[¢«] has finite order in Out(r). Then ¢ is homotopic to a self homeomorphism
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of (perhaps larger) finite order [Zn80] and is therefore isotopic to such a self
homeomorphism [Sc85,BO91], which may be assumed to preserve the geomet-
ric structure [MS86]. Thus we may assume that ¢ is an isometry. The self
homeomorphism of N x R sending (n,r) to (¢(n),r + 1) is then an isometry
for the product geometry and the mapping torus has the product geometry.

If N is hyperbolic then ¢ is homotopic to an isometry of finite order, by Mostow
rigidity [Ms68], and is therefore isotopic to such an isometry [GMT96], so the
mapping torus again has the product geometry. m|

A closed 4-manifold M which admits an effective T-action with hyperbolic base
orbifold is homotopy equivalent to such a mapping torus. For then (7 = /7
and the LHSSS for homology gives an exact sequence

Hy(m/Cm; Q) — Hy(Cm; Q) — Hi(m; Q).
As 7/¢n is virtually a PDs-group Ha(w/(m;Q) = Q or 0, so (r/{r N7’ has
rank at least 1. Hence m = v Xy Z where (v = Z, v/Cv is virtually a PDs-
group and [f] has finite order in Out(v). If moreover M is orientable then it
is geometric ([Ue90,91] - see also §7 of Chapter 7). Note also that if M is a
SL x E!-manifold then (7 = /7 if and only if 7 < Isom,(SL x E1).

Let F' be a closed hyperbolic surface and « : FF — F a pseudo-Anasov home-
omorphism. Let O(f,2) = (a(f),2) for all (f,z) in N = F x S'. Then
N is an H? x E'-manifold. The mapping torus of © is homeomorphic to an
H? x E!'-manifold which is not a mapping torus of any self-homeomorphism n of
an H3-manifold. In this case [O.] has infinite order. However if N is a SL-
manifold and [¢,] has infinite order then M (¢) admits no geometric structure,
for then /7 = Z but is not a direct factor of any subgroup of finite index.

If (v = Z and ((v/Cv) =1 then Hom(v/v/,(r) embeds in Out(v), and thus
v has outer automorphisms of infinite order, in most cases [CR77].

Let N be an aspherical closed X3-manifold where X3 = H?3, SL or H?2 xE!, and
suppose that 81(N) > 0 but N is not a mapping torus. Choose an epimorphism
A m(N) — Z and let N be the 2-fold covering space associated to the
subgroup A™1(2Z). If v : N — N is the covering involution then u(n,z) =
(v(n),z) defines a free involution on N x S!, and the orbit space M is an
X3 x E!-manifold with 3;(M) > 0 which is not a mapping torus.

9.5 The semisimple geometries: H? x H?, H* and H?(C)

In this section we shall consider the remaining three geometries realizable by
closed 4-manifolds. (Not much is known about H* or H?(C).)
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Let P = PSL(2,R) be the group of orientation preserving isometries of H?.
Then Isom(H? x H?) contains P x P as a normal subgroup of index 8. If M
is a closed H? x H2-manifold then (M) =0 and x(M) > 0. It is reducible if
it has a finite cover isometric to a product of closed surfaces. The model space
for H? x H? may be taken as the unit polydisc

{(w,2) € C*: |w| < 1,|2| < 1}.
Thus M is a complex surface if (and only if) 71 (M) is a subgroup of P x P.

We have the following characterizations of the fundamental groups of reducible
H? x H2-manifolds.

Theorem 9.8 A group = is the fundamental group of a reducible H? x H?-
manifold if and only if it is torsion free, \/mr =1 and 7 has a subgroup of finite
index which is isomorphic to a product of PDs-groups.

Proof The conditions are clearly necessary. Suppose that they hold. Then 7
is a PDy-group and has a subgroup of finite index which is a direct product
a.f =2 ax [, where o and 3 are PDs-groups. Let N be the intersection of
the conjugates of a.3 in w. Then N is normal in 7, so vV/N = 1 also, and
[T : N] <oo. Let K =anNN and L =FNN. Then K and L are PDy-groups
with trivial centre, and K.L = K x L is normal in N and has finite index in
m. Moreover N/K and N/L are isomorphic to subgroups of finite index in
and «, respectively, and so are also PDs-groups. Since any automorphism of
N must either fix these subgroups or interchange them, by Theorem 5.6, K.L
is normal in 7 and [7: N;(K)] < 2.

Let v = Np(K). Then L < C(K) < v and v = N, (L) also. After enlarging
K and L, if necessary, we may assume that L = Cr(K) and K = Cr(L).
Hence v/K and v/L have no nontrivial finite normal subgroup. (For if K;
is normal in v and contains K as a subgroup of finite index then K; N L is
finite, hence trivial, and so K; < Cr(L).) The action of v/L by conjugation
on K has finite image in Out(K), and so v/L embeds as a discrete cocompact
subgroup of Isom(H?), by the Nielsen conjecture [Ke83]. Together with a
similar embedding for v/K we obtain a homomorphism from v to a discrete
cocompact subgroup of I'som(H? x H?).

If [r:v] =2 let t be an element of 7 — v, and let j : v/K — Isom(H?) be an
embedding onto a discrete cocompact subgroup S. Then tKt~!' = L and con-
jugation by ¢ induces an isomorphism f : v/K — v/L. The homomorphisms
j and jo f~! determine an embedding .J : v — Isom(H? x H?) onto a discrete
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cocompact subgroup of finite index in S x S. Now t? € v and J(t?) = (s, s),
where s = j(t?K). We may extend J to an embedding of 7 in Isom(H? x H?)
by defining J(¢) to be the isometry sending (z,y) to (y,s.x). Thus (in either
case) 7 acts isometrically and properly discontinuously on H? x H?. Since 7 is
torsion free the action is free, and so m = w1 (M), where M = w\(H?x H?). DO

Corollary 9.8.1 Let M be a H? x H?-manifold. Then M is reducible if and
only if it has a 2-fold covering space which is homotopy equivalent to the total
space of an orbifold bundle over a hyperbolic 2-orbifold.

Proof That reducible manifolds have such coverings was proven in the the-
orem. Conversely, an irreducible lattice in P x P cannot have any nontrivial
normal subgroups of infinite index, by Theorem IX.6.14 of [Ma]. Hence an
H? x H?-manifold which is finitely covered by the total space of a surface bun-
dle is virtually a cartesian product. ]

Is the 2-fold covering space itself such a bundle space over a 2-orbifold?

In general, we cannot assume that M is itself fibred over a 2-orbifold. Let
G be a PDy-group with (G = 1 and let = be a nontrivial element of G. A
cocompact free action of G on H? determines a cocompact free action of

™= (G xG,t]| t(gl,gg)tfl = (acggscfl,gl) for all (g1,¢92) € G % G, t* = (z,z))

on H2 X H2, by (gl,gg).(hl,hg) = (gl.hl,gg.hg) and t.(hl,hQ) = (.’/U.hQ,hl),
for all (g1,92) € G x G and (hy,h2) € H?> x H2. The group 7 has no normal
subgroup which is a PDy-group. (Note also that if G is orientable m\(H? x H?)
is a compact complex surface.)

We may use Theorem 9.8 to give several characterizations of the homotopy
types of such manifolds.

Theorem 9.9 Let M be a closed 4-manifold with fundamental group w. Then
the following are equivalent:

(1) M is homotopy equivalent to a reducible H? x H2-manifold;

(2) 7 has a subnormal subgroup G which is F'P,, has one end and such that
Cr(G) is not a free group, may(M) =0 and x(M) # 0;

(3) 7 has a subgroup p of finite index which is isomorphic to a product of
two PDy-groups and x(M)[m : p] = x(p) # 0.
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(4) m is virtually a PDy-group, /7 = 1 and 7 has a torsion free subgroup
of finite index which is isomorphic to a nontrivial product o X T where

X(M)[r: 0 x 7] = (2= 61(0))(2 = £i(7))-

Proof If (1) holds then M is aspherical and so (2) holds, by Theorem 9.8 and
its Corollary.

Suppose now that (2) holds. Then 7 has one end, by an iterated LHSSS
argument, since G does. Hence M is aspherical and 7 is a PDy4-group, since
mo(M) = 0. Since x(M) # 0 we must have /7 = 1. (For otherwise 51-(2) (m) =0
for all 7, by Theorem 2.3, and so x(M) = 0.) In particular, every subnormal
subgroup of 7 has trivial centre. Therefore G N Cr(G) = (G = 1 and so
G x Cr(GQ) = p = G.Cx(G) < m. Hence c.d.Cr(G) < 2. Since Cr(G) is
not free c¢.d.G x Cz(G) = 4 and so p has finite index in 7. (In particular,
[Cr(Cx(G)) : G] is finite.) Hence p is a PD4-group and G and Cr(G) are
PDy-groups, so 7 is virtually a product. Thus (2) implies (1), by Theorem 9.8.

It is clear that (1) implies (3). If (3) holds then on applying Theorems 2.2 and
3.5 to the finite covering space associated to p we see that M is aspherical,
so 7 is a PDy-group and (4) holds. Similarly, M is asperical if (4) holds. In
particular, 7 is a PD4-group and so is torsion free. Since /7 = 1 neither o
nor 7 can be infinite cyclic, and so they are each PDsy-groups. Therefore 7 is
the fundamental group of a reducible H? x H?-manifold, by Theorem 9.8, and
M ~ m\H? x H?, by asphericity. O

The asphericity of M could be ensured by assuming that m be PD,; and
X(M) = x(m), instead of assuming that mo(M) = 0.
For H? x H2-manifolds we can give more precise criteria for reducibility.

Theorem 9.10 Let M be a closed H? x H?-manifold with fundamental group
w. Then the following are equivalent:

(1) 7 has a subgroup of finite index which is a nontrivial direct product;
(2) Z%<m;

(3) = has a nontrivial element with nonabelian centralizer;

(4) TN ({1} x P) #1;

(5) 7N (Px{1}) #1;

(6) M is reducible.
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Proof Since 7 is torsion free each of the above conditions is invariant under
passage to subgroups of finite index, and so we may assume without loss of
generality that m < P x P. Suppose that ¢ is a subgroup of finite index in
7 which is a nontrivial direct product. Since x(o) # 0 neither factor can be
infinite cyclic, and so the factors must be PDy-groups. In particular, Z2? < o
and the centraliser of any element of either direct factor is nonabelian. Thus
(1) implies (2) and (3).

Suppose that (a,b) and (a’,b’) generate a subgroup of 7 isomorphic to Z2.
Since centralizers of elements of infinite order in P are cyclic the subgroup
of P generated by {a,d’} is infinite cyclic or is finite. Hence we may assume
without loss of generality that ¢’ = 1, and so (2) implies (4). Similarly, (2)
implies (5).

Let g = (g1,92) € P x P be nontrivial. Since centralizers of elements of infinite
order in P are infinite cyclic and Cpyxp({g)) = Cpr({g1)) x Cp({g2)) it follows
that if Cr((g)) is nonabelian then either g; or g» has finite order. Thus (3)
implies (4) and (5).

Let K1 =7N ({1} x P) and Ko = 7N (P x {1}). Then K; is normal in 7, and
there are exact sequences

l1-K;—m—L;—1,

where L; = pr;(m) is the image of 7 under projection to the i** factor of Px P,
for ¢ =1 and 2. Moreover K; is normalised by Ls_;, for i = 1 and 2. Suppose
that K7 # 1. Then K is non abelian, since it is normal in 7 and x(7w) # 0. If
Lo were not discrete then elements of Lo sufficiently close to the identity would
centralize Ki. As centralizers of nonidentity elements of P are abelian, this
would imply that K7 is abelian. Hence L is discrete. Now Lo\ H? is a quotient
of m\H x H and so is compact. Therefore Lo is virtually a PDsy-group. Now
c.d.Ks +v.cd.Ly > c.dm =4, so c.d. Ky > 2. In particular, K9 # 1 and so a
similar argument now shows that c.d.K7; > 2. Hence c.d.K; x K9 > 4. Since
Ky x Ky 2 K. Ky < 7 it follows that 7 is virtually a product, and M is finitely
covered by (K1\H?) x (K2\H?). Thus (4) and (5) are equivalent, and imply
(6). Clearly (6) implies (1). O

The idea used in showing that (4) implies (5) and (6) derives from one used in
the proof of Theorem 6.3 of [WI185].

If T is a discrete cocompact subgroup of P x P such that M = I'\H? x H?
is irreducible then I'N P x {1} = ' N {1} x P = 1, by the theorem. Hence
the natural foliations of H? x H? descend to give a pair of transverse foliations
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of M by copies of H?. (Conversely, if M is a closed Riemannian 4-manifold
with a codimension 2 metric foliation by totally geodesic surfaces then M has
a finite cover which either admits the geometry H? x E? or H? x H? or is the
total space of an S? or T-bundle over a closed surface or is the mapping torus
of a self homeomorphism of R3/Z3, 5? x S' or a lens space [Ca90]).

An irreducible H? x H?-lattice is an arithmetic subgroup of Isom(H? x H?), and
has no nontrivial normal subgroups of infinite index, by Theorems IX.6.5 and
14 of [Ma]. Such irreducible lattices are rigid, and so the argument of Theorem
8.1 of [Wa72] implies that there are only finitely many irreducible H? x H?2-
manifolds with given Euler characteristic. What values of x are realized by
such manifolds?

Examples of irreducible H? x H?-manifolds may be constructed as follows. Let
F be a totally real number field, with ring of integers Or. Let H be a skew field
which is a quaternion algebra over F' such that H ®, R = Ms(R) for exactly
two embeddings ¢ of F' in R. If A is an order in H (a subring which is also
a finitely generated Op-submodule and such that F.A = H) then the quotient
of the group of units A* by £1 embeds as a discrete cocompact subgroup of
P x P, and the corresponding H? x H2-manifold is irreducible. (See Chapter
IV of [Vi].) It can be shown that every irreducible, cocompact H? x H?-lattice
is commensurable with such a subgroup.

Much less is known about H*- or H?(C)-manifolds. If M is a closed orientable
H*-manifold then o(M) = 0 and x(M) > 0 [Ko92]. If M is a closed H?(C)-
manifold it is orientable and x (M) = 30(M) > 0 [WI86]. The isometry group
of H?(C) has two components; the identity component is SU(2,1) and acts via
holomorphic isomorphisms on the unit ball

{(w,2) € C%: |w* + |2]* < 1}.

(No closed H*-manifold admits a complex structure.) There are only finitely
many closed H*- or H?(C)-manifolds with a given Euler characteristic (see
Theorem 8.1 of [WaT72]). The 120-cell space of Davis is a closed orientable H*-
manifold with x = 26 and 5, = 24 > 0 [Da85, TS01], so all positive multiples of
26 are realized. Examples of H?(C)-manifolds due to Mumford and Hirzebruch
have the homology of CP? (so x = 3), and x = 15 and ; > 0, respectively
[HP96]. It is not known whether all positive multiples of 3 are realized. Since
H* and H?(C) are rank 1 symmetric spaces the fundamental groups can contain
no noncyclic abelian subgroups [Pr43]. In each case there are cocompact lattices
which are not arithmetic. At present there are not even conjectural intrinsic
characterizations of such groups. (See also [Rt] for the geometries H"” and [Go]
for the geometries H"(C).)
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Each of the geometries H? x H?, H* and H?(C) admits cocompact lattices
which are not almost coherent (see §1 of Chapter 4 above, [BM94] and [Ka98],
respectively). Is this true of every such lattice for one of these geometries?
(Lattices for the other geometries are coherent.)

9.6 Miscellany

A homotopy equivalence between two closed H"- or H"(C)-manifolds of di-
mension > 3 is homotopic to an isometry, by Mostow rigidity [Ms68]. Farrell
and Jones have established “topological” analogues of Mostow rigidity, which
apply when the model manifold has a geometry of nonpositive curvature and
dimension > 5. By taking cartesian products with S*, we can use their work
in dimension 4 also.

Theorem 9.11 Let M be a closed 4-manifold M with fundamental group .
Then M is s-cobordant to an X*-manifold where X* = H? x H?, H*, H?(C),
H? x E' or H? x E? if and only if 7 is isomorphic to a cocompact lattice in
Isom(X?*) and x(M) = x(r).

Proof The conditions are clearly necessary. If they hold M is aspherical and
so ¢y @ M — w\ X is a homotopy equivalence, by Theorem 3.5. In all cases the
geometry has nonpositive sectional curvatures, so Wh(r) = Wh(r x Z) =0
and M x S! is homeomorphic to (7\X) x S* [FJ93"]. Hence M and 7\ X are
s-cobordant, by Lemma 6.10. m]

A similar result holds for SL x E!-manifolds, provided that 7 < I somo(gﬂ:xEl).
This is equivalent to the condition “{m = /m”. Although closed SL x E!-
manifolds do not admit metrics of nonpositive curvature [KL96], they do admit
effective T-actions if {(w = /7, and we then may appeal to [NS85] instead
of [FJ93’]. (See also Theorem 13.2 below.) The hypothesis that the Seifert

structure derive from a toral group action may well be unnecessary.

Does a similar result hold for aspherical closed 4-manifolds with a geometric
decomposition? Let M be such a manifold and let 7 = 71 (M). Then = is built
from the fundamental groups of the pieces by amalgamation along torsion free
virtually poly-Z subgroups. As the Whitehead groups of the geometric pieces
are trivial (by the argument of [FJ86]) and the amalgamated subgroups are
regular noetherian it follows from the K-theoretic Mayer-Vietoris sequence of
Waldhausen that Wh(m) = 0. Is there a corresponding argument in L-theory?
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For the semisimple geometries we may avoid the appeal to L?-methods to estab-
lish asphericity as follows. Since x(M) > 0 and 7 is infinite and residually finite
there is a subgroup o of finite index such that the associated covering spaces
M, and o\ X are orientable and x(M,) = x(c¢) > 2. In particular, H*(M,;Z)
has elements of infinite order. Since the classifying map cpr, : My — o\ X is
2-connected it induces an isomorphism on H? and hence is a degree-1 map, by
Poincaré duality. Therefore it is a homotopy equivalence, by Theorem 3.2.

Theorem 9.12 If M is an aspherical closed 4-manifold which is finitely cov-
ered by a manifold with a geometry other than H? x E? or SL x E! then M is
homotopy equivalent to a geometric 4-manifold.

Proof The result is clear for infrasolvmanifolds, and follows from Theorem 9.8
if M is finitely covered by a reducible H? x H?-manifold. It holds for the other
closed H? x H2-manifolds and for the geometries H* and H?(C) by Mostow
rigidity.

If the geometry is H? x E! then /7 = Z and 7/+/7 is virtually the group of a
H3-manifold. Hence 7/\/m acts isometrically and properly discontinuously on
H?3, by Mostow rigidity. Moreover as the hypotheses of Lemma 9.5 are satisfied,
by Theorem 9.3, there is a homomorphism \ : 7 — D < I'som(E!') which maps
/7 injectively. Together these actions determine a discrete and cocompact
action of 7 by isometries on H? x R. Since 7 is torsion free this action is free,
and so M is homotopy equivalent to an H? x E!'-manifold. O

The result is not yet clear for H? x E?, SL x E!, S2xE? or S?xH?. The theorem
holds also for S* and CP2, but fails for S® x E! or S? x S2. In particular, there
is a closed nonorientable 4-manifold which is doubly covered by S? x S? but is
not homotopy equivalent to an §? x S?-manifold. (See Chapters 11 and 12.)

If 7 is the fundamental group of an aspherical closed geometric 4-manifold
then ﬁf) (m) =0 for s =0 or 1, and so 552)(7r) = x(m), by Theorem 1.35 of
[Lii]. Therefore def(r) < min{0,1 — x(m)}, by Theorems 2.4 and 2.5. If 7 is
orientable this gives def(m) < 28;(mw) — f2(m) — 1. When f;i(7) = 0 this is an
improvement on the estimate def(w) < 31 (m)— f2(m) derived from the ordinary
homology of a 2-complex with fundamental group .
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Chapter 10

Manifolds covered by S? x R?

If the universal covering space of a closed 4-manifold with infinite fundamental
group is homotopy equivalent to a finite complex then it is either contractible
or homotopy equivalent to S? or S3, by Theorem 3.9. The cases when M is
aspherical have been considered in Chapters 8 and 9. In this chapter and the
next we shall consider the spherical cases. We show first that if M ~ S? then M
has a finite covering space which is s-cobordant to a product S? x B, where B
is an aspherical surface, and 7 is the group of a S? x E2- or S? x H?-manifold. In
§2 we show that there are only finitely many homotopy types of such manifolds
for each such group 7. In §3 we show that all S?- and RP?-bundles over
aspherical closed surfaces are geometric. We shall then determine the nine
possible elementary amenable groups (corresponding to the geometry S? x E2).
Six of these groups have infinite abelianization, and in §5 we show that for
these groups the homotopy types may be distinguished by their Stiefel-Whitney
classes. We conclude with some remarks on the homeomorphism classification.

For brevity, we shall let X2 denote both E? and H?.

10.1 Fundamental groups

The determination of the closed 4-manifolds with universal covering space ho-
motopy equivalent to S? rests on Bowditch’s Theorem, via Theorem 5.14.

Theorem 10.1 Let M be a closed 4-manifold with fundamental group .
Then the following conditions are equivalent:

(1) 7 is virtually a PDy-group and x(M) = 2x(7);

(2) m#1 and my(M) = Z;

(3) M has a covering space of degree dividing 4 which is s-cobordant to
52 x B, where B is an aspherical closed orientable surface;

(4) M is virtually s-cobordant to an S? x X2-manifold.

If these conditions hold then M is homeomorphic to S? x R?.
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Proof If (1) holds then mo(M) = Z, by Theorem 5.10, and so (2) holds. If
(2) holds then the covering space associated to the kernel of the natural action
of m on my(M) is homotopy equivalent to the total space of an S%-bundle &
over an aspherical closed surface with wi(§) = 0, by Lemma 5.11 and Theorem
5.14. On passing to a 2-fold covering space, if necessary, we may assume that
wo(§) = w1 (M) = 0 also. Hence ¢ is trivial and so the corresponding covering
space of M is s-cobordant to a product S? x B with B orientable. Moreover
M = S? x R?, by Theorem 6.16. It is clear that (3) implies (4) and (4) implies
(1). D

This follows also from [Fa74] instead of [Bo99] if we know also that x (M) < 0.
If 7 is infinite and mo(M) = Z then 7 may be realized geometrically.

Theorem 10.2 Let M be a closed 4-manifold with fundamental group © and
such that wo(M) = Z. Then 7 is the fundamental group of a closed manifold
admitting the geometry S? x E?, if w is virtually Z2, or S* x H? otherwise.

Proof If 7 is torsion free then it is itself a surface group. If 7w has a nontrivial
finite normal subgroup then it is a direct product Ker(u) x (Z/2Z), where
u:m — {£1} = Aut(me(M)) is the natural homomorphism. (See Theorem
5.14). In either case 7 is the fundamental group of a corresponding product of
surfaces. Otherwise 7 is a semidirect product Ker(u)x(Z/2Z) and is a plane
motion group, by a theorem of Nielsen ([Zi]; see also Theorem A of [EM82]).
This means that there is a monomorphism f : 7 — Isom(X?) with image a
discrete subgroup which acts cocompactly on X, where X is the Euclidean or
hyperbolic plane, according as 7 is virtually abelian or not. The homomorphism
(u, f) : m — {£I} x Isom(X?) < I'som(S? x X?) is then a monomorphism onto
a discrete subgroup which acts freely and cocompactly on S? x R%. In all cases
such a group may be realised geometrically. m]

The orbit space of the geometric action of m described above is a cartesian
product with S? if u is trivial and fibres over RP? otherwise.

10.2 Homotopy type

In this section we shall extend an argument of Hambleton and Kreck to show
that there are only finitely many homotopy types of manifolds with universal
cover S% x R? and given fundamental group.

We shall first show that the orientation character and the action of m on 7y
determine each other.
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Lemma 10.3 Let M be a closed 4-manifold with fundamental group m # 1
and such that mo(M) = Z. Then H?(m;Z[r]) = Z and v = wi(M) + v, where
w:m— Aut(me(M)) = Z/2Z and v : m — Aut(H?(m;Z[r])) = Z/2Z are the
natural actions.

Proof Since 7 is infinite Homg(m2(M),Z[r]) = 0 and so H?(r;Z[r]) =
mo(M), by Lemma 3.3. Now H2(m;Z[r]) = H?(m; Z[x]) @ Z°*(M) | (where the
tensor product is over Z and has the diagonal m-action). Therefore Z% =
Z" @ Z'M) and so u = wy (M) +v. D

Note that v and wq(M) are constrained by the further conditions that K =
Ker(u) is torsion free and Ker(wy(M)) has infinite abelianization if (M) < 0.
If 7 < Isom(X?) is a plane motion group then v(g) detects whether g € 7
preserves the orientation of X2. If 7 is torsion free then M is homotopy
equivalent to the total space of an S?-bundle £ over an aspherical closed surface
B, and the equation u = w;(M) + v follows from Lemma 5.11.

Let 0“ be the Bockstein operator associated with the exact sequence of coeffi-
cients
0—-2%—2Z"—TFy—0,

and let B“ be the composition with reduction modulo (2). In general 3* is NOT
the Bockstein operator for the untwisted sequence 0 — Z — Z — Fs — 0, and
(v is not Sq', as can be seen already for cohomology of the group Z/2Z acting
nontrivially on Z.

Lemma 10.4 Let M be a closed 4-manifold with fundamental group © and
such that mo(M) = Z. If m has nontrivial torsion H*(M;Fy) = H*(m;Fy)
for s < 2. The Bockstein operator (% : H?(m;Fy) — H?(m; Z%) is onto,
and reduction mod 2 from H?(mw; Z*) to H3(m;Fy) is a monomorphism. The
restriction of ki(M) to each subgroup of order 2 is nontrivial. Its image in
H3(M; Z") is 0.

Proof Most of these assertions hold vacuously if 7 is torsion free, so we may
assume that 7 has an element of order 2. Then M has a covering space M
homotopy equivalent to RP?, and so the mod-2 Hurewicz homomorphism from
mo(M) to Ho(M;Fs) is trivial, since it factors through HQ(M;FQ). Since we
may construct K (m, 1) from M by adjoining cells to kill the higher homotopy
of M the first assertion follows easily.

The group H3(m; Z*) has exponent dividing 2, since the composition of restric-
tion to H3(K;Z) = 0 with the corestriction back to H3(r; Z*) is multiplication
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by the index [r : K]. Consideration of the long exact sequence associated to the
coefficient sequence shows that g% is onto. If f : Z/2Z — 7 is a monomorphism
then f*ki (M) is the first k-invariant of M/f(Z/2Z) ~ RP?, which generates
H3(Z/2Z;m9(M)) = Z/2Z. The final assertion is clear. D

Theorem 10.5 Let M be a closed 4-manifold such that mo(M) = Z. Then
there are only finitely many homotopy types of such manifolds with fundamental
group m and orientation character wi(M). If wi(M) # 0 there are at most
two such homotopy types with given first k-invariant.

Proof By the lemma, the action of 7 on ma(M) is determined by w1 (M). As
c.d.p = 2, an LHSSS calculation shows that H?3(m;m2(M)) is finite, so there are
only finitely many possible k-invariants. The action and the first k-invariant
k1 (M) determine P = P»(M), the second stage of the Postnikov tower for M.
Let P~ K(Z,2) denote the universal covering space of P.

As fy : M — P is 3-connected we may define a class w in H'(P;Z/27)
by fijw = wi(M). Let SPP(P) be the set of “polarized” PDj-complexes
(X, f) where f: X — P is 3-connected and w;(X) = f*w, modulo homotopy
equivalence over P. (Note that as 7 is one-ended the universal cover of X
is homotopy equivalent to S2?). Let [X] be the fundamental class of X in
Hy(X;Z"). It follows as in Lemma 1.3 of [HKS88] that given two such polarized
complexes (X, f) and (Y,g) there is a map h : X — Y with gh = f if and
only if f,[X] = g.[Y] in Hy(P;Z"). Since X ~Y ~ 2 and f and g are
3-connected such a map h must be a homotopy equivalence.

From the Cartan-Leray homology spectral sequence for the classifying map
cp: P — K = K(m 1) we see that there is an exact sequence

0 — Ha(m; Ho(P) ® Z%) Jim(d2 o) — Hy(P; Z%)/J — Hy(m; Z"),

where J = Ho(m; Hy(P; Z) ®Z")/im(d3, +d‘5170) is the image of Hy(P;Z)® Z"
in Hy(P;Z™). On comparing this spectral sequence with that for cx we see
that f induces an isomorphism from Hy(X;Z") to Hy(P;Z™)/J. We also
see that H3(f;Z") is an isomorphism. Hence the cokernel of Hy(f;Z") is
Hy(P,X;Z%) = Ho(m; Hy(P, X;Z) ® Z¥), by the exact sequence of homology
with coefficients Z* for the pair (P, X). Since Hy(P,X;Z) = Z as a m-module
this cokernel is Z if w = 0 and Z/2Z otherwise. Hence J = Coker(Hy(f; Z")).
(Note that Ha(m; Hao(P) ® Z*)/(torsion) = Z and the groups Hp(m; Z") are
finite if p > 2). Thus if w # 0 there are at most two possible values for f.[X],
up to sign. If w = 0 we shall show that there are only finitely many orbits of
fundamental classes of such polarized complexes under the action of the group
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G of (based) self homotopy equivalences of P which induce the identity on 7
and mo(P).

The cohomology spectral sequence for cp gives rise to an exact sequence
0 — H?(m; Z%) — H*(P; Z%) — H(m; HX(P;Z) @ Z%) = Z — H*(m; Z%).

Note that H2(7; Z*) 2 Z modulo 2-torsion (since w = 0), H2(P;Z) = Z* and
Z' @ Z" = Z as m-modules. Moreover the right hand map is the transgression,
with image generated by ki (M). There is a parallel exact sequence with rational
coefficients

0— H*(mQ") = Q — H*(P;Q") — H(m; HA(P;2) @ Q") = Q — 0.

Thus H?(P;Q") has a Q-basis ¢,z in the image of H?(P;Z%) such that t is
the image of a generator of H?(m; Z")/(torsion) and z has nonzero restriction
to H%(P;Z). The spectral sequence also gives an exact sequence

0 — H?(m; H*(P;Q)) — H*(P;Q) — H(m; HY(P; Q) = Q — 0.
(Note that H2(P;Q) =~ Q" as a Q[r]-module). Since cdgm = 2 we have 2 =0
in H*(P;Q" ® Q%) = H*(P;Q); since P ~ K(Z,2) we have 22 # 0. Thus
tz, 2% is a Q-basis for H*(P;Q). A self homotopy h in G induces the identity
on 7, and its lift to a self map of P is homotopic to the identity. Hence h*t =t

and h*z = z modulo Qt. Nevertheless we shall see that the action of G on
H?(P; Q%) is nontrivial.

Suppose first that © = 0, so 7 is an orientable surface group and k(M) = 0.
Then P ~ K(m,1) x K(Z,2) and G = [K(m,1),K(Z,2)]. Let f: K(m,1) —
K(Z,2) be a map which induces an isomorphism on H? and fix a generator ¢
for H*(K(Z,2);Z). Then t = prif*¢ and z = pri( freely generate H?(P;Z),
and so tz,2? freely generate H*(P;Z). Each g € [K(w,1),K(Z,2)] deter-
mines a self homotopy equivalence g : P — P by g(k,n) = (k, g(k).n), where
K(Z,2) = QK(Z,3) has the natural loop multiplication. Clearly ¢ is in G,
and all elements of G are of this form [Ts80]. Let d : G — Z be the isomor-
phism determined by the equation ¢*¢ = d(g)f*¢. Then g*t = (fpri19)*¢ =t
and §*z = (pr29)*¢ = (gpr1)*¢ + pr3¢ = pri(g*¢) + z = z + d(g)t. On taking
cup products we have h*(tz) = tz and h*(22) = 22 + 2d(g)tz. On passing to
homology we see that there are two G-orbits of elements in Hy(P;Z) whose
images generate Hy(P;Z)/J.

In general let Pxg denote the covering space corresponding to the subgroup K,
and let Gx be the image of G in the group of self homotopy equivalences of
Pg . Then lifting self homotopy equivalences defines a homomorphism from G
to G, which by [Ts80] may be identified with the restriction from H?(m; Z%)
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to H*(K;Z) = Z, which has image of index < 2. Moreover the projection
induces an isomorphism from H*(P;Q) to H*(Px;Q). Hence the action of
G on Hy(P;Z)/(torsion) = Z? is nontrivial, and so there are only finitely
many G-orbits of elements whose images generate Hy(P;Z)/J. This proves
the theorem. |

As a consequence of Lemma 10.4 we may assume that the cohomology class z in
the above theorem restricts to 2 times a generator of H2(P;Z), if k(M) # 0.
A closer study of the action of G on H?(P;Z%) suggests that in general there
are at most 4 homotopy types with given 7, wy; and k-invariant. However we
have not succeeded in proving this.

Significant features of the duality pairing such as wq(M) are not reflected in
the Postnikov 2-stage. If 7 is torsion free k(M) =0 and ws is the only other
invariant needed. For then 7 is a surface group and each such manifold is
homotopy equivalent to the total space of an S2-bundle. There are two such
bundle spaces for each group and orientation character, distinguished by the
value of wq(M).

For RP%-bundles v = w; and 7 = K x (Z/2Z). The element of order 2 in 7
is unique, and the splitting is unique up to composition with an automorphism
of w. There are two such bundle spaces for each surface group K, again dis-
tinguished by wy(M). Can it be seen a priori that the k-invariant must be
standard?

If wi(M) = 0, we(M) restricts to 0 in H?(K;F3), u # 0 and H3(u; Z%) is
0 then M is homotopy equivalent to the total space of a surface bundle over
RP?, by Theorem 5.23.

In general, we may view the classifying map cy; : M — K(m, 1) as a fibration
with fibre S2. Fix a homotopy equivalence M ~ NSQ. Then the action of 7 on M
determines a homomorphism j : 7 — Homeo(M) — E(5?%), and the fibration
cyr is induced from the universal S2-fibration over BE(S?) by the map Bj :
K(m,1) — BE(S?). The orientation character of this fibration is wj(cas) =
u, and is induced by the composite cpps2yBj : K(m,1) — K(m(E(S?)),1).
The (twisted) Euler class is the first obstruction to a cross-section of ¢jr, and
so equals k1(M). Hence the reduction modulo (2) of ki(M) is ws(cy) €
H3(m;Fy). Calculation show that 8% : H?(BE(S?);Fy) — H3(BE(S?); Z%)
is an isomorphism, and so ws(cps) also determines ki (M). In particular, if j
factors through {+I} < O(3) then ki(M) = B*(U?), where U € H'(m;Fy)
is the cohomology class determined by w. (This is so when M is a S? x X2-
manifold and 7 is generated by elements of order 2, by Lemma 10.6 below).
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As M is finitely covered by a cartesian product /VSQ x B, where B is a closed
orientable surface, wq(M) restricts to 0 in H?(M;Fs) and so is induced from
m. The Wu formulae for M then imply that the total Stiefel-Whitney class
w(M) is induced from 7. It can be shown that c¢},;(w(cpr)) is determined by
w(M) and 7; unfortunately as c¢j;(ws(car)) = 0 (by exactness of the Gysin
sequence for cpr) we do not know whether k(M) is also determined by these
invariants.

Is the homotopy type of M determined by (M), w(M) and ki (M)? What is
the role of the exotic class in H3(BFE(S?);F2)? Are there any PDj-complexes
M with M ~ S? and such that the image of this class under (Bj)* is nonzero?

10.3 Bundle spaces are geometric

All S? x X2-manifolds are total spaces of orbifold bundles over X?-orbifolds. We
shall determine the S?- and RP?-bundle spaces among them in terms of their
fundamental groups, and then show that all such bundle spaces are geometric.

Lemma 10.6 Let J = (A4,0) € O(3) x Isom(X?) be an isometry of order 2
which is fixed point free. Then A = —I. If moreover J is orientation reversing
then 0 = idx or has a single fixed point.

Proof Since any involution of R? (such as §) must fix a point, a line or be
the identity, A € O(3) must be a fixed point free involution, and so A = —1I.
If J is orientation reversing then 6 is orientation preserving, and so must fix a
point or be the identity. m|

Theorem 10.7 Let M be a closed S? x X?-manifold with fundamental group
w. Then

(1) M is the total space of an orbifold bundle with base an X?-orbifold and
general fibre S? or RP?;

(2) M is the total space of an S?-bundle over a closed aspherical surface if
and only if w is torsion free;

(3) M is the total space of an RP%-bundle over a closed aspherical surface
if and only if 1 = (Z/2Z) x K, where K is torsion free.

Proof (1) The group 7 is a discrete subgroup of the isometry group Isom(S?
x X2) = O(3) x Isom(X?) which acts freely and cocompactly on S? x R2.
In particular, N = 7 N (O(3) x {1}) is finite and acts freely on S2, so has
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order < 2. Let p; and ps be the projections of Isom(S? x X2) onto O(3)
and Isom(X?), respectively. Then po(m) is a discrete subgroup of I'som(X?)
which acts cocompactly on R?, and so has no nontrivial finite normal subgroup.
Hence N is the maximal finite normal subgroup of 7. Projection of S? x R?
onto R? induces an orbifold bundle projection of M onto pa(7)\R? and general
fibre N\S2. If N # 1 then N = Z/27 and 7 = (Z/27) x K, where K is a
PDy-group, by Theorem 5.14.

(2) The condition is clearly necessary. (See Theorem 5.10). The kernel of the
projection of 7 onto its image in I'som(X?) is the subgroup N. Therefore if 7
is torsion free it is isomorphic to its image in I'som(X?), which acts freely on
R?. The projection p: S? x R? — R? induces a map r : M — 7\R?, and we
have a commutative diagram:

52 x R2 —2 . R?
L |7
M =n\(5? x R?) —— 7\R?

where f and f are covering projections. It is easily seen that r is an S?-bundle
projection.

(3) The condition is necessary, by Theorem 5.16. Suppose that it holds. Then
K acts freely and properly discontinuously on R?, with compact quotient. Let
g generate the torsion subgroup of 7. Then p;(g) = —I, by Lemma 10.6. Since
p2(9)? = idpe the fixed point set F = {z € R? | p2(g)(z) = x} is nonempty,
and is either a point, a line, or the whole of R?. Since ps(g) commutes with
the action of K on R? we have KF = F, and so K acts freely and properly
discontinuously on F'. But K is neither trivial nor infinite cyclic, and so we
must have F' = R?. Hence pa(g) = idg2. The result now follows, as K\ (5% x R?)
is the total space of an S%-bundle over K\R?, by part (1), and g acts as the
antipodal involution on the fibres. O

If the S? x X2-manifold M is the total space of an S?-bundle ¢ then wy(€) is
detected by the determinant: det(p;(g)) = (—1)** €@ for all g € =.

The total space of an RP?-bundle over B is the quotient of its orientation dou-
ble cover (which is an S2-bundle over B) by the fibrewise antipodal involution
and so there is a bijective correspondance between orientable S?-bundles over
B and RP?-bundles over B.

Let (A,3,C) € O(3) x E(2) = O(3) x (R?*x0(2)) be the S? x E?-isometry
which sends (v,7) € S% x R? to (Av,Cz + f3).
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Theorem 10.8 Let M be the total space of an S?- or RP?-bundle over T or
Kb. Then M admits the geometry S? x E2.

Proof Let R; € O(3) be the reflection of R? which changes the sign of the 7"
coordinate, for i = 1,2,3. If A and B are products of such reflections then the
subgroups of Isom(S? x E?) generated by a = (A, (§),I) and 3= (B,(9),I)
are discrete, isomorphic to Z? and act freely and cocompactly on S? x R?.
Taking

(1) A=B=1I;

(2) A=RiRs,B = RiRs;
(3) A=Ry,B=1;and
(4) A=Ri,B=RiRs

gives four S?-bundles 7; over the torus. If instead we use the isometries o =
(A, ( % ) (62)) and 3= (B,(9),I) we obtain discrete subgroups isomorphic

to Z x_1Z which act freely and cocompactly. Taking

(1) A=R,B=1;
(2) A=Ri,B=RyRs;
(3) A=I,B=Ri;
(4) A= RiRy,B = Ry;
(5) A=B=1;and

(6) A=I,B=RiRy
gives six S?-bundles &; over the Klein bottle.

To see that these are genuinely distinct, we check first the fundamental groups,
then the orientation character of the total space; consecutive pairs of genera-
tors determine bundles with the same orientation character, and we distinguish
these by means of the second Stiefel-Whitney classes, by computing the self-
intersections of cross-sections. (See Lemma 5.11.(2). We shall use the stereo-
graphic projection of S2 ¢ R® = C x R onto C = C' U {o0}, to identify the
reflections R; : S — S? with the antiholomorphic involutions:

Ri _ Ry _ Rs __1
2—Z, 2 —Z, V7 .

Let T = {(s,t) € R%|0 < 5,t < 1} be the fundamental domain for the standard
action of Z2 on R%. A section o : T — S? x R? of the projection to R? over
% such that o(1,t) = ac(0,t) and o(s,1) = Bo(s,0) induces a section of the
bundle ;.
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As the orientable cases (11, 172, &1 and &) have been treated in [Ue90] we may
concentrate on the nonorientable cases. In the case of 13 each fixed point P of
A determines a section op with op(s,t) = (P,s,t). Since A fixes a circle on
S? it follows that sections determined by distinct fixed points are isotopic and
disjoint. Therefore o -0 =0, so va(M) = 0 and hence wa(n3) = 0.

We may define a 1-parameter family of sections for 74 by
oa(s,8) = (1 = A)(2t — 1) + A(4£2 — 2))e™e3),

Now o and o7 intersect transversely in a single point, corresponding to s = 1/2
and t = (14 1/5)/4. Hence 0 -0 =1, s0 va(M) # 0 and wa(ng) # 0.

The remaining cases correspond to S2-bundles over Kb with nonorientable total
space. We now take & = {(s,t) € R?|0 < s < 1,[t| < 1} as the fundamental
domain for the action of Zx_1Z on R2. In this case it suffices to find o : & —
52 x R? such that o(1,t) = ac(0,—t) and o(s, 1) = Bo(s,—3).

The cases of £3 and &5 are similar to that of n3: there are obvious one-parameter
families of disjoint sections, and so wy(€3) = we(&5) = 0. However w;(&3) #
w1(&5). (In fact & is the product bundle).

The functions o(s,t) = A\(2s — 1 +it) define a 1-parameter family of sections
for &4 such that oy and o; intersect transversely in one point, so that -0 = 1.
Hence vo(M) # 0 and so wa(&4) # 0.

For &g the functions oy (s,t) = A(2s—1)t+i(1—\)(4¢% —1) define a 1-parameter
family of sections such that op and o1(s,t) intersect transversely in one point,
so that o -0 = 1. Hence va(M) # 0 and so wa(&s) # 0.

Thus these bundles are all distinct, and so all S?-bundles over T' or Kb are
geometric of type S? x E2.

Adjoining the fixed point free involution (—1,0,I) to any one of the above ten
sets of generators for the S?-bundle groups amounts to dividing out the 52
fibres by the antipodal map and so we obtain the corresponding RP2-bundles.
(Note that there are just four such RP?-bundles - but each has several distinct
double covers which are S2-bundles). O

Theorem 10.9 Let M be the total space of an S*- or RP%-bundle over a
closed hyperbolic surface. Then M admits the geometry S? x H?.

Proof Let T} be the closed orientable surface of genus g, and let T9 C H? be
a 2g-gon representing the fundamental domain of 7,,. The map Q : T — T
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that collapses 2g — 4 sides of %9 to a single vertex in the rectangle T induces
a degree 1 map (2 from T} to T that collapses g — 1 handles on T to a single
point on T'. (We may assume the induced epimorphism from

7T1(Tg) = <a1,b1,. .. ,ag,bg | Hzgzl[aiubi] = 1>

to Z? kills the generators a;,b; for j > 1). Hence given an S%-bundle ¢ over
T with total space Mg = T'¢\(S? x E?), where

Te = {(£(h), h) | h € m(T)} < Isom(S? x E2)

and ¢ : Z2 — O(3) is as in Theorem 10.8, the pullback Q*(¢) is an $2-bundle
over T,, with total space Meq = Teq\(S* x H?), where e = {(£Q(h),h) | h €
I, (T9)} < I'som(S? x H2). As € is of degree 1 it induces monomorphisms in
cohomology, so w(§) is nontrivial if and only if w(ﬁ*(f ) = ﬁ*w(g) is nontrivial.
Hence all S%-bundles over T9 for g > 2 are geometric of type S? x H?.

Suppose now that B is the closed surface #3RP? = T#RP? = Kb#RP>.
Then there is a map Q: T#RP? — RP? that collapses the torus summand to
a single point. This map O again has degree 1 and so induces monomorphisms
in cohomology. In particular Q* preserves the orientation character, that is
w1 (Q*(€)) = Q*w (RP?) = wi(B), and is an isomorphism on H2?. We may
pull back the four S%-bundles & over RP? along Q to obtain the four bundles
over B with first Stiefel-Whitney class w1 (Q*¢) either 0 or w1 (B).

Similarly there is a map T:K b#RP? — RP? that collapses the Klein bot-
tle summand to a single point. This map T has degree 1 mod 2 so that
Y*w;,(RP?) has nonzero square since wi(RP?)? # 0. Note that in this case
Y*w,(RP?) # wi(B). Hence we may pull back the two S2-bundles £ over
RP? with wi(¢) = wi(RP?) to obtain a further two bundles over B with

ey

wi(T*(£))? = T*w1(£)2 £0, as T is a ring monomorphism.

There is again a map 0: K b#RP? — Kb that collapses the Klein bottle
summand to a single point. Once again O is of degree 1 mod 2 so that we
may pull back the two S2-bundles ¢ over Kb with wq(€) = wq(Kb) along O to
obtain the remaining two S?-bundles over B. These two bundles (:)*(5) have
w1(0*(€)) # 0 but w (0*(€))2 = 0; as wy (Kb) # 0 but wy(Kb)2 =0 and O

is a monomorphism.
Similar arguments apply to bundles over #"RP? where n > 3.

Thus all S?-bundles over all closed aspherical surfaces are geometric. Further-
more since the antipodal involution of a geometric S2-bundle is induced by an
isometry (—1I,idy2) € O(3) x Isom(H?) we have that all RP?-bundles over
closed aspherical surfaces are geometric. m]
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An alternative route to Theorems 10.8 and 10.9 would be to first show that
orientable 4-manifolds which are total spaces of S%-bundles are geometric, then
deduce that RP?-bundles are geometric (as above); and finally observe that
every S2-bundle space double covers an RP2-bundle space.

The other S? x X2-manifolds are orbifold bundles over flat or hyperbolic orb-
ifolds, with general fibre S2. In other words, they have codimension-2 foliation
whose leaves are homeomorphic to S? or RP?. Is every such closed 4-manifold
geometric?

If x(F) < 0 or x(F) = 0 and 0 = 0 then every F-bundle over RP? is geometric,
by Lemma 5.21 and the remark following Theorem 10.2.

However it is not generally true that the projection of S? x X onto S? induces
an orbifold bundle projection from M to an S?-orbifold. For instance, if p and
o' are rotations of S? about a common axis which generate a rank 2 abelian
subgroup of SO(3) then (p, (1,0)) and (o', (0,1)) generate a discrete subgroup
of SO(3) x R? which acts freely, cocompactly and isometrically on S? x R?. The
orbit space is homeomorphic to S? x T'. (It is an orientable S?-bundle over the
torus, with disjoint sections, detemined by the ends of the axis of the rotations).
Thus it is Seifert fibred over S2, but the fibration is not canonically associated
to the metric structure, for (p, p’) does not act properly discontinuously on S2.

10.4 Fundamental groups of S? x E*-manifolds

We shall show first that if M is a closed 4-manifold any two of the conditions
“X(M) =07, “m (M) is virtually Z2” and “my(M) = Z” imply the third, and
then determine the possible fundamental groups.

Theorem 10.10 Let M be a closed 4-manifold with fundamental group .
Then the following conditions are equivalent:

(1) = is virtually Z2 and x(M) = 0;

(2) 7 has an infinite restrained normal subgroup and mo(M) = Z;

(3) x(M)=0 and mo(M) = Z; and

(4) M has a covering space of degree dividing 4 which is homeomorphic to

S2xT.

(5) M is virtually homeomorphic to an S? x E?-manifold.
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Proof If 7 is virtually a PDy-group and either x(m) = 0 or 7 has an infinite
restrained normal subgroup then 7 is virtually Z2. Hence the equivalence of
these conditions follows from Theorem 10.1, with the exception of the assertions
regarding homeomorphisms, which then follow from Theorem 6.11. m]

We shall assume henceforth that the conditions of Theorem 10.10 hold, and shall
show next that there are nine possible groups. Seven of them are 2-dimensional
crystallographic groups, and we shall give also the name of the corresponding
[E2-orbifold, following Appendix A of [Mo]. (The restriction on finite subgroups
eliminates the remaining ten E2-orbifold groups from consideration).

Theorem 10.11 Let M be a closed 4-manifold such that m = 7 (M) is
virtually Z? and x(M) = 0. Let A and F be the maximal abelian and maximal
finite normal subgroups (respectively) of 7. If m is torsion free then either

(1) #= A= Z? (the torus); or
(2) m= Zx_1Z (the Klein bottle).
If F =1 but 7 has nontrivial torsion and [r : A] =2 then either
(3) "2 DXxZX2(Z®(Z)272))*z (Z ®(Z/2Z)), with the presentation
(s,z,y | 2> =y* =1, sx = xs, sy = ys) (the silvered annulus); or
(4) T2 DxZ=Zxy(Z®(Z/27)), with the presentation
(t,x | 22 =1, 22 = xt?) (the silvered Mébius band); or
(5) 7 (Z%) x_1(Z/2Z) 2 D %z D, with the presentations
(s,t,x | 2% =1, xsx = s~} otz =t~} st =ts) and (setting y = xt)
(s,x,y |22 =9? =1, xsx = ysy = s~ 1) (the pillowcase S(2222)).
If F=1 and [r: A] =4 then either
(6) m= Dxyz (Z®(Z/22)), with the presentations
(s,t,w|2? =1, xsx =54 ate =t~ tst7! = s71) and
(setting y = xt) (s,x,y |22 =y?> =1, xsz = s} ys = sy) (D(22)); or
(7) m= Zxz D, with the presentations
(rys,z | 2?2 =1, sre =r"% zsz =rs7 Y srs~! =r~!) and
(setting t = xs) (t,x | 22 =1, zt?z =t72) (P(22)).
If F' is nontrivial then either
(8) "= Z?®(Z/2Z); or
9) 7= (Zx_12)x(Z)2Z).

Proof Let u:7m — {£1} = Aut(ma(M)) be the natural homomorphism. Since
Ker (u) is torsion free it is either Z2 or Z x _1Z; since it has index at most 2
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it follows that [ : A] divides 4 and that F' has order at most 2. If F' =1 then
A= 7? and /A acts effectively on A, so 7 is a 2-dimensional crystallographic
group. If F' # 1 then it is central in 7 and w maps F isomorphically to Z/27,
so m = (Z/2Z)x Ker(u). O

Each of these groups may be realised geometrically, by Theorem 10.2. It is easy
to see that any S? x E?-manifold whose fundamental group has infinite abelian-
ization is a mapping torus, and hence is determined up to diffeomorphism by its
homotopy type. (See Theorems 10.8 and 10.12). We shall show next that there
are four affine diffeomorphism classes of S? x E?-manifolds whose fundamental
groups have finite abelianization.

Let Q be a discrete subgroup of Isom(S? x E?) = O(3) x E(2) which acts freely
and cocompactly on S? x R%2. If Q = Dxy D or D xz (Z ® (Z/27)) it is
generated by elements of order 2, and so p;(2) = {£I}, by Lemma 10.6. Since
p2(2) < E(2) is a 2-dimensional crystallographic group it is determined up to
conjugacy in Aff(2) = R2xGL(2,R) by its isomorphism type, €2 is determined
up to conjugacy in O(3) x Af f(2) and the corresponding geometric 4-manifold
is determined up to affine diffeomorphism.

Although Z %z D is not generated by involutions, a similar argument applies.

1
The isometries T = (7, (g])’(?)l?)) and X = (-1, (%) ,—I) generate a
2

2
discrete subgroup of Isom(S? x E?) isomorphic to Z *z D and which acts freely
and cocompactly on S? x R?, provided 72 = I. Since z? = (xt?)?> = 1 this
condition is necessary, by Lemma 10.6. We shall see below that we may assume
that 7T is orientation preserving, i.e., that det(7) = —1. (The isometries 72
and X7 generate Ker(u)). Thus there are two affine diffeomorphism classes of
such manifolds, corresponding to the choices 7 = —I or Rs.

None of these manifolds fibre over S, since in each case 7/7 is finite. However
if ) is a S? x E2-lattice such that p1(Q) < {£I} then Q\(S? x R?) fibres over
RP? | since the map sending (v, ) € S% x R? to [+v] € RP? is compatible with
the action of Q. If p1(Q) = {£I} the fibre is w\R?, where w = QN ({1} x E(2));
otherwise it has two components. Thus three of these four manifolds fibre over
RP? (excepting perhaps only the case Q= Z 7z D and R3 € p1(2)).

10.5 Homotopy types of S? x E?-manifolds

Our next result shows that if M satisfies the conditions of Theorem 10.10 and
its fundamental group has infinite abelianization then it is determined up to
homotopy by 71 (M) and its Stiefel-Whitney classes.
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Theorem 10.12 Let M be a closed 4-manifold with x(M) = 0 and such that
7 =m(M) is virtually Z2. If w/7’ is infinite then M is homotopy equivalent
to an S? x E?-manifold which fibres over S*.

Proof The infinite cyclic covering space of M determined by an epimorphism
A 7w — Z is a PDs-complex, by Theorem 4.5, and therefore is homotopy
equivalent to

(1) S%x S (if Ker(\) = Z is torsion free and w1 (M)|ger(x) = 0),
(2) S?xS! (if Ker(A\) = Z and w1 (M)|ker(n) # 0),

(3) RP?x S! (if Ker(\) = Z @ (Z/22)) or

(4) RP3{RP3 (if Ker()\) = D).

Therefore M is homotopy equivalent to the mapping torus M(¢) of a self
homotopy equivalence of one of these spaces.

The group of free homotopy classes of self homotopy equivalences E(S? x S1) is
generated by the reflections in each factor and the twist map, and has order 8.
The group E(S%?xS!) has order 4 [KR90]. Two of the corresponding mapping
tori also arise from self homeomorphisms of S? x S'. The other two have
nonintegral w;. The group E(RP? x S!) is generated by the reflection in the
second factor and by a twist map, and has order 4. As all these mapping tori
are also S?- or RP2-bundles over the torus or Klein bottle, they are geometric
by Theorem 10.8.

The group E(RP3§RP3) is generated by the reflection interchanging the sum-
mands and the fixed point free involution (cf. page 251 of [Ba’]), and has order 4.
Let a = (—I,O, (7)1 ?))7 B = (Ia((l))vl) Y= (Iv((l])vl) and 0 = (_Ia((l])aj)
Then the subgroups generated by {«,3,v}, {a, 3,0}, {a,Bv} and {«a, (50},
respectively, give the four RP3§RP3-bundles. (Note that these may be distin-
guished by their groups and orientation characters). O

A T-bundle over RP? which does not also fibre over S' has fundamental group
Dxz D, while the group of a Kb-bundle over RP? which does not also fibre over
Slis Dxy (Z®(Z/22)) or Z %z D (assuming throughout that 7 is virtually
zZ?).

When 7 is torsion free every homomorphism from 7 to Z/2Z arises as the
orientation character for some M with fundamental group 7. However if 7 &
Dx Z or DXZ the orientation character must be trivial on all elements of order
2, while if F' # 1 the orientation character is determined up to composition with
an automorphism of 7.
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Theorem 10.13 Let M be a closed 4-manifold with x(M) = 0 and such that
m = w1 (M) is an extension of Z by an almost finitely presentable infinite normal
subgroup N with a nontrivial finite normal subgroup F'. Then M is homotopy
equivalent to the mapping torus of a self homeomorphism of RP? x S'.

Proof Let M be the universal covering space of M. Since N is infinite and
finitely generated m has one end, and so HZ(M ;Z) = 0 for i # 0 or 2. Let
IT = my(M) = Hy(M;Z). We wish to show that IT = Z, and that w = wy (M)
maps F' isomorphically onto {£1}. Since 59) () = 0 by Lemma 2.1, there is
an isomorphism of left Z[r]-modules II = H?(m;Z[r|), by Theorem 3.4. An
LHSSS argument then gives I1 & H(N;Z[N]), which is a free abelian group.

The normal closure of F' in 7 is the product of the conjugates of F', which
are finite normal subgroups of N, and so is locally finite. If it is infinite then
N has one end and so H*(m;Z[r]) = 0 for s < 2, by an LHSSS argument.
Since locally finite groups are amenable ﬁ?) (m) = 0, by Theorem 2.3, and so
M must be aspherical, by Corollary 3.5.2, contradicting the hypothesis that =
has nontrivial torsion. Hence we may assume that F' is normal in 7.

Let f be a nontrivial element of F'. Since F is normal in 7 the centralizer C(f)
of f has finite index in 7, and we may assume without loss of generality that
F is generated by f and is central in 7. It follows from the spectral sequence
for the projection of M onto F\M that there are isomorphisms H, 3(F;7Z) =
H(F;1I) for all s > 4, since F \]\7 is a 4-dimensional complex. Here F' acts
trivially on Z, but we must determine its action on II.

Now central elements n of N act trivially on H!(N;Z[N]) and hence via w(n)
on II. (See Theorem 2.11). Thus if w(f) =1 the sequence

0—-Z/|fIZ—-11—-11-0

is exact, where the right hand homomorphism is multiplication by |f|. As II
is torsion free this contradicts f # 1. Therefore if f is nontrivial it has order 2
and w(f) = —1. Hence w : F' — {£1} is an isomorphism and there is an exact

sequence
0-1I—-1I—Z/2Z — 0,

where the left hand homomorphism is multiplication by 2. Since II is a free
abelian group it must be infinite cyclic, and so M ~ S%. The theorem now
follows from Theorems 10.10 and 10.12. ]

The possible orientation characters for the groups with finite abelianization
are restricted by Lemma 3.14, which implies that Ker(w;) must have infinite
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abelianization. For D %z D we must have wi(z) = wi(y) = 1 and wi(s) = 0.
For D *y; (Z & (Z/2Z)) we must have wi(s) = 0 and w;(x) = 1; since the
subgroup generated by the commutator subgroup and ¥ is isomorphic to D x Z
we must also have wi(y) = 0. Thus the orientation characters are uniquely
determined for these groups. For Z xz D we must have wi(z) = 1, but w(t)
may be either 0 or 1. As there is an automorphism ¢ of Z*z D determined by
¢(t) = xt and ¢(z) = x we may assume that wi(t) = 0 in this case.

In all cases, to each choice of orientation character there corresponds a unique
action of 7 on ma(M), by Lemma 10.3. However the homomorphism from 7 to
Z/2Z determining the action may differ from wq(M). (Note also that elements
of order 2 must act nontrivially, by Theorem 10.1).

We shall need the following lemma about plane bundles over RP? in order to
calculate self intersections here and in Chapter 12.

Lemma 10.14 The total space of the R?-bundle p over RP? with w(p) =0
and wsy(p) # 0 is S?x R?/(g), where g(s,v) = (—s,—v) for all (s,v) € S? x R2.

Proof Let [s] and [s,v] be the images of s in RP? and of (s,v) in N =
S? x R?/{g), respectively, and let p([s,v]) = [s], for s € S% and v € R2.
Then p: N — RP? is an R2-bundle projection, and w;(N) = p*w;(RP?), so
wi(p) = 0. Let oy([s]) = [s,t(x,y)], where s = (z,y,2) € S? and t € R. The
embedding o; : RP? — N is isotopic to the O-section og, and o;(RP?) meets
oo(RP?) transversally in one point, if ¢ > 0. Hence wo(p) # 0. O

Lemma 10.15 Let M be the S? x E?-manifold with 71(M) = Z xz D gener-
ated by the isometries (—1, (g) (oY) and (-1, ( ) ,—1I). Then vo(M) =
U? and U* =0 in HY(M;TFs).

N[ N[

Proof This manifold is fibred over RP? with fibre Kb. As ( ) is a fixed

s =

N[ o=

point of the involution (<

o) = 15,

copies of Kb and RP?, with self-intersection numbers 0 and 1, respectively.
(See Lemma 10.14). Thus the characteristic element for the intersection pair-
ing is [Kb], and vya(M) is the Poincaré dual to [Kb]. The cohomology class
U € HY(M;TFy) is induced from the generator of H!(RP?;F3). The projection

),—I ) of R? there is a cross-section given by

s =

>] Hence Hs(M;F3) has a basis represented by embedded
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formula gives p.(U? N o [RP?]) = 1 and p,(U? N [Kb]) = 0. Hence we have
also vo(M) = U? and so U* = 0. D

This lemma is used below to compute some products in H*(Zx*z D;Fy). Ideally,
we would have a purely algebraic argument.

Theorem 10.16 Let M be a closed 4-manifold such that wo(M) = Z and
Bi(M) = x(M) =0, and let m = w;(M). Let U be the cohomology class in
H!(m;Fy) corresponding to the action u : m — Aut(mo(M)). Then

(1) if r=Dxyz D or Dxy (Z®(Z/2Z)) then
H*(M;Fy) = Fy[S, T, U] /(5% + SU, T? + TU,U?),
where S, T and U have degree 1;
(2) if m =2 Z %y D then
H*(M;F2) =2 Fo[S, U, V,W]/I,

where S, U have degree 1, V has degree 2 and W has degree 3, and
I= (828U SV, U3, UV,UW,VW,V2+U?V,V?+ SW,W?);

(3) va(M) =U? and k1 (M) = *(U?) € H3(m; Z¥), in all cases.

Proof We shall consider the three possible fundamental groups in turn.

Dxz D : Since z, y and xs have order 2 in D xz D they act nontrivially,
and so K = (s,t) = Z2. Let S,T,U be the basis for H!(m;Fs) determined
by the equations S(t) = S(z) = T'(s) = T(z) = U(s) = U(t) = 0. It follows
easily from the LHSSS for 7 as an extension of Z/2Z by K that H?(r;Fz) has
dimension < 4. We may check that the classes {U?,US,UT, ST} are linearly
independent, by restriction to the cyclic subgroups generated by x, xs, xzt and
xst. Therefore they form a basis of H?(m;Fs). The squares S? and T2 must
be linear combinations of the above basis elements. On restricting such linear
combinations to subgroups as before we find that S? = US and T? = UT.
Now H?(m;Fq) = H*(M;Fs) for s <2, by Lemma 10.4. It follows easily from
the nondegeneracy of Poincaré duality that U2ST # 0 in H*(M;Fy), while
U3S = U3T = U* = 0, so U = 0. Hence the cohomology ring H*(M;Fy) is
isomorphic to the ring Fo[S, T, U]/(S?* 4+ SU, T? + TU,U?). Moreover vy(M) =
U2, since (US)? =USU?, (UT)? = UTU? and (ST)? = STU?. An element of
7 has order 2 if and only if it is of the form 2s™t" for some (m,n) € Z2. It is
easy to check that the only linear combination aU?+bU S+cUT+dST which has
nonzero restriction to all subgroups of order 2 is U?. Hence ki(M) = 3%(U?).
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Dxy (Z ®(Z/2Z)) : Since z, y and xs have order 2 in D xz (Z & (Z/2%))
they act nontrivially, and so K = (s,t) = Zx_1Z. Let S,T,U be the basis
for H'(r;F3) determined by the equations S(t) = S(z) = T(s) = T(z) =
U(s) = U(t) = 0. We again find that {U% US,UT,ST} forms a basis for
H?(m;F) & H?(M;F3), and may check that S? = US and T? = UT, by
restriction to the subgroups generated by {z,xs}, {z,zt} and K. As before,
the nondegeneracy of Poincaré duality implies that H*(M;F3) is isomorphic to
the ring Fo[S, T,U]/(S? + SU, T? + TU,U3), while va(M) = U%. An element
of 7 has order 2 if and only if it is of the form xzs™t" for some (m,n) €
Z?%, with either m = 0 or n even. Hence U? and U? + ST are the only
elements of H?(m;Fy) with nonzero restriction to all subgroups of order 2.
Now HY(m; Z%) = Z @ (Z/2Z) and H'(m;Fy) = (Z/2Z)3. Since /K = Z/2Z
acts nontrivially on H'(K;Z) it follows from the LHSSS with coefficients Z“
that H2(m; Z") < Ey? = Z/2Z. As the functions f(z%s™t") = (—1)*n and
g(x®s™t") = (1 — (—1)*)/2 define crossed homomorphisms from G to Z* (i.e.,
fwz) = u(w)f(z)+ f(w) for all w, z in G') which reduce modulo (2) to T" and
U, respectively, H?(m; Z%) is generated by %(S) and has order 2. We may
check that 3¢(S) = ST, by restriction to the subgroups generated by {z,zs},
{z,zt} and K. Hence k(M) = g“(U?) = g*(U? + ST).

ZxzD: Un=Zxy D then w/n’ =2 (Z/4Z) & (Z/2Z) and we may assume
that K = Zx_1Z is generated by r and s. Let S,U be the basis for H!(r;Fs)
determined by the equations S(x) = U(s) = 0. Note that S is in fact the
mod-2 reduction of the homomorphism S : 7 — Z/4Z given by S(s) = 1 and
S(xz) = 0. Therefore $2 = S¢*S = 0. Let f : m — Fy be the function defined
by f(k) = f(rsk) = f(ark) = f(orsk) = 0 and f(rk) = f(sk) = f(ak) =
f(zsk) =1 for all k € K'. Then U(g)S(h) = f(g) + f(h) + f(gh) = 6f(g,h)
for all g,h € 7, and so US = 0 in H?(m;Fy). In the LHSSS all differentials
ending on the bottom row must be 0, since 7 is a semidirect product of Z/2Z
with the normal subgroup K. Since HP(Z/2Z; H'(K;F3)) = 0 for all p > 0,
it follows that H™(m;Fs) has dimension 2, for all n > 1.

In particular, H?(M;Fs) = H?(m;Fs) has a basis {U% V}, where V|x gen-
erates H2(K;Fy). Moreover H*(M;Fs) is a quotient of H?*(m;Fs). It fol-
lows from Lemma 10.15 that {U* U?V} is a basis for H*(m;Fy) and V2 =
UV + mU* in H*(m;Fy), for some m = 0 or 1. Let o : Z/2Z — 7 be the
inclusion of the subgroup (x), which splits the projection onto w/K. Then
o*(V) = o*(U?) or 0, while c*U* # 0 in H*(m;Fy). Hence mo*(U*) =
o*(V2 4+ U?V) = 0 and so V? = U%V in H*(m;Fy). Therefore if M is
any closed 4-manifold with 7 (M) = Z xz D and x(M) = 0 the image
of U* in H*(M;Fs) must be 0, and hence vo(M) = U?, by Poincaré du-
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ality. Moreover H*(M;Fy) is generated by S,U (in degree 1), V (in de-
gree 2) and an element W in degree 3 such that SW # 0 and UW = 0.
Hence H*(M;Fy) is isomorphic to the quotient of Fy[S,U,V, W] by the ideal
(S2, SU, SV, U3, UV,UW, VW, V2 + UV, V2 + SW, W?2).

Since U3U = U3S =0 in H*(M;F3) the image of U3 in H3(M;Fy) must also
be 0, by Poincaré duality. Now k(M) has image 0 in H3(M;F3) and nonzero
restriction to subgroups of order 2. Therefore ki(M) = 34(U?), as reduction
modulo (2) is injective, by Lemma 10.4. O

The example M = RP? x T has vo(M) = 0 and ki (M) # 0, and so in general
k1(M) need not equal B%(ve(M)). Is it always 4(U?)?

Corollary 10.16.1 The covering space associated to K = Ker(u) is homeo-
morphic to S? x T if 1 = Dz D and to S? x Kb if 1 = D xz (Z & (Z/27))
or Z %z D.

Proof Since p is Z? or Zx_1Z these assertions follow from Theorem 6.11, on
computing the Stiefel-Whitney classes of the double cover. Since D xz D acts
orientably on the euclidean plane R? we have w;(M) = U, by Lemma 10.3,
and so wg(M) = vo(M) + w1 (M)? = 0. Hence the double cover is S? x T. If
m = Dxyz(Z®(Z)2Z)) or ZxzD then wi(M)|x = wi(K), while wa(M)|x =0,
so the double cover is S? x Kb, in both cases. O

The S? x E2-manifolds with groups D*z D and D#z(Z®(Z/2Z)) are unique up
to affine diffeomorphism. In each case there is at most one other homotopy type
of closed 4-manifold with this fundamental group and Euler characteristic 0, by
Theorems 10.5 and 10.16 and the remark following Theorem 10.13. Are the two
affine diffeomorphism classes of S? x E2-manifolds with 7 22 Z x; D homotopy
equivalent? There are again at most 2 homotopy types. In summary, there
are 22 affine diffeomorphism classes of closed S? x E2-manifolds (representing
at least 21 homotopy types) and between 21 and 24 homotopy types of closed
4-manifolds covered by S? x R? and with Euler characteristic 0.

10.6 Some remarks on the homeomorphism types
In Chapter 6 we showed that if 7 is Z2 or Zx_1Z then M must be homeomor-

phic to the total space of an S?-bundle over the torus or Klein bottle, and we
were able to estimate the size of the structure sets when 7 has Z/27 as a direct
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factor. The other groups of Theorem 10.11 are not “square-root closed acces-
sible” and we have not been able to compute the surgery obstruction groups
completely. However the Mayer-Vietoris sequences of [Ca73] are exact mod-
ulo 2-torsion, and we may compare the ranks of [SM;G/TOP] and Ls(m,w;y).
This is sufficient in some cases to show that the structure set is infinite. For in-
stance, the rank of Ls(D x Z) is 3 and that of Ls(DxZ) is 2, while the rank of
Ls(D*z (Z®(Z/2Z)),w1) is 2. (The groups L, () ® Z[3] have been computed
for all cocompact planar groups 7 [LS00]). If M is orientable and m = D x Z or
Dx,Z then [SM;G/TOP) = H3(M;Z)®H'(M;Fs) = H{(M;Z)® H*(M;Fs)
has rank 1. Therefore Srop(M) is infinite. If 7 = D xy (Z & (Z/22))
then H1(M;Q) = 0, Ho(M;Q) = Hy(m;Q) = 0 and Hy(M;Q) = 0, since
M is nonorientable. Hence H?*(M;Q) = @Q, since x(M) = 0. Therefore
[SM;G/TOP] again has rank 1 and Stop(M) is infinite. These estimates do
not suffice to decide whether there are infinitely many homeomorphism classes
in the homotopy type of M. To decide this we need to study the action of
the group E(M) on Spop(M). A scheme for analyzing E(M) as a tower of
extensions involving actions of cohomology groups with coefficients determined
by Whitehead’s I'-functors is outlined on page 52 of [Ba’l.
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Chapter 11
Manifolds covered by S° x R

In this chapter we shall show that a closed 4-manifold M is covered by S3 x R
if and only if 7 = 7 (M) has two ends and x(M) = 0. Its homotopy type
is then determined by 7 and the first k-invariant ki(M). The maximal finite
normal subgroup of  is either the group of a S*-manifold or one of the groups
Q(8a,b,c) x Z/dZ with a,b,c and d odd. (There are examples of the latter
type, and no such M is homotopy equivalent to a S® x E!'-manifold.) The
possibilities for 7 are not yet known even when F is a S3-manifold group
and w/F = Z. Solving this problem may involve first determining which k-
invariants are realizable when F' is cyclic; this is also not yet known.

Manifolds which fibre over RP? with fibre T or Kb and 9 # 0 have universal
cover S3 x R. In §6 we determine the possible fundamental groups, and show
that an orientable 4-manifold M with such a group and with x(M) = 0 must
be homotopy equivalent to a S? x E!'-manifold which fibres over RP2.

As groups with two ends are virtually solvable, surgery techniques may be
used to study manifolds covered by S x R. However computing Wh(r) and
L.(m;wy) is a major task. Simple estimates suggest that there are usually
infinitely many nonhomeomorphic manifolds within a given homotopy type.

11.1 Invariants for the homotopy type

The determination of the closed 4-manifolds with universal covering space ho-
motopy equivalent to S* is based on the structure of groups with two ends.

Theorem 11.1 Let M be a closed 4-manifold with fundamental group .
Then M ~ S3 if and only if © has two ends and x(M) = 0. If so
(1) M is finitely covered by S3 x S! and so M = S3 x R~ R"\{0};

(2) the maximal finite normal subgroup F of m has cohomological period
dividing 4, acts trivially on 73(M) = Z and the corresponding covering
space M has the homotopy type of an orientable finite P Dj3-complex;

(3) the homotopy type of M is determined by m and the orbit of the first
nontrivial k-invariant k(M) € H*(m; Z%) under Out(w) x {£1}; and
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(4) the restriction of k(M) to H*(F;Z) is a generator.

Proof If M ~ S3 then H(m;Z[x]) & Z and so 7 has two ends. Hence
7 is virtually Z. The covering space M4 corresponding to an infinite cyclic
subgroup A is homotopy equivalent to the mapping torus of a self homotopy
equivalence of S® ~ M, and so x(M4) = 0. As [r : A] < oo it follows that
X(M) =0 also.

Suppose conversely that (M) =0 and 7 is virtually Z. Then Hg(M L) =7
and H4(]\7 ;Z) = 0. Let Mz be an orientable finite covering space with fun-
damental group Z. Then x(Mz) = 0 and so Ho(Mz;7Z) = 0. The homology
groups of M = My may be regarded as modules over Z[t,t~1] =2 Z[Z]. Mul-
tiplication by t — 1 maps HQ(M ; Z) onto itself, by the Wang sequence for the
projection of M onto M. Therefore HOmZ[Z}(HQ(M; Z),Z|Z]) = 0 and so

mo(M) = my(My) = 0, by Lemma 3.3. Therefore the map from S® to M
representing a generator of m3(M) is a homotopy equivalence. Since My is
orientable the generator of the group of covering translations Aut(M /Mz)=Z
is homotopic to the identity, and so My ~ M x S!' ~ §3 x S1. Therefore
My = 83 x S', by surgery over Z. Hence M =~ S$3x R.

Let F' be the maximal finite normal subgroup of 7. Since F' acts freely on M ~
S3 it has cohomological period dividing 4 and My = M /F is a PDs-complex.
In particular, M is orientable and F' acts trivially on 73(M). The image of the
finiteness obstruction for Mr under the “geometrically significant injection” of
Ko(Z[F]) into Wh(F x Z) of [Rn86] is the obstruction to Mp x S! being a
simple PD-complex. If f: Mpr — Mp is a self homotopy equivalence which
induces the identity on m (Mp) = F and on 73(Mp) = Z then f is homotopic
to the identity, by obstruction theory. (See [P182].) Therefore mo(E(MFp)) is
finite and so M has a finite cover which is homotopy equivalent to Mp x S*.
Since manifolds are simple PD,,-complexes M must be finite.

The first nonzero k-invariant lies in H*(7; Z%), since mo(M) = 0 and 7 acts
on m3(M) = Z via the orientation character. As it restricts to the k-invariant
for Mp in H*(F;Z") it generates this group, and (4) follows as in Theorem
2.9. D

The list of finite groups with cohomological period dividing 4 is well known
(see [DM85]). There are the generalized quaternionic groups Q(2"a,b,c) (with
n > 3 and a,b, ¢ odd), the extended binary tetrahedral groups 7, the extended
binary octahedral groups O}, the binary icosahedral group I*, the dihedral

Geometry € Topology Monographs, Volume 5 (2002)



11.1 Invariants for the homotopy type 219

groups A(m,e) (with m odd > 1), and the direct products of any one of these
with a cyclic group Z/dZ of relatively prime order. (In particular, a p-group
with periodic cohomology is cyclic if p is odd and cyclic or quaternionic if
p = 2.) We shall give presentations for these groups in §2.

Each such group F' is the fundamental group of some P Djs-complex [Sw60].
Such Swan complezes for F' are orientable, and are determined up to homotopy
equivalence by their k-invariants, which are generators of H*(F;Z) = Z/|F|Z,
by Theorem 2.9. Thus they are parametrized up to homotopy by the quotient
of (Z/|F|Z)* under the action of Out(F')x{£1}. The set of finiteness obstruc-
tions for all such complexes forms a coset of the “Swan subgroup” of Ko(Z[F])
and there is a finite complex of this type if and only if the coset contains 0.
(This condition fails if F' has a subgroup isomorphic to Q(16,3,1) and hence if
F = 0;x(Z/dZ) for some k > 1, by Corollary 3.16 of [DM85].) If X is a Swan
complex for F then X x S! is a finite PDJ -complex with (X x ') = Fx Z
and x(X x S') =0.

If 7/F = Z then k(M) is a generator of H*(m;n3(M)) = H*(F;7Z) = Z/|F|Z.
If 7/F = D then 7 2 G *p H, where [G : F] = [H : F] =2, and H*(r;Z) =
{(£,¢) € (Z)|G|Z) ® (Z/|H|Z) | ¢ = £ mod (|F|)}, which is isomorphic to
(Z)2|F\Z) & (Z/2Z), and the k-invariant restricts to a generator of each of
the groups H*(G;Z) and H*(H;Z). In particular, if 7 2 D the k-invariant is
unique, and so any closed 4-manifold M with 7 (M) = D and x(M) =0 is
homotopy equivalent to RPRP*.

Theorem 11.2 Let M be a closed 4-manifold such that m = w1 (M) has two
ends and with x(M) = 0. Then the group of unbased homotopy classes of self
homotopy equivalences of M is finite.

Proof We may assume that M has a finite cell structure with a single 4-cell.
Suppose that f: M — M is a self homotopy equivalence which fixes a base
point and induces the identity on 7 and on w3(M) = Z. Then there are no
obstructions to constructing a homotopy from f to idg; on the 3-skeleton My =
M\intD*, and since m4(M) = 74(S®) = Z/2Z there are just two possibilities
for f. It is easily seen that Out(7) is finite. Since every self map is homotopic
to one which fixes a basepoint the group of unbased homotopy classes of self
homotopy equivalences of M is finite. O

If 7 is a semidirect product F xg Z then Aut(7) is finite and the group of based
homotopy classes of based self homotopy equivalences is also finite.
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11.2 The action of 7/F on F

Let F' be a finite group with cohomological period dividing 4. Automorphisms
of F' act on H.(F;Z) and H*(F;Z) through Out(F), since inner automor-
phisms induce the identity on (co)homology. Let Jy(F') be the kernel of the
action on Hs(F;Z), and let J(F') be the subgroup of Out(F) which acts by
+1.

An outer automorphism class induces a well defined action on H*(S;Z) for each
Sylow subgroup S of F, since all p-Sylow subgroups are conjugate in F' and
the inclusion of such a subgroup induces an isomorphism from the p-torsion of
HY(F;Z) = Z/|F|Z to H%(S;Z) = Z/|S|Z, by Shapiro’s Lemma. Therefore
an outer automorphism class of F induces multiplication by » on H*(F;Z) if
and only if it does so for each Sylow subgroup of F', by the Chinese Remainder
Theorem.

The map sending a self homotopy equivalence h of a Swan complex Xp for F
to the induced outer automorphism class determines a homomorphism from the
group of (unbased) homotopy classes of self homotopy equivalences E(Xf) to
Out(F). The image of this homomorphism is J(F'), and it is a monomorphism
if |[F| > 2, by Corollary 1.3 of [P182]. (Note that [P182] works with based
homotopies.) If F' = 1 or Z/2Z the orientation reversing involution of Xp
(~ 83 or RP?, respectively) induces the identity on F.

Lemma 11.3 Let M be a closed 4-manifold with universal cover S® x R, and
let F' be the maximal finite normal subgroup of m = m1(M). The quotient 7/F
acts on m3(M) and H*(F;Z) through multiplication by +1. It acts trivially if
the order of F' is divisible by 4 or by any prime congruent to 3 mod (4).

Proof The group 7/F must act through +1 on the infinite cyclic groups
n3(M) and H3(Mp;Z). By the universal coefficient theorem H*(F';Z) is iso-
morphic to H3(F;Z), which is the cokernel of the Hurewicz homomorphism
from 73(M) to Hs(Mp;Z). This implies the first assertion.

To prove the second assertion we may pass to the Sylow subgroups of F', by
Shapiro’s Lemma. Since the p-Sylow subgroups of F' also have cohomological
period 4 they are cyclic if p is an odd prime and are cyclic or quaternionic
(Q(2™)) if p = 2. In all cases an automorphism induces multiplication by a
square on the third homology [Sw60]. But —1 is not a square modulo 4 nor
modulo any prime p = 4n + 3. m]
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Thus the groups m & F' X Z realized by such 4-manifolds correspond to outer
automorphisms in J(F') or Jy(F). We shall next determine these subgroups
of Out(F) for F a group of cohomological period dividing 4. If m is an integer
let I(m) be the number of odd prime divisors of m.

Z/dZ = (x| 2% =1).
Out(Z/dZ) = Aut(Z/dZ) = (Z/dZ)* .

Hence J(Z/dZ) = {s € (Z/dZ)* | s* = +1}. J.(Z/dZ) = (Z/2Z)"D if
d#0(4), (Z2/22)" D+ if d=4(8), and (Z/2Z2)"D+2 if d=0(8).

Q(8) = (z,y | 2* = y* = (2y)?).

An automorphism of @ = Q(8) induces the identity on @/Q" if and only if it
is inner, and every automorphism of Q/Q’ lifts to one of Q. In fact Aut(Q) is
the semidirect product of Out(Q) = Aut(Q/Q") = SL(2,F3) with the normal
subgroup Inn(Q) = Q/Q’ = (Z/2Z)%. Moreover J(Q) = Out(Q), generated
by the images of the automorphisms ¢ and 7, where ¢ sends = and y to y and
xy, respectively, and 7 interchanges x and y.

Q(8k) = (w,y | 2% =1, 22% =42 yxy~™! =27 1), where k > 1.

All automorphisms of Q(8k) are of the form [, s], where (s,2k) =1, [4, s](z) =
x* and [i,s](y) = 2'y, and Aut(Q(8k)) is the semidirect product of (Z/4kZ)*
with the normal subgroup ([1,1]) = Z/4kZ.

Out(Q(8k)) = (Z/2Z)d((Z/4kZ)* /(£1)), generated by the images of the [0, s]
and [1,1]. The automorphism [i, s] induces multiplication by s on H*(Q(2");Z)
[Sw60]. Hence J(Q(8k)) = (Z/22)"®+1 if k is odd and (Z/22)"®)+2 if k is

evel.

Ty =(Q(8), z | A =1, zmr =y, 2yl = xy), where k > 1.

Let p be the automorphism which sends z, y and z to y~', 27! and 2? respec-

tively. Let £, n and ¢ be the inner automorphisms determined by conjugation
by z, y and z, respectively (i.e., {(g) = zgx~!, and so on). Then Aut(T}) has
the presentation

(0,6, C | 3 =P =B =) =1, pCpt =2, ppp~t = (¢ = €).

An induction on k gives 43° = 1 4+m3**1 for some m = 1 mod (3). Hence the
image of p generates Aut(T}/T}') = (Z/3*Z)*, and so Out(T}) = (Z/3%Z)*.
The 3-Sylow subgroup generated by z is preserved by p, and it follows that
J(T}) = Z/2Z (generated by the image of 3.
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1 1

Of = (T}, w | w? = 2%, wrw™! = yx, wzw™! = 271), where k > 1.

(Note that the relations imply wyw™! = y~!.) As we may extend p to an au-
tomorphism of O} via p(w) = w™'2? the restriction from Aut(O}) to Aut(T})
is onto. An automorphism in the kernel sends w to wwv for some v € T}, and
the relations for Oj imply that v must be central in T;7. Hence the kernel
is generated by the involution o which sends w,z,y, 2z to w™' = wa?, z,v, 2,
respectively. Now ,03]671 = oa, where o is conjugation by wz in Of, and so
the image of p generates Out(Oj). The subgroup (u,z) generated by u = 2w
and x is isomorphic to Q(16), and is a 2-Sylow subgroup. As a(u) = u® and
a(z) = x it is preserved by o, and H*(«/y, 4);7Z) is multiplication by 25. As
H*(pl2); Z) is multiplication by 4 it follows that J(Of) = 1.

I* = (z,y | 2* =y = (ay)°).

The map sending the generators z,y to (#9) and y = (%), respectively, in-
).

duces an isomorphism from I* to SL(2,F5). Conjugation in GL(2,F5) induces
a monomorphism from PGL(2,F5) to Aut(I*). The natural map from Aut(I*)
to Aut(I*/(I*) is injective, since I* is perfect. Now I*/(I* =2 PSL(2,F5) =
As. The alternating group As is generated by 3-cycles, and has ten 3-Sylow
subgroups, each of order 3. It has five subgroups isomorphic to A4 generated by
pairs of such 3-Sylow subgroups. The intersection of any two of them has order
3, and is invariant under any automorphism of A5 which leaves invariant each
of these subgroups. It is not hard to see that such an automorphism must fix
the 3-cycles. Thus Aut(As) embeds in the group S5 of permutations of these
subgroups. Since |PGL(2,F5)| = |S5| = 120 it follows that Aut([*) = S5 and
Out(I*) = Z/2Z. The outer automorphism class is represented by the matrix
w=(29) in GL(2,F5).

Lemma 11.4 [PI83] J(I*)=1.

Proof The element v = 23y = (}1) generates a 5-Sylow subgroup of I*.
It is easily seen that wyw™ = 42, and so w induces multiplication by 2 on
H2*(Z/5Z;7) = H\(Z/5Z;Z) = Z/5Z. Since HY(Z/5Z;Z) = Z/5Z is gen-
erated by the square of a generator for H?(Z/57;7) we see that H*(w;Z) is
multiplication by 4 = —1 on 5-torsion. Hence J(I*) = 1. O

In fact H*(w;Z) is multiplication by 49 [P183].

A(m,e) = (z,y | 2™ =y* =1, yry~' =271, where e > 1 and m > 1 is odd.
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All automorphisms of A(m,e) are of the form [s,t,u], where (s,m) = (¢,2) =1,
[s,t,u](x) = z° and [s,t,ul(y) = z%y’. Out(A(m,e)) is generated by the
images of [s,1,0] and [1,¢,0] and is isomorphic to (Z/2¢)* @& ((Z/mZ)* /(£1)).
J(A(m, 1)) = {5 € (Z/mZ)* | 5> = +1}/(+1),
) =(

J(A(m,2)) = (Z/22)"™) | J(A(m,e)) = (Z/2Z) ™+ if ¢ > 2.

Q(2"a,b,c) = (Q(2"),u | ut® = 1, 2u® = u®z, rucr™" = u™¢, Yus® = uy,
yuby™ = u7?), where a, b and ¢ are odd and relatively prime, and either
n =3 and at most one of a, b and cis 1 or n >3 and bc > 1.

An automorphism of G = Q(2"a,b,c) must induce the identity on G/G’.
If it induces the identity on the characteristic subgroup (u) = Z/abcZ and
on G/{u) = Q(2") it is inner, and so Out(Q(2"a,b,c)) is a subquotient of
Out(Q(2")) x (Z/abcZ)* . In particular, Out(Q(8a,b,c)) = (Z/abcZ)*, and
J(Q(8a,b,c)) = (Z/27)"@) . (We need only consider n = 3, by §5 below.)

As Aut(G x H) = Aut(G) x Aut(H) and Out(G x H) = Out(G) x Out(H) if
G and H are finite groups of relatively prime order, we have J; (G x Z/dZ) =
J+(G) x J4(Z/dZ). In particular, if G is not cyclic or dihedral J(G x Z/dZ) =
J+(G x Z/dZ) = J(G) x J4(Z/dZ). In all cases except when F' is cyclic or
Q(8) x Z/dZ the group J(F') has exponent 2 and hence 7 has a subgroup of
index at most 4 which is isomorphic to F' x Z.

11.3 Extensions of D

We shall now assume that 7/F = D. Let u,v € D be a pair of involutions
which generate D and let s = uv. Then s~ "us™ = us®", and any involution in
D is conjugate to u or to v = us. Hence any pair of involutions {u’,v'} which

generates D is conjugate to the pair {u,v}, up to change of order.

Theorem 11.5 Let M be a closed 4-manifold with x(M) = 0, and such that
there is an epimorphism p : m = m (M) — D with finite kernel F. Let 4 and
0 be a pair of elements of m whose images v = p(u) and v = p(v) in D are
involutions which together generate D. Then

(1) M is nonorientable and ,0 each represent orientation reversing loops;

(2) the subgroups G and H generated by F' and 4 and by F and 0, respec-
tively, each have cohomological period dividing 4, and the unordered pair
{G, H} of groups is determined up to isomorphisms by m alone;
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(3) conversely, m is determined up to isomorphism by the unordered pair
{G,H} of groups with index 2 subgroups isomorphic to F as the free
product with amalgamation m = G xp H ;

(4) 7 acts trivially on ws(M).

Proof Let § = uv. Suppose that @ is orientation preserving. Then the sub-
group o generated by 4 and §2 is orientation preserving so the corresponding
covering space M, is orientable. As ¢ has finite index in 7 and o /0’ is finite
this contradicts Lemma 3.14. Similarly, ¥ must be orientation reversing.

By assumption, 4% and ¢% are in F, and [G : F] = [H : F] = 2. If F
is not isomorphic to @ x Z/dZ then J(F) is abelian and so the (normal)
subgroup generated by F and 52 is isomorphic to F' x Z. In any case the
subgroup generated by F and §* is normal, and is isomorphic to F x Z if k
is a nonzero multiple of 12. The uniqueness up to isomorphisms of the pair
{G, H} follows from the uniqueness up to conjugation and order of the pair of
generating involutions for D. Since G and H act freely on M they also have
cohomological period dividing 4. On examining the list above we see that F
must be cyclic or the product of Q(8k), T'(v) or A(m,e) with a cyclic group
of relatively prime order, as it is the kernel of a map from G to Z/2Z. It is
easily verified that in all such cases every automorphism of F' is the restriction
of automorphisms of G and H. Hence 7 is determined up to isomorphism as
the amalgamated free product G «p H by the unordered pair {G, H} of groups
with index 2 subgroups isomorphic to F' (i.e., it is unnecessary to specify the
identifications of F' with these subgroups).

The final assertion follows because each of the spaces Mg = M /G and My =
M /H are PDs-complexes with finite fundamental group and therefore are ori-
entable, and 7 is generated by G and H. O

Must the spaces Mg and My be homotopy equivalent to finite complexes?

11.4 S? x E'-manifolds

With the exception of OF (with k > 1), A(m,1) and Q(2"a,b,c) (with either
n = 3 and at most one of a, b and ¢ is 1 or n > 3 and bec > 1) and their
products with cyclic groups, all of the groups listed in §2 have fixed point free
representations in SO(4) and so act linearly on S3. (Cyclic groups, the binary
dihedral groups Dj,, = A(m,2), with m odd, and Dj, = Q(8k,1,1), with
k > 1 and the three binary polyhedral groups 77, O] and I* are subgroups
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of $3.) We shall call such groups S3*-groups. If F is cyclic then every Swan
complex for F is homotopy equivalent to a lens space. If F = Q(2¥) or Ty for
some k > 1 then S3/F is the unique finite Swan complex for F' [Th80]. For
the other noncyclic S3-groups the corresponding S3-manifold is unique, but in
general there may be other finite Swan complexes. (In particular, there are
exotic finite Swan complexes for T7.)

Let N be a S®-manifold with 71(N) = F. Then the projection of Isom(N)
onto its group of path components splits, and the inclusion of Isom(N) into
Dif f(N) induces an isomorphism on path components. Moreover if |F| > 2
then an isometry which induces the identity outer automorphism is isotopic to
the identity, and so mo(Isom(M)) maps injectively to Out(F). (See [Mc02].)

Theorem 11.6 Let M be a closed 4-manifold with x(M) = 0 and © =
(M) = F x¢ Z, where F is finite. Then M is homeomorphic to a S? x E!-
manifold if and only if M is the mapping torus of a self homeomorphism of a
S®-manifold with fundamental group F', and such manifolds are determined up
to homeomorphism by their homotopy type.

Proof Let p; and ps be the projections of Isom(S® x E') = O(4) x E(1) onto
O(4) and E(1) respectively. If 7 is a discrete subgroup of Isom(S* x E!) which
acts freely on S x R then p; maps F monomorphically and p;(F) acts freely
on S3, since every isometry of R of finite order has nonempty fixed point set.
Moreover po(7) is a discrete subgroup of F(1) which acts cocompactly on R,
and so has no nontrivial finite normal subgroup. Hence F' = 7N (O(4) x {1}). If
m/F = Z and t € 7 represents a generator of /F then conjugation by ¢ induces
an isometry 6 of S?/F, and M = M(6). Conversely any self homeomorphism
of a S?-manifold is isotopic to an isometry of finite order, and so the mapping
torus is homeomorphic to a S? x E'-manifold. The final assertion follows from
Theorem 3 of [Oh90]. m]

If s is an integer such that s2 = 41 modulo (d) then there is an isometry of
the lens space L(d, s) inducing multiplication by s, and the mapping torus has
fundamental group (Z/dZ) xs Z. (This group may also be realized by mapping
tori of self homotopy equivalences of other lens spaces.) If d > 2 a closed 4-
manifold with this group and with Euler characteristic 0 is orientable if and
only if s> =1(d).

If F is a noncyclic S3-group there is a unique linear k-invariant, and so for each
0 € Aut(F) there is at most one homeomorphism class of S? x E!-manifolds
with fundamental group m = F' xg Z. Every class in J(F') is realizable by an
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orientation preserving isometry of S*/F, if F = Q(8), Ty, Of, I*, A(p',e),
Q) x Z/¢?Z or A(p',2) x Z/¢? Z, where p and q are odd primes and e > 1.
For the other S3-groups the subgroup of J(F) realizable by homeomorphisms
of S3/F is usually quite small. (See [Mc02].)

Suppose now that G and H are S3-groups with index 2 subgroups isomorphic to
F.If F, G and H are each noncyclic then the corresponding S*-manifolds are
uniquely determined, and we may construct a nonorientable S? x E!'-manifold
with fundamental group m = G *r H as follows. Let v and v : S3/F — S3/F
be the covering involutions with quotient spaces S%/G and S3/H , respectively,
and let ¢ = uv. (Note that u and v are isometries of S%/F.) Then U([z,t]) =
[u(z),1 — t] defines a fixed point free involution on the mapping torus M/(¢)
and the quotient space has fundamental group 7. A similar construction works
if F is cyclic and G = H or if G is cyclic.

11.5 Realization of the groups

Let F be a finite group with cohomological period dividing 4, and let Xpg
denote a finite Swan complex for F'. If 8 is an automorphism of F' which
induces £1 on H3(F;Z) there is a self homotopy equivalence h of X which
induces [0] € J(F'). The mapping torus M (h) is a finite PD4-complex with
T (M) = F x¢g Z and x(M(h)) = 0. Conversely, every PDj-complex M with
X(M) = 0 and such that 71 (M) is an extension of Z by a finite normal subgroup
F' is homotopy equivalent to such a mapping torus. Moreover, if 7 =2 F x Z
and |F| > 2 then h is homotopic to the identity and so M(h) is homotopy
equivalent to Xp x S1.

Since every P D, -complex may be obtained by attaching an n-cell to a complex
which is homologically of dimension < n, the exotic characteristic class of the
Spivak normal fibration of a PDs-complex X in H?(X;Fy) is trivial. Hence
every 3-dimensional Swan complex Xp has a TOP reduction, i.e., there are
normal maps (f,b) : N> — Xp. Such a map has a “proper surgery” obstruction
ANP(f,b) in LE(F), which is 0 if and only if (f,b) X idg: is normally cobordant
to a simple homotopy equivalence. In particular, a surgery semicharacteristic
must be 0. Hence all subgroups of F' of order 2p (with p prime) are cyclic,
and Q(2"a,b,c) (with n >3 and b or ¢ > 1) cannot occur [HM86]. As the 2p
condition excludes groups with subgroups isomorphic to A(m,1) (with m > 1)
the cases remaining to be decided are when F = Q(8a,b,c) x Z/dZ, where a,b
and c are odd and at most one of them is 1. The main result of [HM86] is that
in such a case I’ x Z acts freely and properly “with almost linear k-invariant”
if and only if some arithmetical conditions depending on subgroups of F' of
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the form @Q(8a,b,1) hold. (Here “almost linear” means that all covering spaces
corresponding to subgroups isomorphic to A(m,e) x Z/dZ or Q(8k) x Z/dZ
must be homotopy equivalent to S®-manifolds. The constructive part of the
argument may be extended to the 4-dimensional case by reference to [FQ].)

The following more direct argument for the existence of a free proper action
of F'x Z on 5% x R was outlined in [KS88], for the cases when F acts freely
on an homology 3-sphere . Let ¥ and its universal covering space % have
equivariant cellular decompositions lifted from a cellular decomposition of ¥ /F,
and let II = m(X/F). Then C.(X) = Z[F|®@n C«(X) is a finitely generated free
Z[F]-complex, and may be realized by a finite Swan complex X . The chain map
(over the epimorphism : II — F') from C.(X) to C.(X) may be realized by a
map h: X/F — X, since these spaces are 3-dimensional. As hxidg: is a simple
Z|F x Z]-homology equivalence it has surgery obstruction 0 in L§(F X Z), and
so is normally cobordant to a simple homotopy equivalence. For example, the
group (24,313,1) acts freely on an homology 3-sphere (see §6 of [DMS85]). Is
there an explicit action on some Brieskorn homology 3-sphere? Is Q(24,313,1)
a 3-manifold group? (This seems unlikely.)

Although Q(24,13,1) cannot act freely on any homology 3-sphere [DM85], there
is a closed orientable 4-manifold with fundamental group Q(24,13,1)xZ, by the
argument of [HM86]. No such 4-manifold can fibre over S, since Q(24,13,1)
is not a 3-manifold group. Thus such a manifold is a counter example to a 4-
dimensional analogue of the Farrell fibration theorem (of a different kind from
that of [We87]), and is not geometric.

If F =1y, Q(8k) or A(m,2) then F' x Z can only act freely and properly on
R*\{0} with the k-invariant corresponding to the free linear action of F' on S3.
(For the group A(m,2), this follows from Corollary C of [HM86’], which also
implies that the restriction of the k-invariant to A(k,r + 1) and hence to the
odd-Sylow subgroup of Q(2"k) is linear. The nonlinear k-invariants for Q(2")
have nonzero finiteness obstruction. As the k-invariants of free linear represen-
tations of Q(2"k) are given by elements in H*(Q(2"k);Z) whose restrictions
to Z/kZ are squares and whose restrictions to Q(2") are squares times the
basic generator (see page 120 of [WI178], only the linear k-invariant is realizable
in this case also). However in general it is not known which k-invariants are
realizable. Every group of the form Q(8a,b,c) x Z/dZ x Z admits an “almost
linear” k-invariant, but there may be other actions. (See [HM86, 86’] for more
on this issue.)

In considering the realization of more general extensions of Z or D by finite
normal subgroups the following question seems central. If M is a closed 4-
manifold with 7 = 7 (M) = (Z/dZ) xs Z where s> = 1 but s # +1(d)
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and y(M) = 0 is M homotopy equivalent to the S* x E!-manifold with this
fundamental group? Since M is homotopy equivalent to the mapping torus of
a self homotopy equivalence [s] : L(d,r) — L(d,r) (for some r determined by
k(M)), it would suffice to show that if r # +s or £s~! the Whitehead torsion
of the duality homomorphism of M ([s]) is nonzero. Proposition 4.1 of [Rn86]
gives a formula for the Whitehead torsion of such mapping tori. Unfortunately
the associated Reidemeister-Franz torsion appears to be 0 in all cases. For other
groups F' can one use the fact that a closed 4-manifold is a simple PD4-complex
to bound the realizable subgroup of J(F)?

A positive answer to this question would enhance the interest of the following
subsidiary question. If F is a noncyclic S*-group must an automorphism of
F whose restrictions to (characteristic) cyclic subgroups C' < F' are realized
by isometries of the corresponding covering spaces of S3/F be realized by an
isometry of S3/F? (In particular, is this so for F' = Q(2!) or A(m,2) with m
composite?.)

If F is cyclic but neither G nor H is cyclic there may be no geometric man-
ifold with fundamental group @ = G *p H. If the double covers of G\S® and
H\S? are homotopy equivalent then 7 is realised by the union of two twisted I-
bundles via a homotopy equivalence, which is a finite (but possibly nonsimple?)
PDy-complex with x = 0. For instance, the spherical space forms correspond-
ing to G = Q(40) and H = Q(8) x (Z/5%) are doubly covered by forms doubly
covered by L(20,1) and L(20,9), respectively, which are homotopy equivalent
but not homeomorphic. The spherical space forms corresponding to G = Q(24)
and H = Q(8) x (Z/3Z) are doubly covered by L(12,1) and L(12,5), respec-
tively, which are not homotopy equivalent.

11.6 T- and Kb-bundles over RP? with 0 # 0

Let p : E — RP? be a bundle with fibre T or Kb. Then 7 = m(E) is an
extension of Z/2Z by G/0Z, where G is the fundamental group of the fibre and
0 is the connecting homomorphism. If 9 # 0 then 7 has two ends, F is cyclic

and central in G/0Z and 7 acts on it by inversion, since 7 acts nontrivially on
7 = my(RP?).

If the fibre is T" then 7 has a presentation of the form
(tyu,v | uw =vu, v =1, tut™! =), tot™! = w0l 2 = ubvc>,
where n > 0 and e = £1. Either
(1) Fiscyclic, 7= (Z/nZ) x_1 Z and n/F = Z; or
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(2) F=(s,u|s?=u™ sus™! =u"1);or (if e=—1)
(3) F is cyclic, 7 = (s,t,u | s> = t> = ub, sus™' = tut™' = w~!) and
w/F = D.

In case (2) F cannot be dihedral. If m is odd F = A(m,2) while if m = 2"k
with r > 1 and k odd F = Q(2"+2k). On replacing v by ul®?lv, if necessary,
we may arrange that a = 0, in which case ®# =2 F' X Z, or a = 1, in which case

-1

7= (t,u,v | t? =u™ tut™t = ut, vtv ! = tu, wv = vu),

sonw/F=Z.

If the fibre is Kb then 7 has a presentation of the form

1

tu,wvwu™ =w ™ W =1, tut™ = w7 twtT = wul, 1 = ubwc>,

where n > 0 is even (since Im(9) < (m(Kb)) and € = £1. On replacing ¢ by
ut, if necessary, we may assume that e = 1. Moreover, tw?t~! = w*? since w?
generates the commutator subgroup of G/0Z, so a is even and 2a = 0 mod (n),
t?u = ut? implies that ¢ = 0, and t.t2.¢~! = ¢? implies that 2b = 0 mod (n).
As F is generated by t and u?, and cannot be dihedral, we must have n = 2b.
Moreover b must be even, as w has infinite order and t?w = wt?. Therefore

(4) F=Q8k), n/F = D and
7= (t,u,w | vwu™t = wl tut™t = uT tw = ulwt, 1?2 = u?).
In all cases 7 has a subgroup of index at most 2 which is isomorphic to F' x Z.

Each of these groups is the fundamental group of such a bundle space. (This
may be seen by using the description of such bundle spaces given in §5 of
Chapter 5.) Orientable 4-manifolds which fibre over RP? with fibre T and
0 # 0 are mapping tori of involutions of S3-manifolds, and if F is not cyclic
two such bundle spaces with the same group are diffeomorphic [Ue91].

Theorem 11.7 Let M be a closed orientable 4-manifold with fundamental
group w. Then M is homotopy equivalent to an S x E!'-manifold which fibres
over RP? if and only x(M) =0 and 7 is of type (1) or (2) above.

Proof If M is an orientable S? x El-manifold then y(M) =0 and 7/F = Z,
by Theorem 11.1 and Lemma 3.14. Moreover m must be of type (1) or (2) if
M fibres over RP?, and so the conditions are necessary.

Suppose that they hold. Then M = R*\{0} and the homotopy type of M is
determined by 7 and k(M), by Theorem 11.1. If F = Z/nZ then Mp = M /F
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is homotopy equivalent to some lens space L(n,s). As the involution of Z/nZ
which inverts a generator can be realized by an isometry of L(n,s), M is
homotopy equivalent to an S? x E!'-manifold which fibres over S'.

If = Q(2"%k) or A(m,2) then F x Z can only act freely and properly
on R*\{0} with the “linear” k-invariant [HMS86]. Therefore Mp is homotopy
equivalent to a spherical space form S3/F. The class in Out(Q(2""2k)) repre-
sented by the automorphism which sends the generator ¢ to tu and fixes u is
induced by conjugation in Q(2"73k) and so can be realized by a (fixed point
free) isometry 6 of S3/Q(2"*2k). Hence M is homotopy equivalent to a bundle
space (S3/Q(272k)) x St or (S3/Q(2"2k)) xp St if F = Q(2"2k). A simi-
lar conclusion holds when F' = A(m,2) as the corresponding automorphism is
induced by conjugation in Q(23d).

With the results of [Ue91] it follows in all cases that M is homotopy equivalent
to the total space of a torus bundle over RP?. O

Theorem 11.7 makes no assumption that there be a homomorphism v : 7 —
Z/2Z such that u*(z)® = 0 (as in §5 of Chapter 5). If F is cyclic or A(m,?2)
this condition is a purely algebraic consequence of the other hypotheses. For
let C' be a cyclic normal subgroup of maximal order in F'. (There is an unique
such subgroup, except when F' = Q(8).) The centralizer C(C') has index 2 in
7 and so there is a homomorphism u : 7 — Z/2Z with kernel C(C).

When F' is cyclic u factors through Z and so the induced map on cohomology
factors through H3(Z;Z) = 0.

When F' = A(m,2) the 2-Sylow subgroup is cyclic of order 4, and the inclusion
of Z/4Z into T induces isomorphisms on cohomology with 2-local coefficients.
In particular, HY(F;Zs)) = 0 or Z/2Z according as ¢ is even or odd. It
follows easily that the restriction from Hg(w;Z@)) to H3(Z/4Z; Z~(2)) is an
isomorphism. Let y be the image of u*(x) in HY(Z/4Z; Z(Q)) = Z/2Z. Then
y? is an element of order 2 in H*(Z/4Z; Z(9y® Z(9)) = HX(Z/AZ; Zi2)) = Z[AZ
and so y* = 2z for some z € H*(Z/4Z;Z)). But then y* = 2yz = 0 in
H3(Z/AZ; Z9)) = Z/2Z, and so u*(z)® has image 0 in H3(m; Z()) = Z/2Z.
Since z is a 2-torsion class this implies that u*(x)% = 0.

Is there a similar argument when F' is a generalized quaternionic group?

If M is nonorientable, x(M) = 0 and has fundamental group 7 of type (1)
or (2) then M is homotopy equivalent to the mapping torus of the orientation
reversing self homeomorphism of S or of RP?, and does not fibre over RP?.
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If 7 is of type (3) or (4) then the 2-fold covering space with fundamental group
F x Z is homotopy equivalent to a product L(n,s) x S'. However we do not
know which k-invariants give total spaces of bundles over RP2.

11.7 Some remarks on the homeomorphism types

In this brief section we shall assume that M is orientable and that m & F x4y Z.
In contrast to the situation for the other geometries, the Whitehead groups of
fundamental groups of S x E!-manifolds are usually nontrivial. Computation of
W h(m) is difficult as the Nil groups occuring in the Waldhausen exact sequence
relating Wh(m) to the algebraic K-theory of F' seem intractable.

We can however compute the relevant surgery obstruction groups modulo 2-
torsion and show that the structure sets are usually infinite. There is a Mayer-
Vietoris sequence LE(F) — Li(w) — LY(F) — Lj(F), where the superscript
u signifies that the torsion must lie in a certain subgroup of Wh(F') [CaT73].
The right hand map is (essentially) 6. — 1. Now L(F') is a finite 2-group and
LY(F) ~ L3(F) ~ Z® modulo 2-torsion, where R is the set of irreducible real
representations of F' (see Chapter 13A of [WI1]). The latter correspond to the
conjugacy classes of F', up to inversion. (See §12.4 of [Se].) In particular, if
m 2 F x Z then Li(m) ~ Z® modulo 2-torsion, and so has rank at least 2 if
F#1. As [¥M,G/TOP] = Z modulo 2-torsion and the group of self homotopy
equivalences of such a manifold is finite, by Theorem 11.3, there are infinitely
many distinct topological 4-manifolds simple homotopy equivalent to M. For
instance, as Wh(Z @ (Z/2Z)) = 0 [Kw86] and Ls(Z ® (Z/22),+) = Z2, by
Theorem 13A.8 of [WI1], the set S7op(RP3 x S1) is infinite. Although all of the
manifolds in this homotopy type are doubly covered by S% x S' only RP3 x S!
is itself geometric. Similar estimates hold for the other manifolds covered by
S3x R (if # Z).
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Chapter 12

Geometries with compact models

There are three geometries with compact models, namely S*, CP? and S? x S2.
The first two of these are easily dealt with, as there is only one other geometric
manifold, namely RP?, and for each of the two projective spaces there is one
other (nonsmoothable) manifold of the same homotopy type. With the geom-
etry S? x S? we shall consider also the bundle space S2xS2. There are eight
S? x S?-manifolds, seven of which are total spaces of bundles with base and
fibre each S? or RP?, and there are two other such bundle spaces covered by
S2x 52,

The universal covering space M of a closed 4-manifold M is homeomorphic
to S2 x S2 if and only if m = m (M) is finite, x(M)|x| = 4 and wy(M) = 0.
(The condition wy(M) = 0 may be restated entirely in terms of M, but at
somewhat greater length.) If these conditions hold and 7 is cyclic then M
is homotopy equivalent to an S? x S?-manifold, except when 7 = Z/2Z and
M is nonorientable, in which case there is one other homotopy type. The
Fy-cohomology ring, Stiefel-Whitney classes and k-invariants must agree with
those of bundle spaces when 7 = (Z/2Z7)%. However there remains an ambiguity
of order at most 4 in determining the homotopy type. If x(M)|r| = 4 and
'LUQ(M) # 0 then either 7 = 1, in which case M ~ S$?xS? or CP?{CP?2, or
M is nonorientable and 7 = Z/2Z; in the latter case M ~ RP*CP?, the
nontrivial RP?-bundle over S?, and M ~ §2%S2.

The number of homeomorphism classes within each homotopy type is at most
two if m = Z/2Z and M is orientable, two if m = Z/2Z, M is nonorientable
and wg(ﬁ) =0, four if 7 = Z/2Z and wg(ﬁ) # 0, at most four if 7 = Z/4Z,
and at most eight if 7 = (Z/2Z)?. We do not know whether there are enough
exotic self homotopy equivalences to account for all the normal invariants with
trivial surgery obstruction. However a PL 4-manifold with the same homotopy
type as a geometric manifold or S?xS? is homeomorphic to it, in (at least)
nine of the 13 cases. (In seven of these cases the homotopy type is determined
by the Euler characteristic, fundamental group and Stiefel-Whitney classes.)

For the full details of some of the arguments in the cases ™ = Z/2Z we refer to
the papers [KKR92], [HKT94] and [Te95].
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12.1 The geometries S* and CP?

The unique element of Isom(S*) = O(5) of order 2 which acts freely on S* is
—I. Therefore S* and RP* are the only S*-manifolds. The manifold S* is
determined up to homeomorphism by the conditions x(5%) = 2 and m(S%) =1

[FQJ.

Lemma 12.1 A closed 4-manifold M is homotopy equivalent to RP* if and
only if x(M) =1 and m(M) = Z/2Z.

Proof The conditions are clearly necessary. Suppose that they hold. Then
M ~ S* and wy (M) = wi(RP*) = w, say, since any orientation preserving self
homeomorphism of M has Lefshetz number 2. Since RP™® = K(Z/2Z, 1) may
be obtained from RP* by adjoining cells of dimension at least 5 we may assume
ey = cppiaf, where f: M — RP*. Since cpps and ¢ are each 4-connected
f induces isomorphisms on homology with coefficients Z/2Z. Considering the
exact sequence of homology corresponding to the short exact sequence of coef-
ficients
0—-2Y—2Z"—Z/2Z — 0,

we see that f has odd degree. By modifying f on a 4-cell D* C M we may
arrange that f has degree 1, and the lemma then follows from Theorem 3.2. O

This lemma may also be proven by comparison of the k-invariants of M and
RP*, as in Theorem 4.3 of [WI167].

By Theorems 13.A.1 and 13.B.5 of [W]] the surgery obstruction homomorphism
is determined by an Arf invariant and maps [RP* G/TOP] onto Z/2Z, and
hence the structure set Stop(RP?*) has two elements. (See the discussion of
nonorientable manifolds with fundamental group Z/2Z in Section 6 below for
more details.) As every self homotopy equivalence of RP* is homotopic to the
identity [O153] there is one fake RP*. The fake RP* is denoted *RP* and is
not smoothable [Ru84].

There is a similar characterization of the homotopy type of the complex pro-
jective plane.

Lemma 12.2 A closed 4-manifold M is homotopy equivalent to CP? if and
only if x(M) =3 and 7 (M) = 1.
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Proof The conditions are clearly necessary. Suppose that they hold. Then
H?(M;Z) is infinite cyclic and so there is a map fy : M — CP>® = K(Z,2)
which induces an isomorphism on H?. Since C'P* may be obtained from CP?
by adjoining cells of dimension at least 6 we may assume fy; = fop2g, where
g: M — CP? and feop2 : CP? — CP™ is the natural inclusion. As H*(M;Z)
is generated by H?(M;Z), by Poincaré duality, ¢ induces an isomorphism on
cohomology and hence is a homotopy equivalence. O

In this case the surgery obstruction homomorphism is determined by the dif-
ference of signatures and maps [CP? G/TOP] onto Z. The structure set
Stop(CP?) again has two elements. Since [CP? CP? = [CP% CP>™]
H?(CP?%7Z), by obstruction theory, there are two homotopy classes of self ho-
motopy equivalences, represented by the identity and by complex conjugation.
Thus every self homotopy equivalence of C'P? is homotopic to a homeomor-
phism, and so there is one fake CP?. The fake C'P? is also known as the
Chern manifold Ch or *CP2, and is not smoothable [FQ]. Neither of these
manifolds admits a nontrivial fixed point free action, as any self map of CP?
or *C'P? has nonzero Lefshetz number, and so C'P? is the only CP?-manifold.

12.2 The geometry S? x §?

The manifold S? x S? is determined up to homotopy equivalence by the condi-
tions x(S9? x §%) =4, 71(S? x §2) = 1 and w9 (S? x S?) = 0, by Theorem 5.19.
These conditions in fact determine S? x S? up to homeomorphism [FQ]. Hence
if M is an S? x S?-manifold its fundamental group 7 is finite, x(M)|r| = 4
and wy(M) = 0.

The isometry group of S x §? is a semidirect product (O(3) x O(3))x(Z/27).
The Z/2Z subgroup is generated by the involution 7 which switches the factors
(1(z,y) = (y,x)), and acts on O(3) x O(3) by 7(A,B)r = (B, A) for A,B €
O(3). In particular, (7(A, B))? = id if and only if AB = I, and so such an
involution fixes (x, Az), for any 2 € S2. Thus there are no free Z/2Z-actions
in which the factors are switched. The element (A, B) generates a free Z/2Z-
action if and only if A? = B? = I and at least one of A, B acts freely, i.e. if A or
B = —I. After conjugation with 7 if necessary we may assume that B = —1I,
and so there are four conjugacy classes in Isom(S? x S?) of free Z/2Z-actions.
(The conjugacy classes may be distinguished by the multiplicity (0, 1, 2 or 3)
of 1 as an eigenvalue of A.) In each case the projection onto the second factor
gives rise to a fibre bundle projection from the orbit space to RP?, with fibre
S2.
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If the involutions (A, B) and (C, D) generate a free (Z/2Z)%-action (AC, BD)
is also a free involution. By the above paragraph, one element of each of these
ordered pairs must be —I. It follows easily that (after conjugation with 7 if
necessary) the (Z/2Z)?-actions are generated by pairs (4,—1I) and (—I,1),
where A2 = I. Since A and —A give rise to the same subgroup, there are two
free (Z/2Z)%-actions. The orbit spaces are the total spaces of RP%-bundles
over RP?.

If (1(A, B))* = id then (BA, AB) is a fixed point free involution and so BA =
AB = —1I. Since (A, )T(A,—A1) (A, 1)~ = 7(I,—1I) every free Z/4Z-action
is conjugate to the one generated by 7(I,—I). The orbit space does not fibre
over a surface. (See below.)

In the next section we shall see that these eight geometric manifolds may be
distinguished by their fundamental group and Stiefel-Whitney classes. Note
that if I is a finite group then q(F) > 2/|F| > 0, while ¢°%(F) > 2. Thus S*,
RP* and the geometric manifolds with |7| = 4 have minimal Euler character-
istic for their fundamental groups (i.e., x(M) = g(r)), while S? x S?/(—1I,—1I)
has minimal Euler characteristic among PDI -complexes realizing Z/27 .

12.3 Bundle spaces

There are two S2-bundles over S?, since m1(SO(3)) = Z/2Z. The total space
52%8? of the nontrivial S?-bundle over S? is determined up to homotopy
equivalence by the conditions x(S?xS?) =4, m1(S?%xS?) =1, we(S?xS5?) #0
and ¢(S%2xS?) = 0, by Theorem 5.19. However there is one fake S?xS2. The
bundle space is homeomorphic to the connected sum CP2?f — C P2, while the
fake version is homeomorphic to C P?f—+CP? and is not smoothable [FQ]. The
manifolds CP?§CP? and C'P?f + CP? also have m; = 0 and x = 4. However
it is easily seen that any self homotopy equivalence of either of these manifolds
has nonzero Lefshetz number, and so they do not properly cover any other
4-manifold.

Since the Kirby-Siebenmann obstruction of a closed 4-manifold is natural with
respect to covering maps and dies on passage to 2-fold coverings, the nons-
moothable manifold C'P?4 — *C'P? admits no nontrivial free involution. The
following lemma implies that $2x.S? admits no orientation preserving free in-
volution, and hence no free action of Z/4Z or (Z/27Z)2.

Lemma 12.3 Let M be a closed 4-manifold with fundamental group T =
Z/2Z and universal covering space M. Then
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(1) we(M) =0 if and only if wy(M) = u? for some u € H*(M;F3); and
(2) if M is orientable and x(M) = 2 then wg(M) =0 and so M = §2 x §2.

Proof The Cartan-Leray cohomology spectral sequence (with coefficients Fs)
for the projection p: M — M gives an exact sequence

0 — H?(m;Fy) — H(M;Fy) — H*(M;Fy),

in which the right hand map is induced by p and has image in the subgroup
fixed under the action of 7. Hence wy(M) = p*wa(M) is 0 if and only if
wo(M) is in the image of H?(m;Fy). Since m = Z/2Z this is so if and only if
wo(M) = u? for some u € H'(M;Fy).

Suppose that M is orientable and x(M) = 2. Then H?(m;Z) = H*(M;Z) =
Z/2Z. Let x generate H2(M;Z) and let Z be its image under reduction modulo
(2) in H?(M;Fy). Then 2UZ = 0 in H*(M;Fs) since Uz =0 in H*(M;Z).
Moreover as M is orientable wa(M) = vo(M) and so wa(M)UzZ =2UZ =0.
Since the cup product pairing on H?(M;Fs) = (Z/2Z)* is nondegenerate it
follows that ws(M) = & or 0. Hence wy(M) is the reduction of p*z or is
0. The integral analogue of the above exact sequence implies that the natural
map from H?(m;7Z) to H?(M;Z) is an isomorphism and so p*(H?(M;Z)) = 0.
Hence wo(M) =0 and so M = §2 x §2. O

Since m1(BO(3)) = Z/2Z there are two S?-bundles over the M&bius band Mb
and each restricts to a trivial bundle over dMb. Moreover a map from OMb to
O(3) extends across Mb if and only if it homotopic to a constant map, since
m1(0(3)) = Z/2Z, and so there are four S?-bundles over RP? = MbU D2,
(See also Theorem 5.10.)

The orbit space M = (S?x 5?)/(A, —1I) is orientable if and only if det(A) = —1.
If A has a fixed point P € S? then the image of {P} x S? in M is an embedded
projective plane which represents a nonzero class in Ho(M;Fs9). If A =1 or
is a reflection across a plane the fixed point set has dimension > 0 and so this
projective plane has self intersection 0. As the fibre S? intersects this projective
plane in one point and has self intersection 0 it follows that vy(M) = 0 and so
wa(M) = wy(M)? in these two cases. If A is a rotation about an axis then the
projective plane has self intersection 1, by Lemma 10.14. Finally, if A = —T1
then the image of the diagonal {(x,z)|x € S?} is a projective plane in M with
self intersection 1. Thus in these two cases va(M) # 0. Therefore, by part
(1) of the lemma, wy(M) is the square of the nonzero element of H!(M;TF5)
if A= —I and is 0 if A is a rotation. Thus these bundle spaces may be

Geometry € Topology Monographs, Volume 5 (2002)



238 Chapter 12: Geometries with compact models

distinguished by their Stiefel-Whitney classes, and every S?-bundle over RP?
is geometric.

The group E(RP?) of self homotopy equivalences of RP? is connected and
the natural map from SO(3) to E(RP?) induces an isomorphism on 7y, by
Lemma 5.15. Hence there are two RP?-bundles over S2, up to fibre homotopy
equivalence. The total space of the nontrivial RP?-bundle over S? is the quo-
tient of S?2%S? by the bundle involution which is the antipodal map on each
fibre. If we observe that S?xS? = C'P?f — CP? is the union of two copies of
the D?-bundle which is the mapping cone of the Hopf fibration and that this
involution interchanges the hemispheres we see that this space is homeomorphic
to RP*%CP2.

There are two RP2-bundles over RP?. (The total spaces of each of the latter
bundles have fundamental group (Z/2Z)2, since wy : # — m (RP?) = Z/2Z
restricts nontrivially to the fibre, and so is a splitting homomorphism for the ho-
momorphism induced by the inclusion of the fibre.) They may be distinguished
by their orientation double covers, and each is geometric.

12.4 Cohomology and Stiefel-Whitney classes

We shall show that if M is a closed connected 4-manifold with finite funda-
mental group 7 such that x(M)|r| = 4 then H*(M;Fs) is isomorphic to the
cohomology ring of one of the above bundle spaces, as a module over the Steen-
rod algebra As. (In other words, there is an isomorphism which preserves
Stiefel-Whitney classes.) This is an elementary exercise in Poincaré duality
and the Wu formulae.

The classifying map induces an isomorphism H'(m;Fs) = H'(M;Fs) and a
monomorphism H?(m;Fy) — H?(M;Fs). If 7 =1 then M is homotopy equiv-
alent to S? x S§%, §2x8? or CP?4CP?, and the result is clear.

7w = Z/2Z In this case B2(M;Fy) = 2. Let z generate H'(M;F2). Then
22 # 0,50 H?(M;F3) has a basis {22, u}. If 2* = 0 then z%u # 0, by Poincaré
duality, and so H3(M;Fs,) is generated by zu. Hence 23 = 0, for otherwise
23 = zu and 2* = 22u # 0. Therefore v2(M) = 0 or 22, and clearly v (M) =0
or z. Since x restricts to 0 in M we must have wg(ﬁ) = (M) = 0. (The
four possibilities are realized by the four S2-bundles over RP?.)

If 2* # 0 then we may assume that z?u = 0 and that H3(M;Fs) is generated
by x®. In this case zu = 0. Since Sq¢'(z3) = 2* we have v1(M) = z, and
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vo(M) = u + 22. In this case wg(]ﬁ) # 0, since wy(M) is not a square. (This
possibility is realized by the nontrivial RP2-bundle over S2.)

72 (Z/2Z)? In this case B2(M;Fy) = 3 and wi(M) # 0. Fix a basis {z,y}
for HY(M;Fy). Then {22 zy,y?} is a basis for H?(M;Fy), since H?(r;F3)
and H?(M;F3) both have dimension 3.

If 23 = 3 then 2* = Sq¢'(23) = S¢*(y?) = y*. Hence 2* = y* = 0 and
x%y? # 0, by the nondegeneracy of cup product on H?(M;Fs). Hence z3
y3 = 0 and so H3(M;Fy) is generated by {x%y,zy?}. Now Sq'(z2y) = 224>
and Sq'(xy?) = 2%y?, so vi(M) = x +y. Also S¢*(z?) = 0 = 222y, SP(y?) =
0 = y?zy and Sq¢*(zy) = 22y?, so vo(M) = zy. Since the restrictions of x
and y to the orientation cover MT agree we have wy(M™T) = 22 # 0. (This
possibility is realized by RP? x RP?.)

If 23, y3 and (x + y)? are all distinct then we may assume that (say) y® and
(r+y)3 generate H3(M;Fy). If 23 # 0 then 23 = y3+ (z+y)? = 23+ 22y + 292
and so x?y = xy?. But then we must have 2* = y* = 0, by the nondegeneracy
of cup product on H?(M;Fy). Hence Sq'(y®) = y* = 0 and Sq¢'((z +19)3) =
(x +y)* =2 +9* =0, and so v;(M) = 0, which is impossible, as M is
nonorientable. Therefore 23 = 0 and so z?y? # 0. After replacing y by = + ¥,
if necessary, we may assume 23> = 0 (and hence y* # 0). Poincaré duality
and the Wu relations then give vi(M) = x +y, vo(M) = xy + 2 and hence
wo(M™T) = 0. (This possibility is realized by the nontrivial RP?-bundle over
RP?%))

Note that if 7 = (Z/2Z)? then H*(M;F3) is generated by H'(M;Fsy) and so
the image of [M] in Hy(m;F2) is uniquely determined.

In all cases, a class © € H'(M;Fs) such that 23 = 0 may be realized by a map
from M to K(Z/2Z,1) = RP*> which factors through P»(RP?). However
there are such 4-manifolds which do not fibre over RP?.

12.5 The action of m on my(M)

Let M be a closed 4-manifold with finite fundamental group = and orienta-
tion character w = w;(M). The intersection form S(M) on II = m(M) =
HQ(M ;Z) is unimodular and symmetric, and 7 acts w-isometrically (that is,
S(ga, gb) = w(g)S(a,b) for all g € m and a, b€ II).

The two inclusions of S? as factors of S? x S? determine the standard basis
for m9(S? x S%). Let J = ({}) be the matrix of the intersection form e on
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72(5? % §2), with respect to this basis. The group Aut(+e) of automorphisms of
72(5? x §?) which preserve this intersection form up to sign is the dihedral group
of order eight, and is generated by the diagonal matrices and J or K = (91 (1]) .
The subgroup of strict isometries has order four, and is generated by —I and
J. (Note that the isometry J is induced by the involution 7.)

Let f be a self homeomorphism of S? x S? and let f. be the induced auto-
morphism of 7m2(S% x S?). The Lefshetz number of f is 2 + trace(fy) if f
is orientation preserving and trace(f,) if f is orientation reversing. As any
self homotopy equivalence which induces the identity on w9 has nonzero Lef-
shetz number the natural representation of a group m of fixed point free self
homeomorphisms of S% x 52 into Aut(+e) is faithful.

Suppose first that f is a free involution, so f2 = I. If f is orientation preserving
then trace(f.) = —2 so f. = —I. If f is orientation reversing then trace(f,) =
0,s0 fo = +JK = +£({ ). Note that if f/ = 7f7 then f, = —f., so after
conjugation by 7, if necessary, we may assume that f, = JK.

If f generates a free Z/4Z-action the induced automorphism must be +K.
Note that if f/ = 7f7 then f. = —f,, so after conjugation by 7, if necessary,
we may assume that f, = K.

Since the orbit space of a fixed point free action of (Z/2Z)? on 5% x S? has
Euler characteristic 1 it is nonorientable, and so the action is generated by two
commuting involutions, one of which is orientation preserving and one of which
is not. Since the orientation preserving involution must act via —I and the
orientation reversing involutions must act via +JK the action of (Z/22)? is
essentially unique.

The standard inclusions of S? = C'P! into the summands of CP%f — CP? =
5?5 S? determine a basis for m(S?xS?) = Z2. Let J = (§ °;) be the matrix
of the intersection form e on 73(5%xS?) with respect to this basis. The group
Aut(=+e) of automorphisms of 75(S%x.S?) which preserve this intersection form
up to sign is the dihedral group of order eight, and is also generated by the
diagonal matrices and J = (). The subgroup of strict isometries has order
four, and consists of the diagonal matrices. A nontrivial group of fixed point
free self homeomorphisms of $2x.S? must have order 2, since S?xS? admits
no fixed point free orientation preserving involution. If f is an orientation
reversing free involution of $?%xS? then f, = #+.J. Since the involution of
CP? given by complex conjugation is orientation preserving it is isotopic to a
selfhomeomorphism ¢ which fixes a 4-disc. Let g = cflidop2. Then g, = (*01 (1])
and so ¢,Jg;' = —J. Thus after conjugating f by g, if necessary, we may
assume that f, = J.
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All self homeomorphisms of CP24CP? preserve the sign of the intersection
form, and thus are orientation preserving. With part (2) of Lemma 12.3, this
implies that no manifold in this homotopy type admits a free involution.

12.6 Homotopy type

The quadratic 2-type of M is the quadruple [W,WQ(M),kl(M),S(M)]. Two
such quadruples [, 11, k, S] and [/, II', s/, S’] with 7 a finite group, II a finitely
generated, Z-torsion free Z[r]-module, x € H3(m;II) and S : I x Il — Z a
unimodular symmetric bilinear pairing on which 7 acts £-isometrically are
equivalent if there is an isomorphism a : # — 7’ and an (anti)isometry 3 :
(I, S) — (I, (£)S’) which is a-equivariant (i.e., such that 3(gm) = a(g)B(m)
for all g € 7 and m € II) and Bix = o’ in H3(m,a*I'). Such a quadratic
2-type determines homomorphisms w : 7 — Z* = Z/2Z and v : Il — Z/2Z by
the equations S(ga, gb) = w(g)S(a,b) and v(a) = S(a,a) mod (2), for all g € 7
and a, b € II. (These correspond to the orientation character w;(M) and the

Wu class va (M) = we(M), of course.)

Let v: A —TI'(A) be the universal quadratic functor of Whitehead. Then the
pairing S may be identified with an indivisible element of I'(Homz(11,Z)). Via
duality, this corresponds to an element S of ['(IT), and the subgroup generated
by the image of S is a Z[r]-submodule. Hence w3 = I'(I)/(S) is again a
finitely generated, Z-torsion free Z[r]-module. Let B be the Postnikov 2-
stage corresponding to the algebraic 2-type [m,II,k]. A PDy-polarization of
the quadratic 2-type ¢ = [m,II, k,S] is a 3-connected map f : X — B, where
X is a PDy-complex, wy(X) = wmi(f) and fu(Sg) =S in T(II). Let S{P(q)
be the set of equivalence classes of PD4-polarizations of ¢, where f: X — B ~
g:Y — B if thereis a map h: X — Y such that f ~ gh.

Theorem 12.4 [Te] There is an effective, transitive action of the torsion
subgroup of T'(Il) ®zx Z* on SEP(q).

Proof (We shall only sketch the proof.) Let f : X — B be a fixed PDy-
polarization of ¢q. We may assume that X = K U, e, where K = XB3 is the
3-skeleton and g € w3(K) is the attaching map. Given an element « in I'(IT)
whose image in I'(IT) ®7,) Z* lies in the torsion subgroup, let X, = K Ugq et
Since m3(B) = 0 the map f|x extends to a map f, : X, — B, which is again a
PDy-polarization of q. The equivalence class of f, depends only on the image
of a in I'(Tl) ®yx) Z*. Conversely, if g : Y — B is another PDy-polarization
of ¢ then f.[X]— g.[Y] lies in the image of T'ors(I'(Il) ®z,) Z%) in Hy(B; Z").
See [Te] for the full details. O
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Corollary 12.4.1 If X and Y are PDj-complexes with the same quadratic
2-type then each may be obtained by adding a single 4-cell to X3l = YBI. p

If w = 0 and the Sylow 2-subgroup of 7 has cohomological period dividing 4
then Tors(I'(IT) ®zy Z*) = 0 [Ba88|. In particular, if M is orientable and 7
is finite cyclic then the equivalence class of the quadratic 2-type determines the
homotopy type [HK88]. Thus in all cases considered here the quadratic 2-type
determines the homotopy type of the orientation cover.

The group Aut(B) = Aut([r,II,k]) acts on SFP(q) and the orbits of this
action correspond to the homotopy types of PD4-complexes X admitting such
polarizations f. When ¢ is the quadratic 2-type of RP? x RP? this action is
nontrivial. (See below in this paragraph. Compare also Theorem 10.5.)

The next lemma shall enable us to determine the possible k-invariants.

Lemma 12.5 Let M be a closed 4-manifold with fundamental group m =
7Z/27 and universal covering space S? x S?. Then the first k-invariant of M
is a nonzero element of H3(m;ma(M)).

Proof The first k-invariant is the primary obstruction to the existence of a
cross-section to the classifying map ¢y : M — K(Z/2Z,1) = RP* and is the
only obstruction to the existence of such a cross-section for cp,(pr). The only
nonzero differentials in the Cartan-Leray cohomology spectral sequence (with
coefficients Z/27) for the projection p : M — M are at the E3* level. By the
results of Section 4, m acts trivially on H2(M; Fy), since M = 52 x S2. There-
fore E3? = FE3? =~ (Z/22)% and E® = E3° = Z/2Z. Hence E22 # 0, so E%
maps onto H4(M;Fy) = Z/2Z and di? : H(x; H2(M:; Fy)) — H*(7;Fy) must
be onto. But in this region the spectral sequence is identical with the corre-
sponding spectral sequence for Py(M). It follows that the image of H*(7;Fy) =
Z/27 in H*(Py(M);F3) is 0, and so cpy(v) does not admit a cross-section.
Thus ki (M) # 0. O

If 7 = Z/2Z and M is orientable then 7 acts via —I on Z? and the k-
invariant is a nonzero element of H3(Z/2Z;mo(M)) = (Z/2Z)?. The isometry
which transposes the standard generators of Z2 is m-linear, and so there are
just two equivalence classes of quadratic 2-types to consider. The k-invariant
which is invariant under transposition is realised by (S? x $2?)/(—1I,—1I), while
the other k-invariant is realized by the orientable bundle space with wy = 0.
Thus M must be homotopy equivalent to one of these spaces.
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If m=2/2Z, M is nonorientable and wy(M) = 0 then H3(; mo(M)) = Z/2Z
and there is only one quadratic 2-type to consider. There are four equivalence
classes of PDy-polarizations, as Tors(D(I1) @z, Z%) = (Z/2Z)*. The corre-
sponding PD;-complexes are all of the form K Use?, where K = (S? x RP?) —
intD* is the 3-skeleton of S? x RP? and f € m3(K). (In all cases H'(M;F5)
is generated by an element z such that 3 = 0.) Two choices for f give to-
tal spaces of S2-bundles over RP?, while a third choice gives RP*q RP*,
which is the union of two disc bundles over RP2, but is not a bundle space
and is not geometric. There is a fourth homotopy type which has nontriv-
ial Browder-Livesay invariant, and so is not realizable by a closed manifold
[HM78]. The product space S2 x RP? is characterized by the additional condi-
tions that we(M) = w1 (M)? # 0 (i.e., vo(M) = 0) and that there is an element
u € H*(M;Z) which generates an infinite cyclic direct summand and is such
that w Uu = 0. (See Theorem 5.19.) The nontrivial nonorientable S?-bundle
over RP? has wy(M) = 0. The manifold RP*g1 RP* also has wo(M) = 0, but
it may be distinguished from the bundle space by the Z/4Z-valued quadratic
function on m(M) ® (Z/2Z) introduced in [KKR92].

If 7 = Z/2Z and wy(M) # 0 then H3(m;ma(M)) = 0, and the quadratic
2-type is unique. (Note that the argument of Lemma 12.5 breaks down here
because E22 = 0.) There are two equivalence classes of PDj-polarizations,
as Tors(D(I1) ®zx Z") = Z/2Z. They are each of the form K Uy e, where
K = (RP*CP?) — intD* is the 3-skeleton of RP*4CP? and f € n3(K). The
bundle space RP*CP? is characterized by the additional condition that there
is an element v € H?(M;Z) which generates an infinite cyclic direct summand
and such that wuUu = 0. (See Theorem 5.19.) In [HKT94] it is shown that any
closed 4-manifold M with = = Z/2Z, x(M) = 2 and wg(M ) # 0 is homotopy
equivalent to RP*{CP2.

If 72 Z/4Z then H3(m;ma(M)) = Z%/(1 — K)Z? = Z/2Z, since Sk=1fF =
Z’gjllK ¥ = 0. The k-invariant is nonzero, since it restricts to the k-invariant
of the orientation double cover. In this case T'ors(I'(Il) ®z; Z*) = 0 and so
M is homotopy equivalent to (S? x S?)/7(I,—1I).

Finally, let 7 = (Z/2Z)? be the diagonal subgroup of Aut(+e) < GL(2,Z), and
let o be the automorphism induced by conjugation by J. The standard gen-
erators of mo(M) = Z? generate complementary 7-submodules, so that mo(M)
is the direct sum Z @ o*Z of two infinite cyclic modules. The isometry 8 = .J
which transposes the factors is a-equivariant, and = and V' = {£I} act non-
trivially on each summand. If p is the kernel of the action of 7 on Z then
a(p) is the kernel of the action on o*Z, and pNa(p) = 1. Let jy : V — 7 be
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the inclusion. As the projection of # = p@® V onto V is compatible with the
action, H*(ji;Z) is a split epimorphism and so H*(V;Z) is a direct sum-
mand of H*(; Z) This implies in particular that the differentials in the
LHSSS H?(V; HY(p; Z)) = HP*9(xm; Z) which end on the row ¢ = 0 are all 0.
Hence H3(m; Z) = HY(V;Fy) @ H3(V; Z) = (Z/22)?. Similarly H3(rm;a*Z) =
(Z/22Z)?, and so H3(m;ma(M)) = (Z/2Z)*. The k-invariant must restrict to
the k-invariant of each double cover, which must be nonzero, by Lemma 12.5.
Let Ky, K, and K,(,) be the kernels of the restriction homomorphisms from
H3(m; (M) to H3(V;ma(M)), H?(p;me(M)) and H3(a(p); m2(M)), respec-
tively. Now H3(p;Z) = H*(a(p);a*Z) = 0, H3(p;a*Z) = H3(a(p); Z) =
Z/27 and H3(V;Z) = H3(V;a*Z) = Z/2Z. Since the restrictions are epimor-
phisms |Ky| =4 and |K,| = [K,(,)| = 8. It is easily seen that |K, N K| =
4. Moreover Ker(H?(jy; Z)) = H'(V; H*(p; Z)) = H'(V; H*(p; Fy)) restricts

nontrivially to H?(a(p); Z) = H3(a(p);Fa), as can be seen by reduction mod-
ulo (2), and similarly Ker(H3(jy;a*Z)) restricts nontrivially to H?(p; o Z).
Hence |Ky N K,| = |[Ky N K,| = 2 and Ky N K, N Ky, = 0. Thus
|[Kv UK, UKy, = 8+8+4—-4-2-2+1 =13 and so there are at
most three possible k-invariants. Moreover the automorphism « and the isom-
etry § = J act on the k-invariants by transposing the factors. The k-invariant
of RP? x RP? is invariant under this transposition, while that of the nontrivial
RP? bundle over RP? is not, for the k-invariant of its orientation cover is not
invariant. Thus there are two equivalence classes of quadratic 2-types to be
considered. Since Tors(D(Il) ®zr Z%) = (Z/2Z)? there are four equivalence
classes of PDj-polarizations of each of these quadratic 2-types. In each case
the quadratic 2-type determines the cohomology ring, since it determines the
orientation cover (see §4). The canonical involution of the direct product in-
terchanges two of these polarizations in the RP? x RP? case, and so there are
seven homotopy types of PDs-complexes X with 7 = (Z/2Z)? and x(X) = 1.
Can the Browder-Livesay arguments of [HM78] be adapted to show that the
two bundle spaces are the only such 4-manifolds?

12.7 Surgery

We may assume that M is a proper quotient of S? x S? or of S§%2xS?, so
|m|x(M) =4 and m # 1. In the present context every homotopy equivalence is
simple since Wh(w) =0 for all groups = of order < 4 [Hg40].

Suppose first that 7 = Z/2Z. Then H'(M;Fs) = Z/2Z and x(M) = 2,
so H?(M;Fy) = (Z/2Z)?. The Fa-Hurewicz homomorphism from my(M) to
Hy(M;Fs) has cokernel Hy(m;Fs) = Z/2Z. Hence there is a map (: S? — M
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such that 3,[S?] # 0 in Ho(M;Fy). If moreover wo(M) = 0 then B*wy(M) =
0, since 3 factors through M. Then there is a self homotopy equivalence fg of
M with nontrivial normal invariant in [M;G/TOP], by Lemma 6.5. Note also

that M is homotopy equivalent to a PL 4-manifold (see §6 above).

If M is orientable [M; G/TOP] = Z®(Z/2Z)?. The surgery obstruction groups
are L5(Z/2Z,+) = 0 and Ly(Z/2Z,+) = Z?, where the surgery obstructions
are determined by the signature and the signature of the double cover, by
Theorem 13.A.1 of [WI]]. Hence it follows from the surgery exact sequence
that Srop(M) = (Z/2Z)%. Since wy(M) = 0 (by Lemma 12.3) there is a
self homotopy equivalence fg of M with nontrivial normal invariant and so
there are at most two homeomorphism classes within the homotopy type of M.
Any o € H?(M;F5) is the codimension-2 Kervaire invariant of some homotopy
equivalence f : N — M. We then have KS(N) = f*(KS(M)+a?), by Lemma
15.5 of [Si71]. We may assume that M is PL. If wa(M) = 0 then KS(NV) =
f*(KS(M)) =0, and so N is homeomorphic to M [Te97]. On the other hand if
wa(M) # 0 there is an o € H?(M;Fs) such that a? # 0 and then KS(N) # 0.
Thus there are three homeomorphism classes of orientable closed 4-manifolds
with 7 = Z/2Z and x = 2. One of these is a fake (S? x S?)/(—1I,—1I) and is
not smoothable.

Nonorientable closed 4-manifolds with fundamental group Z/2Z have been clas-
sified in [HKT94]. If M is nonorientable then [M;G/TOP] = (Z/2Z)3, the
surgery obstruction groups are L5(Z/2Z,—) = 0 and L4(Z/2Z,—-) = Z/2Z,
and o4(g) = ¢(g) for any normal map ¢ : M — G/TOP, by Theorem 13.A.1
of [WI]. Therefore o4(§) = (w1(M)? U §*(ko))[M], by Theorem 13.B.5 of [WI].
(See also §2 of Chapter 6 above.) As wi(M) is not the reduction of a class
in H'(M;Z/4Z) its square is nonzero and so there is an element §*(k) in
H?(M;F3) such that this cup product is nonzero. Hence Srop(M) = (Z/27)2.
There are two homeomorphism types within each homotopy type if wo (]\7 ) = 0;
if wg(]\7 ) # 0 (ie., if M ~ RP*CP?) there are four corresponding homeo-
morphism types [HKT94]. Thus there are eight homeomorphism classes of
nonorientable closed 4-manifolds with 7 = Z/2Z and x = 2.

The image of [M;G/PL] in [M;G/TOP] is a subgroup of index 2 (see Section
15 of [Si71]). Tt follows that if M is the total space of an S%-bundle over RP?
any homotopy equivalence f : N — M where N is also PL is homotopic to a
homeomorphism. (For then Srop(M) has order 4, and the nontrivial element
of the image of Spr(M) is represented by an exotic self homotopy equivalence of
M. The case M = S?x RP? was treated in [Ma79]. See also [Te97] for the cases
with m = Z/2Z and wi(M) = 0.) This is also true if M = S*, RP*, CP?,

Geometry € Topology Monographs, Volume 5 (2002)



246 Chapter 12: Geometries with compact models

52 x 5% or 52 S2. The exotic homeomorphism types within the homotopy type
of RP*CP? (the nontrivial RP?-bundle over S?) are RP4+CP?, xRP*C P2,
which have nontrivial Kirby-Siebenmann invariant, and (+* RP*)#*C P?, which is
smoothable [RS97]. Moreover (x RP*CP?)f(S5?% x S?) = (RP*4C P?)4(S? x S?)
[HKT94].

When 7 2 Z/4Z or (Z/2Z)* the manifold M is nonorientable, since y (M) = 1.
As the Fy-Hurewicz homomorphism is 0 in these cases Lemma 6.5 does not
apply to give any exotic self homotopy equivalences.

If 7= Z/4Z then [M;G/TOP] = (Z/2Z)? and the surgery obstruction groups
Ly(Z/AZ,—) and L5(Z/AZ,—) are both 0, by Theorem 3.4.5 of [W176]. Hence
Srop(M) = (Z/2Z)%. Since wy(M) # 0 there is a homotopy equivalence
f: N — M where KS(N) # KS(M). An argument of Fang using [Da95] shows
that there is such a manifold N with K.S(N) = 0 which is not homeomorphic
to the geometric example. Thus there are either three or four homeomorphism
classes of closed 4-manifolds with = = Z/4Z and x = 1. In all cases the
orientable double covering space has trivial Kirby-Siebenmann invariant and so
is homeomorphic to (5% x S?)/(—1,—1I).

If 7 2 (Z/2Z)? then [M;G/TOP] = (Z/2Z)* and the surgery obstruction
groups are L5((Z/2Z)%,—) = 0 and L4((Z/22)% —) = Z/2Z, by Theorem
3.5.1 of [W176]. Since wq(M) is a split epimorphism L4(wq(M)) is an isomor-
phism, so the surgery obstruction is detected by the Kervaire-Arf invariant. As
wi(M)? # 0 we find that Srop(M) = (Z/2Z)3. Thus there are at most 56
homeomorphism classes of closed 4-manifolds with 7 = (Z/22)% and x = 1.
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Chapter 13

Geometric decompositions of bundle
spaces

We begin by considering which closed 4-manifolds with geometries of euclidean
factor type are mapping tori of homeomorphisms of 3-manifolds. We also show
that (as an easy consequence of the Kodaira classification of surfaces) a complex
surface is diffeomorphic to a mapping torus if and only if its Euler characteristic
is 0 and its fundamental group maps onto Z with finitely generated kernel, and
we determine the relevant 3-manifolds and diffeomorphisms. In §2 we consider
when an aspherical 4-manifold which is the total space of a surface bundle
is geometric or admits a geometric decomposition. If the base and fibre are
hyperbolic the only known examples are virtually products. In §3 we shall give
some examples of torus bundles over closed surfaces which are not geometric,
some of which admit geometric decompositions of type F* and some of which
do not. In §4 we apply some of our earlier results to the characterization of
certain complex surfaces. In particular, we show that a complex surfaces fibres
smoothly over an aspherical orientable 2-manifold if and only if it is homotopy
equivalent to the total space of a surface bundle. In the final two sections we
consider first S'-bundles over geometric 3-manifolds and then the existence of
symplectic structures on geometric 4-manifolds.

13.1 Mapping tori

In §3-5 of Chapter 8 and §3 of Chapter 9 we used 3-manifold theory to char-
acterize mapping tori of homeomorphisms of geometric 3-manifolds which have
product geometries. Here we shall consider instead which 4-manifolds with
product geometries or complex structures are mapping tori.

Theorem 13.1 Let M be a closed geometric 4-manifold with x(M) = 0
and such that m = w1 (M) is an extension of Z by a finitely generated normal
subgroup K. Then K is the fundamental group of a geometric 3-manifold.

Proof Since x(M) = 0 the geometry must be either an infrasolvmanifold
geometry or a product geometry X3 x E!, where X3 is one of the 3-dimensional
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geometries S, S? x E!, H?, H? x E! or SL. If M is an infrasolvmanifold then
7 is torsion free and virtually poly-Z of Hirsch length 4, so K is torsion free
and virtually poly-Z of Hirsch length 3, and the result is clear.

If X3 = S? then 7 is a discrete cocompact subgroup of O(4) x E(1). Since
m maps onto Z it must in fact be a subgroup of O(4) x R, and K is a finite
subgroup of O(4). Since 7 acts freely on S3 x R the subgroup K acts freely
on S3, and so K is the fundamental group of an S3-manifold. If X3 = §? x E!
it follows from Corollary 4.5.3 that K = Z, Z & (Z/2Z) or D, and so K is the
fundamental group of an S? x E!-manifold.

In the remaining cases X® is of aspherical type. The key point here is that
a discrete cocompact subgroup of the Lie group Isom(X? x E!) must meet
the radical of this group in a lattice subgroup. Suppose first that X3 = H?3.
After passing to a subgroup of finite index if necessary, we may assume that
m > H x Z < PSL(2,C) x R, where H is a discrete cocompact subgroup of
PSL(2,C). If KN ({1} x R) =1 then K is commensurate with H, and hence
is the fundamental group of an X -manifold. Otherwise the subgroup generated
by KNH =KNPSL(2,C) and K N ({1} x R) has finite index in K and is
isomorphic to (K N H) x Z. Since K is finitely generated so is K N H, and
hence it is finitely presentable, since H is a 3-manifold group. Therefore K N H
is a PDy-group and so K is the fundamental group of a H? x E!'-manifold.

If X3 = H? x E! then we may assume that 7 = H x Z? < PSL(2,R) x R?,
where H is a discrete cocompact subgroup of PSL(2,R). Since such groups
do not admit nontrivial maps to Z with finitely generated kernel K N H must

be commensurate with H, and we again see that K is the fundamental group
of an H? x E!-manifold.

A similar argument applies if X3 = SL. We may assume that 7 = H x Z
where H is a discrete cocompact subgroup of Isom(SL). Since such groups H
do not admit nontrivial maps to Z with finitely generated kernel K must be
commensurate with H and so is the fundamental group of a SL-manifold. O

Corollary 13.1.1 Suppose that M has a product geometry X x E'. IfX3 =
E3, S3, S2xE!, SL or H? x E! then M is the mapping torus of an isometry of
an X3-manifold with fundamental group K. (In the latter case we must assume
that M is orientable.) If X3 = Nil® or Sol® then K is the fundamental group
of an X3-manifold or of a E3-manifold. If X3 = H? then K is the fundamental
group of a H3- or H? x E!-manifold.

Proof In all cases 7 is a semidirect product K xyZ and may be realised by the
mapping torus of a self homeomorphism of a closed 3-manifold with fundamental
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group K . If this manifold is an X3-manifold then the outer automorphism class
of € is finite (see Chapter 8) and # may then be realized by an isometry of an
X3-manifold. Infrasolvmanifolds are determined up to diffeomorphism by their
fundamental groups. This is also true of S? x E2- and S? x E!-manifolds [Oh90],
provided K is not finite cyclic, and SL x E!- and orientable H? x E2-manifolds
[Ue90, 91]. (Note that SL-manifolds are orientable and self homeomorphisms
of such manifolds are orientation preserving [NR78].) When K is finite cyclic it
is still true that every such S x E!'-manifold is a mapping torus of an isometry
of a suitable lens space [Oh90]. Thus if M is an X3 x E'-manifold and K is the
fundamental group of an X3-manifold M is the mapping torus of an isometry
of an X3-manifold with fundamental group K. m]

Does the Corollary remain true for nonorientable H? x E?-manifolds?

There are (orientable) Nil® x E'- and Sol® x E!-manifolds which are mapping
tori of self homeomorphisms of flat 3-manifolds, but which are not mapping tori
of self homeomorphisms of Nil®- or Sol®-manifolds. (See Chapter 8.) There
are analogous examples when X3 = H?3. (See §4 of Chapter 9.)

We may now improve upon the characterization of mapping tori up to homotopy
equivalence from Chapter 4.

Theorem 13.2 Let M be a closed 4-manifold with fundamental group .
Then M is homotopy equivalent to the mapping torus M(©) of a self home-
omorphism of a closed 3-manifold with one of the geometries E3, Nil?, Sol?,
H? x B!, SL or S? x E! if and only if

(1) x(M) =0;
(2) = is an extension of Z by an F P, normal subgroup K ; and

(3) K has a nontrivial torsion free abelian normal subgroup A.

If 7 is torsion free M is s-cobordant to M (©), while if moreover m is solvable
M is homeomorphic to M(©).

Proof The conditions are clearly necessary. Since K has an infinite abelian
normal subgroup it has one or two ends. If K has one end then M is aspherical
and so K is a PD3s-group by Theorem 4.1. Condition (3) then implies that
M’ is homotopy equivalent to a closed 3-manifold with one of the first five of
the geometries listed above, by Theorem 2.14. If K has two ends then M’ is
homotopy equivalent to S? x S, §2x 81, RP?x S' or RP34RP3, by Corollary
4.5.3.
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In all cases K is isomorphic to the fundamental group of a closed 3-manifold N
which is either Seifert fibred or a Sol?-manifold, and the outer automorphism
class [0] determined by the extension may be realised by a self homeomorphism
© of N. The manifold M is homotopy equivalent to the mapping torus M (O).
Since Wh(r) = 0, by Theorems 6.1 and 6.3, any such homotopy equivalence is
simple.

If K is torsion free and solvable then m is virtually poly-Z, and so M is
homeomorphic to M(©), by Theorem 6.11. Otherwise N is a closed H? x E!-
or SL-manifold. As H2 x E! has a metric of nonpositive sectional curvature,
the surgery obstruction homomorphisms JZN are isomorphisms for 4 large in
this case, by [FJ93’]. This holds also for any irreducible, orientable 3-manifold
N such that 81(N) > 0 [Ro00], and therefore also for all SL-manifolds, by
the Dress induction argument of [NS85]. Comparison of the Mayer-Vietoris
sequences for Ly-homology and L-theory (as in Proposition 2.6 of [St84]) shows
that oM and oM *¥ " are also isomorphisms for i large, and so Sto p(M(©)xS1)

has just one element. Therefore M is s-cobordant to M(©). O

Mapping tori of self homeomorphisms of H3- and S3-manifolds satisfy condi-
tions (1) and (2). In the hyperbolic case there is the additional condition

(3-H) K has one end and no noncyclic abelian subgroup.

If every PDs-group is a 3-manifold group and the geometrization conjecture for
atoroidal 3-manifolds is true then the fundamental groups of closed hyperbolic
3-manifolds may be characterized as PDs-groups having no noncyclic abelian
subgroup. Assuming this, and assuming also that group rings of such hyperbolic
groups are regular coherent, Theorem 13.2 could be extended to show that a
closed 4-manifold M with fundamental group 7 is s-cobordant to the mapping
torus of a self homeomorphism of a hyperbolic 3-manifold if and only these
three conditions hold.

In the spherical case the appropriate additional conditions are

(3-S) K is a fixed point free finite subgroup of SO(4) and (if K is not cyclic)
the characteristic automorphism of K determining 7 is realized by an isometry
of $3/K; and

(4-S) the first nontrivial k-invariant of M is “linear”.
The list of fixed point free finite subgroups of SO(4) is well known. (See
Chapter 11.) If K is cyclic or Q x Z/p’Z for some odd prime p or T} then
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the second part of (3-S) and (4-S) are redundant, but the general picture is not
yet clear [HMS86].

The classification of complex surfaces leads easily to a complete characterization
of the 3-manifolds and diffeomorphisms such that the corresponding mapping
tori admit complex structures. (Since x(M) = 0 for any mapping torus M we
do not need to enter the imperfectly charted realm of surfaces of general type.)

Theorem 13.3 Let N be a closed orientable 3-manifold with m(N) = v
and let § : N — N be an orientation preserving self diffeomorphism. Then
the mapping torus M (6) admits a complex structure if and only if one of the
following holds:

(1) N = 53/G where G is a fixed point free finite subgroup of U(2) and the
monodromy is as described in [Kt75];

(2) N =52%x S (with no restriction on 0 );

(3) N =5xS!xS! and the image of  in SL(3,Z) either has finite order
or satisfies the equation (6% — I)? = 0;

(4) N is the flat 3-manifold with holonomy of order 2, 6 induces the identity
on v/vV' and the absolute value of the trace of the induced automorphism
of V' = Z? is at most 2;

(5) N is one of the flat 3-manifolds with holonomy cyclic of order 3, 4 or 6
and 0 induces the identity on Hy(N;Q);

(6) N is a Nil®-manifold and either the image of 6 in Out(v) has finite order
or M(0) is a Sol{-manifold;

(7) N is a H2 x E!- or SL-manifold and the image of 6 in Out(v) has finite
order.

Proof The mapping tori of these diffeomorphisms admit 4-dimensional geome-
tries, and it is easy to read off which admit complex structures from [WI86]. In
cases (3), (4) and (5) note that a complex surface is Kéhler if and only if its
first Betti number is even, and so the parity of this Betti number is invariant
under passage to finite covers. (See Proposition 4.4 of [WI86].)

The necessity of these conditions follows from examining the list of complex
surfaces X with x(X) = 0 on page 188 of [BPV], in conjunction with Bogo-
molov’s theorem on surfaces of class VIIy. (See [T194] for a clear account of
the latter result.) O
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In particular, N must be Seifert fibred and most orientable Seifert fibred 3-
manifolds (excepting only RP3$RP? and the Hantzsche-Wendt flat 3-manifold)
occur. Moreover, in most cases (with exceptions as in (3), (4) and (6)) the
image of 6 in Out(r) must have finite order. Some of the resulting 4-manifolds
arise as mapping tori in several distinct ways. The corresponding result for
complex surfaces of the form N x S! for which the obvious smooth S!-action is
holomorphic was given in [GG95]. In [EO94] it is shown that if N is a rational
homology 3-sphere then N x S' admits a complex structure if and only if
N is Seifert fibred, and the possible complex structures on such products are
determined.

Conversely, the following result is very satisfactory from the 4-dimensional point
of view.

Theorem 13.4 Let X be a complex surface. Then X is diffeomorphic to the
mapping torus of a self diffeomorphism of a closed 3-manifold if and only if
X(X) =0 and m = m(X) is an extension of Z by a finitely generated normal
subgroup.

Proof The conditions are clearly necessary. Sufficiency of these conditions
again follows from the classification of complex surfaces, as in Theorem 13.3. O

13.2 Surface bundles and geometries

Let p: E — B be a bundle with base B and fibre F' aspherical closed surfaces.
Then p is determined up to bundle isomorphism by the group © = m(F). If
X(B) = x(F) = 0 then E has geometry E*, Nil® x E!, Nil* or Sol® x E!, by
Ue’s Theorem. When the fibre is Kb the geometry must be E* or Nil® x E!,
for then 7 has a normal chain (71 (Kb) = Z < /m(Kb) = Z2, so (/7 has
rank at least 2. Hence a Sol® x E!- or Nil*-manifold M is the total space of a
T-bundle over T if and only if 3;(7) = 2. If x(F) =0 but x(B) < 0 then E
need not be geometric. (See Chapter 7 and §3 below.)

We shall assume henceforth that F' is hyperbolic, i.e. that x(F) < 0. Then
(71 (F) =1 and so the characteristic homomorphism 6 : 71 (B) — Out(m1(F))
determines 7 up to isomorphism, by Theorem 5.2.

Theorem 13.5 Let B and F' be closed surfaces with x(B) = 0 and x(F') < 0.
Let E be the total space of the F'-bundle over B corresponding to a homomor-
phism 6 : m1(B) — Out(m(F)). Then E virtually has a geometric decomposi-
tion if and only if Ker(0) # 1. Moreover
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(1) E admits the geometry H? x E? if and only if 6 has finite image;

(2) E admits the geometry H? x E! if and only if Ker() = Z and Im(f)
contains the class of a pseudo-Anasov homeomorphism of F';

(3) otherwise E is not geometric.

Proof Let m = m(E). Since E is aspherical, x(F) =0 and 7 is not solvable
the only possible geometries are H? x E?, H? x E! and SL x EL. If E has a
proper geometric decomposition the pieces must all have x = 0, and the only
other geometry that may arise is F4. In all cases the fundamental group of each
piece has a nontrivial abelian normal subgroup.

If Ker() # 1 then E is virtually a cartesian product N x S', where N is
the mapping torus of a self diffeomorphism @ of F whose isotopy class in
mo(Dif f(F)) = Out(mi(F)) generates a subgroup of finite index in Im(#).
Since N is a Haken 3-manifold it has a geometric decomposition and hence so
does E. The mapping torus N is an H>?-manifold if and only if 1 is pseudo-
Anasov. In that case the action of m1(N) = m(F) Xy Z on H? extends to
an embedding p : 7/y/7 — Isom(H?), by Mostow rigidity. Since /7 # 1 we
may also find a homomorphism \ : 7 — D < Isom(E!) such that A\(y/7) & Z.
Then Ker()\) is an extension of Z by F' and is commensurate with m(NV),
so is the fundamental group of a Haken H3-manifold, N say. Together these
homomorphisms determine a free cocompact action of 7 on H3x E'. If \(7) =

Z then M = m\(H 3 x E') is the mapping torus of a self homeomorphism of
N ; otherwise it is the union of two twisted I-bundles over N. In either case
it follows from standard 3-manifold theory that since E has a similar structure
E and M are diffeomorphic.

If 0 has finite image then 7/Cy (7 (F')) is a finite extension of 1 (F) and so
acts properly and cocompactly on H?. We may therefore construct an H? x E2-
manifold with group m and which fibres over B as in Theorems 7.3 and 9.8.
Since such bundles are determined up to diffeomorphism by their fundamental
groups F admits this geometry.

Conversely, if a finite cover of E has a geometric decomposition then we may
assume that the cover is itself the total space of a surface bundle over the
torus, and so we may assume that E has a geometric decomposition and that
B = 8! x S'. Let ¢ = m(F). Suppose first that £ has a proper geometric
decomposition. Then m = 71 (E) = A*c B or Axc, where C' is solvable and of
Hirsch length 3, and where A is the fundamental group of one of the pieces of
E. Note that \/_7é 1. Let A= A/An¢, B=B/BnN¢ and C =C/CN ¢.

Then 7 = 7/¢ = Z? has a similar decomposition as A *z B or Axs. Now
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CNe¢=1or Z,since x(F) < 0. Hence C = Z? andso A = C = B. In
particular, Im() = 6(A). But as VAN & < v/é =1 and VA and AN ¢ are
normal subgroups of A it follows that v/A and AN ¢ commute. Hence 0(A)
is a quotient of A/vA.(AN ¢), which is abelian of rank at most 1, and so
Ker(0) # 1.

If E admits the geometry H? x E? then /7 = 7 N Rad(Isom(H? x E?)) =
7N ({1} x R?) = Z2, by Proposition 8.27 of [Rg]. Hence 6 has finite image.

If E admits the geometry H? x E! then /7 = 7N ({1} x R) = Z, by Proposition
8.27 of [Rg]. Hence Ker(f) = Z and E is finitely covered a cartesian product
N x S', where N is a hyperbolic 3-manifold which is also an F-bundle over
S1. The geometric monodromy of the latter bundle is a pseudo-Anasov diffeo-
morphism of F' whose isotopy class is in Im(0).

If p is the group of a SL x E!-manifold then NI Z? and VPN K" # 1 for all
subgroups K of finite index, and so E cannot admit this geometry. O

In particular, if x(B) = 0 and 6 is injective E admits no geometric decompo-
sition.

We shall assume henceforth that B is also hyperbolic. Then x(E) > 0 and
m1(F) has no solvable subgroups of Hirsch length 3. Hence the only possible
geometries on E are H? x H?, H* and H?(C). (These are the least well under-
stood geometries, and little is known about the possible fundamental groups of
the corresponding 4-manifolds.)

Theorem 13.6 Let B and F be closed hyperbolic surfaces, and let E be
the total space of the F'-bundle over B corresponding to a homomorphism
0 : m(B) — Out(m(F)). Then the following are equivalent:

(1) E admits the geometry H? x H?;
(2) E is finitely covered by a cartesian product of surfaces;
(

3) 0 has finite image.
If Ker(0) # 1 then E does not admit either of the geometries H* or H?(C).

Proof Let 7 = m(E) and ¢ = my(F). If E admits the geometry H? x H? it
is virtually a cartesian product, by Corollary 9.8.1, and so (1) implies (2).

If 7 is virtually a direct product of PDs-groups then [7 : Cr(¢)] < oo, by
Theorem 5.4. Therefore the image of  is finite and so (2) implies (3).
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If 0 has finite image then Ker(f) # 1 and 7/Cr(¢) is a finite extension of ¢.
Hence there is a homomorphism p : 7 — Isom(H?) with kernel C,(¢) and
with image a discrete cocompact subgroup. Let ¢ : 7 — m(B) < Isom(H?).
Then (p,q) embeds 7 as a discrete cocompact subgroup of I'som(H? x H?),
and the closed 4-manifold M = 7\(H? x H?) clearly fibres over B. Such
bundles are determined up to diffeomorphism by the corresponding extensions
of fundamental groups, by Theorem 5.2. Therefore FE admits the geometry
H?2 x H? and so (3) implies (1).

If 6 is not injective Z2? < 7 and so E cannot admit either of the geometries H*
or H?(C), by Theorem 9 of [Pr43]. O

The mapping class group of a closed orientable surface has only finitely many
conjugacy classes of finite groups [Ha71]. With the finiteness result for H*-
and H?(C)-manifolds of [WaT72], this implies that only finitely many orientable
bundle spaces with given Euler characteristic are geometric. In Corollary 13.7.2
we shall show that no such bundle space is homotopy equivalent to a H?(C)-
manifold. Is there one which admits the geometry H*? If Im(6) contains the
outer automorphism class determined by a Dehn twist on F' then E admits no
metric of nonpositive sectional curvature [KL96].

If FE has a proper geometric decomposition the pieces are reducible H? x H?-
manifolds and the inclusions of the cusps induce monomorphisms on m;. Must
E be a H? x H?-manifold?

Every closed orientable H? x H?-manifold has a 2-fold cover which is a complex
surface, and has signature 0. Conversely, if E is a complex surface and p is a
holomorphic submersion then o(E) = 0 implies that the fibres are isomorphic,
and so E is an H? x H2-manifold [Ko99]. This is also so if p is a holomorphic
fibre bundle (see §V.6 of [BPV]). Any holomorphic submersion with base of
genus at most 1 or fibre of genus at most 2 is a holomorphic fibre bundle [Ks68].
There are such holomorphic submersions in which ¢(E) # 0 and so which are
not virtually products. (See §V.14 of [BPV].) The image of § must contain the
outer automorphism class determined by a pseudo-Anasov homeomorphism and
not be virtually abelian [Sh97].

Orientable H*-manifolds also have signature 0, but no closed H*-manifold ad-
mits a complex structure.

If B and E are orientable o(E) = —0*rN[B], where 7 € H?(Out(n(F));Z) is
induced from a universal class in H?(Spy,(Z); Z) via the natural representation
of Out(m(F)) as symplectic isometries of the intersection form on H;(F;Z) =
729 [Me73]. In particular, if g =2 then ¢(E) = 0. Does the genus 2 mapping
class group contain any subgroups which are hyperbolic PDs-groups?
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13.3 Geometric decompositions of torus bundles

In this section we shall give some examples of torus bundles over closed surfaces
which are not geometric, some of which admit geometric decompositions of type
F* and some of which do not. If M is a compact manifold with boundary whose
interior is an F*-manifold of finite volume then 71(M) is a semidirect product
7% x¢ F where 0 : F — GL(2,Z) is a monomorphism with image of finite
index. The double DM = M Uy M is fibred over a hyperbolic base but is not
geometric, since /7 & Z2 but [r : Cr(y/7)] is infinite. The orientable surface
of genus 2 can be represented as a double in two distinct ways; we shall give
corresponding examples of nongeometric torus bundles which admit geometric
decompositions of type F*. (Note that F*-manifolds are Seifert fibred with base
a punctured hyperbolic orbifold.)

1. Let F(2) be the free group of rank two and let v : F(2) — SL(2,Z)
have image the commutator subgroup SL(2,Z)", which is freely generated
by (1) and (}}). The natural surjection from SL(2,Z) to PSL(2,Z) in-
duces an isomorphism of commutator subgroups. (See §2 of Chapter 1.) The
parabolic subgroup PSL(2,Z)' N Stab(0) is generated by the image of (Z§ % ).
Hence [Stab(0) : PSL(2,Z)' N Stab(0)] = 6 = [PSL(2,Z) : PSL(2,Z)'], and
so PSL(2,Z) has a single cusp at 0. The quotient space PSL(2,Z)\H? is
the once-punctured torus. Let N C PSL(2,Z)'\H? be the complement of an
open horocyclic neighbourhood of the cusp. The double DN is the closed ori-
entable surface of genus 2. The semidirect product I' = Z? x., F(2) is a lattice
in I'som(F?*), and the double of the bounded manifold with interior I'\F* is a
torus bundle over DN.

2. Let 0 : F(2) — SL(2,Z) have image the subgroup which is freely gen-
erated by U = (19) and V = ({2). Let 6 : F(2) — PSL(2,Z) be the
composed map. Then ¢ is injective and [PSL(2,Z) : 6(F(2))] = 6. (Note that
d(F(2)) and —I together generate the level 2 congruence subgroup.) Moreover
[Stab(0) : 6§(F(2)) N Stab(0)] = 2. Hence §(F(2)) has three cusps, at 0, co and
1, and §(F(2))\H? is the thrice-punctured sphere. The corresponding parabolic
subgroups are generated by U, V and VU™, respectively. Doubling the com-
plement N of disjoint horocyclic neighbourhoods of the cusps in &(F(2))\H?
again gives a closed orientable surface of genus 2. The presentation for m (DN)
derived from this construction is

(U VU, V1,8, | s Us = Uy, t 7'Vt =V, VU = LU,

which simplifies to the usual presentation (U,V,s,t | s~V =1lsV =t~ 1U~1U).
The semidirect product A = Z2 x5 F(2) is a lattice in Isom(F*), and the
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double of the bounded manifold with interior A\F* is again a torus bundle
over DN.

3. If G is an orientable PDy-group which is not virtually Z2 and A : G —
SL(2,7) is a homomorphism whose image is infinite cyclic then 7 = Z2 x, G is
the fundamental group of a closed orientable 4-manifold which is fibred over an
orientable hyperbolic surface but which has no geometric decomposition at all.
(The only possible geometries are F4, H? x E? and SL x E'. We may exclude
pieces of type F* as I'm()\) has infinite index in SL(2,Z), and we may exclude
pieces of type H? x E? or SL x E! as T m(A) = Z is not generated by finite
subgroups. )

13.4 Complex surfaces and fibrations

It is an easy consequence of the classification of surfaces that a minimal compact
complex surface S is ruled over a curve C' of genus > 2 if and only if 71(S) =
m1(C) and x(S) = 2x(C). (See Chapter VI of [BPV].) We shall give a similar
characterization of the complex surfaces which admit holomorphic submersions
to complex curves of genus > 2, and more generally of quotients of such surfaces
by free actions of finite groups. However we shall use the classification only to

handle the cases of non-Kahler surfaces.

Theorem 13.7 Let S be a complex surface. Then S has a finite covering
space which admits a holomorphic submersion onto a complex curve, with base
and fibre of genus > 2, if and only if m = 71(S) has normal subgroups K <
such that K and #/K are PDJ -groups, [t : #] < oo and [r : #]x(S) =
NE (7] K) > 0.

Proof The conditions are clearly necessary. Suppose that they hold. Then S
is aspherical, by Theorem 5.2. In particular, 7 is torsion free and m5(S) = 0,
so S is minimal. After enlarging K if necessary we may assume that 7/K has
no nontrivial finite normal subgroup. Let S be the finite covering space corre-
sponding to #. Then (1(5) > 4. If 3,(S) were odd then S would be minimal
properly elliptic, by the classification of surfaces. But then either x(S) =0 or
S would have a singular fibre and the projection of S to the base curve would
induce an isomorphism on fundamental groups [CZ79]. Hence £1(S) is even
and so S and S are Kihler (seec Theorem 4.3 of [WIS6]). Since m/K is not
virtually Z?2 it is isomorphic to a discrete group of isometries of the upper half
plane H? and 59) (m/K) # 0. Hence there is a properly discontinuous holo-
morphic action of 7/K on H? and a /K -equivariant holomorphic map from

Geometry € Topology Monographs, Volume 5 (2002)



258 Chapter 13: Geometric decompositions of bundle spaces

the covering space Sk to H2 with connected fibres, by Theorems 4.1 and 4.2
of [ABR92]. Let B and B be the complex curves HQ/(T('/K) and H?/(7/K),

respectively, and let h : S — B and h: S — B be the induced maps. The
quotient map from H? to Bisa covering projection, since /K is torsion free,
and so 71(h) is an epimorphism with kernel K.

The map h is a submersion away from the preimage of a finite subset D C B.
Let F' be the general fibre and Fy the fibre over d € D. Fix small disjoint discs
A4 C B about each point of D, and let B* = B —UgepQAy, S* = h~1(B*) and
Sy =h"1(A4). Since h|g+ is a submersion 71(S*) is an extension of 71(B*) by
m1(F"). The inclusion of 9S, into Sq— Fy is a homotopy equivalence. Since Fy
has real codimension 2 in Sy the inclusion of S; — F,; into Sy is 2-connected.
Hence 71(0S4) maps onto m1(Sy)-

Let mg = [m(Fy)] : Im(m(F))]. After blowing up S at singular points of
F; we may assume that it has only normal crossings. We may then pull h|g,
back over a suitable branched covering of A, to obtain a singular fibre ﬁd with
no multiple components and only normal crossing singularities. In that case
F, is obtained from F by shrinking vanishing cycles, and so 1 (F') maps onto
Wl(ﬁd). Since blowing up a point on a curve does not change the fundamental
group it follows from §9 of Chapter III of [BPV] that in general my is finite.

We may regard B as an orbifold with cone singularities of order my at d € D.
By the Van Kampen theorem (applied to the space S and the orbifold B) the
image of 71 (F') in 7 is a normal subgroup and h induces an isomorphism from
7/71(F) to m§"(B). Therefore the kernel of the canonical map from 7¢"°(B) to
m1(B) is isomorphic to K/Im (71 (F)). But this is a finitely generated normal
subgroup of infinite index in 7¢"*(B), and so must be trivial. Hence 7 (F)
maps onto K, and so x(F) < x(K).

Let D be the preimage of D in B. The general fibre of h is again F'. Let Fd
denote the fibre over d € D. Then X(S) X(F)x(B)+2,.5(x (Fy)— X(F)) and

x(Fy) > x(F), by Proposition I11.11.4 of [BPV]. Moreover x(Fy) > x(F) unless
X(ﬁd) = x(F) = 0, by Remark IIL.11.5 of [BPV]. Since x(B) = x(#/K) < 0,
x(8) = x(K)x(#/K) and x(F) < x(K) it follows that x(F) = x(K) < 0 and
X(Fy) = x(F) for all d € D. Therefore Fy = F for all d € D and so h is a
holomorphic submersion. D

Similar results have been found independently by Kapovich and Kotschick
[Ka98, Ko99]. Kapovich assumes instead that K is F'P, and S is aspheri-
cal. As these hypotheses imply that K is a PDsy-group, by Theorem 1.19, the
above theorem applies.
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We may construct examples of such surfaces as follows. Let n > 1 and C; and
Cy be two curves such that Z/nZ acts freely on €7 and with isolated fixed
points on Cs. Then the quotient S of C7 x C5 under the induced action is a
complex surface and the projection from C7 x Cy to Cs induces a surjective
holomorphic mappping from S to Co/(Z/nZ) with critical values corresponding
to the fixed points.

Corollary 13.7.1 The surface S admits such a holomorphic submersion onto
a complex curve if and only if 7/K is a PDy -group. |

Corollary 13.7.2 No bundle space E is homotopy equivalent to a closed
H?(C)-manifold.

Proof Since H?(C)-manifolds have 2-fold coverings which are complex sur-
faces, we may assume that F is homotopy equivalent to a complex surface S.
By the theorem, S admits a holomorphic submersion onto a complex curve.
But then x(S) > 30(S) [Li96], and so S cannot be a H?(C)-manifold. O

The relevance of Liu’s work was observed by Kapovich, who has also found a
cocompact H?(C)-lattice which is an extension of a PDJ -group by a finitely
generated normal subgroup, but which is not almost coherent [Ka98].

Similar arguments may be used to show that a Kéahler surface S is a minimal
properly elliptic surface with no singular fibres if and only if x(S) = 0 and
7 = m1(S) has a normal subgroup A = Z?2 such that 7/A is virtually torsion
free and indicable, but is not virtually abelian. (This holds also in the non-
Kahler case as a consequence of the classification of surfaces.) Moreover, if S is
not a ruled surface then it is a complex torus, a hyperelliptic surface, an Inoue
surface, a Kodaira surface or a minimal elliptic surface if and only if x(S) =0
and 71(S) has a normal subgroup A which is poly-Z and not cyclic, and such
that w/A is infinite and virtually torsion free indicable. (See Theorem X.5 of
[H2].)

We may combine Theorem 13.7 with some observations deriving from the clas-
sification of surfaces for our second result.

Theorem 13.8 Let S be a complex surface such that m = m(S) # 1. If S is
homotopy equivalent to the total space E of a bundle over a closed orientable
2-manifold then S is diffeomorphic to E'.
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Proof Let B and F' be the base and fibre of the bundle, respectively. Sup-
pose first that x(F) = 2. Then x(B) < 0, for otherwise S would be simply-
connected. Hence 72(S) is generated by an embedded S? with self-intersection
0, and so S is minimal. Therefore .S is ruled over a curve diffeomorphic to B,
by the classification of surfaces.

Suppose next that x(B) = 2. If x(F) = 0 and 7 % Z% then 7 & Z @
(Z/nZ) for some n > 0. Then S is a Hopf surface and so is determined up to
diffeomorphism by its homotopy type, by Theorem 12 of [Kt75]. If x(F) =0
and m = Z2 or if x(F) < 0 then S is homotopy equivalent to S% x F, so
X(S) <0, w1(S) =wz(S) =0 and S is ruled over a curve diffeomorphic to F'.
Hence E and S are diffeomorphic to S? x F.

In the remaining cases F and F' are both aspherical. If x(F) =0 and x(B) <
0 then x(S) = 0 and 7 has one end. Therefore S is a complex torus, a
hyperelliptic surface, an Inoue surface, a Kodaira surface or a minimal properly
elliptic surface. (This uses Bogomolov’s theorem on class V11, surfaces [Te94].)
The Inoue surfaces are mapping tori of self-diffeomorphisms of S' x S x S*,
and their fundamental groups are not extensions of Z2 by Z2, so S cannot be
an Inoue surface. As the other surfaces are Seifert fibred 4-manifolds £ and S
are diffeomorphic, by [Ue91].

If x(F) <0 and x(B) = 0 then S is a minimal properly elliptic surface. Let
A be the normal subgroup of the general fibre in an elliptic fibration. Then
ANm(F) =1 (since 71 (F) has no nontrivial abelian normal subgroup) and
so [m: A (F)] < co. Therefore E is finitely covered by a cartesian product
T x F, and so is Seifert fibred. Hence E and S are diffeomorphic, by [Ue].

The remaining case (x(B) < 0 and x(F') < 0) is an immediate consequence of
Theorem 13.7, since such bundles are determined by the corresponding exten-
sions of fundamental groups (see Theorem 5.2). i

A simply-connected smooth 4-manifold which fibres over a 2-manifold must
be homeomorphic to CP! x CP! or CP?#CP?. (See Chapter 12.) Is there
such a surface of general type? (No surface of general type is diffeomorphic to
CP! x CP! or CP?CP? [Qi93].)

Corollary 13.8.1 If moreover the base has genus 0 or 1 or the fibre has genus
2 then S is finitely covered by a cartesian product.

Proof A holomorphic submersion with fibre of genus 2 is the projection of a
holomorphic fibre bundle and hence S is virtually a product, by [Ks68|. O
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Up to deformation there are only finitely many algebraic surfaces with given
Fuler characteristic > 0 which admit holomorphic submersions onto curves
[Pa68]. By the argument of the first part of Theorem 13.1 this remains true
without the hypothesis of algebraicity, for any such complex surface must be
Kaéhler, and Kéahler surfaces are deformations of algebraic surfaces (see Theorem
4.3 of [WI86]). Thus the class of bundles realized by complex surfaces is very
restricted. Which extensions of PD; -groups by PD;r -groups are realized by
complex surfaces (i.e., not necessarily aspherical)?

The equivalence of the conditions “S is ruled over a complex curve of genus
> 27 “m = m(S) is a PDJ-group and x(S) = 2x(7) < 0” and “my(S) = Z,
7 acts trivially on m(S) and x(S) < 0” also follows by an argument similar to
that used in Theorems 13.7 and 13.8. (See Theorem X.6 of [H2].)

If m3(S) = Z and x(S) = 0 then = is virtually Z2. The finite covering space
with fundamental group Z2 is Kéhler, and therefore so is S. Since 31(S) > 0
and is even, we must have 7 = Z2, and so S is either ruled over an elliptic
curve or is a minimal properly elliptic surface, by the classification of complex
surfaces. In the latter case the base of the elliptic fibration is C'P', there
are no singular fibres and there are at most 3 multiple fibres. (See [Ue91].)
Thus S may be obtained from a cartesian product CP! x E by logarithmic
transformations. (See §V.13 of [BPV].) Must S in fact be ruled?

If m9(S) = Z and x(S) > 0 then 7 = 1, by Theorem 10.1. Hence S ~ CP?
and so S is analytically isomorphic to C'P?, by a result of Yau (see Theorem
I.1 of [BPV]).

13.5 S'-Actions and foliations by circles

For each of the geometries X* = S?xE!, H? xE!, SL xE!, Nil? xE!, Sol® xE!,
Nil* and Sol{ the real line R is a characteristic subgroup of the radical of
Isom(X*). (However the translation subgroup of the euclidean factor is not
characteristic if X* = SLxE! or Nil3 xE! .) The corresponding closed geometric
4-manifolds are foliated by circles, and the leaf space is a geometric 3-orbifold,
with geometry S, H3, H? x E!, E3, Sol?, Nil? and Sol?, respectively. In each
case it may be verified that if 7 is a lattice in Isom(X?) then TN R Z. As
this characteristic subgroup is central in the identity component of the isometry
group such manifolds have double coverings which admit S'-actions without
fixed points. These actions lift to principal S'-actions (without exceptional
orbits) on suitable finite covering spaces. (This does not hold for all S!-actions.
For instance, S% admits non-principal S!-actions without fixed points.)
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Closed E*-, S x E2- or H? x E2-manifolds all have finite covering spaces which
are cartesian products with S', and thus admit principal S!-actions. However
these actions are not canonical. (There are also non-canonical S!-actions on
many SL x E!- and Nil3 x E!-manifolds.) No other closed geometric 4-manifold
is finitely covered by the total space of an S'-bundle. For if a closed manifold
M is foliated by circles then x(M) = 0. This excludes all other geometries
except Solffn’n and Sold. If moreover M is the total space of an S!'-bundle and
is aspherical then 71 (M) has an infinite cyclic normal subgroup. As lattices in
I som(Solﬁ%n) or Isom(Sol}) do not have such subgroups these geometries are
excluded also. Does every geometric 4-manifold M with (M) = 0 nevertheless

admit a foliation by circles?

In particular, a complex surface has a foliation by circles if and only if it admits
one of the above geometries. Thus it must be Hopf, hyperelliptic, Inoue of
type Sf,m, Kodaira, minimal properly elliptic, ruled over an elliptic curve or a
torus. With the exception of some algebraic minimal properly elliptic surfaces
and the ruled surfaces over elliptic curves with ws # 0 all such surfaces admit
S1-actions without fixed points.

Conversely, the total space E of an S'-orbifold bundle ¢ over a geometric 3-
orbifold is geometric, except when the base B has geometry H? or SL and the
characteristic class ¢(¢) has infinite order. More generally, E has a (proper)
geometric decomposition if and only if B is a SL-orbifold and ¢(€) has finite
order or B has a (proper) geometric decomposition and the restrictions of ¢(§)
to the hyperbolic pieces of B each have finite order.

Total spaces of circle bundles over aspherical Seifert fibred 3-manifolds and
Sol3-manifolds have a characterization parallel to that of Theorem 13.2.

Theorem 13.9 Let M be a closed 4-manifold with fundamental group .
Then:

(1) M is simple homotopy equivalent to the total space E of an S!-bundle
over an aspherical closed Seifert fibred 3-manifold or a Sol®-manifold if
and only if x(M) = 0 and m has normal subgroups A < B such that
A= 7, w/A is torsion free and B/A is abelian.

If B/A= Z and is central in w/A then M is s-cobordant to E. If B/A
has rank at least 2 then M is homeomorphic to E.

(2) M is s-cobordant to the total space E of an S*-bundle over the mapping
torus of a self homeomorphism of an aspherical surface if and only if
X(M) =0 and 7 has normal subgroups A < B such that A= 7, n/A is
torsion free, B is FP, and n/B = Z.
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Proof (1) The conditions are clearly necessary. If they hold then h(y/7) >
h(B/A) +1 > 2, and so M is aspherical. If h(y/7) = 2 then /7 = Z2, by
Theorem 9.2. Hence B/A = Z and H?(r/B;Z[r/B]) & Z, so ©/B is virtually
a PDs-group, by Bowditch’s Theorem. Since 7/A is torsion free it is a PD3-
group, and so is the fundamental group of a closed Seifert fibred 3-manifold, N
say, by Theorem 2.14. As Wh(w) = 0, by Theorem 6.4, M is simple homotopy
equivalent to the total space E of an S'-bundle over N. If moreover B/A is
central in 7/A then N admits an effective S!-action, and E x S! is an St x S1-
bundle over N. Hence M x S! is homeomorphic to E x S! (see Remark 3.4 of
[NS85]), and so M is s-cobordant to E.

If B/A has rank at least 2 then h(y/m) > 2 and so 7 is virtually poly-Z.
Hence /A is the fundamental group of a E3-, Nil3- or Sol®-manifold and M
is homeomorphic to such a bundle space E, by Theorem 6.11.

(2) The conditions are again necessary. If they hold then B/A is infinite, so B
has one end and hence is a PD3-group, by Theorem 4.1. Since B/A is torsion
free it is a P Ds-group, by Bowditch’s Theorem, and so 7/A is the fundamental
group of a mapping torus, N say. As Wh(n) = 0, by Theorem 6.4, M is simple
homotopy equivalent to the total space E of an S'-bundle over N. Since 7 x Z
is square root closed accessible M x S! is homeomorphic to E x S! [Ca73], and
so M is s-cobordant to E. ]

If B/A= Z and 7/B acts nontrivially on B/A is M s-cobordant to E?

Simple homotopy equivalence implies s-cobordism for such bundles over other
Haken bases (with square root closed accessible fundamental group or with
B1 > 0 and orientable) using [Ca73] or [Ro00]. However we do not yet have
good intrinsic characterizations of the fundamental groups of such 3-manifolds.

If M fibres over a hyperbolic 3-manifold N then x(M) =0, /7 = Z and 7/\/7
has one end, finite cohomological dimension and no noncyclic abelian subgroups.
Conversely if 7 satisfies these conditions then p = 7 /\/7 is a PDs-group, by
Theorem 4.12, and ,/p = 1. It may be conjectured that every such PD3-group
(with no nocyclic abelian subgroups and trivial Hirsch-Plotkin radical) is the
fundamental group of a closed hyperbolic 3-manifold. If so, Theorem 13.9 may
be extended to a characterization of such 4-manifolds up to s-cobordism, using
Theorem 10.7 of [FJ89] instead of [NS85].

13.6 Symplectic structures

If M is a closed orientable 4-manifold which fibres over an orientable surface
and the image of the fibre in Hy(M;R) is nonzero then M has a symplectic
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structure [Th76]. The homological condition is automatic unless the fibre is
a torus; some such condition is needed, as S% x S! is the total space of a T-
bundle over S? but H?(S? x SY;R) = 0, so it has no symplectic structure. If
the base is also a torus then M admits a symplectic structure [Ge92]. Closed
Kahler manifolds have natural symplectic structures. Using these facts, it is
easy to show for most geometries that either every closed geometric manifold is
finitely covered by one admitting a symplectic structure or no closed geometric
manifold admits any symplectic structure.

If M is orientable and admits one of the geometries CP?, S x S2, S? x E2,
S? x H?, H? x E2, H? x H? or H?(C) then it has a 2-fold cover which is Kéhler,
and therefore symplectic. If it admits E4, Nil*, Nil®> x E! or Sol®> x E! then it
has a finite cover which fibres over the torus, and therefore is symplectic. If all
H?3-manifolds are virtually mapping tori then H? x E'-manifolds would also be
virtually symplectic. However, the question is not settled for this geometry.

As any closed orientable manifold with one of the geometries S$*, S?xE!, Solfn,n
(with m # n), Solg or Solj has B2 = 0 no such manifold can be symplectic.
Nor are closed SL x E!-manifolds [Et01]. The question appears open for the
geometry H*, as is the related question about bundles. (Note that symplectic
4-manifolds with index 0 have Euler characteristic divisible by 4, by Corollary
10.1.10 of [GS]. Hence covering spaces of odd degree of the Davis 120-cell space
provide many examples of nonsymplectic H*-manifolds.)

If N is a 3-manifold which is a mapping torus then S* x N fibres over T, and
so admits a symplectic structure. Taubes has asked whether the converse is
true; if ST x N admits a symplectic structure must N fibre over S'? More
generally, one might ask which 4-dimensional mapping tori and S'-bundles are
symplectic?

Which manifolds with geometric decompositions are symplectic?

Geometry € Topology Monographs, Volume 5 (2002)



