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ON THE ABSENCE OF SOLUTIONS TO DAMPED SYSTEM
OF NONLINEAR WAVE EQUATIONS OF KIRCHHOFF-TYPE
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In higher-order function spaces, some techniques are used to give the nonexistence result to system of
wave equations in the Kirchhoff type, to generalize earlier results in the literature.
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1. Introduction and Previous Work

Let us consider the problem

N
(Juh |™=2u)) + <f |D“u1|2d$> (—A)fuy + (a|u1|k + b|uQ|l) uy = fi(ug, ug);
Q

, (1)
(|ub|™2ub) + <f |D“uQ|2d$> (—A)fug + (C|UQ|9 + d|u1|9) ubh = fa(ui,ug),
Q

where all terms must be alive, we will prove that the solutions of (1.1) cannot exist for ¢ > 0
with positive initial energy, where

ui(x,0) = uo(x) € HF(Q), 1=1,2, (1.2)
uwi(2,0)) = uip(z) € L™(Q), i=1,2, (1.3)
and boundary conditions
8jui . .
Y =0, z€0dQ, i=12 j=0,1,2,...,k—1, (1.4)

where v is the outward normal to the boundary.
In the present paper, we study the system (1.1), with

fi(un,uz) = (p+1) [arfun + ol (ur + ) + by fur| 7 o] “5 |
faluryuz) = (p+1) [anfur + usl @ (w1 + uz) + biua] *7 wghun| 5 Y

and the parametres a; > 0,01 >0,p> 3,720, m > 2, k1,0, 0,k > 1 satisfying
p>max(m—1L,k+1,14+1,0+1,0+1,2y+1). (1.6)
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In (1.1), u; = u;(t,x), i = 1,2, where z € Q is a bounded domain of R" (n > 1) with
a smooth boundary 92, ¢t > 0 and a, b, ¢, d are nonnegative constants.
We mention here that

|D*ul? = (A*/?u)? for par value of

and
|D*ul? = |V(AFD/24) 2 for odd &,

where

n 2 n 2

ou 0°u

Vul? = , Au= —.
=1 =1 t

This kind of systems appears in the models of nonlinear Kirchhoff-type. It is a generalization

of a model introduced by Kirchhoff [11] in the case n = 1; this type of problem describes

a small amplitude vibration of an elastic string. The original equation is:

L
Eh
phUtt+TUt =P+ E/|Ux(l'7t)|2d5 uwx+f7 (17)
0

where 0 < = < L and ¢t > 0, u(z,t) is the lateral displacement at the space coordinate x
and the time ¢, p the mass density, h the cross-section area, L the length, P the initial axial
tension, 7 the resistance modulus, E the Young modulus and f the external force (for example
the action of gravity).

The blow up of the gender of our problems in the single equation has been considered
in [18]; it was established a blow-up result for certain solutions with positive initial energy.
In [14] local existence and blow up of the solutions, of the same equation have been studied.

A related problems with k£ = 1 have attracted a great deal of attention in the last decades,
and many results have been appeared on the existence and long time behavior of solutions. For
the literature we quote essentially the results of [2-5], [7], [10-12], [15, 17, 19, 20, 22, 23, 30|
and references therein.

The systems of nonlinear wave equations (1.1) go back to Reed [24] who proposed a similar
system in three space dimensions but in the absence of the viscoelastic and damping terms.
This type of system was completely analysed; for example, in [2], the authors studied the
following system:

(1.8)

g — Au + [ug|™ tuy = f1(u,v),
v — Av + |vg|" "oy = fo(u,v),

in Q x (0,7) with initial and boundary conditions and the nonlinear functions f; and fo
satisfying appropriate conditions and in the case wherea =b=c=d=7v=0,m =2,k = 1.
They proved under some restrictions on the parameters and the initial data many results on
the existence of a weak solution. They also showed that any weak solution with negative
initial energy blows up in finite time using the same techniques as in [8].

In the work [19], the authors considered the nonlinear viscoelastic system:

t

uy — Au+ [ g(t — s)Au(z, s) ds + lug |ty = f1(u,v),
p x e, t>0, (1.9)

v — Av + fh(t — 8)Av(x,8) ds + |vi[""tvy = folu,v),
0
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where

(1.10)

fi(w,v) = alu+ o2 (u + v) + blulPulv| P,
falu,v) = alu + |20t (u + v) + blu| T2 |v]Pv,

and they prove a global nonexistence theorem for certain solutions with positive initial energy,
the main tool of the proof is a method used in [25].

In the case of v = 0, k = 1, m = 2, problem (1.1) has been studied recently in [22] focusing
on the global well-posedness of the system of nonlinear wave equations

ue — Au+ (dlul® + efv]') [u™ ue = fi(u,v),
(1.11)
vy — Av + (d’|v|9 + e'|u|p) log "ty = fo(u,v),

in a bounded domain 2 C R", n =1,2,3, 0 < r,m < 1, with Dirichlet boundary conditions.
The nonlinearities fi(u,v) and fa(u,v) act as a strong source in the system. Under some
restriction on the parameters in the system, they obtain several results on the existence and
uniqueness of solutions. In addition, they prove that weak solutions blow up in finite time
whenever the initial energy is negative and the exponent of the source term is more dominant
than the exponents of both damping terms. This last result was extended by A. Benaissa,
Ouchenane, and Zennir in |3] with positive initial energy, r,m > 0 and for n > 0.

Our main theorem addresses to generalize earlier results in the literature. We will improve
the influence of a strong sources with positive initial energy, which lead to blow up of solutions
for all £ > 0 in Theorem 3.1.

2. Notations and Preliminaries

The constants ¢;, ¢ = 0,1, 2, ..., used throughout this paper are positive generic constants,
which may be different in various occurrences. We take a = b =c=d = a1 = by = 1 for
convenience.

(A1) There exists a C'-function F: R? — R such that

(p+1)
(p+ 1) F(ur,u2) = [ug f1(u1, u2) + ua fo(ur, uz)] = [alful + ug|PH 201 ugug| 2 ] , (1.12)

where

oF oF

duy Ji(ur,ug), Pus fa(ur,ug). (1.13)

(A2) There exist a positive constant ¢; = 2Pa + b such that
2
F(uy,uz) < 1 Z | [PTL (1.14)
i=1

We introduce the following definition of weak solution to (1.1)—(1.4).

DEFINITION 2.1. A pair of functions (u1,u2) is said to be a weak solution of (1.1)—(1.4) on
[O,T] if U1, Uy € Cw([O,T],Hg(Q)), u/l,u’Q € Cw([O,T],Lm(Q)), (ulo,u20) S HS(Q) X HS(Q),



On the absence of solutions to damped system of nonlinear wave equations 47

(u11,u91) € L™(2) x L™(Q) and (ug,ug) satisfies,

t
//(|u1|m 2 )¢dxds+/||D“u1|| /D“ulD“¢dmds
0

t

+ / \ull —i—b\ug])ul(ﬁdmds://fl (u1,u2)p drds;

Q 0

° (1.15)
// |ub| ™2 1/)d:nd5+/||D”u2||27/D“uzD“¢dmds
0 Q
t ¢
—l—//(c]ug\e—kd]ul\Q) uéwdxds://fg(ul,ug)wdxds
0 0 Q

for all test functions ¢,v € HF(Q) N L™(Q), for almost all ¢ € [0,7]. Where Cy,([0,T7], X)
denotes the space of weakly continuous functions from [0, 7] into Banach space X.
The energy functional E(t) associated to our system is given by:

2 2
_m=1 pm L ko 2041)
B(t) = — ;Iluillm CESY ;HD w 20D — [ Fur, us) da. (1.16)
B = Q

The following Sobolev—Poincare inequality will be used frequently without mention
Hy(Q2) C LP(Q), for

(1.17)

1<p< if n > 3k.

n— 2/1’

{1<p, if n=k,2k,

We first state (without proof, it is similar to that in [23]|) a local existence theorem for
n = 1,2,3. Unfortunately, due to the strong nonlinearities on f1, fo the well known techniques
of constructing approximations by the Faedo—Galerkin allowed us to prove the local existence
result only for n < 3.

Theorem 2.2. Let n = 1,2,3. Suppose that (1.17) holds. Then, there exists a local
weak solution in the sense of Definition 2.1 of problem (1.1)—(1.4) defined on [0,T] for some
T > 0, and (uy,us) satisfies the energy inequality

t

£+ [ ([ (i +la)l) (h)2de

. (1.18)
+/ <|u2(7)|9 + |u1(T)|9) (U,2)2dib"> dr < E(s)
Q

for all T >t > s > 0, where E(t) is given in (1.16).

3. Results

Our main results read as follows
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Theorem 3.1. Suppose that (1.6), (1.17) hold. Then any solution of the problem (1.1)—
(1.4), with initial data satisfying

2
Z | D uzo|3 > o, (1.19)

and
2

qm 1 K 2(y+1) _/
Z <||U21||m + 72(7 T 1) ||D U50 || > F(ulo,’Ugo) d:L’ < d (1.20)
Q

i=1
blows up for all time, where the constants o and d are defined in (1.21).

We introduce the following:

1 ptl 1 1 9
B = nrtl . ap = Bi-r, d= — aq, (1.21)
2y+1) p+1
where 7 is the constant in (1.28).

Lemma 3.2. Suppose that (1.17) holds. Let (u1,uz2) be a solution of (1.1)—(1.4). Assume
further that

2
> D uill3 > of, (1.22)
=1
and

2
m—1 m 1 K 2(y+1) > /
Uil ||y T D u;g — F(uyg,u) dz < d. 1.23
> (Pl + g 19wl (10, 12) (123

i=1 Q

Then there exists a constant as > o such that

2
> 1D w3 > ab, (1.24)

and

1/(p+1)
<<p [ F(ul,m)dx) > Bay (Vi3 0). (1.25)
Q

<1 By the definition of energy functional, we have

2
-1
Bty =" 3" il + HZHD“ w2 - [ Funu)do
=1 O
m—1 2 , K, 120+ p+1 e
=T Sl T ZHD B = g e - a[77] 22 |

By using Minkowski’s inequality and embedding H{Q < LP+D(Q), we get

P+1

2 2
s+ wallyy <2 (Z ||uz||p+1> <e (Z ||D*”~uz-||§<”+”> . (1.26)
=1
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Holder’s and Young’s inequalities give us

p+1

pt+1 2
= (v+1)
[ A (A T (Z D20 ) S
Then there exist n > 0 such that
pt1
1 e (v+1) N
[ur + ug| D7) + 2[|urus|| i < Z 1D |37 : (1.28)

By definition of B wo get

2
1 2(y+1) 1 +1 pfl
B0 > gy 2o 1Pl gl 2l

ptl
2

2 2
1 k, 1200+ 7 Z 2(v+1),, 1|12

p+1

! 2 2(v+1 K y+1 ’
> s o Il - T (ZHD HH) )

where a? = Z?:l ||D“ui||§(7+1). We can verify that the function f is increasing for 0 < a <
ay, decreasing for a > oy, f(a) - —oo0 as o — +00, and

1 , B@D
2(y+1) p+1
where a7 given in (1.21). Therefore, since E(0) < d’, there exists ag > aq such that f(ag) =
E(0).

Now we set a2 = S°2_ || D"uyg H2(7+ then by (1.29), we have f(ap) < E(0), which implies
that ag > ay. To establish (1.24), we suppose by contradiction that ZZ 1 ||D“u2(t0)||2(7+1)

a3 for some ty > 0 to choose ty such that 37, |]D“u,(t0)|]2(7+1) > al.
Again using of (1.29) leads to

flar) = of ™ =4, (1.30)

E(to) > <Z | D (o) 50+ > > flaz) = E(0).

=1

This is impossible since E(t) < E(0) (V¢ € [0,T)).
To prove (1.25), we exploit the definition of E, to get

1 ptl
T ZHD“ 2 < B+ e+ el + 2l

Consequently, (1.24) gives

1
p+1

pt+1
e+ +2Hu1qufﬂ

7+ 2(y+1) Z ID*witto)[|;7 — E(0) > ]%Oépﬂ) (Vt>0). >
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<1 PROOF OF THEOREM 3.1. We set
H(t)=d— E(t). (1.31)

By using (1.16), (1.31) we get

0 = [ (ju)F +us(o)") [0 da

¢ (1.32)
+ [ (120 + @) W) dz >0 (v 0)
Q
Therefore,
m—1 2 i
0<HO) < Hb)=d———> |lul;
=1
2
1 2(y+1) 1 pt1 (p+1)
s o ID Y [+ e+ 2l g
27 2 Pl win
From (1.24), we obtain that for all ¢ > 0 the estimates hold
)
sy DI 4 [l 2ol
1, 1 pi)
<d-gtsatt o [Hul—l—ug‘pﬂ—FQHuluQH@;l)}
SN S S [Hu P 4 2w H“j?”]
pr1 T el 2l e
C )
<0 [l w2+ 2l o)
Hence by (A2), we have
2
C1 +1
0<HO) <H®) < -5 ; il
Then we introduce
2
L(t) = H'7(1) + /Z i |l (1.3
=1
for € small to be chosen later and
0<o< mm{p—(/ﬁl),p—(Hl), p—(@+1),p—(9+1)’ (p—(m—l))}. (134)
p+1 p+1 p+1 p+1 m(p+1)

We will show that L(t) satisfies

L'(t) > L7 (t), forall t>0, v >0, £€>0, (1.35)
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defined in [0, 00). By taking a derivative of (1.33) and using (1.1), we obtain

2 2
L'(t) = (1) H O WH (1) +e > uflm+e > || D30
i=1 =1

_a/ul (]ul(t)’k + \uz(t)\l> uy do — s/u2 (‘ug(m‘) + |u1(t)‘9> ubdx

Q Q
+e [ (urfi(ur,uz) +uafo(ur, uz)) du.
/
Then
L't)y=(Q1-0o)H™" +EZ||U s +sZHD~ |20

e /ul (jur (0 + ]u2(t)]l) u'ld:c—s/UQ (]ug(t)]9+\u1(t)\9> ydz

Q Q

+e <Hu1 +U2HP+1 +2[|urus|| (p+1;>

By exploiting (1.16) and (1.21), equation (1.36) takes the form

L0 > (1 - o) a= (e + 72 Z e

+e2(y + 1)H(t) — 2(y 4 1)d + €2 Z 1D ;|50
=1

—&?/Qul <]u1(t)\k + \uz(t)\l) uydr — a/ng <\u2(t)\9 + \ul(t)lg) uhdx

2(7_’_ 1) (p+1)
+e(1 — pT) <HU1 + quzE + 2HU1U2H(,€1)> .

We will estimate, for some constance Aj, A2 > 0, two terms as

[ (@ + a0 fures

Q

) (1.36)
< [ (jmn®F + fua(ol) P o+ 5 [ (lmn®F + o)) s P
Q Q
and
[ (12000 + (01 fuzu
@ (1.37)

i [ (@ + @)1 s

< [ (la®F + fur(0)1) uaf? do +
Q Q
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Then,

() > (1 - o) (1) + 20 Z m

2
+22 3|0 |20 4 2(y + 1)eH (1)
i=1

2(y+1) pil
+g<1 - ﬁ> (Hul FulP 4 zuumupgl>

~on [ (1 ®F + lua(0l) e — = [ (jua O + fua(0)') o o

Q Q

1
—sxz/ ux(®) + (017 el — e [ (Jualo) + ur ()17 P
Q Q

Consequently, by using Young’s inequality for some 4,41 > 0, we have

[ (@ + ) fur Pz = 173 + / s [

Q
k+2 l 1+2 1+2
< e [£75 + g0 u 7  o fa 7
and
6 0 24 0+2 0 2
/(|u2<t>| Hur(0]°) uafd = us 575+ [ fur|#fuaPda
Q
<| 2HZE+ 9 5(9+2 /gH 1|§i§+ +25 (Q+2)/(2)Hu2‘§i;'
Then,
/ —0o !/ m+2(7+1 m
L'(t) > (1— o) H () H' () + Znu [i&
2
+e2 ) DR + 2(y + DeH (1)
=1
2(v+1 ptl
—|—€<1 — (])T1)> <||U1 —I—’l@”iii —I—2H’LL1U2HP_§1>
1 1
v | (le®F + 1) pioPde —5r= [ (b @F + ua0)]') o Pda
Q Q
0 0 2 _
o (el 13-+ g 13 + e %)
k42 l 1+2 1+2
oo (Juallf22 4 g0 el 22+ g a33)
Choosing A1, Ao such that
1 myH (), 1 moH (), mqy,mg > 0.

4N

(1.38)

(1.39)
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Using (1.39) and the fact that
1) = [ (@ + @) [ @0Fde + [ (jualo)l” + ) (O d (7t > 0),
Q Q

to obtain for M = my + mg and assumption (A2),

L(0)> (1 - o) - MH= () (1) 4 2 H 20D Znuznm

2
+22 3 || D"l 207V 4 2(y + D)eH(¢ +ECQZ (et
=1

O’ (%
‘*:MH ) (el 33+ oot 255 + 5 o a2
o k l . l
_64—m2H <HU1H’“I§ l+25(l+2/lH Hzig*mé 2/ [[u 1Hzﬁ>'

Since (1.6) holds, we obtain by using condition (1.34)

{HU(MIﬁgg%(”“ﬂ!?}fﬁ” T a5 e 33)

J+2 (p+1)+(+2) o(p+1) H ‘y+2)

(1.40)
H"(t)HuQH]Jr2 & <HU I, (p+1) + [|u H(p+1

j+2)’

where 1 = k,l,0 and j = @, o,l. Then

L(0) > (1~ o) ~ Moy~ ()1 1) 20D Z e

+€QZIID””uzll2('*+1 +2(y + DeH(t +eC2ZIqullﬁii

=1

el At L eees A ey
e e (unJ4 D a7 a1 222)
e O ey (S 3 13)

s (G257 + 623 e 73)
e e (25 a3 a5
e 2 e ([ (4 a7 a3

By using (1.34) and the algebraic inequality

1
z”é(z+1)<<1+—>(z+a) (Vz>20,0<v<1, a>0), (1.41)
a
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we have, for all £ > 0,

Bl <o (el m100) < (Rl 4 )

where b=1+4+1/H(0), j = k,0,1,0 and i = 1,2, so that we obtain

L(0) > (1 - o)~ MH= ((p) + 2 H 2D Zn |

2
23 [ D, 2y + e (@ +€czZ sl

1
—een (0 (el &0 + HO) + 77 ual512)
1
< g1 e (b (el + HO) + a5 ]| 275)

1 2
gzt Ve (b (el G0+ HO) + [l el 213)

1 g
gy (0 (G + 770) + a5 e [175)

Lt e (o (sl 0 + 1) + ) sl 2)

4m2 I+2 (p+1) (p+1) 1+2
1 2 . l
_aml_i_—za 2/ ¢y (p ( (Hungzﬁ —i—H(t)) 4 Hu?H(;fflrl H“lqu) '

Also, since (X +Y)* < C(X*+Y?), X,Y > 0, making use of (1.34) we conclude

P+ )—(+2)
a2 e 1755 < 19005 ([fuall 25 1253
(P+1)—(3+2) i+2\ ptl
< |Q| (p+1) <HU2HE‘p+1)HU1H;§ii> (143)
(p+1)—(j+2) P+ +(+2) op+)+G+2) \ PF1
<j e ( Nzl o™+l ) < C5Z Jud| 2,
where ¢ = %, d'= m, for j =k, 1, 0.
Similarly,
[ vl = caz Jealliy s (1.44)

for j =0, o, I.
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Taking into account (1.43), (1.44), we deduce

2
L) > (1= o) — Mo H- (1) H' (1) + e 220+ Dom = 1) S ™

m , tim
=1

+E2ZHD“ {20 £ 2(y + 1)em +aCQZHuZ o

1
_54—mIC4< <HU2H )""CGZHUZH +1>
1 o0
_54_WQ+25§Q+2)/963 < <HU1H ) —|—C5Z HUZH >
1 2 3 )
I a3 501 (e+2/@), (4 < (HqugL H(t)) + cg ; HungL;)
1 : (p+1)
s (0l 50) 3 )
11 (p+1) 2 (1)
+2 p p
g (o (bl ) 03 )

(1.45)

2
1 2
T e a+z>/<z>cg< (Huluggﬁ H(t))—k%ZHuMEﬁiB).

Then

L) > (1 - o)~ M) H= (0 (1) + 20T Z el

1 1
+€2Z ||Dnul||2(7+1 <2(’7+1) + 4—7’)’1/167_‘_ MCg)H(t) (146)

2
1 1 pt1
e (o0 g o+ g ) Lol
For large values of m; and mo we can find positive constants A and B such that
') > ((1 —0) = Me)H™°(t)H'(t)

e 2yl Zuuu +eAH( +EBZHu2 [t

(1.47)

We pick € small enough so that ((1 — o) — Me) > 0 and L (0) > 0.
Consequently, there exists I' > 0 such that

L'(t) > el ( )+ Z [k || 4 Z Huz\lgﬁ ) (1.48)
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Thus, we have L(t) > L(0) > 0, for all ¢t > 0.
On the other hand, we have

2

1
Lﬁ() <H1 “ +€/Zu1]u ™20 (x t)da:) -
Q

, (1.49)
C1o< +‘/Zuzlu ™ tdx U).
Q
By Hélder’s and Young’s inegualities, taking (1.6) into accaunt, we estimate
= m—mao
[ttt <l ) 5 < ot (T ) i<,
Q
and also using (1.34), we have
'/ZW“ = '/ul\u = ‘/W\uﬂm !
(1.50)
OS2 Il + 3 )
i=1 i=1
By using again (1.34) and (1.41) we get
s (;+rlrw> < (H |+ 1 ) (i=1,2, Vt>0). (1.51)
Therefore,
2
L7 (0 < eu [ (1) +Z &3 + bl v >0 (1.52)
i=1
With (1.52) and (1.48), we arrive at
L'(t) > aoLT(t) (V> 0). (1.53)

Finally, a simple integration of (1.53) gives the desired result. >

5. Comments and Question

REMARK. Let us mention that our main contributions in this article is the study of the
influence of strong source terms on the existence of solutions with positive initial energy and
in the higher-order function spaces, where fi, fo drive the solution of our system to blow up
for all ¢ if they dominate the damping terms, for large values of p.

Noting that one need carefully following the proofs of results in this paper to prove the
nonexistence of solutions of the viscoelactic cases, using some well known assumptions on the
memory terms, but it will be interresting to see the energy decay rate which will be according
with that of the relaxation functions.
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Question: One can consider the problem

t
ull/ (HVU1H2) Auy +¢ ’VU1H2 fgl t—S Aul( )d =0,
0 (1.54)
(HVUQHQ) Aug + 1 HVUQHQ fgg t— S AUQ( )d =0,
0

and may ask questions on asymptotic behavior of the solutions (If it existes): as time goes to
infinity, what is the asymptotic behavior of solutions? More generally, what is the long time
behavior of solutions when initial data vary in any bounded set in a Sobolev space associated
with the problem (1.54).

Acknowledgments. The author want to thank the referee for his/her careful reading of the
proofs.
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HECYIIIECTBOBAHUE PENIEHNS 3ATYXAIOIIEN CUCTEMBI
HEJIMHEITHBIX BOJTHOBBIX YPABHEHUI TUIIA KIIPXTO®A

Bennup K., Surynu C.

M3ydaercsa BmusgHMEe CUIBHOTO NCTOYHUKA HA CYIIECTBOBAHNME PEIIEHU B TPOCTPAHCTBE C BHICOKUM MOPSI-
KOM CYMMHUPYEMOCTH B 3aTyXalOIleil CUCTeMe HeJIMHEWHBIX BOJTHOBBIX ypaBHeHwmii Tnma Kupxroda.

KirodeBsle cioBa: B3pHIB, ypaBHeHne Trma Knpxroda, BEIPOXKIAI0MMecs: 3aTyXaI0Mie CUCTEMbI, CHITh-
HO HeJIMHEWHBIN NCTOYHUK, TIOJIOKNTEIbHAS HavUaIbHAS SHEPT .



