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[0,∞)
È�Á

F (x) =





x∫
0

f(t) dt, p > 1,

∞∫
x
f(t) dt, p < 1.
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p > 1, l ∈ [1, p], ai > 0
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n > 1
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n ∈ N,
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R %
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(
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(
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n
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)
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Å ��Ë

�è�����	�
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* � -
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(
1

(n+ 1)
(
log n

R

) + log n−1
R

log n
R

)
> 1.
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p− 1 > (p− 1)

(
1

(n+ 1)
(
log R

n

) +
log R

n+1
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n

)
⇐⇒ 1 >

1 + (n+ 1) log R
n+1

(n+ 1) log R
n

⇐⇒ (n+ 1) log
R

n
> 1 + (n+ 1) log

R

n+ 1
⇐⇒ (n+ 1) log

n+ 1

n
> 1.

ZR¸�¾xÃ¨¼xÌ2À2¼�¼¢À2¼�¶¨Á�Â�¼�À2¾�º�Â�¸éÃ¨¼�³�»�¸=½�¾�º�Á�À¨Á�Â�Ã2·	Â#Á�¼�º�¾�Õ}´
U�¼�µ2¼�¶	¿�µ2¼�¶2¼�µ	·	ä«¼�ÆHÅ � Ëx´2NRÆ,¼�¼�Æ

1 >
1
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R

+
log n−1

R

log R
n

.

ZR¸�¾xÃ¨¼Rê�Ã¨¼�Æ,¼�À	º�Á�¶	À	¹5ëÏÂ�¹1Î	·2¾xÃ¨¼�À	·	å�Æ,¸�Ô!¼�Ææµ2¸�Ã2½�Î	·	º�¿2È2Î	º�¸

(n+ 1) log
n

R
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n− 1

R
⇐⇒ (n+ 1) log

n

n− 1
> 1.
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X(n) 6
Apn(

log R
n

)p−1

(
1

(n+ 1) log R
n

− p

p− 1

)

+
Apn

(
log R

n

) (p−1)p
p−1

(
log R

n+1

)−1
+

1

p− 1

Apn+1(
log R

n+1

)p−1

=
1

p− 1

Apn+1(
log R

n+1

)p−1 − 1

p− 1

Apn(
log R

n

)p−1

(
p− p− 1

(n+ 1) log R
n

− (p− 1)
log R

n+1

log R
n

)
.

I«Á�Ã¨¼�¼RÂ�¸�¾�µ2¸�Ã2¿�à�¸�Â#Á�Â�ä!·2¾�¿�Ã¨¼�Æ,Æ,¸�åÓ®�È'µ2¸�Ã2½�Î¨Á�¼�Æ

X(n) 6
1

p− 1




Apn+1(
log R

n+1

)p−1 − Apn(
log R

n

)p−1


 , 1 6 n 6 [R]− 2.

EsÎ2¼�Â�·'Ì2À2¸	È�Î	º�¸
X([R]) = 0

´mEG¾�º�Á�Ã¨¸�¾�¿è¸�ß2¼�À	·	º�¿
X([R] − 1)

´�NR¾�µ2¸�Ã2¿�à�½�ÕãÂ�¹1ä«¼�µ	¶	·	Â�¼xÌ¨¼�À	À	¹e¼
¶¨Á�¾�¾�½�Ô«Ì¨¼�À	·	ÕÚ·iÀ2¼�¶¨Á�Â�¼�À2¾�º�Â�¸

1 6 [R] log
[R]

[R]− 1
,

À2¼�¾xÃ¨¸�ÔéÀ2¸�µ2¸�»'Á�à�Á�º�¿2È2Î	º�¸

X([R] − 1) 6 − 1

p− 1

Ap[R]−1(
log R

[R]−1

)p−1 .

I«Á�Ã¨¼�¼¢¸�ß2¼�À	·2Æ ∑[R ]
n=1X(n)

´2NRÆ,¼�¼�Æ

[R ]∑

n=1

X(n) =

[R ]∑

n=1

(
Apn

(n+ 1)
(
log R

n

)p − p

p− 1

Ap−1
n(

log R
n

)p−1 an

)

6
1

p− 1

[R ]−2∑

n=1




Apn+1(
log R

n+1

)p−1 − Apn(
log R

n

)p−1




− 1

p− 1

Ap[R ]−1(
log R

[R ]−1

)p−1 = − 1

p− 1

Ap1
(logR)p−1 6 0.

OTÃ¨¼xÌ¨¸�Â#Á�º�¼xÃ2¿�À2¸	È ∑[R]
n=1X(n) 6 0.

UmÁ�»	·2ÆÜ¸�Ä�¶¨Á�à�¸�Æ1È¨¾�µ	¶¨Á�Â�¼xÌ	Ã2·	Â�¸=À2¼�¶¨Á�Â�¼�À2¾�º�Â�¸

[R ]∑

n=1

Apn

(n+ 1)
(
log R

n

)p 6
p

p− 1

[R]∑

n=1

Ap−1
n(

log R
n

)p−1 an.
Å É�Ë

Z]½�¾�º�¿=º�¼�µ2¼�¶	¿
n > [R] + 3

´�Esµ	¶2¼xÌ¨¼xÃ2·2ÆÜáR½�À	»	ß	·	Ñ
Y
¾xÃ¨¼xÌ2½�ÑGÒ!·2Æç¸�Ä�¶¨Á�à�¸�Æ1Ð

Y (n) =
Apn

(n+ 1)
(
log n

R

)p − p

p− 1

Ap−1
n(

log n
R

)p−1 an.
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NR¾�µ2¸�Ã2¿�à�½�ÕÏ¸�µ	¶2¼xÌ¨¼xÃ¨¼�À	·2¼
An
È�Ã¨¼�³�»�¸=µ2¸�»'Á�à�Á�º�¿2È2Î	º�¸

Y (n) =
Apn

(n+ 1)
(
log R

n

)p − p

p− 1

Ap−1
n(

log n
R

)p−1 (An −An−1)

=
Apn(

log n
R

)p−1

(
1

(n+ 1) log n
R

− p

p− 1

)
+

p

p− 1

Ap−1
n(

log n
R

)p−1An−1

=
Apn(

log n
R

)p−1

(
1

(n+ 1) log n
R

− p

p− 1

)

+
p

p− 1


 Apn
(
log n

R

) p(p−1)
p−1




p−1
p (

Apn−1(
log n−1

R

)p

) 1
p

log
n− 1

R
.

XY¾�·'Ã2½ À2¼�¶¨Á�Â�¼�À2¾�º�Â#Á�`>�¼xÃ2¿�Ì¨¼�¶¨Á'È¨µ2¸�Ã2½�Î	·2Æ

Y (n) 6
Apn(

log n
R

)p−1

(
1

(n+ 1)
(
log n

R

) − p

p− 1

)

+
Apn

(
log n

R

) p(p−1)
p−1

(
log n−1

R

) 1−p
p−1

+
1

p− 1

Apn−1(
log n−1

R

)p−1

=
1

p− 1

Apn−1(
log n−1

R

)p−1 − 1

p− 1

Apn(
log n

R

)p−1

(
p− p− 1

(n+ 1) log n
R

− (p− 1)
log n−1

R

log n
R

)
.

Xæµ2¸�¾xÃ¨¼xÌ2À2¼�ÆÖ½�º�Â�¼�¶#Ô«Ì¨¼�À	·	·ÏÆ�¹_·2¾�µ2¸�Ã2¿�à�¸�Â#Á�Ã2·Úº�¸�ºéáKÁ�»	º�È�Î	º�¸
p ∈ (1, p ]

·
log n−1

R / log n
R < 1

´
N]àRÃ¨¼�Æ,Æ�¹?®R¾xÃ¨¼xÌ2½�¼�º ¸�ß2¼�À	»'Á

Y (n) 6
1

p− 1

(
Apn−1(

log n−1
R

)p−1 − Apn(
log n

R

)p−1

)
, n > [R] + 3.

U�¼�µ2¼�¶	¿Ï¸�ß2¼�À	·2Æ
Y ([R] + 1)

·
Y ([R] + 2)

´�EsÎ2¼�Â�·'Ì2À2¸	È}Î	º�¸
Y ([R] + 1) = 0

´}NR¾�µ2¸�Ã2¿�à�½�ÕèÀ2¼�¶¨Á�Û
Â�¼�À2¾�º�Â�¸

1 6 ([R] + 3) log
[R] + 2

[R] + 1
,

·2Æ,¼�¼�Æ

Y ([R] + 2) 6 − 1

p− 1

Ap[R]+2(
log [R]+2

R

)p−1 .

OTÃ¨¼xÌ¨¸�Â#Á�º�¼xÃ2¿�À2¸	È2Ì	Ã2ÕiáR·	»�¾�·	¶2¸�Â#Á�À	À2¸�³�¸�ß2¼xÃ¨¸�³�¸
N > [R] + 1

È'µ2¸�Ã2½�Î¨Á�¼�Æ

N∑

n=[R]+1

Y (n) 6 − 1

p− 1

Ap[R]+2(
log [R]+2

R

)p−1

+

N∑

n=[R]+3

1

p− 1

(
Apn−1(

log n−1
R

)p−1 − Apn(
log n

R

)p−1

)
= − 1

p− 1

ApN(
log N

R

)p−1 6 0,

º�´2¼�´ ∑N
n=[R]+1 Y (n) 6 0.

OTÃ¨¼xÌ¨¸�Â#Á�º�¼xÃ2¿�À2¸	È

N∑

n=[R]+1

Apn

(n+ 1)
(
log n

R

)p 6
p

p− 1

N∑

n=[R]+1

Ap−1
n(

log n
R

)p−1 an.
ÅÝî�Ë
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N∑

n=1

Apn

(n+ 1)
∣∣log n

R

∣∣p 6
p

p− 1

N∑

n=1

Ap−1
n∣∣log n
R

∣∣p−1 an.

NR¾�µ2¸�Ã2¿�à�½�ÕÚÀ2¼�¶¨Á�Â�¼�À2¾�º�Â�¸�`>�¼xÃ2¿�Ì¨¼�¶¨Á'È¨µ2¸�Ã2½�Î	·2Æ

N∑

n=1

Apn

(n+ 1)
∣∣log n

R

∣∣p

6

N∑

n=1

(
Apn

(n+ 1)
∣∣log n

R

∣∣p

)1− 1
l
((

p

p− 1

)l Ap−ln aln
(n+ 1)1−l

∣∣∣log n
R

∣∣∣
l−p
) 1

l

6

(
1− 1

l

) N∑

n=1

Apn

(n+ 1)
∣∣log n

R

∣∣p +
1

l

N∑

n=1

(
p

p− 1

)l Ap−ln aln
(n+ 1)1−l

∣∣∣log n
R

∣∣∣
l−p

.

UmÁ�»	·2ÆÜ¸�Ä�¶¨Á�à�¸�Æ1È

N∑

n=1

Apn

(n+ 1)
∣∣log n

R

∣∣p 6

(
p

p− 1

)l N∑

n=1

Ap−ln aln
(n+ 1)1−l

∣∣∣log n
R

∣∣∣
l−p

.

� ¾�º�¶2¼�ÆmÃ2Õ'Õ
N → ∞ È'µ2¸�Ã2½�Î¨Á�¼�Ææ½�º�Â�¼�¶#Ô«Ì¨¼�À	·2¼¢º�¼�¸�¶2¼�Æ�¹¢´

B
� o,¬�­Tj:='ª¨km¬��}B<!s 2���$#

an > 0
0#"��i�	���K� - � -6��� - �

n > 1
*
p > 1

�

An =





[R ]−1∑
i=0

ai −
n−1∑
i=1

ai, 1 6 n 6 [R],

n∑
i=0

ai −
[R]+1∑
i=0

ai, n > [R] + 1,

'����
[R] %

-6�����*)��#�����$#é�&12� - ' - $6� - �x"��&-��������&#�$ - ' -
R > 1

4�+�- '����!
'�{"�$ - ���6�{�2 &1������1$6�{"���
'��$��
����
 - ���	0����¢��"#���

∞∑

n=1

Apn

(n+ 1)
∣∣log n

R

∣∣p 6

(
p

p− 1

)p ∞∑

n=1

apn
(n+ 1)1−p

.

�}B �	���mp7�¨j:=�;�� �¨pmj:=�h	p7=�8

ZR¸�»'Á�Ô!¼�Æ1È¨Î	º�¸é»�¸�À2¾�º�Á�À	º�Á=Â=À2¼�¶¨Á�Â�¼�À2¾�º�Â�¼¢º�¼�¸�¶2¼�Æ�¹ ®]À2¼�½�Ã2½�Î	äéÁ�¼�ÆTÁ«µ	¶	·
l = p

´
Z]½�¾�º�¿

an =




0, 1 6 n 6 [R],

1

(n+1)(log n
R)

1+ε
p
, n > [R] + 1,

µ	¶	·	Î2¼�Æ
p− 1− ε > 0

´
Esµ	¶2¼xÌ¨¼xÃ2·2Æ

Y
»'Á�»

Y =

∞∑

n=[R]+1

apn
(n+ 1)1−p

.
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Z]¶#Õ	Æ�¹e¼¢Â�¹1Î	·2¾xÃ¨¼�À	·	ÕiÌ�Á�ÑGº

Y =
∞∑

n=[R]+1

1

(n+ 1)
(
log n

R

)1+ε >

∞∑

n=[R]+1

1

(n+ 1)
(
log n+1

R

)1+ε

>

∞∫

n=[R]+1

1

(r + 1)
(
log r+1

R

)1+ε dr =
∞∫

n=[R]+1

d log r+1
R(

log r+1
R

)1+ε =
1

ε

(
log

[R] + 2

R

)−ε

.

X5¼�¶	À2¸=¾xÃ¨¼xÌ2½�ÑGÒ«¼�¼R¾�¸�¸�º�À2¸�ä«¼�À	·2¼

Y <
1

([R] + 2)
(
log [R]+1

R

) 1+ε
p

+

∞∫

n=[R]+1

1

(r + 1)
(
log r+1

R

)1+ε dr.

UmÁ�»	·2ÆÜ¸�Ä�¶¨Á�à�¸�Æ1È

Y =
1

ε

(
log

[R] + 2

R

)−ε

+O(1).

UmÁ�»	Ô!¼¢·2Æ,¼�¼�ÆçÀ2¼�¶¨Á�Â�¼�À2¾�º�Â�¸

An =

n∑

i=[R]+2

ai =

n∑

i=[R]+2

1

(i+ 1)
(
log i

R

)(1+ε)/p

>

n∫

[R]+2

dr

(r + 1)
(
log r

R

)(1+ε)/p >

n∫

[R]+2

dr

(r + 1)
(
log r+1

R

)(1+ε)/p

=
p

p− 1− ε

((
log

n+ 1

R

) p−1−ε
p

−
(
log

[R] + 3

R

) p−1−ε
p

)
=

p

p− 1− ε
H(n).

OTÃ¨¼xÌ¨¸�Â#Á�º�¼xÃ2¿�À2¸	È

Apn

(n+ 1)
(
log n

R

)p >

(
p

p− 1− ε

)p Hp(n)

(n+ 1)
(
log n+1

R

)p

=

(
p

p− 1− ε

)p

1−

(
log [R]+3

R

log n+1
R

) p−1−ε
p



p

1

(n+ 1)
(
log n+1

R

)1+ε

>

(
p

p− 1− ε

)p 1−Kn

(n+ 1)
(
log n+1

R

)1+ε ,

³�Ì¨¼
Kn → 0

µ	¶	·
n→ ∞ ´

UmÁ�»	·2ÆÜ¸�Ä�¶¨Á�à�¸�Æ1È

X =

∞∑

n=[R]+1

Apn

(n+ 1)
(
log n

R

)p >

(
p

p− 1− ε

)p N∑

n=[R]+1

1−Kn

(n+ 1)
(
log n+1

R

)1+ε

>

(
p

p− 1− ε

)p N∫

[R]+1

dr

(r + 1)
(
log r+1

R

)1+ε −
(

p

p− 1− ε

)p N∑

n=[R]+1

Kn

(n+ 1)
(
log n+1

R

)1+ε

=

(
p

p− 1− ε

)p 1
ε

(
log

[R] + 2

R

)−ε

+O(1).
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� ¾�À2¸	È	Î	º�¸

X

Y
>

(
p

p−1−ε

)p (
log [R]+2

R

)−ε
+ εO(1)

(
log [R]+2

R

)−ε
+ εO(1)

.

� ¾�º�¶2¼�ÆmÃ2Õ'Õ
ε→ 0

È'µ2¸�Ã2½�Î	·2Æ
X

Y
>

(
p

p− 1

)p
.

UmÁ�»	·2ÆÜ¸�Ä�¶¨Á�à�¸�Æ1È2µ	¶	·iÃ2Ñ]Ä�¸�Æ
ε0 > 0

¾�½�Ò«¼�¾�º�Â�½�¼�º
an = an(ε)

º�Á�»�¸�¼�È¨Î	º�¸éÂ�¹1µ2¸�Ã2À2¼�À2¸=À2¼�¶¨Á�Â�¼�À'Û
¾�º�Â�¸

∞∑

n=0

Apn

(n+ 1)
∣∣log n

R

∣∣p >

(
p

p− 1

)p
(1− ε0)

∞∑

n=0

apn
(n+ 1)1−p

.

��º�¸éµ2¸�»'Á�à�¹1Â#Á�¼�º�È¨Î	º�¸é»�¸�À2¾�º�Á�À	º�Á=À2¼�¶¨Á�Â�¼�À2¾�º�Â#Á=º�¼�¸�¶2¼�Æ�¹?®Rµ	¶	·
l = p

Õ'Â�Ã2Õ	¼�º�¾�Õiº�¸�Î	À2¸�å�´
���������
	��
������������������������������������������������ ��������
��������!#"����%$&�����������('()�*�)
����+����
�����%�-,���.�������/0�-����1

������/2�#,���34���������5!6)

�Ïk7='¬��mh&=�n �mh
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