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e0@#" %&"(3(�� #: 7N2;$*@#���\"76H);�&"(%&%&"(%�:;"("�) E��Z7N$*5.$*2#:;" $&�%H �&�N�*+Nk� Q7N$&��A.>JI'2#%*�Z7�"�L �����?@;59%�:;"(3�59%*5.L�"

5.UR)Q7�3�$K�� 8$*@#"X7N2;$*@#���2K %�3&@#��593("X�N��$*@#"K�W2; #3�$*59�� Q7NA�7N Q7NA.>H%*59%�7�%D@;59%D�&"(%&"C7N�&3&@ 7N�&"C7L��GY>�"C7N�&%�7NE��;+



��# �z�� "#��z�K���\�-#%
+��!��z��#��K�[�	#Â�������\�-#%
+��!��z��#��K�/���K���2�-!������$�����K� 1	� ��
% "!-
+�&� � �
� r ��
 w ���6��� ~Ü{��O��{%�%� � }�� � ��� � � � ��
-{4} � wH
(
�� � � ~

dF V$*@;59%T%&"(3�$*59�� ,-0B!" 3(��A.A9"(3�$ 7N #: %*@#���*$*A.> :H59%&3�2#%&%8%&"�L�"��Z7NAX"76#7NUR);A9"(%T�N�R3(�� /L�"��*E�"� #3(" L�"(3�$&���
A]7N$*$*593("(%C+�e0@#"�3(�� /L�"��*E�"� #3("(%R5. Z 6#7NUR);A9"(% �H- 8H-�7N #:%4M=6"�A9�CB 7N�&"?$&��)6��A9��E�593C7NA!5. $*@#"�%&"� #%&"?$*@Q7N$
$*@#"��&"O59% A9� 3C7NA.A.>G%&��A.59:R$&��)6��A9��E�>

τ
%*2#3&@?$*@Q7N$ $*@#"

τ � 3(�� /L�"��*E�"� #3("'3(��5. #3�59:;"(:?BD5.$*@G$*@#"�3(���*�&"(%*)6�� #:H5. ;E� � 3(�� ;L�"��*E�"� #3("�+����������� �"!$#"j,"�$
X
=6"07�L�"(3�$&����A]7N$*$*593("�+�] A9"C7N�*A.>�-

(X,
o

−→)
59% 7

T1 � 3(�� /L�"��*E�"� #3("DL�"(3�$&��� A]7N$*$*593("�+�;2;�*$*@#"��*UG���&"�-
(X, %'&−→)

59%07P3(�� /L�"��*E�"� #3("KL�"(3�$&���!A]7N$*$*593("�-/BD@#"��&"�( o
−→ ) 59% T1

5+*
X

59%Nk��&3&@;5.UG"(:;"C7N 
$W3��*+ � 8H-�4#-�,H-
GH- � � � '�+

dF 7xj,"�=6"(%*E�2#"�7N #: 3(��UR);A9"�$&"?UG"�$*�*5.-�7N=;A9"?A9� 3C7NA.A.> %&��A.59: L�"(3�$&���XA]7N$*$*593("�-
xα %'&−→x

5+*
xα

o
−→x� � � -�H �&��)6��%*5.$*59�� "8��F+�dF$KB07�%P7NA9%&�\%*@#�CBD 5. � � � - H �&��)6��%*5.$*59�� 4�� $*@Q7N$C-65. ! Ω -$( %'&−→ ) 59%'"(1/2;5.L�7NA9"� /$$&�/( o

−→ ) ������ #"�$&%O5+* Ω
59%�3(��2; /$Z7N=;A9"�+ �;2;�*$*@#"��*UG���&"�-Q5.$�B07�%�);�&�CL�"(:M$*@Q7N$�$*@#" ; � 3(�� /L�"��*E�"� #3("�5. X59%X$&��)6��A9��E�593C7NA!5+*

dim(X) < ∞
������-�e0@#"(���&"�U ���F-�7N #: $*@Q7N$�$*@#" <�= � 3(�� /L�"��*E�"� #3("�59%X$&��)6��A9��E�593C7NA5+*

X
@Q7�%S7�%*$*�&�� ;ET���&:;"��'2; ;5.$G� � � -�e0@#"(���&"�U � �F+�dF$'59%KB!���*$*@ $&�� #��$*593("Y$*@Q7N$S$*@#"

so � 3(�� /L�"��*E�"� #3("5. 7ÜVD7N Q7�3&@MA]7N$*$*593("
X

�N� 3(��2; /$Z7N=;A9"�$F> )6"P3(��5. #3�59:;"(%�BD5.$*@M$*@#"P #���*U 3(�� /L�"��*E�"� #3("�5+*
X

59%OA]7N$*$*593("
59%&��UG���*);@;593S$&�

c0
� ����-�e0@#"(���&"�U3���F+

����������� �102#�j,"�$
M = {mξ}ξ∈Ξ

=6"?7�� 7NUR5.A.> �N�XbO59"(%3-G%&"�UR5. #���*UG%��� 7�L�"(3�$&���XA]7N$*$*593("
X
+

d �*-H�����S7N />
0 6= x ∈ X

-Q$*@#"��&"X59%
mξ ∈ M

%*2#3&@ $*@Q7N$
mξ(x) > 0

-
(X,M )

59%K%Z7N59:T$&�?=6"�7��µ½5�Ý²�¯/�
¿%³"¶7�Í¬$® �	±�²�²�¯�°�¬ $W3��*+H��� � -"Y'"�<# ;5.$*59�� � +���+ @�� '�-�7N=;=;�&"�L 5]7N$&"(:Y=/>5476�0 -�BD5.$*@Y$*@#"�8X¯.¬�¸:9 �µ½5�Ý²�¯/�ª¿%³"¶7�

M
+

]!�� /L�"��*E�"� #3("X5. M7µbO59"(%3-SUX2;A.$*5 �  #���*U $<; � °�³"¿�¾"¬D¶���¬D¿%°�¬�'OB07�%�%*$*2#:H59"(:8�&"(3("� /$*A.>85. � DC�F+
=æUBj,%M7N�&" 7NA9%&�?>  #�CBD 7�%xg'7N2#%&:;����* A9� 3C7NA.A.> 3(�� /L�"76 � %&��A.59:VL�"(3�$&���MA]7N$*$*593("(%%$W3��*+P� 8H-0),+ � G�� '�+

UK��$&" $*@Q7N$M #�CB � :#7(>H%T$*@#"  Q7NUG""(FUX2;A.$*5 �  #���*UG"(: %*)Q7�3(" ) 59%M7NA9%&� 2#%&"(: �����T1/2;5.$&" :H5+* "��&"� /$M3�A]7�%&%
�N� %*)Q7�3("(%P� ���N�F+

����������� ��@A#�cK5.L�"� 7YL�"(3�$&���OA]7N$*$*593("
X
-Q7��W2; #3�$*59�� 

r : X →
!
+

59%�3C7NA.A9"(:M7B8X¯.¬�¸:9 �4¸-¬D½z®�³+¸7�
¬7�µ¯�¿%³"¶7� $W3��*+ � 8H-zY'"�<# ;5.$*59�� �H+ �+DC� '�-;BD@#"� #"�L�"��-n

(a) r(x+ y) 6 r(x) + r(y)
������7NA.A

x, y ∈ X;
(b) limn→∞ r(αnx) = 0

������7NA.A
x ∈ X

7N #:\������7NA.A !
3 αn → 0;

(c) |y| > |x|
5.UR);A.59"(%

r(y) > r(x)
+

d �
r(x) 6= 0

������7N />
0 6= x ∈ X

-
r
59%G3C7NA.A9"(: 7C8X¯.¬�¸:9 �4¸-¬D½z®�³"¿%³"¶7� 7N #:

(X, r)
59%G%Z7N59: $&� =6"

7 �4¸-¬D½z®�³"¿%³"¶7�Í¬$®��	±�²�²�¯�°�¬
(
7N=;=;�&"�L 5]7N$&"(:T=/>á´D6�0

)
+

e0@#"X3(�� /L�"��*E�"� #3("Y5. 7LH\UBj 59%��Z7N$*@#"��K%*5.UR5.A]7N�K$&�G$*@#"P #���*U 3(�� /L�"��*E�"� #3("�5. 7R #���*UG"(:MA]7N$*$*593("
"76;3("�);$��N��)6��%&%*5.=;A9"'A]7�3:>\�N� 7YA9� 3C7NA.A.>\3(�� /L�"768=Q7�%&"'�����D$*@#"P3(���*�&"(%*)6�� #:H5. ;EG$&��)6��A9��E�>�+

e0@#"0 #"76H$ "76#7NUR);A9"0);�&"(%&"� /$&% 7K3(�� /L�"��*E�"� #3("OBD@;593&@GE�"� #"��Z7NA.5.-C"(% 3(�� /L�"��*E�"� #3("(% �W�&��U^Z 6#7NUR);A9"(% �
7N #: 8H+

����������� �FE�#�G "?%Z7(> $*@Q7N$Y7T3(��A.A9"(3�$*59�� 
R = {rξ}ξ∈Ξ

�N�XbO59"(%3-G)#%&"�2#:;��%&"�UR5. #���*UG%Y�� 
X

59%
758X¯.¬�¸:9:�µ½5�Ý²�¯/���4¸-¬D½z®�³"¿%³"¶7�R-;5[��������7N />

0 6= x ∈ X
-H$*@#"��&"S59%

rξ ∈ R
BD5.$*@

rξ(x) > 0
+zdF 8$*@;59%O3C7�%&"�-

(X,R)
59%O%Z7N59:8$&�Y=6"P7 �µ½5�Ý²�¯/���4¸-¬D½z®�³"¿%³"¶7�Í¬$®��	±�²�²�¯�°�¬

(
7N=;=;�&"�L 5]7N$&"(:T=/>H4x´D6�0

)
+

UK��$*593("!$*@Q7N$C-�=/>X$*@#" �;�&"�URA.5. R$*@#"(���&"�U $W3��*+H� 8H-+e0@#"(���&"�U �H+ �I,�� '�-I="H\UBj,% 7N�&"!"76#7�3�$*A.>X$*@#" A9� 3C7NA.A.>
%&��A.59:\L�"(3�$&����A]7N$*$*593("(%C+

e0@#"/8X¯.¬�¸:9:�µ½5�Ý²�¯/���4¸-¬D½z®�³"¿%³"¶7� °�³"¿�¾"¬D¶���¬D¿%°�¬ $<;�> � °�³"¿�¾"¬D¶���¬D¿%°�¬�'O5. (X,R)
-

xα
JLK
−→x ⇐⇒ (∀ rξ ∈ R) rξ(x− xα) → 0, (6)

3(��5. #3�59:;"(%OBD5.$*@
τ � 3(�� /L�"��*E�"� #3("�-QBD@#"��&" τ 59%D$*@#"P3(���*�&"(%*)6�� #:H5. ;EGA9� 3C7NA.A.>8%&��A.59:\$&��)6��A9��E�>\5. 

(X,R)
+

����������� �NM2#�cK5.L�"� �L�"(3�$&���!A]7N$*$*593("(%
X

7N #:
E
-H7'�W2; #3�$*59�� 

p : X → E+

59%!3C7NA.A9"(:\7N 
E � L�7NA.2#"(:bO59"(%3-P%&"�UR5. #���*U $W3��*+ � 4Q-�G�� '�-;BD@#"� #"�L�"��-n

(a) p(x+ y) 6 p(x) + p(y)
�����K7NA.A

x, y ∈ X;
(b) p(αx) = |α| · p(x)

������7NA.A
x ∈ X

-
α ∈

! J



� � � �����z���-!D� 1 ����� 5 � 5 ,
	 �/��� �z��#��"
 	a5
�  5

(c) |y| > |x|
5.UR);A.59"(%

p(y) > p(x)
+

d �*-#7�:;:H5.$*59�� Q7NA.A.>�-
p(x) 6= 0

�����K7N />
0 6= x ∈ X

-;B!"P%Z7(>�$*@Q7N$
p
59%�7N 

E � ¾+±�� ½�¬$®B8X¯.¬�¸:9�¿%³"¶7�R+
k L�"(3�$&���\A]7N$*$*593("

(X, p,E)
"(1/2;5.);)6"(: BD5.$*@ 7N 

E � L�7NA.2#"(:âbO59"(%3-  #���*U
p
59%\3C7NA.A9"(: 7J�	±�²�²�¯�°�¬

¿%³"¶7�Í¬$® �	±�²�²�¯�°�¬�$�7N=;=;�&"�L 5]7N$&"(:T=/> 0 6�0-'�+
m "�L�"��Z7NA $F> )6"(%0�N� 3(�� /L�"��*E�"� #3("(%D5. \A]7N$*$*593("K #���*UG"(:�A]7N$*$*593("(%0B!"��&"S%*$*2#:H59"(:��&"(3("� /$*A.>?5. � � -�@;-���8��F+

W� #"P�N��$*@#"SUG��%*$D5. /$&"��&"(%*$*5. ;E�3(�� /L�"��*E�"� #3("(%K@#"��&"'59%D$*@#" > � °�³"¿�¾"¬D¶���¬D¿%°�¬�n

xα
K

−→x ⇐⇒ p(x− xα)
o

−→ 0. (7)

UK��$*593("S$*@Q7N$C-#$*@#" > � 3(�� /L�"��*E�"� #3("X5. (X, | · |, X)
3(��5. #3�59:;"(%�BD5.$*@T$*@#" ; � 3(�� /L�"��*E�"� #3("X5. X

BD@;593&@M59%
 #��$O$&��)6��A9��E�593C7NA,5[�

dim(X) = ∞
+

����������� � � #Ük L�"(3�$&��� A]7N$*$*593("
X = (X,M , E)

"(1/2;5.);)6"(: BD5.$*@ 7 %&"�)Q7N�Z7N$*5. ;E � 7NUR5.A.>
M = {pξ}ξ∈Ξ

�N�
E � ¾+±�� ½�¬$® 8X¯.¬�¸:9>¸-¬7�µ¯�¿%³"¶7�­¸Y59%P%Z7N59: $&�\=6"?7"�	±�²�²�¯�°�¬L�µ½5�Ý²�¯/�ª¿%³"¶7�Í¬$® �	±�²�²�¯�°�¬"$�7N= �=;�&"�L 5]7N$&"(:8=/> 0 476�0-'�+(e0@#"P3(���*�&"(%*)6�� #:H5. ;E�3(�� /L�"��*E�"� #3("�n

xα

� J
−→x ⇐⇒ (∀ pξ ∈ M ) pξ(x− xα)

o
−→ 0 (8)

59%O3C7NA.A9"(:8$*@#"���; � °�³"¿�¾"¬D¶���¬D¿%°�¬-º�] A9"C7N�*A.>�-�7N />/jlUBj 59%�7N áj�=æUBj +
����������� ���2#\cK5.L�"� $FB!� L�"(3�$&���YA]7N$*$*593("(%

X
7N #:

E
+�k �W2; #3�$*59�� 

ρ : X → E+

59%�3C7NA.A9"(: 7N 
E � ¾+±�� ½�¬$®B8X¯.¬�¸:9 �4¸-¬D½z®�³"¿%³"¶7�R-;BD@#"� #"�L�"��-n

(a) ρ(x+ y) 6 ρ(x) + ρ(y)
������7NA.A

x, y ∈ X;
(b) ρ(αnx)

o
−→ 0

������7NA.A
x ∈ X

7N #:)!
3 αn → 0;

(c) |y| > |x|
5.UR);A.59"(%

ρ(y) > ρ(x);
(d) x 6= 0

5.UR);A.59"(%
ρ(x) 6= 0

+
d � 3(�� #:H5.$*59�� 

(d)
59%D:H�&��);)6"(: -

ρ
59%O%Z7N59:\$&�R=6"P7N 

E � ¾+±�� ½�¬$®B8X¯.¬�¸:9 �4¸-¬D½z®�³+¸-¬7�µ¯�¿%³"¶7�R+
k L�"(3�$&���\A]7N$*$*593("

X
"(1/2;5.);)6"(: BD5.$*@ 7N 

E � L�7NA.2#"(: bO59"(%3- )#%&"�2#:;�� #���*U
ρ
59%\3C7NA.A9"(: 7J�	±�²�²�¯�°�¬

�4¸-¬D½z®�³"¿%³"¶7�Í¬$®"�	±�²�²�¯�°�¬ $�7N=;=;�&"�L 5]7N$&"(: =/> 0�´D6�0 7N #: :;"� #��$&"(: =/>
(X, ρ,E)

'�+6e0@#"G3(���*�&"(%*)6�� #:H5. ;E
3(�� /L�"��*E�"� #3("�n

xα
K

−→x ⇐⇒ p(x− xα)
o

−→ 0 (9)
59%O3C7NA.A9"(: -Q7�%D5. áZ 6#7NUR);A9" � -;$*@#"#> � °�³"¿�¾"¬D¶���¬D¿%°�¬R5. (X, ρ,E)

+|] A9"C7N�*A.>�-Q7N />xjlUBj 59%�7N sj H\UBj +
W�2;�!A]7�%*$0"76#7NUR);A9"�);�&"(%&"� /$&%D7X3(�� /L�"��*E�"� #3("'BD@;593&@\E�"� #"��Z7NA.5.-C"(%03(�� /L�"��*E�"� #3("(%0�W�&��U 7NA.A�);�&"�L 59��2#%

"76#7NUR);A9"(%�"76;3("�);$O$*@#"#<�= � 3(�� /L�"��*E�"� #3("P�W�&��UçZ 6#7NUR);A9"L��+
����������� ���A#�k � 7NUR5.A.>

R = {ρξ}ξ∈Ξ
�N�

E � L�7NA.2#"(: bO59"(%3-\)#%&"�2#:;��%&"�UR5. #���*UG%R59%R%Z7N59: $&� =6"
¸-¬ �z±"¶$±�²�¯�¿ � BD@#"� #"�L�"��C- ������7N />

0 6= x ∈ X
- $*@#"��&"M59%

ρξ ∈ R
%*2#3&@ $*@Q7N$

ρξ(x) > 0
+Qd �

R
59%

%&"�)Q7N�Z7N$*5. ;E#-#B!"P3C7NA.A,5.$�7N 
E � ¾+±�� ½�¬$®58X¯.¬�¸:9 �µ½5�Ý²�¯/���4¸-¬D½z®�³"¿%³"¶7�R+

k L�"(3�$&���KA]7N$*$*593("
(X,R, E)

"(1/2;5.);)6"(:MBD5.$*@ 7N 
E � ¾+±�� ½�¬$® 8X¯.¬�¸:9#�µ½5�Ý²�¯/���4¸-¬D½z®�³"¿%³"¶7�

R
59%�%Z7N59:

$&� =6" 7 �	±�²�²�¯�°�¬ �µ½5�Ý²�¯/���4¸-¬D½z®�³"¿%³"¶7�Í¬$® �	±�²�²�¯�°�¬ $�7N=;=;�&"�L 5]7N$&"(: =/> 0 4x´D6�0-'�+[e0@#" 3(���*�&"(%*)6�� #:H5. ;E
3(�� /L�"��*E�"� #3("�n

xα

� JLK
−→x ⇐⇒ (∀ ρξ ∈ R) ρξ(x− xα)

o
−→ 0 (10)

59%O3C7NA.A9"(:8$*@#"���;�> � °�³"¿�¾"¬D¶���¬D¿%°�¬�+

	 r�
s��y\{%����� � � ��{%�%� � }�� � ��� � ~
` 7N�*59��2#% 2; /=6��2; #:;"(:�3(�� /L�"��*E�"� #3("(%�@Q7(L�" =6"("� X5. /L�"(%*$*5.E/7N$&"(:��&"(3("� /$*A.>P5. �� � -�D -+���EA,�2@H-5� ,H-�� � -���4�A

��GH-�8 � A�8����F+�e0@;59%�%&"(3�$*59�� X59% ��� 3�2#%&"(:P�� P$*@#" 2; ;5[<Q3C7N$*59�� Y�N�Q7N););�&��7�3&@#"(%,�����,2; /=6��2; #:;"(:�3(�� /L�"��*E�"� #3("(%
5. :H5+* "��&"� /$�%&"�$*$*5. ;E�%C+|kO�W$&"��S$*@;59%C-6B!"R:H59%&3�2#%&%P%&"�L�"��Z7NA $F> )6"(%P�N�02; /=6��2; #:;"(: 3(�� /L�"��*E�"� #3("(%X�&"�A]7N$&"(:
$&�G"76#7NUR);A9"(%D5. Àm "(3�$*59�� "�H+
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	 r 
 r�� � � � }+w � �ªw;��
-~�r j,"�$ I =6"D7N Y59:;"C7NA;5. G7K3(�� /L�"��*E�"� #3("OL�"(3�$&��� A]7N$*$*593(" (X,

�
)
+"e0@#"!����A.A9�CBD5. ;E

:;"�<# ;5.$*59�� 59% UG��$*5.L�7N$&"(: =/> $*@#" :;"�<# ;5.$*59�� �N�
un � °�³"¿�¾"¬D¶���¬D¿%°�¬J9�¯�²�Áâ¶�¬�¸ ��¬$°K²x².³â±"¿ ¯�®�¬$±��
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πu(x) = p(|x| ∧ u) (u ∈ X+). (14)
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