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Àííîòàöèÿ. Ïîñòðîåíû íîâûå ñïåöèàëüíûå ðÿäû ïî ìîäè�èöèðîâàííûì ïîëèíîìàì Ìåéêñíåðà

Mα
n,N (x) = Mα

n (Nx). Ýòè ïîëèíîìû ïðè α > −1 îáðàçóþò îðòîãîíàëüíóþ ñ âåñîì ρ(Nx) ñèñòåìó
íà ðàâíîìåðíîé ñåòêå Ωδ = {0, δ, 2δ, . . .}, ãäå δ = 1/N , N > 0. Óïîìÿíóòûå ñïåöèàëüíûå ðÿäû ïî

ïîëèíîìàì Mα
n,N (x) ïîÿâèëèñü êàê åñòåñòâåííûé è àëüòåðíàòèâíûé ðÿäàì Ôóðüå � Ìåéêñíåðà àï-

ïàðàò îäíîâðåìåííîãî ïðèáëèæåíèÿ äèñêðåòíîé �óíêöèè f , çàäàííîé íà ðàâíîìåðíîé ñåòêå Ωδ, è

åå êîíå÷íûõ ðàçíîñòåé ∆ν
δf . Îñíîâíîå âíèìàíèå â íàñòîÿùåé ñòàòüå óäåëåíî èññëåäîâàíèþ àïïðîê-

ñèìàòèâíûõ ñâîéñòâ ÷àñòè÷íûõ ñóìì óêàçàííûõ ðÿäîâ. Â ÷àñòíîñòè, ïîëó÷åíà ïîòî÷å÷íàÿ îöåíêà

äëÿ �óíêöèè Ëåáåãà ÷àñòè÷íûõ ñóìì ñïåöèàëüíîãî ðÿäà. Ñëåäóåò îòìåòèòü, ÷òî íîâûå ñïåöèàëüíûå

ðÿäû, â îòëè÷èå îò ðÿäîâ Ôóðüå � Ìåéêñíåðà, îáëàäàþò òåì ñâîéñòâîì, ÷òî èõ ÷àñòè÷íûå ñóììû

ñîâïàäàþò ñî çíà÷åíèÿìè èñõîäíîé �óíêöèè â òî÷êàõ 0, δ, . . . , (r − 1)δ.

Êëþ÷åâûå ñëîâà: ïîëèíîìû Ìåéêñíåðà, àïïðîêñèìàòèâíûå ñâîéñòâà, ðÿä Ôóðüå, ñïåöèàëüíûå

ðÿäû, �óíêöèÿ Ëåáåãà.

Mathemati
al Subje
t Classi�
ation (2000): 41A10.

1. Ââåäåíèå

Â íàñòîÿùåé ðàáîòå ðàññìîòðåíû íîâûå ñïåöèàëüíûå ðÿäû ïî ìîäè�èöèðîâàííûì

ïîëèíîìàì Ìåéêñíåðà Mα
n,N (x) = Mα

n (Nx) ñ α > −1, îðòîãîíàëüíûì íà ðàâíîìåðíîé

ñåòêå Ωδ = {0, δ, 2δ, . . .}, ãäå δ = 1
N , N > 0, è èññëåäîâàíû àïïðîêñèìàòèâíûå ñâîéñòâà èõ

÷àñòè÷íûõ ñóìì. Â ÷àñòíîñòè, ïîëó÷åíà îöåíêà ñâåðõó äëÿ �óíêöèè Ëåáåãà ÷àñòè÷íûõ

ñóìì ñïåöèàëüíîãî ðÿäà ïî ïîëèíîìàì Ìåéêñíåðà Mα
n,N (x). Ñïåöèàëüíûå ðÿäû ïî ïî-

ëèíîìàì ÌåéêñíåðàMα
n,N (x) îáëàäàþò çíà÷èòåëüíî ëó÷øèìè àïïðîêñèìàòèâíûìè ñâîé-

ñòâàìè, ÷åì ðÿäû Ôóðüå ïî óêàçàííûì ïîëèíîìàì. Íàïðèìåð, íîâûå ñïåöèàëüíûå ðÿäû,

ñîîòâåòñòâóþùèå çàäàííîìó r ∈ N, îáëàäàþò òåì ñâîéñòâîì, ÷òî ÷àñòè÷íûå ñóììû ýòèõ

ðÿäîâ èíòåðïîëèðóþò èñõîäíóþ �óíêöèþ â òî÷êàõ 0, δ, . . . , (r − 1)δ.
Ïðè èññëåäîâàíèè àïïðîêñèìàòèâíûõ ñâîéñòâ ÷àñòè÷íûõ ñóìì ñïåöèàëüíîãî ðÿäà

íàì ïîíàäîáÿòñÿ íåêîòîðûå ñâîéñòâà ïîëèíîìîâ Ìåéêñíåðà Mα
n,N (x), êîòîðûå ìû ïðè-

âåäåì â ñëåäóþùåì ïóíêòå.

2. Íåêîòîðûå ñâåäåíèÿ î ïîëèíîìàõ Ìåéêñíåðà

Äëÿ q 6= 0 è ïðîèçâîëüíîãî α ∈ R êëàññè÷åñêèå ïîëèíîìû Ìåéêñíåðà [1�3℄ ìîæíî

îïðåäåëèòü ñ ïîìîùüþ ðàâåíñòâà

Mα
n (x) = Mα

n (x, q) =

(

n+ α

n

) n
∑

k=0

n[k]x[k]

(α+ 1)kk!

(

1− 1

q

)k

,
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ãäå x[k] = x(x − 1) . . . (x − k + 1), (a)k = a(a + 1) . . . (a + k − 1). Ïðè α > −1 è 0 < q < 1
ïîëèíîìû Ìåéêñíåðà Mα

n (x) îáðàçóþò îðòîãîíàëüíóþ ñèñòåìó íà ñåòêå {0, 1, . . .} ñ âåñîì
ρ(x) = ρ(x, α, q) = qx Γ(x+α+1)

Γ(x+1) (1−q)α+1
, à, áîëåå òî÷íî, èìååò ìåñòî ñëåäóþùåå ðàâåíñòâî:

∞
∑

x=0

mα
n(x)m

α
k (x)ρ(x) = δnk, 0 < q < 1, α > −1,

ãäå mα
n(x) = mα

n(x, q) = {hαn(q)}−
1
2Mα

n (x), h
α
n(q) =

(n+α
n

)

q−nΓ(α+ 1).
Ïóñòü N > 0, δ = 1

N , q = e−δ
, Ωδ = {0, δ, 2δ, . . .}. Ìíîãî÷ëåíû Mα

n,N (x) = Mα
n (Nx, e−δ)

è mα
n,N (x) = mα

n(Nx, e−δ) =
{

hαn(e
−δ)

}

−
1
2 Mα

n,N (x) â ñëó÷àå α > −1 îáðàçóþò îðòîãîíàëü-

íóþ è îðòîíîðìèðîâàííóþ íà Ωδ ñèñòåìû ñ âåñîì ρ(Nx) = ρ(Nx;α, e−δ).
Â äàëüíåéøåì, ïðè îöåíêå �óíêöèè Ëåáåãà, âàæíóþ ðîëü èãðàåò ñëåäóþùàÿ �îðìóëà

Êðèñòî��åëÿ � Äàðáó:

K
α
n,N(t, x) =

n
∑

k=0

mα
k,N(t)mα

k,N (x)

=
δ
√

(n+ 1)(n + α+ 1)

(eδ/2 − e−δ/2)(x− t)

[

mα
n+1,N(t)mα

n,N (x)−mα
n,N (t)mα

n+1,N (x)
]

. (1)

êîòîðóþ ìîæíî çàïèñàòü [4℄ òàê:

K
α
n,N (t, x) =

αn

(αn + αn−1)
mα

n,N (t)mα
n,N (x) +

αnαn−1

(αn + αn−1)

δ
(

e
δ
2 − e−

δ
2

)

1

(x− t)

×
[

mα
n,N(x)

(

mα
n+1,N (t)−mα

n−1,N (t)
)

−mα
n,N (t)

(

mα
n+1,N (x)−mα

n−1,N (x)
)]

,

(2)

ãäå αn =
√

(n+ 1)(n + α+ 1). Äëÿ 0 < δ 6 1, N = 1
δ , λ > 0, 1 6 n 6 λN , α > −1,

0 6 x < ∞, s > 0, θn = 4n+ 2α+ 2 ñïðàâåäëèâû [2, 5℄ ñëåäóþùèå îöåíêè:

e−
x
2

∣

∣mα
n,N(x± sδ)

∣

∣ 6 c(α, λ, s)θ
−

α
2

n Aα
n(x),

Aα
n(x) =



























θαn , 0 6 x 6
1
θn
,

θ
α
2
−

1
4

n x−
α
2
−

1
4 , 1

θn
< x 6

θn
2 ,

[

θn

(

θ
1
3
n + |x− θn|

)]

−
1
4
, θn

2 < x 6
3θn
2 ,

e−
x
4 , 3θn

2 < x < ∞,

(3)

e−
x
2

∣

∣mα
n+1,N (x± sδ)−mα

n−1,N (x± sδ)
∣

∣

6 c(α, λ, s)































θ
α
2
−1

n , 0 6 x 6
1
θn
,

θ
−

3
4

n x−
α
2
+ 1

4 , 1
θn

< x 6
θn
2 ,

x−
α
2 θ

−
3
4

n

(

θ
1
3
n + |x− θn|

) 1
4

, θn
2 < x 6

3θn
2 ,

e−
x
4 , 3θn

2 < x < ∞.

(4)

Çäåñü è äàëåå c, c(α), c(α, . . . , λ)� ïîëîæèòåëüíûå ÷èñëà, çàâèñÿùèå òîëüêî îò óêàçàííûõ

ïàðàìåòðîâ, ïðè÷åì ðàçëè÷íûå â ðàçíûõ ìåñòàõ.
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3. Íåðàâåíñòâî Ëåáåãà äëÿ ÷àñòè÷íûõ ñóìì

ñïåöèàëüíîãî ðÿäà ïî ïîëèíîìàì Ìåéêñíåðà

Â ðàáîòå [6℄ áûëè ââåäåíû ñïåöèàëüíûå ðÿäû ïî êëàññè÷åñêèì ïîëèíîìàì Ëàãåð-

ðà è èññëåäîâàíû àïïðîêñèìàòèâíûå ñâîéñòâà èõ ÷àñòè÷íûõ ñóìì. Â íàñòîÿùåé ðàáîòå

ìû ðàññìîòðèì ñïåöèàëüíûå ðÿäû ïî ïîëèíîìàì Ìåéêñíåðà, êîòîðûå ÿâëÿþòñÿ äèñ-

êðåòíûì àíàëîãîì âûøåóïîìÿíóòûõ ñïåöèàëüíûõ ðÿäîâ ïî ïîëèíîìàì Ëàãåððà. Íàì

ïîíàäîáÿòñÿ íåêîòîðûå îáîçíà÷åíèÿ. Ïóñòü Ω � äèñêðåòíîå ìíîæåñòâî, ñîñòîÿùåå èç

áåñêîíå÷íîãî ÷èñëà ðàçëè÷íûõ òî÷åê äåéñòâèòåëüíîé îñè, µ = µ(x) � íåîòðèöàòåëüíàÿ

�óíêöèÿ, îïðåäåëåííàÿ íà ýòîì ìíîæåñòâå. ×åðåç l2,µ(Ω) îáîçíà÷èì ïðîñòðàíñòâî �óíê-

öèé f , çàäàííûõ íà Ω è òàêèõ, ÷òî

∑

x∈Ω f2(x)µ(x) < ∞. Ìû ðàññìîòðèì ñëó÷àé, êîãäà

Ω = Ωδ = {0, δ, 2δ, . . .}, δ = 1
N , µ(x) = ρ(Nx) = ρ(Nx;α, e−δ). Ïóñòü d(x) ∈ l2,ρ(Ωδ), òîãäà

ïðè x ∈ Ωr,δ = {rδ, (r + 1)δ, . . .} ìû ìîæåì îïðåäåëèòü äèñêðåòíûé àíàëîã ïîëèíîìà

Òåéëîðà ñëåäóþùåãî âèäà:

Pr−1,N (x) =

r−1
∑

ν=0

∆ν
δd(0)

ν!
(Nx)[ν], ∆0

δd(x) = d(x),

∆1
δd(x) = d(x + δ) − d(x), ∆ν

δd(x) = ∆δ(∆
ν−1
δ d(x)). Ëåãêî ïðîâåðèòü, ÷òî �óíêöèÿ

dr(x) =
d(x)−Pr−1,N (x)

N−r(Nx)[r]
ïðèíàäëåæèò ïðîñòðàíñòâó l2,ρN,r

(Ωr,δ), ãäå ρN,r(x) = ρ(N(x− rδ)),

à ìîäè�èöèðîâàííûå ïîëèíîìû Ìåéêñíåðà mα
k,N,r(x) = mα

k,N(x − rδ) (k = 0, 1, . . .) ïðè
α > −1 îáðàçóþò îðòîíîðìèðîâàííûé áàçèñ â l2,ρN,r

(Ωr,δ) ñ âåñîì ρN,r(x). Ïîýòîìó ìû

ìîæåì îïðåäåëèòü êîý��èöèåíòû Ôóðüå � Ìåéêñíåðà

d̂αr,k =
∑

t∈Ωr,δ

dr(t)ρN,r(t)m
α
k,N,r(t) =

∑

t∈Ωr,δ

d(t)− Pr−1,N (t)

N−r(Nt)[r]
ρN,r(t)m

α
k,N,r(t)

è ðÿä Ôóðüå � Ìåéêñíåðà

dr(x) =

∞
∑

k=0

d̂αr,km
α
k,N,r(x),

êîòîðûé â ñèëó áàçèñíîñòè â l2,ρN,r
(Ωr,δ) ñèñòåìû ïîëèíîìîâ Ìåéêñíåðà mα

k,N,r(x) (k =
0, 1, . . .) ñõîäèòñÿ ðàâíîìåðíî îòíîñèòåëüíî x ∈ Ωr,δ. Îòñþäà ñëåäóåò, ÷òî

d(x) = Pr−1,N (x) +N−r(Nx)[r]
∞
∑

k=0

d̂αr,km
α
k,N,r(x), x ∈ Ωδ. (5)

Ñëåäóÿ [7, 8℄, ìû áóäåì íàçûâàòü (5) ñïåöèàëüíûì ðÿäîì ïî ïîëèíîìàì Ìåéêñíåðà äëÿ

�óíêöèè d(x). ×àñòè÷íóþ ñóììó ðÿäà (5) îáîçíà÷èì ÷åðåç

Sα
n+r,N(d, x) = Pr−1,N (x) +N−r(Nx)[r]

n
∑

k=0

d̂αr,km
α
k,N,r(x).

Åñëè d(x) = pn+r(x) ïðåäñòàâëÿåò ñîáîé àëãåáðàè÷åñêèé ïîëèíîì ñòåïåíè n + r, òî,
î÷åâèäíî, d̂αr,k = 0 ïðè k > n + 1 è ïîýòîìó èç (5) ñëåäóåò Sα

n+r,N(pn+r, x) ≡ pn+r(x),
ò. å. Sα

n+r,N(d, x) ÿâëÿåòñÿ ïðîåêòîðîì íà ïîäïðîñòðàíñòâî àëãåáðàè÷åñêèõ ïîëèíîìîâ

pn+r(x) ñòåïåíè íå âûøå n+r. Îáîçíà÷èì ÷åðåç qn+r(x) àëãåáðàè÷åñêèé ïîëèíîì ñòåïåíè

n+ r, äëÿ êîòîðîãî ∆id(0) = ∆iqn+r(0) (i = 0, . . . , r − 1). Òîãäà
∣

∣d(x)− Sα
n+r,N(d, x)

∣

∣ =
∣

∣d(x) − qn+r(x) + qn+r(x)− Sα
n+r,N(d, x)

∣

∣

6 |d(x)− qn+r(x)|+
∣

∣Sα
n+r,N(qn+r − d, x)

∣

∣ .
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Îòñþäà äëÿ x ∈ Ωr,δ

e−
x
2 x−

r
2
+ 1

4

∣

∣d(x)− Sα
n+r,N(d, x)

∣

∣

6 e−
x
2 x−

r
2
+ 1

4 |d(x)− qn+r(x)|+ e−
x
2 x−

r
2
+ 1

4

∣

∣Sα
n+r,N (qn+r − d, x)

∣

∣ . (6)

Òàê êàê Pr−1,N (qn+r − d, x) = 0, òî

e−
x
2 x−

r
2
+ 1

4

∣

∣Sα
n+r,N(qn+r − d, x)

∣

∣

= e−
x
2 x−

r
2
+ 1

4N−r(Nx)[r]

∣

∣

∣

∣

∣

n
∑

k=0

( ̂qn+r − d)αr,km
α
k,N (x− rδ)

∣

∣

∣

∣

∣

6 e−
x
2 x−

r
2
+ 1

4 (Nx)[r]
∑

t∈Ωr,δ

|qn+r(t)− d(t)|
(Nt)[r]

ρN,r(t)

∣

∣

∣

∣

∣

n
∑

k=0

mα
k,N (t− rδ)mα

k,N (x− rδ)

∣

∣

∣

∣

∣

= e−
x
2 x−

r
2
+ 1

4 (Nx)[r]
∑

t∈Ωr,δ

|qn+r(t)− d(t)|
(Nt)[r]

ρN,r(t)
∣

∣K
α
n,N (t− rδ, x− rδ)

∣

∣ .

(7)

Ïîëîæèì

Er
k(d, δ) = inf

qk
sup

x∈Ωr,δ

e−
x
2x−

r
2
+ 1

4 |d(x)− qk(x)| , (8)

ãäå íèæíÿÿ ãðàíü áåðåòñÿ ïî âñåì àëãåáðàè÷åñêèì ïîëèíîìàì qk(x) ñòåïåíè k, äëÿ êî-

òîðûõ ∆id(0) = ∆iqk(0) (i = 0, . . . , r − 1). Òîãäà èç (6) è (7), ó÷èòûâàÿ (8), ïîëó÷àåì

e−
x
2 x−

r
2
+ 1

4

∣

∣d(x)− Sα
n+r,N (d, x)

∣

∣ 6 Er
n+r(d, δ)

(

1 + lα,Nn,r (x)
)

, (9)

ãäå

lα,Nn,r (x) = e−
x
2 x−

r
2
+ 1

4 (Nx)[r]
∑

t∈Ωr,δ

e−
t
2
+rδt

r
2
−

1
4Γ(Nt− r + α+ 1)

(Nt)[r]Γ(Nt− r + 1)

×
(

1− e−δ
)α+1 ∣

∣K
α
n,N (t− rδ, x− rδ)

∣

∣ .

Â ñâÿçè ñ íåðàâåíñòâîì (9) âîçíèêàåò çàäà÷à îá îöåíêå �óíêöèè Ëåáåãà lα,Nn,r (x) ïðè

n 6 λN , λ > 1. Â íàñòîÿùåé ðàáîòå ìû îãðàíè÷èìñÿ èññëåäîâàíèåì âåëè÷èíû lα,Nn,r (x)

íà ìíîæåñòâàõ G1 =
[

rδ, 3λθn
]

è G2 =
[

3λ
θn
, θn2

]

. À îöåíêà �óíêöèè lα,Nn,r (x) íà ïðîìåæóò-

êå

(

θn
2 ,∞

)

ÿâëÿåòñÿ îáúåêòîì èññëåäîâàíèÿ äðóãîé íàøåé ðàáîòû. Ïðè äîêàçàòåëüñòâå

ñëåäóþùåé òåîðåìû ìû âîñïîëüçóåìñÿ òåõíèêîé äîêàçàòåëüñòâà òåîðåìû 4 èç ðàáîòû [6℄.

Òåîðåìà 1. Ïóñòü r ∈ N, r − 1
2 < α < r + 1

2 , θn = 4n + 2α + 2, λ > 1, 0 < δ 6 1,
δ = 1/N , n 6 λN. Òîãäà èìåþò ìåñòî ñëåäóþùèå îöåíêè:

1) åñëè x ∈ G1 =
[

rδ, 3λθn
]

, òî

lα,Nn,r (x) 6 c(α, λ, r)

{

ln(n + 1), α = r,

1 + nα−r, α 6= r;
(10)

2) åñëè x ∈ G2 =
[

3λ
θn
, θn2

]

, òî

lα,Nn,r (x) 6 c(α, λ, r)

[

ln(1 + nx) +
(n

x

)
α−r
2

]

. (11)



Àïïðîêñèìàòèâíûå ñâîéñòâà ñïåöèàëüíûõ ðÿäîâ ïî ïîëèíîìàì Ìåéêñíåðà 25

⊳ Ïóñòü x ∈ G1 =
[

rδ, 3λθn
]

. Òîãäà

lα,Nn,r (x) = S1 + S2, (12)

ãäå

S1 6 c(r)e−
x
2 x−

r
2
+ 1

4 (Nx)r
∑

t∈Ωr,δ ,

rδ6t6 4
θn

e−
t
2 t

r
2
−

1
4 (Nt)α−r

(

1− e−δ
)α+1 ∣

∣K
α
n,N (t− rδ, x− rδ)

∣

∣ ,

S2 6 c(r)e−
x
2 x−

r
2
+ 1

4 (Nx)r

×
∑

t∈Ωr,δ ,
4
θn

<t<∞

e−
t
2 t

r
2
−

1
4Γ(Nt− r + α+ 1)

Γ(Nt+ 1)

(

1− e−δ
)α+1 ∣

∣K
α
n,N (t− rδ, x− rδ)

∣

∣ .

Îöåíèì S1. Èç (1) è (3) ïîëó÷àåì

S1 6 c(α, r)x
r
2
+ 1

4 δ
∑

t∈Ωr,δ ,

rδ6t6 4
θn

tα−
r
2
−

1
4

n
∑

k=0

∣

∣e−
x
2mα

k,N(x− rδ)
∣

∣

∣

∣e−
t
2mα

k,N(t− rδ)
∣

∣

6 c(α, λ, r)δx
r
2
+ 1

4

∑

t∈Ωr,δ ,

rδ6t6 4
θn

tα−
r
2
−

1
4

n
∑

k=0

θαk 6 c(α, λ, r)δx
r
2
+ 1

4

∑

t∈Ωr,δ ,

rδ6t6 4
θn

tα−
r
2
−

1
4 θα+1

n

6 c(α, λ, r)θ
α− r

2
+ 3

4
n

4
θn

+δ
∫

0

tα−
r
2
−

1
4 dt 6 c(α, λ, r)θ

α− r
2
+ 3

4
n

tα−
r
2
+ 3

4

α− r
2 +

3
4

∣

∣

∣

∣

∣

4
θn

+δ

0

= c(α, λ, r).

(13)

Ïåðåéäåì ê îöåíêå âåëè÷èíû S2. Äëÿ ýòîãî ïðåäñòàâèì åå â âèäå S2 6 S21+S22+S23,
ãäå

S21 = e−
x
2 x

r
2
+ 1

4N r
∑

t∈Ωr,δ ,
4
θn

<t<∞

e−
t
2 t

r
2
−

1
4Γ(Nt− r + α+ 1)

Γ(Nt+ 1)

×
(

1− e−δ
)α+1 ∣

∣mα
n,N(x− rδ)mα

n,N (t− rδ)
∣

∣ ,

S22 =
αnαn−1

αn + αn−1

δ

e
δ
2 − e−

δ
2

e−
x
2 x

r
2
+ 1

4N r
∣

∣mα
n+1,N (x− rδ)−mα

n−1,N (x− rδ)
∣

∣

×
∑

t∈Ωr,δ ,

4
θn

<t<∞

e−
t
2 t

r
2
−

1
4Γ(Nt− r + α+ 1)

Γ(Nt+ 1)(t− x)

(

1− e−δ
)α+1 ∣

∣mα
n,N(t− rδ)

∣

∣ ,

S23 =
αnαn−1

αn + αn−1

δ

e
δ
2 − e−

δ
2

e−
x
2 x

r
2
+ 1

4N r
∣

∣mα
n,N (x− rδ)

∣

∣

×
∑

t∈Ωr,δ ,
4
θn

<t<∞

e−
t
2 t

r
2
−

1
4Γ(Nt− r + α+ 1)

Γ(Nt+ 1)(t− x)

(

1− e−δ
)α+1 ∣

∣mα
n+1,N (t− rδ)−mα

n−1,N (t− rδ)
∣

∣ .
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Îöåíèì âåëè÷èíó S21. Èç (3) èìååì

S21 6 c(α, λ, r)x
r
2
+ 1

4 θ
α
2
n

∑

t∈Ωr,δ,
4
θn

<t<∞

t
r
2
−

1
4 e−

t
2
Γ(Nt− r + α+ 1)

trΓ(Nt− r + 1)

×
(

1− e−δ
)α+1 ∣

∣mα
n,N (t− rδ)

∣

∣ . (14)

Ïóñòü

W =
∑

t∈Ωr,δ ,
4
θn

<t<∞

e−
t
2 t−

r
2
−

1
4Γ(Nt− r + α+ 1)

Γ(Nt− r + 1)

(

1− e−δ
)α+1 ∣

∣mα
n,N(t− rδ)

∣

∣ = W1 +W2,

ãäå

W1 =
∑

t∈Ωr,δ ,
4
θn

<t6 3θn
2

e−
t
2 t−

r
2
−

1
4Γ(Nt− r + α+ 1)

Γ(Nt− r + 1)

(

1− e−δ
)α+1 ∣

∣mα
n,N (t− rδ)

∣

∣ ,

W2 =
∑

t∈Ωr,δ ,
3θn
2

<t<∞

e−
t
2 t−

r
2
−

1
4Γ(Nt− r + α+ 1)

Γ(Nt− r + 1)

(

1− e−δ
)α+1 ∣

∣mα
n,N (t− rδ)

∣

∣ .

Ïðèìåíÿÿ íåðàâåíñòâî Êîøè � Áóíÿêîâñêîãî ê âåëè÷èíå W1, ïîëó÷àåì

W1 6













∑

t∈Ωr,δ ,
4
θn

<t6 3θn
2

(

1− e−δ
)α+1

t−r− 1
2
Γ(Nt− r + α+ 1)

Γ(Nt− r + 1)













1
2

×













∑

t∈Ωr,δ ,
4
θn

<t6 3θn
2

(

1− e−δ
)α+1 e−tΓ(Nt− r + α+ 1)

Γ(Nt− r + 1)

(

mα
n,N(t− rδ)

)2













1
2

6 c(α)







3θn
2

∫

0

tα−r− 1
2 dt







1
2

6 c(α, r)θ
α−r
2

+ 1
4

n .

(15)

W2 6 c(α, λ, r)θ
−

α
2

n δ
∑

t∈Ωr,δ ,
3θn
2

<t<∞

e−
t
4 tα−

r
2
−

1
4 6 c(α, λ, r)θ

−
α
2

n e−n. (16)

Èç îöåíîê (15) è (16) íàõîäèì

W 6 c(α, λ, r)θ
α−r
2

+ 1
4

n .

Èç ïîñëåäíåãî íåðàâåíñòâà è (14) èìååì

S21 6 c(α, λ, r)θα−r
n . (17)
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Ïåðåéäåì ê îöåíêå âåëè÷èíû S22. Â ñèëó (4) è (3)

S22 6 c(α, λ, r)nx
r
2
+ 1

4 θ
α
2
−1

n θ
−

α
2

n δ
∑

t∈Ωr,δ ,
4
θn

<t<∞

t
r
2
−

1
4 tα−rAα

n(t)

t− x
= S1

22 + S2
22 + S3

22,

ãäå

Si
22 = c(α, λ, r)nx

r
2
+ 1

4 θ−1
n δ

∑

t∈Bi

t
r
2
−

1
4 tα−rAα

n(t)

t− x
, i = 1, 2, 3,

B1 =

(

4

θn
,
θn
2

]

∩ Ωr,δ, B2 =

(

θn
2
,
3θn
2

]

∩ Ωr,δ, B3 =

(

3θn
2

,∞
)

∩Ωr,δ.

Èç (3) ïîëó÷àåì

S1
22 6 c(α, λ, r)x

r
2
+ 1

4 θ
α
2
−

1
4

n δ
∑

t∈B1

t
r
2
−

1
4 tα−rt−

α
2
−

1
4

t− x

6 c(α, λ, r)θ
α
2
−

r
2
−

1
2

n









δ

(

4

θn

)α
2
−

r
2
−

3
2

+

θn
2

∫

4
θn

t
α
2
−

r
2
−

3
2 dt









6
c(α, λ, r)
α
2 − r

2 − 1
2

θ
α
2
−

r
2
−

1
2

n t
α
2
−

r
2
−

1
2

∣

∣

∣

∣

∣

θn
2

4
θn

6 c(α, λ, r)θ
α
2
−

r
2
−

1
2

n

(

4

θn

)
α
2
−

r
2
−

1
2

= c(α, λ, r), (18)

S2
22 6 c(α, λ, r)x

r
2
+ 1

4 θ
−

1
4

n δ
∑

t∈B2

t
r
2
−

1
4 tα−r

[

θ
1
3
n + |t− θn|

]

−
1
4

t− x

6 c(α, λ, r)θ
α−r− 7

4
n

3θn
2

∫

θn
2

[

θ
1
3
n + |t− θn|

]

−
1
4
dt 6 c(α, λ, r)θ

α−r− 7
4

n θ
3
4
n 6 c(α, λ, r)θα−r−1

n ,

(19)

S3
22 6 c(α, λ, r)x

r
2
+ 1

4 δ
∑

t∈B3

t
r
2
−

1
4 tα−re−

t
4

t− x

6 c(α, λ, r)θ
−

r
2
−

1
4

n

∞
∫

3θn
2

−δ

tα−
r
2
−

5
4 e−

t
4 dt 6 c(α, λ, r)θ

−
r
2
−

1
4

n e−n. (20)

Ñîáèðàÿ îöåíêè (18)�(20), íàõîäèì

S22 6 c(α, λ, r)(1 + θα−r−1
n ). (21)

Îöåíèì S23:

S23 6 c(α, λ, r)nθ
α
2
n x

r
2
+ 1

4 δ
∑

t∈Ωr,δ,
4
θn

<t<∞

t
r
2
−

1
4 tα−r

(t− x)

× e−
t
2

∣

∣mα
n+1,N (t− rδ)−mα

n−1,N(t− rδ)
∣

∣ 6 S1
23 + S2

23 + S3
23,
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ãäå

Si
23 = c(α, λ, r)θ

α
2
+1

n x
r
2
+ 1

4 δ
∑

t∈Bi

tα−
r
2
−

1
4

(t− x)
e−

t
2

∣

∣mα
n+1,N (t− rδ)−mα

n−1,N (t− rδ)
∣

∣ .

Â ñèëó (4) ïîëó÷àåì

S1
23 6 c(α, λ, r)θ

α
2
−

r
2
+ 3

4
n δ

∑

t∈B1

θ
−

3
4

n tα−
r
2
−

1
4 t−

α
2
+ 1

4

t− x

6 c(α, λ, r)θ
α
2
−

r
2

n









δ

(

4

θn

)
α
2
−

r
2
−1

+

θn
2

∫

4
θn

t
α
2
−

r
2
−1 dt









6 c(α, λ, r)







2 ln θn − 3 ln 2, α = r,

θ
α
2
−

r
2

n

[

(

θn
2

)
α
2
−

r
2 −

(

4
θn

)α
2
−

r
2

]

, α 6= r,
(22)

S2
23 6 c(α, λ, r)θ

α
2
−

r
2
+ 3

4
n δ

∑

t∈B2

θ
−

3
4

n tα−
r
2
−

1
4 t−

α
2

[

θ
1
3
n + |t− θn|

] 1
4

t− x

6 c(α, λ, r)θ
α−r− 5

4
n

3θn
2

+δ
∫

θn
2
−δ

[θ
1
3
n + |t− θn|]

1
4 dt 6 c(α, λ, r)θ

α−r− 5
4

n θ
5
4
n = c(α, λ, r)θα−r

n ,

(23)

S3
23 6 c(α, λ, r)θ

α
2
−

r
2
+ 3

4
n δ

∑

t∈B3

tα−
r
2
−

1
4 e−

t
4

t− x

6 c(α, λ, r)θ
α
2
−

r
2
+ 3

4
n

∞
∫

3θn
2

−δ

tα−
r
2
−

5
4 e−

t
4 dt 6 c(α, λ, r)θ

α
2
−

r
2
+ 3

4
n e−n. (24)

Èç îöåíîê (22)�(24) âûâîäèì

S23 6 c(α, λ, r)

{

2 ln θn − 3 ln 2, α = r,

θα−r
n , α 6= r.

(25)

Ñîáèðàÿ îöåíêè (17), (21) è (25), íàõîäèì

S2 6 c(α, λ, r)

{

ln(n+ 1), α = r,

1 + nα−r, α 6= r.
(26)

Èç (12), (13) è (26) èìååì

lα,Nn,r (x) 6 c(α, λ, r)

{

ln(n+ 1), α = r,

1 + nα−r, α 6= r.

Òåì ñàìûì îöåíêà (10) äîêàçàíà.
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Ïåðåéäåì ê äîêàçàòåëüñòâó îöåíêè (11). Ïóñòü x ∈ G2 =
[

3λ
θn
, θn2

]

. Ââåäåì îáîçíà÷åíèÿ

D1 =

[

rδ, x−
√

x

θn

]

∩ Ωr,δ,

D2 =

(

x−
√

x

θn
, x+

√

x

θn

]

∩ Ωr,δ,

D3 =

(

x+

√

x

θn
,∞

)

∩ Ωr,δ.

Òîãäà lα,Nn,r (x) = J1 + J2 + J3, ãäå

Ji 6 c(α, r)e−
x
2x

r
2
+ 1

4 δ
∑

t∈Di

e−
t
2 tα−

r
2
−

1
4

∣

∣K
α
n,N (t− rδ, x− rδ)

∣

∣ , i = 1, 2, 3.

Îöåíèì J2. Äëÿ ýòîãî çàìåòèì, ÷òî â ñèëó íåðàâåíñòâà Êîøè � Áóíÿêîâñêîãî

∣

∣K
α
n,N (t− rδ, x− rδ)

∣

∣ 6
∣

∣K
α
n,N(t− rδ, t− rδ)

∣

∣

1
2
∣

∣K
α
n,N (x− rδ, x− rδ)

∣

∣

1
2 .

Äàëåå, åñëè

3λ
θn

6 x 6
θn
2 , òî x−

√

x
θn

>
λ
θn
, êðîìå òîãî, äëÿ t ∈ D2, èìååì c1x 6 t 6 c2x.

Òîãäà

J2 6 c(α, r)x
r
2
+ 1

4

∣

∣e−x
K

α
n,N (x− rδ, x− rδ)

∣

∣

1
2 δ

∑

t∈D2

tα−
r
2
−

1
4

∣

∣e−t
K

α
n,N (t− rδ, t− rδ)

∣

∣

1
2 .

Îòäåëüíî îöåíèì âåëè÷èíó |e−tK α
n,N(t−rδ, t−rδ)|. Èñïîëüçóÿ (1), (3) è (4), ïî÷òè äîñëîâ-

íî ïîâòîðÿÿ ðàññóæäåíèÿ äîêàçàòåëüñòâà ëåììû 7.1 èç ðàáîòû [6℄, â êîòîðîé ïîëó÷åíà

îöåíêà ÿäðà Êðèñòî��åëÿ � Äàðáó äëÿ ïîëèíîìîâ Ëàãåððà, ìîæíî äîêàçàòü ñëåäóþùåå

óòâåðæäåíèå.

Ëåììà 1. Ïóñòü α > −1, θn = 4n + 2α + 2, λ > 1, t >
3
θn
. Òîãäà ðàâíîìåðíî

îòíîñèòåëüíî n è N òàêèõ, ÷òî 1 6 n 6 λN , èìååò ìåñòî îöåíêà

∣

∣e−t
K

α
n,N (t− rδ, t− rδ)

∣

∣ 6 c(α, λ, r)t−α− 1
2n

1
2 .

Âåðíåìñÿ ê îöåíêå âåëè÷èíû J2. Â ñèëó ëåììû 1 ìû ìîæåì çàïèñàòü

J2 6 c(α, λ, r)x
r
2
+ 1

4x−
α
2
−

1
4n

1
4 δ

∑

t∈D2

tα−
r
2
−

1
4 t−

α
2
−

1
4n

1
4

6 c(α, λ, r)x
r
2
−

α
2 n

1
2 δ

∑

t∈D2

t
α
2
−

r
2
−

1
2 6 c(α, λ, r)x−

1
2n

1
2

∑

t∈D2

δ 6 c(α, λ, r).
(27)

Ïåðåéäåì ê îöåíêå âåëè÷èíû J1. Ñ ýòîé öåëüþ ïðåäñòàâèì åå â âèäå J1 6 J11+J12+J13,
ãäå

J11 6 c(α, r)e−
x
2 x

r
2
+ 1

4 δ
∑

t∈D1

e−
t
2 tα−

r
2
−

1
4

∣

∣mα
n,N (x− rδ)mα

n,N (t− rδ)
∣

∣ ,

J12 6 c(α, r)ne−
x
2 x

r
2
+ 1

4

∣

∣mα
n+1,N(x− rδ)−mα

n−1,N (x− rδ)
∣

∣ δ
∑

t∈D1

e−
t
2 tα−

r
2
−

1
4

|t− x|
∣

∣mα
n,N(t− rδ)

∣

∣ ,
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J13 6 c(α, r)ne−
x
2 x

r
2
+ 1

4

∣

∣mα
n,N (x− rδ)

∣

∣ δ

×
∑

t∈D1

e−
t
2 tα−

r
2
−

1
4

|t− x|
∣

∣mα
n+1,N (t− rδ)−mα

n−1,N (t− rδ)
∣

∣ .

Îöåíèì âåëè÷èíó J11. Äëÿ ýòîãî çàïèøåì åå â ñëåäóþùåì âèäå:

J11 6 c(α, r)
(

J1
11 + J2

11

)

, (28)

ãäå (áóäåì ñ÷èòàòü, ÷òî J1
11 = 0, åñëè rδ > λ

θn
)

J1
11 6 c(α, λ, r)x

r
2
+ 1

4 θ
α
2
−

1
4

n x−
α
2
−

1
4 δ

∑

t∈Ωr,δ ,

rδ6t6 λ
θn

tα−
r
2
−

1
4 6 c(α, λ, r)x

r
2
−

α
2 θ

α
2
−

1
4

n

λ
θn

+δ
∫

0

tα−
r
2
−

1
4 dt

6
c(α, λ, r)

α− r
2 + 3

4

x
r
2
−

α
2 θ

α
2
−

1
4

n θ
r
2
−α− 3

4
n = c(α, λ, r)(xθn)

r
2
−

α
2 θ−1

n 6 c(α, λ, r)θ
−

1
2

n , (29)

J2
11 6 c(α, λ, r)x

r
2
−

α
2 θ

−
1
2

n δ
∑

t∈Ωr,δ,
λ
θn

<t6x−
√

x
θn

tα−
r
2
−

1
4 t−

α
2
−

1
4 6 c(α, λ, r)x

1
2 θ

−
1
2

n . (30)

Èç íåðàâåíñòâ (28), (29) è (30) èìååì

J11 6 c(α, λ, r)

[

(

x

θn

)
1
2

+ θ
−

1
2

n

]

. (31)

×òîáû îöåíèòü âåëè÷èíó J12, ïðåäñòàâèì åå â âèäå

J12 = J1
12 + J2

12, (32)

â êîòîðîì

J1
12 6 c(α, λ, r)nx

r
2
+ 1

4 θ
−

3
4

n x−
α
2
+ 1

4 θ
α
2
n δ

∑

t∈Ωr,δ ,

rδ6t6 λ
θn

t
r
2
−

1
4 tα−r

x− t
6 c(α, λ, r)θ

α
2
+ 1

4
n x

r−α
2

+ 1
2

× 1

x
δ

∑

t∈Ωr,δ ,

rδ6t6 λ
θn

tα−
r
2
−

1
4 6

c(α, λ, r)

α− r
2 +

3
4

θ
α
2
+ 1

4
n x

r−α
2

−
1
2 θ

−α+ r
2
−

3
4

n = c(α, λ, r) (xθn)
r−α
2

−
1
2 , (33)

J2
12 6 c(α, λ, r)nx

r−α
2

+ 1
2 θ

−
3
4

n θ
−

1
4

n δ
∑

t∈Ωr,δ ,
λ
θn

<t6x−
√

x
θn

t
r
2
−

1
4 t

α
2 − r − 1

4

x− t
6 c(α, λ, r)x

r−α
2

+ 1
2

×









δ

(

λ
θn

)
α−r
2

−
1
2

x−
(

λ
θn

) +

x−
√

x
θn

+δ
∫

λ
θn

t
α−r
2

−
1
2

x− t
dt









6 c(α, λ, r)

1−
√

1
xθn

+ δ
x

∫

λ
xθn

y
α−r
2

−
1
2

1− y
dy
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6 c(α, λ, r)

1
3

∫

λ
xθn

y
α−r
2

−
1
2 dy + c(α, λ, r)

1−
√

1
xθn

+ δ
x

∫

1
3

1

1− y
dy 6 c(α, λ, r)

(

1 + ln
√

xθn

)

. (34)

Èç (32)�(34) ïîëó÷àåì

J12 6 c(α, λ, r)
(

1 + ln
√

xθn

)

. (35)

Ïîâòîðÿÿ ðàññóæäåíèÿ, êîòîðûå ïðèâåëè íàñ ê îöåíêàì (33)�(35), ìîæíî ïîêàçàòü,

÷òî

J13 6 c(α, λ, r)
(

1 + ln
√

xθn

)

. (36)

Èç (31), (35) è (36) èìååì

J1 6 c(α, λ, r)
(

1 + ln
√

xθn

)

. (37)

Îöåíèì âåëè÷èíó J3. Äëÿ ýòîãî âîñïîëüçóåìñÿ �îðìóëîé (2). Òîãäà

J3 6 c(α, r)(J31 + J32 + J33), (38)

ãäå

J31 = e−
x
2x−

r
2
+ 1

4 (Nx)r
∣

∣mα
n,N (x− rδ)

∣

∣

∑

t∈D3

e−
t
2 t

r
2
−

1
4 (Nt)α−r(1− e−δ)α+1

∣

∣mα
n,N(t− rδ)

∣

∣ ,

J32 = ne−
x
2 x−

r
2
+ 1

4 (Nx)r
∣

∣mα
n+1,N (x− rδ)−mα

n−1,N (x− rδ)
∣

∣

×
∑

t∈D3

e−
t
2 t

r
2
−

1
4 (Nt)α−r

t− x
(1− e−δ)α+1

∣

∣mα
n,N (t− rδ)

∣

∣ ,

J33 = ne−
x
2 x−

r
2
+ 1

4 (Nx)r
∣

∣mα
n,N(x− rδ)

∣

∣

∑

t∈D3

e−
t
2 t

r
2
−

1
4 (Nt)α−r

t− x

× (1− e−δ)α+1
∣

∣mα
n+1,N (t− rδ)−mα

n−1,N (t− rδ)
∣

∣ .

Âåëè÷èíó J31 ïðåäñòàâèì â âèäå J31 = J1
31 + J2

31 + J3
31. Îáðàùàÿñü ê íåðàâåíñòâó (3),

ïîëó÷àåì

J1
31 6 c(α, λ)x

r
2
+ 1

4 θ
−

1
4

n x−
α
2
−

1
4 δ

∑

t∈Ωr,δ,

x+
√

x
θn

<t6 θn
2

t
r
2
−

1
4 θ

−
1
4

n t−
α
2
−

1
4 tα−r

6 c(α, λ)x
r−α
2 θ

−
1
2

n









δ

(

x+

√

x

θn

)
α−r
2

−
1
2

+

θn
2

∫

x+
√

x
θn

t
α−r
2

−
1
2dt









6 c(α, λ, r)x
r−α
2 θ

−
1
2

n

[

(

θn
2

)
α−r
2

+ 1
2

−
(

x+

√

x

θn

)
α−r
2

+ 1
2

]

6 c(α, λ, r)x
r−α
2 θ

−
1
2

n θ
α−r
2

+ 1
2

n 6 c(α, λ, r)
(n

x

)
α−r
2

,

(39)
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J2
31 6 c(α, λ)x

r
2
+ 1

4 θ
−

1
4

n x−
α
2
−

1
4 δ

∑

t∈Ωr,δ ,
θn
2
<t6 3θn

2

t
r
2
−

1
4 tα−rθ

−
α
2

n
[

θn

(

θ
1
3
n + |t− θn|

)

]
1
4

6 c(α, λ)
(n

x

)α
2
−

r
2
n−

3
4

∑

t∈Ωr,δ ,
θn
2
<t6 3θn

2

δ
(

θ
1
3
n + |t− θn|

)
1
4

6 c(α, λ)
(n

x

)
α
2
−

r
2
n−

3
4

3θn
2

∫

θn
2

dt
(

θ
1
3
n + |t− θn|

) 1
4

6 c(α, λ)
(n

x

)
α
2
−

r
2
, (40)

J3
31 6 c(α, λ)x

r
2
−

α
2 θ

−
1
4

n δ
∑

t∈Ωr,δ,

3θn
2 <t<∞

t
r
2
−

1
4 tα−rθ

−
α
2

n e−
t
4

6 c(α, λ)n−
1
4
−

α
2 x

r
2
−

α
2 δ

∑

t∈Ωr,δ,

3θn
2 <t<∞

tα−
r
2
−

1
4 e−

t
4

6 c(α, λ)n−
1
4
−

α
2 x

r
2
−

α
2

∞
∫

3θn
2

−δ

tα−
r
2
−

1
4 e−

t
4 dt 6 c(α, λ, r)

(n

x

)
α
2
−

r
2
. (41)

Èç (39)�(41) âûâîäèì

J31 6 c(α, λ, r)
(n

x

)
α
2
−

r
2
. (42)

Ïåðåéäåì ê îöåíêå âåëè÷èíû J32, äëÿ ýòîãî ïðåäñòàâèì åå â âèäå

J32 6 J1
32 + J2

32 + J3
32,

â êîòîðîì

J1
32 6 c(α, λ)nx

r
2
+ 1

4 θ
−

3
4

n x−
α
2
+ 1

4 δ
∑

t∈Ωr,δ ,

x+
√

x
θn

<t6 θn
2
+
√

x
θn

tα−
r
2
−

1
4 θ

−
1
4

n t−
α
2
−

1
4

t− x

6 c(α, λ)x
r
2
−

α
2
+ 1

2

θn
2
+
√

x
θn

∫

x+
√

x
θn

−δ

t
α−r
2

−
1
2

t− x
dt

6 c(α, λ)

2x
∫

x+
√

x
θn

−δ

dt

t− x
+ c(α, λ)x

r
2
−

α
2
+ 1

2

θn
2
+
√

x
θn

∫

2x

t
α−r
2

−
3
2 dt 6 c(α, λ, r) ln

√

θn
x
,

(43)



Àïïðîêñèìàòèâíûå ñâîéñòâà ñïåöèàëüíûõ ðÿäîâ ïî ïîëèíîìàì Ìåéêñíåðà 33

J2
32 6 c(α, λ)nx

r−α
2

+ 1
2 θ

−
3
4

n δ
∑

t∈Ωr,δ,
θn
2
+
√

x
θn

<t6 3θn
2

tα−
r
2
−

1
4 θ

−
α
2

n

t− x

[

θn

(

θ
1
3
n + |t− θn|

)]

−
1
4

6 c(α, λ)x
r−α
2

+ 1
2 θ

α−r
2

−
1
4

n

3θn
2

∫

θn
r2

+
√

x
θn

−δ

(

θ
1
3
n + |t− θn|

)

−
1
4 dt

t− x
= c(α, λ)x

r−α
2

+ 1
2 θ

α−r
2

−
1
4

n

×









θn−θ
1
3
n

∫

θn
2
+
√

x
θn

−δ

(

θ
1
3
n − t+ θn

)

−
1
4 dt

t− x
+

3θn
2

∫

θn−θ
1
3
n

(

θ
1
3
n + |t− θn|

)

−
1
4 dt

t− x









6 c(α, λ)

(

θn
x

)
α−r
2

(

x

θn

)
1
2

ln
θn − x

θn
2 +

√

x
θn

− x
,

(44)

J3
32 6 c(α, λ)nx

r−α
2

+ 1
2 θ

−
3
4

n δ
∑

t∈Ωr,δ ,
3θn
2

<t<∞

e−
t
4 tα−

r
2
−

1
4 θ

−
α
2

n

t− x

6 c(α, λ)x
r−α
2

+ 1
2 θ

−
α
2
+ 1

4
n δ

∑

t∈Ωr,δ,
3θn
2

<t<∞

e−
t
4 tα−

r
2
−

5
4 6 c(α, λ, r)e−

3n
2 . (45)

Èç (43)�(45) ïîëó÷àåì îöåíêó

J32 6 c(α, λ, r)



ln

√

θn
x

+

(

θn
x

)
α−r
2

(

x

θn

)
1
2

ln
θn − x

θn
2 +

√

x
θn

− x



 . (46)

Àíàëîãè÷íî îöåíèì âåëè÷èíó J33. Ñ ýòîé öåëüþ ïðåäñòàâèì åå â âèäå J33 6 J1
33+J2

33+J3
33,

ãäå

J1
33 6 c(α, λ, r)nx

r
2
+ 1

4 θ
−

1
4

n x−
α
2
−

1
4 δ

∑

t∈Ωr,δ ,

x+
√

x
θn

<t6 θn
2
+
√

x
θn

t
r
2
−

1
4 θ

−
3
4

n t−
α
2
+ 1

4 tα−r

t− x

6 c(α, λ, r)x
r−α
2 δ

∑

t∈Ωr,δ,

x+
√

x
θn

<t6 θn
2
+
√

x
θn

t
α−r
2

t− x
6 c(α, λ, r)

2x
∫

x+
√

x
θn

−δ

dt

t− x

+ c(α, λ, r)x
r−α
2

θn
2
+
√

x
θn

∫

2x−δ

t
α−r
2

−1 dt 6 c(α, λ, r)

[

ln
√

xθn +

(

θn
x

)
α−r
2

]

,

(47)
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J2
33 6 c(α, λ, r)x

r−α
2 δ

∑

t∈Ωr,δ ,
θn
2
+
√

x
θn

<t6 3θn
2

t
r
2
−

1
4 t−

α
2 tα−r

(

θ
1
3
n + |t− θn|

) 1
4

t− x

6 c(α, λ, r)x
r−α
2 θ

α−r
2

n δ
∑

t∈Ωr,δ ,
θn
2
+
√

x
θn

<t6θn





θ
1
3
n + θn − t

t





1
4

1

t− x

+ c(α, λ, r)x
r−α
2 θ

α−r
2

n δ
∑

t∈Ωr,δ,

θn<t6 3θn
2

(

θ
1
3
n + t− θn

) 1
4

t
5
4

6 c(α, λ, r)

(

θn
x

)
α−r
2



1 + ln
θn − x

θn
2 +

√

x
θn

− x



 . (48)

J3
33 6 c(α, λ, r)nx

r
2
+ 1

4 θ
−

1
4

n x−
α
2
−

1
4 δ

∑

t∈Ωr,δ ,
3θn
2

<t<∞

tα−
r
2
−

1
4 e−

t
4

t− x

6 c(α, λ, r)n
3
4x

r−α
2 δ

∑

t∈Ωr,δ,
3θn
2

<t<∞

tα−
r
2
−

5
4 e−

t
4 6 c(α, λ, r)e−

3n
2 . (49)

Èç (47)�(49) ïîëó÷àåì

J33 6 c(α, λ, r)



ln
√

xθn +

(

θn
x

)
α−r
2



1 + ln
θn − x

θn
2 +

√

x
θn

− x







 . (50)

Â ñâîþ î÷åðåäü èç (38), (42), (46) è (50) âûâîäèì îöåíêó

J3 6 c(α, λ, r)



ln
√

xθn +

(

θn
x

)
α−r
2



1 + ln
θn − x

θn
2 +

√

x
θn

− x









6 c(α, λ, r)

[

ln(1 + nx) +
(n

x

)
α−r
2

]

. (51)

Ñîáèðàÿ îöåíêè (27), (37) è (51), ìû ïîëó÷àåì ñëåäóþùåå íåðàâåíñòâî:

lα,Nn,r (x) 6 c(α, λ, r)

[

ln(1 + nx) +
(n

x

)
α−r
2

]

.
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Abstra
t. In this arti
le the new spe
ial series in the modi�ed Meixner polynomials Mα
n,N (x) = Mα

n (Nx)
are 
onstru
ted. For α > −1, these polynomials 
onstitute an orthogonal system with a weight-fun
tion

ρ(Nx) on a uniform grid Ωδ = {0, δ, 2δ, . . .}, where δ = 1/N , N > 0. Spe
ial series in Meixner polynomials

Mα
n,N (x) appeared as a natural (and alternative to Fourier�Meixner series) apparatus for the simultaneous

approximation of a dis
rete fun
tion f given on a uniform grid Ωδ and its �nite di�eren
es ∆ν
δf . The

main attention is paid to the study of the approximative properties of the partial sums of the series under


onsideration. In parti
ular, a pointwise estimate for the Lebesgue fun
tion of mentioned partial sums is

obtained. It should also be noted that new spe
ial series, unlike Fourier�Meixner series, have the property

that their partial sums 
oin
ide with the values of the original fun
tion in the points 0, δ, . . . , (r − 1)δ.

Key words:Meixner polynomials, approximative properties, Fourier series, spe
ial series, Lebesgue fun
-

tion.
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