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Àííîòàöèÿ. Èññëåäîâàíà âèäîèçìåíåííàÿ çàäà÷à Êîøè äëÿ ÷åòûðåõìåðíîãî óðàâíåíèÿ âòîðîãî

ïîðÿäêà ãèïåðáîëè÷åñêîãî òèïà ñî ñïåêòðàëüíûì ïàðàìåòðîì è ñ îïåðàòîðîì Áåññåëÿ. Â óðàâíåíèè

ïî âñåì ïåðåìåííûì ó÷àñòâóåò ñèíãóëÿðíûé äè��åðåíöèàëüíûé îïåðàòîð Áåññåëÿ. Äëÿ ðåøåíèÿ

ñ�îðìóëèðîâàííîé çàäà÷è, ïðèìåíåí îáîáùåííûé îïåðàòîð Ýðäåéè � Êîáåðà äðîáíîãî ïîðÿäêà.

Äîêàçàíà �îðìóëà âû÷èñëåíèÿ ïðîèçâîäíûõ âûñîêîãî ïîðÿäêà îò îáîáùåííîãî îïåðàòîðà Ýðäåéè �

Êîáåðà, êîòîðàÿ ïðèìåíÿåòñÿ ïðè èññëåäîâàíèè ñ�îðìóëèðîâàííîé çàäà÷è. �àññìàòðèâàåòñÿ òàêæå

êîí�ëþýíòíàÿ ãèïåðãåîìåòðè÷åñêàÿ �óíêöèÿ ÷åòûðåõ ïåðåìåííûõ îáîáùàþùàÿ �óíêöèþ �óìáåð-

òà è äîêàçûâàåòñÿ íåêîòîðûå åå ñâîéñòâà. Ïðèíèìàÿ âî âíèìàíèå äîêàçàííûå ñâîéñòâà îïåðàòîðà

Ýðäåéè � Êîáåðà è êîí�ëþýíòíîé ãèïåðãåîìåòðè÷åñêîé �óíêöèè, ðåøåíèå âèäîèçìåíåííîé çàäà-

÷è Êîøè ïðåäñòàâëåíî â êîìïàêòíîé èíòåãðàëüíîé �îðìå, êîòîðàÿ îáîáùàåò �îðìóëó Êèðõãî�à.

Ïîëó÷åííàÿ �îðìóëà ïîçâîëÿåò íåïîñðåäñòâåííî óñìîòðåòü õàðàêòåð çàâèñèìîñòè ðåøåíèÿ îò íà-

÷àëüíûõ �óíêöèé è â ÷àñòíîñòè, óñòàíîâèòü óñëîâèÿ ãëàäêîñòè êëàññè÷åñêîãî ðåøåíèÿ. Â ðàáîòå

òàêæå ñîäåðæèòñÿ êðàòêîå èñòîðè÷åñêîå âñòóïëåíèå â äè��åðåíöèàëüíûå óðàâíåíèÿ ñ îïåðàòîðàìè

Áåññåëÿ.

Êëþ÷åâûå ñëîâà: çàäà÷à Êîøè, äè��åðåíöèàëüíûé îïåðàòîð Áåññåëÿ, îáîáùåííûé îïåðàòîð Ýð-

äåéè � Êîáåðà äðîáíîãî ïîðÿäêà.

Mathemati
al Subje
t Classi�
ation (2000): 35L15.

1. Ââåäåíèå. Ïîñòàíîâêà çàäà÷è

Ïóñòü x = (x1, x2, . . . , xn) � òî÷êà n-ìåðíîãî åâêëèäîâà ïðîñòðàíñòâà R
n
; Ω = {(x, t) :

x ∈ R
n, t ∈ R, xk > t > 0, k = 1, . . . , n }, Rn

+ = {x ∈ R
n : xk > 0, k = 1, . . . , n }.

�àññìîòðèì âèäîèçìåíåííóþ çàäà÷ó Êîøè äëÿ óðàâíåíèÿ

Lλ
α,β(u) ≡

∂2u

∂t2
+

2β

t

∂u

∂t
−

n
∑

k=1

(

∂2u

∂x2k
+

2αk

xk

∂u

∂xk

)

+ λ2u = 0, (x, t) ∈ Ω, (1)

ñ íà÷àëüíûìè óñëîâèÿìè

u(x, 0) = f(x), lim
t→+0

t2βut(x, t) = g(x), x ∈ R
n
+, (2)

ãäå f(x) è g(x) � çàäàííûå íåïðåðûâíûå �óíêöèè, à αk, β, λ ∈ R, ïðè÷åì 0 < αk < 1,
k = 1, . . . , n, 0 < β < 1

2 .
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Óðàâíåíèå (1) ïðè ðàçëè÷íûõ çíà÷åíèÿõ n, β, λ è αk, k = 1, . . . , n, âîçíèêàåò âî ìíîãèõ
êëàññè÷åñêèõ çàäà÷àõ ãåîìåòðèè, ïðèêëàäíîé ìàòåìàòèêè è �èçèêè, êîòîðûå èçó÷àþò-

ñÿ â òå÷åíèå áîëåå ÷åì äâóõ ñòîëåòèé ñî âðåìåí Ýéëåðà. Äè��åðåíöèàëüíîå óðàâíåíèå

ñ ñèíãóëÿðíûìè êîý��èöèåíòàìè ïðè ìëàäøèõ ÷ëåíàõ âïåðâûå ðàññìîòðåíî Ýéëåðîì

â ðàáîòå [1℄ â ñâÿçè ñ èçó÷åíèåì äâèæåíèÿ âîçäóõà â òðóáàõ ðàçíîãî ñå÷åíèÿ è êîëåáàíèé

ñòðóí ïåðåìåííîé òîëùèíû, êîòîðîå çàìåíîé ïåðåìåííûõ ñâîäèòñÿ ê óðàâíåíèþ (1) ïðè

n = 1, β 6= 0, α1 6= 0, λ = 0. Îáùåå ðåøåíèå àíàëîãè÷íîãî óðàâíåíèÿ, ðàññìîòðåííîå

Ýéëåðîì, ïðè n = 1, α1 = β, λ = 0 íàøåë Á. �èìàí [2℄, ïîñòðîèâøèé ðåøåíèå çàäà÷è Êî-
øè ñ ïîìîùüþ âñïîìîãàòåëüíîé �óíêöèè è ìåòîäîì, êîòîðûé âïîñëåäñòâèè áûë íàçâàí

åãî èìåíåì. Óðàâíåíèå (1) ïðè n = 1, β 6= 0, α1 = 0, λ = 0 ïîçæå ðàññìàòðèâàë Ïóàñ-

ñîí [3℄, íàéäÿ äëÿ íåãî ãèïåðáîëè÷åñêèé àíàëîã ïðåäñòàâëåíèÿ ðåøåíèé, íàçûâàåìûé

ïðåäñòàâëåíèåì Ïóàññîíà. Â ýòîé ðàáîòå îí òàêæå ðàññìîòðåë óðàâíåíèå (1) ïðè n = 3,
β = 1, αk = 0, k = 1, 2, 3, λ = 0. Çíà÷èòåëüíî ïîçæå óðàâíåíèå (1) ïðè n = 1, α1 = 0,
λ = 0 è 0 < β < 1/2 âñòðå÷àëîñü ïðè èññëåäîâàíèè âîïðîñîâ êðèâèçíû ïîâåðõíîñòåé

â ìîíîãðà�èè �. Äàðáó [4℄, ãäå îíî íàçâàíî óðàâíåíèåì Ýéëåðà � Ïóàññîíà. Ïîýòîìó

âïîñëåäñòâèè ìíîãèå àâòîðû ñòàëè íàçûâàòü óðàâíåíèÿ âèäà (1) è èõ ýëëèïòè÷åñêèå

àíàëîãè óðàâíåíèÿìè Ýéëåðà � Ïóàññîíà � Äàðáó.

Âàæíûé ÷àñòíûé ñëó÷àé óðàâíåíèÿ (1) ïðè n = 1, β = 1/6, α1 = 0, λ = 0 ÿâëÿåò-

ñÿ îñíîâíûì îáúåêòîì èññëåäîâàíèÿ ðàáîòû [5℄. Ïîëó÷åííûå çäåñü ðåçóëüòàòû ñûãðàëè

êëþ÷åâóþ ðîëü ïðè èçó÷åíèè êðàåâîé çàäà÷è äëÿ óðàâíåíèÿ ñìåøàííîãî ýëëèïòèêî-

ãèïåðáîëè÷åñêîãî òèïà yuxx + uyy = 0, íàçâàííîãî âïîñëåäñòâèè óðàâíåíèåì Òðèêîìè.

Â ñâÿçè ñ ýòèì èññëåäîâàíèþ ðàçíûõ çàäà÷ äëÿ óðàâíåíèÿ (1) ïðè n = 1 ïîñâÿùåíî î÷åíü
ìíîãî ðàáîò. Êðîìå òîãî, òåîðèÿ óðàâíåíèé, ïî îäíîé èç ïåðåìåííûõ êîòîðîé äåéñòâóåò

ñèíãóëÿðíûé îïåðàòîð Áåññåëÿ

B(x)
η = x−2η−1 d

dx
x2η+1 d

dx
=

d2

dx2
+

2η + 1

x

d

dx
, (3)

òåñíî ñâÿçàíà ñ òåîðèåé âûðîæäàþùèõñÿ óðàâíåíèé. Çíà÷èòåëüíûå ðåçóëüòàòû ïî èñ-

ñëåäîâàíèþ âûðîæäàþùèõñÿ äè��åðåíöèàëüíûõ óðàâíåíèé è óðàâíåíèé ñìåøàííîãî

òèïà ïîëó÷åíû â ðàáîòàõ Ô. Òðèêîìè, Ñ. �åëëåðñòåäòà, Ô. È. Ôðàíêëÿ, Ì. Â. Êåë-

äûøà, Ê. È. Áàáåíêî, À. Â. Áèöàäçå, Î. À. Îëåéíèêà, Â. À. Èëüèíà, Å. È. Ìîèñååâà,

È. À. Êèïðèÿíîâà, Ì. Ì. Ñìèðíîâà, À. Ì. Íàõóøåâà, Â. È. Æåãàëîâà, Ñ. Ï. Ïóëüêèíà,

Â. Ô. Âîëêîäàâîâà, Ê. Á. Ñàáèòîâà, À. È. Êîæàíîâà, Ò. Ø. Êàëüìåíîâà, Ì. Ñ. Ñàëîõèò-

äèíîâà, Ò. Ä. Äæóðàåâà, Í. �. �àäæàáîâà è èõ ó÷åíèêîâ è ïîñëåäîâàòåëåé. Áîëåå ïîäðîá-

íóþ èí�îðìàöèþ îá ýòîì íàïðàâëåíèè ìîæíî íàéòè â ìîíîãðà�èÿõ À. Â. Áèöàäçå [6℄,

Ì. Ì. Ñìèðíîâà [7℄, À. Ì. Íàõóøåâà [8℄, �. Êýððîëà è �. Øîóîëòåðà [9℄, Ì. Ñ. Ñàëîõèò-

äèíîâà è Ì. Ìèðñàáóðîâà [10℄ è äð.

Óðàâíåíèå (1) â ñëó÷àå, êîãäà ñèíãóëÿðíûé îïåðàòîð Áåññåëÿ (3) äåéñòâóåò ïî âðå-

ìåííîé ïåðåìåííîé (n > 1, β 6= 0, αk = 0, k = 1, . . . , n, λ = 0), èññëåäîâàíî ê íàñòîÿùåìó
âðåìåíè äîñòàòî÷íî ïîëíî. Ñþäà òàêæå ñëåäóåò îòíåñòè âñå ðàáîòû, ñâÿçàííûå ñ èçó-

÷åíèåì ïðèíöèïà �þéãåíñà äëÿ óðàâíåíèÿ Ýéëåðà � Ïóàññîíà � Äàðáó. Îáçîð ýòèõ

èññëåäîâàíèé ìîæíî íàéòè â ðàáîòàõ À. Âåéíøòåéíà [11℄, Þíãà [12℄, È. À. Êèïðèÿíîâà

è Ë. À. Èâàíîâà [13℄, Ñ. À. Òåðñåíîâà [14℄, Ñ. À. Àëäàøåâà [15℄ è äð.

Çàäà÷à Êîøè äëÿ óðàâíåíèÿ (1) â ñëó÷àå, êîãäà ñèíãóëÿðíûé îïåðàòîð Áåññåëÿ (3)

äåéñòâóåò ïî íåñêîëüêèì èëè âñåì ïåðåìåííûì, èññëåäîâàíà ìàëî. Èìååòñÿ ðÿä ðåçóëü-

òàòîâ, ñâÿçàííûõ â îñíîâíîì ñ èçó÷åíèåì íàëè÷èÿ ïðèíöèïà �þéãåíñà (ñì. [16�18℄).

Â äàííîé ðàáîòå äëÿ ðåøåíèÿ ïîñòàâëåííîé çàäà÷è ïðèìåíåí îáîáùåííûé îïåðàòîð

èíòåãðèðîâàíèÿ äðîáíîãî ïîðÿäêà Ýðäåéè � Êîáåðà [19℄. Ïðèìåíåíèå ýòîãî îïåðàòîðà
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ïîçâîëÿåò ñâîäèòü óðàâíåíèÿ ñî ñïåêòðàëüíûì ïàðàìåòðîì è ñ ñèíãóëÿðíûì îïåðàòîðîì

Áåññåëÿ, êîòîðûé äåéñòâóåò ïî îäíîé èëè íåñêîëüêèì ïåðåìåííûì, ê íåñèíãóëÿðíûì

óðàâíåíèÿì áåç ñïåêòðàëüíîãî ïàðàìåòðà.

Â ðàáîòå [20℄ ïðè n > 2, λ 6= 0, αk = 0, k = 1, . . . , n, è ðàçëè÷íûõ çíà÷åíèÿõ ïàðà-

ìåòðà β ïîëó÷åíû ÿâíûå �îðìóëû ðåøåíèÿ âèäîèçìåíåííîé çàäà÷è Êîøè ñ ïðèìåíåíè-

åì îäíîìåðíîãî îáîáùåííîãî îïåðàòîðà Ýðäåéè � Êîáåðà äðîáíîãî ïîðÿäêà. Â ðàáîòàõ

[21, 22℄ ïðè n = 1, 2, 0 < β < 1/2, λ 6= 0 è αk 6= 0, k = 1, 2, ïîñòðîåíû ÿâíûå �îðìóëû

ðåøåíèÿ çàäà÷è Êîøè (1), (2) ñ ïðèìåíåíèåì ìíîãîìåðíîãî îïåðàòîðà Ýðäåéè � Êîáåðà,

êîòîðûå ââåäåíû è èññëåäîâàíû â ðàáîòå [23℄. Çäåñü òàêæå èññëåäîâàíà çàäà÷à Êîøè (1),

(2) ïðè n = 3, αk 6= 0, k = 1, 2, 3, β = 0, λ = 0. Â íàñòîÿùåé ðàáîòå ïðè n = 3, èñïîëüçóÿ
îáîáùåííûé îïåðàòîð äðîáíîãî èíòåãðèðîâàíèÿ Ýðäåéè � Êîáåðà, ïîñòðîåíî â ÿâíîì

âèäå ðåøåíèå çàäà÷è Êîøè (1), (2), êîãäà â óðàâíåíèè (1) ïî âñåì ïåðåìåííûì äåéñòâóåò

ñèíãóëÿðíûé îïåðàòîð Áåññåëÿ, ò. å. ïðè αk 6= 0, k = 1, 2, 3, β 6= 0, λ 6= 0.

2. Îáîáùåííûé îïåðàòîð Ýðäåéè � Êîáåðà è åãî ñâîéñòâà

Â ðàáîòå [19℄ áûë ââåäåí è èññëåäîâàí îáîáùåííûé îïåðàòîð Ýðäåéè � Êîáåðà

Jλ(η, α)f(x) = 2αλ1−αx−2α−2η

x
∫

0

t2η+1
(

x2 − t2
)(α−1)/2

Jα−1

(

λ
√

x2 − t2
)

f(t) dt, (4)

ãäå η, α, λ ∈ R, ïðè÷åì α > 0, η > −(1/2); Jν(z) � �óíêöèÿ Áåññåëÿ ïîðÿäêà ν.
Îñíîâíûå ñâîéñòâà îïåðàòîðà (4), ìîæíî íàéòè â ðàáîòàõ [19, 24℄. Ïðèâåäåì íåêîòî-

ðûå èç ýòèõ ñâîéñòâ.

1. Î÷åâèäíî, ÷òî â ïðåäåëå ïðè λ → 0, îïåðàòîð (4) ñîâïàäàåò ñ îáû÷íûì îïåðàòîðîì

Ýðäåéè � Êîáåðà

Iη,αf(x) =
2x−2(η+α)

Γ(α)

x
∫

0

(

x2 − t2
)α−1

t2η+1f(t) dt,

ãäå Γ(·) � ãàììà-�óíêöèÿ Ýéëåðà.

2. Ñïðàâåäëèâû ñëåäóþùèå ðàâåíñòâà:

Jiλ(η + α, β)Jiλ(η, α) = Jλ(η + α, β)Jiλ(η, α) = Iη,α+β,

ãäå i � ìíèìàÿ åäèíèöà, à α, β, λ ∈ R.

3. Èç ïîñëåäíåãî ðàâåíñòâà, âîñïîëüçîâàâøèñü ñâîéñòâîì J0(η, 0) = E, ãäå E � åäè-

íè÷íûé îïåðàòîð, ìîæíî äîîïðåäåëèòü îïåðàòîð Jλ(η, α) ïðè α < 0, ñëåäóþùèì îáðàçîì:

Jλ(η, α)f(x) = x−2(η+α)

(

d

2xdx

)m

x2(η+α+m)Jλ(η, α +m)f(x),

ãäå −m < α < 0, m = 1, 2, . . .
4. Èç ñâîéñòâ 2 è 3 âûòåêàþò ñëåäóþùèå ñîîòíîøåíèÿ äëÿ îáðàòíîãî îïåðàòîðà:

J−1
iλ (η, α) = Jλ(η + α− α), J−1

λ (η, α) = Jiλ(η + α− α).

Ëåììà 1 [25℄. Ïóñòü α > 0, f(x) ∈ C2(0, b), b > 0, �óíêöèÿ x2η+1f(x) èíòåãðèðóåìà
â îêðåñòíîñòè íóëÿ è x2η+1f ′(x) → 0 ïðè n → 0. Òîãäà ñïðàâåäëèâî ðàâåíñòâî

(

B
(x)
η+α + λ2

)

Jλ(η, α)f(x) = Jλ(η, α)B
(x)
η f(x). (5)
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Â äàëüíåéøåì íàì ïîíàäîáèòñÿ ñëåäóþùèé âèä îïåðàòîðà (4):

Jλ(η, α)f(x) =
2x−2(α+η)

Γ(α)

x
∫

0

t2η+1
(

x2 − t2
)α−1

J̄α−1

(

λ
√

x2 − t2
)

f(t) dt, (6)

ãäå J̄v(z) � �óíêöèÿ Áåññåëÿ � Êëè��îðäà [23℄:

J̄v(z) = Γ(v + 1)(z/2)−vJv(z) = 0F1(ν + 1;−z2/4) =
∞
∑

k=0

(−z2/4)k

(ν + 1)kk!
. (7)

Òåïåðü, äîêàæåì îäíî ñâîéñòâî îïåðàòîðà (4), íåîáõîäèìîå äëÿ äàëüíåéøåãî èññëå-

äîâàíèÿ. Ïóñòü D0
η = E,

Dη = x−2η

(

1

x

d

dx

)

x2η, Dm
η = Dm−1

η Dη, Dm
η = x−2η

(

1

x

d

dx

)m

x2η .

Òåîðåìà 1. Åñëè α > 0, η > −(1/2), f(x) ∈ Cm(0, b), b > 0, �óíêöèè x2η+1Dk+1
η f(x)

èíòåãðèðóåìû â íóëå è limx→0 x
2ηDk

ηf(x) = 0, k = 0, . . . ,m− 1, òî âåðíî ðàâåíñòâî

Dm
η+αJλ(η, α)f(x) = Jλ(η, α)D

m
η f(x). (8)

⊳ Òåîðåìó äîêàæåì ìåòîäîì ìàòåìàòè÷åñêîé èíäóêöèè ïî m.

Ïîêàæåì, ÷òî ðàâåíñòâî (8) ñïðàâåäëèâî ïðè m = 1, ò. å., ÷òî

Dη+αJλ(η, α)f(x) = Jλ(η, α)Dηf(x). (9)

�àññìîòðèì �óíêöèþ

Dη+αJλ(η, α)f(x) =
2x−2(η+α)

Γ(α)
lim
ε→0

Fε(x),

ãäå ε � äîñòàòî÷íî ìàëîå ïîëîæèòåëüíîå äåéñòâèòåëüíîå ÷èñëî, à

Fε(x) =

(

1

x

d

dx

)

x−ε
∫

0

(

x2 − t2
)α−1

J̄α−1

(

λ
√

x2 − t2
)

t2η+1f(t) dt.

Ïðèìåíÿÿ ïðàâèëî äè��åðåíöèðîâàíèÿ èíòåãðàëà, ïîëó÷àåì

Fε(x) =
εα−1

x
(2x− ε)α−1J̄α−1

(

λ
√

ε(2x− ε)
)

(x− ε)2η+1f(x− ε)

+

x−ε
∫

0

(

1

x

d

dx

)

[

(

x2 − t2
)α−1

J̄α−1

(

λ
√

x2 − t2
)]

t2η+1f(t) dt.

Äàëåå, ó÷èòûâàÿ ëåãêî ïðîâåðÿåìîå ðàâåíñòâî

(

1

x

d

dx

)

[

(

x2 − t2
)α−1

J̄α−1

(

λ
√

x2 − t2
)]

= −
(

1

t

d

dt

)

[

(

x2 − t2
)α−1

J̄α−1

(

λ
√

x2 − t2
)]

,
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èìååì

Fε(x) =
εα−1

x
(2x− ε)α−1J̄α−1

(

λ
√

ε(2x − ε)
)

(x− ε)2η+1f(x− ε)

−
x−ε
∫

0

(

d

dt

)

[

(

x2 − t2
)α−1

J̄α−1

(

λ
√

x2 − t2
)]

t2ηf(t) dt.

Ïðèìåíÿÿ ê ïîñëåäíåìó èíòåãðàëó ïðàâèëî èíòåãðèðîâàíèÿ ïî ÷àñòÿì è ïðèíèìàÿ âî

âíèìàíèå óñëîâèå òåîðåìû 1, ïîñëå ïðèâåäåíèÿ ïîäîáíûõ ÷ëåíîâ, ïîëó÷àåì

Fε(x) =
−εα

x(x− ε)
(2x− ε)α−1J̄α−1

(

λ
√

ε(2x − ε)
)

(x− ε)2η+1f(x− ε)

+

x−ε
∫

0

[

(

x2 − t2
)α−1

J̄α−1

(

λ
√

x2 − t2
)]

t2η+1Dηf(t) dt.

Îòñþäà â ñèëó α > 0 ïðè ε → 0 ïîëó÷èì ðàâåíñòâî (9).

Ïðåäïîëîæèì, ÷òî ðàâåíñòâî (8) ñïðàâåäëèâî ïðè m = k. Äîêàæåì, ÷òî îíî âåðíî è
ïðè m = k + 1. Ñ ýòîé öåëüþ ðàññìîòðèì ëåâóþ ÷àñòü ðàâåíñòâà (8) ïðè m = k + 1:

Dk+1
η+αJλ(η, α)f(x) = Dη+αD

k
η+αJλ(η, α)f(x).

Ïî ïðåäïîëîæåíèþ èíäóêöèè ïðè âûïîëíåíèè óñëîâèé òåîðåìû 1

Dη+αD
k
η+αJλ(η, α)f(x) = Dη+αJλ(η, α)D

k
ηf(x).

Â ïðàâîé ÷àñòè ïîñëåäíåãî ðàâåíñòâà, ïðèìåíÿÿ �îðìóëó (9) ê �óíêöèÿì Dk
ηf(x), ïî-

ëó÷èì

Dk+1
η+αJλ(η, α)f(x) = Jλ(η, α)D

k+1
η f(x). ✄

Ñëåäñòâèå 1. Ïóñòü η = 0, α > 0, f(x) ∈ Cm(0, b), b > 0, �óíêöèè d
dx

(

1
x

d
dx

)k
f(x)

èíòåãðèðóåìû â íóëå è limx→0

(

1
x

d
dx

)k
f(x) = 0, k = 0, . . . ,m− 1. Òîãäà

(

1

x

d

dx

)m
x

∫

0

(

x2 − t2
)α−1

J̄α−1

(

λ
√

x2 − t2
)

f(t)t dt

=

x
∫

0

(

x2 − t2
)α−1

J̄α−1

(

λ
√

x2 − t2
)

[(

1

t

d

dt

)m

f(t)

]

t dt. (10)

3. Ïðèëîæåíèå îïåðàòîðà Ýðäåéè � Êîáåðà ê ðåøåíèþ çàäà÷è (1), (2)

Ïóñòü n = 3. Ñíà÷àëà ðàññìîòðèì çàäà÷ó íàõîæäåíèÿ êëàññè÷åñêîãî ðåøåíèÿ óðàâ-

íåíèÿ

Lλ
α,β(u) ≡

∂2u

∂t2
+

2β

t

∂u

∂t
−

3
∑

k=1

(

∂2u

∂x2k
+

2αk

xk

∂u

∂xk

)

+ λ2u = 0, (x, t) ∈ Ω, (1′)
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óäîâëåòâîðÿþùåãî ïîëóîäíîðîäíûì íà÷àëüíûì óñëîâèÿì

u1(x, 0) = f(x), ut(x, 0) = 0, x ∈ R
3
+. (11)

Ïðåäïîëîæèì, ÷òî ðåøåíèå ýòîé çàäà÷è ñóùåñòâóåò. Ýòî ðåøåíèå èùåì â âèäå

u1(x, t) = J
(t)
λ (−1/2, β)U(x, t), (12)

ãäå U(x, t) � íåèçâåñòíàÿ, äâàæäû íåïðåðûâíî äè��åðåíöèðóåìàÿ �óíêöèÿ, âåðõíèé

èíäåêñ t â îïåðàòîðå îçíà÷àåò ïåðåìåííóþ, ïî êîòîðîé äåéñòâóåò ýòîò îïåðàòîð.
Ïîäñòàâèì (12) â óðàâíåíèå (1′) è íà÷àëüíûå óñëîâèÿ (11), à çàòåì, èñïîëüçóÿ ëåììó 1,

ïîëó÷èì çàäà÷ó íàõîæäåíèÿ ðåøåíèÿ U(x, t) óðàâíåíèÿ

∂2U

∂t2
−

3
∑

k=1

(

∂2U

∂x2k
+

2αk

xk

∂U

∂xk

)

= 0, (13)

óäîâëåòâîðÿþùåãî íà÷àëüíûì óñëîâèÿì

U(x, 0) = k0f(x), x ∈ R
3
+, Ut(x, 0) = 0, x ∈ R

3
+, (14)

ãäå k0 = Γ[β + (1/2)]/
√
π.

�åøåíèå çàäà÷è (13), (14) èìååò âèä [23℄

U(x, t) =
k0t

4π

(

1

t

∂

∂t

)2

U0(x, t), (15)

ãäå

U0(x, t) =

∫∫∫

|ξ−x|<t

f(ξ)R(ξ;x, t;α) dξ, (16)

R(ξ;x, t;α) =
3
∏

k=1

(

ξk
xk

)αk

F
(3)
B (α1, α2, a3; 1− α1, 1− α2, 1− a3; 1;ω1, ω2, ω3), (17)

F
(3)
B (α1, α2, a3; 1−α1, 1−α2, 1− a3; 1;ω1, ω2, ω3) � ãèïåðãåîìåòðè÷åñêàÿ �óíêöèÿ Ëàóðè-

÷åëëû òðåõ ïåðåìåííûõ [26℄ ωk = [t2−r2]/(4ξkxk), r
2 = |ξ−x|2 = ∑3

k=1 (ξk − xk)
2
, ïðè÷åì

0 6 ωk < (1/2), k = 1, 2, 3.
Ïåðåõîäÿ â ðàâåíñòâå (16) ê ñ�åðè÷åñêèì êîîðäèíàòàì ξ = x+ ρz, ãäå ξk = xk + ρzk,

k = 1, 2, 3, z1 = sin θ cosϕ, z2 = sin θ sinϕ, z3 = cos θ, 0 6 θ 6 π, 0 6 ϕ 6 2π, 0 < ρ < t,
ìîæíî ïîêàçàòü, ÷òî

U0(x, 0) = 0, lim
t→0

(

1

t

∂

∂t

)

U0(x, t) = 0. (18)

Äåéñòâèòåëüíî, â ñ�åðè÷åñêèõ êîîðäèíàòàõ ðàâåíñòâî (16) ïðèìåò âèä

U0(x, t) =

t
∫

0

ρ2F (x, t; ρ) dρ = t3
1

∫

0

µ2F (x, t;µt) dµ, (19)

ãäå

F (x, t; ρ) =

2π
∫

0

π
∫

0

f(x+ ρz)R(x+ ρz;x, t;α) sin θ dθ dϕ,

�óíêöèÿ R(ξ;x, t;α) îïðåäåëÿåòñÿ ðàâåíñòâîì (17), â êîòîðîì ξ = x+ ρz.
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Ó÷èòûâàÿ, ÷òî ïðè t → 0, òàêæå ρ → 0 è R(x;x, 0;α) = 1, F (x, 0; 0) = 4πf(x), èç (19)
èìååì U0(x, 0) = 0. Àíàëîãè÷íî, ó÷èòûâàÿ

(

1

t

∂

∂t

)

F (x, t, µt)

∣

∣

∣

∣

t=0

= 4πf(x)
3

∑

k=1

αk(1− αk)

2x2k
,

(

1

t

∂

∂t

)

U0(x, t) = 3t

1
∫

0

µ2F (x, t, µt) dµ + t2
1

∫

0

µ2

(

1

t

∂

∂t

)

F (x, t, µt) dµ,

ïðè t → 0 èìååì limt→0(∂/(t∂t))U0(x, t) = 0.
Ïîäñòàâèâ (15) â (12), ïîëó÷èì

u1(x, t) =
k0t

1−2β

2π Γ(β)

t
∫

0

J̄β−1

(

λ
√
t2 − s2

)

(t2 − s2)1−β

[

(

1

s

∂

∂s

)2

U0(x, s)

]

s ds. (20)

Â ñèëó (18) �óíêöèÿ U0(x, t) óäîâëåòâîðÿåò óñëîâèÿì ñëåäñòâèÿ 1. Òîãäà, ïðèìåíÿÿ �îð-

ìóëó (10) ê ðàâåíñòâó (20), ïîëó÷àåì

u1(x, t) =
k0t

1−2β

2πΓ(β)

(

1

t

∂

∂t

)2
t

∫

0

J̄β−1

(

λ
√
t2 − s2

)

(t2 − s2)1−β
U0(x, s)s ds. (21)

Ïîäñòàâëÿÿ çíà÷åíèå �óíêöèè U0(x, s) èç (16) â ðàâåíñòâî (21) è ìåíÿÿ ïîðÿäîê èíòå-

ãðèðîâàíèÿ, èìååì

u1(x, t)=
k0t

1−2β

2πΓ(β)

3
∏

k=1

[

x−αk

k

]

(

1

t

∂

∂t

)2
x1+t
∫

x1−t

ξα1

1 dξ1

x1+r1
∫

x1−r1

ξα2

2 dξ2

x1+r2
∫

x1−r2

ξα3

3 f(ξ)q(x, t; ξ) dξ3,

(22)
ãäå

r1 =
√

t2 − (ξ1 − x1)2, r2 =
√

t2 − (ξ1 − x1)2 − (ξ2 − x2)2,

q(x, t; ξ) =

t
∫

r

J̄β−1

(

λ
√
t2 − s2

)

(t2 − s2)1−β
F

(3)
B (α1, α2, a3; 1− α1, 1− α2, 1− a3; 1;ω1, ω2, ω3)s ds, (23)

r = |ξ − x| , ωk =
s2 − r2

4ξkxk
, k = 1, 2, 3.

Äëÿ âû÷èñëåíèÿ èíòåãðàëà (23) âûïîëíèì çàìåíó ïåðåìåííûõ ïî �îðìóëå z =
(s2 − r2)/(t2 − r2). Çàòåì, ïðèíèìàÿ âî âíèìàíèå ðàçëîæåíèå �óíêöèè Áåññåëÿ � Êëè�-

�îðäà â ðÿä (7) è ó÷èòûâàÿ ðàâíîìåðíóþ ñõîäèìîñòü äàííîãî ðÿäà ïðè ëþáûõ çíà÷åíèÿõ

àðãóìåíòà, ìåíÿåì ïîðÿäîê èíòåãðèðîâàíèÿ è ñóììèðîâàíèÿ:

q(x, t; ξ) =
1

2

(

t2 − r2
)β

∞
∑

k=0

σk
4

(β)kk!

×
1

∫

0

(1− z)β+k−1F
(3)
B (α1, α2, a3; 1− α1, 1− α2, 1− a3; 1;σ1z, σ2z, σ3z) dz, (24)

ãäå σk = [t2 − r2]/(4ξkxk), 0 6 σk < (1/2), k = 1, 2, 3, σ4 = (−λ2/4)[t2 − r2].
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Ëåììà 2. Ïóñòü c > d > 0, |xk| < 1, k = 1, . . . , n. Òîãäà ñïðàâåäëèâî ðàâåíñòâî

1
∫

0

zd−1(1− z)c−d−1F
(n)
B (a1, . . . , an; b1, . . . , bn; d;x1z, . . . , xnz) dz

=
Γ(d)Γ(c − d)

Γ(c)
F

(n)
B (a1, . . . , an; b1, . . . , bn; c;x1, . . . , xn),

ãäå F
(n)
B (a1, . . . , an; b1, . . . , bn; c;x1, . . . , xn) � ãèïåðãåîìåòðè÷åñêàÿ �óíêöèÿ Ëàóðè÷åë-

ëû n ïåðåìåííûõ [26℄.

Ýòó ëåììó ìîæíî äîêàçàòü, ïîëüçóÿñü ðàçëîæåíèåì ãèïåðãåîìåòðè÷åñêîé �óíêöèè

Ëàóðè÷åëëû n ïåðåìåííûõ â ðÿä è îïðåäåëåíèåì ãàììà- è áåòà-�óíêöèé Ýéëåðà.

Ïðèìåíÿÿ ê (24) ëåììó 2 ïðè n = 3, ïîëó÷àåì

q(x, t; ξ) =
1

2β

(

t2 − r2
)β

∞
∑

k=0

σk
4

(β + 1)kk!

× F
(3)
B (α1, α2, a3; 1 − α1, 1− α2, 1− a3;β + k + 1;σ1, σ2, σ3). (25)

Ïðè n > 1 ââåäåì îáîçíà÷åíèå

Ξ
(n)
2 (a1, . . . , an−1; b1, . . . , bn−1; c; z1, z2, . . . , zn)

=

∞
∑

kn=0

zknn
(c)knkn!

F
(n−1)
B (a1, . . . , an−1; b1, . . . , bn−1; c+ kn; z1, . . . , zn−1)

=

∞
∑

k1, k2, ..., kn=0

(a1)k1 . . . (an−1)kn−1
(b1)k1 . . . (bn−1)kn−1

(c)k1+k2+...+knk1!k2! . . . kn!
zk11 zk22 . . . zknn . (26)

�àññìàòðèâàåìûé ãèïåðãåîìåòðè÷åñêèé ðÿä ñõîäèòñÿ ïðè |zk| < 1, k = 1, . . . , n− 1,
|zn| < ∞, c 6= 0,−1,−2, . . . , è ïðè n = 2 îí ñîâïàäàåò ñ �óíêöèåé �îðíà [26℄

Ξ2(a1, b1; c; z1, z2) = Ξ
(2)
2 (a1, b1; c; z1, z2), à ïðè n = 3 � 
 âûðîæäåííîé ãè-

ïåðãåîìåòðè÷åñêîé �óíêöèåé òðåõ ïåðåìåííûõ [27℄ 3Φ
(5)
B (a1, a2, b1, b2, c; z1, z2, z3) =

Ξ
(3)
2 (a1, a2; b1, b2; c; z1, z2, z3).

Ó÷èòûâàÿ ââåäåííîå îáîçíà÷åíèå è ïîëàãàÿ Ξ
(4)
2 (α1, α2, α3; 1 − α1, 1 − α2, 1 − α3; 1 +

β;σ1, σ2, σ3, σ4) = Ξ
(4)
2 (α; 1−α; 1+β;σ), ãäå α = (α1, α2, α3), 1−α = (1−α1, 1−α2, 1−α3),

σ = (σ1, σ2, σ3, σ4) èç (23), ïîëó÷àåì

q(x, t; ξ) =
1

2β

(

t2 − r2
)β

Ξ
(4)
2 (α; 1 − α; 1 + β;σ). (27)

Ïîäñòàâëÿÿ (27) â (22), èìååì

u1(x, t) =
k0t

1−2βx−α

4πβΓ(β)

(

1

t

∂

∂t

)2 ∫∫∫

|ξ−x|<t

ξαf(ξ)
(

t2 − r2
)β

Ξ
(4)
2 (α; 1 − α; 1 + β;σ) dξ, (28)

ãäå x−α = x−α1

1 x−α2

2 x−α3

3 , ξα = ξα1

1 ξα2

2 ξα3

3 , σk = [t2 − |ξ − x|2]/(4ξk, xk), σ4 = −(λ2/4)[t2 −
|ξ − x|2], ïðè÷åì 0 6 σk < (1/2), k = 1, 2, 3.
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Äàëåå íàì ïîíàäîáèòñÿ ñëåäóþùàÿ ëåììà.

Ëåììà 3. Åñëè �óíêöèè zk, k = 1, . . . , n, íå çàâèñÿò îò x è |zkx| < 1, k = 1, . . . , n−1,
c 6= 1, 0,−1,−2, . . . , òî èìååò ìåñòî ðàâåíñòâî

∂

∂x

[

xc−1 Ξ
(n)
2 (a1, . . . , an−1; b1, . . . , bn−1; c; z1x, z2x, . . . , znx)

]

= (c− 1)xc−2 Ξ
(n)
2 (a1, . . . , an−1; b1, . . . , bn−1; c− 1; z1x, z2x, . . . , znx).

⊳ Ëåììà 3 ëåãêî äîêàçûâàåòñÿ ñ ïðèìåíåíèåì ñëåäóþùèõ �îðìóë:

Ξ
(n)
2 (a1, . . . , an−1; b1, . . . , bn−1; c; z1, z2, . . . , zn)

=
∞
∑

k1, k2, ..., kn−1=0

(a1)k1 . . . (an−1)kn−1
(b1)k1 . . . (bn−1)kn−1

(c)k1+k2+...+kn−1
k1!k2! . . . kn−1!

× zk11 zk22 . . . z
kn−1

n−1 Īc+k1+k2+...+kn−1−1(2
√
zn ),

d

dx

[

xc+p−1Īc+p−1(2
√
znx )

]

= (c+ p− 1)xc+p−2Īc+p−2(2
√
znx ),

c+ p− 1

(c)p
=

c− 1

(c− 1)p
,

ãäå p = k1 + k2 + . . . + kn−1, Īν(z) = Γ(ν + 1)(z/2)−νIν(z), Iν(z) � ìîäè�èöèðîâàííàÿ

�óíêöèÿ Áåññëåÿ. ⊲

Ïåðåõîäÿ ê ñ�åðè÷åñêèì êîîðäèíàòàì â ðàâåíñòâå (28) è âû÷èñëèâ ïðîèçâîäíóþ

ñ ó÷åòîì ëåììû 3, ïîëó÷àåì îêîí÷àòåëüíûé âèä ðåøåíèÿ u1(x, t):

u1(x, t) = γ1t
1−2β

(

1

t

∂

∂t

)
∫∫∫

|ξ−x|<t

f(ξ)Rλ(ξ, x, t;α, β) dξ, (29)

ãäå

γ1 = 22−2β Γ(2β)

4πΓ2(β)
, Rλ(ξ, x, t;α, β) =

(

ξ

x

)α
(

t2 − r2
)β−1

Ξ
(4)
2 (α; 1 − α;β;σ).

Òåïåðü ðàññìîòðèì çàäà÷ó íàõîæäåíèÿ êëàññè÷åñêîãî ðåøåíèÿ óðàâíåíèÿ (1′), óäî-
âëåòâîðÿþùåãî ïîëóîäíîðîäíûì íà÷àëüíûì óñëîâèÿì

u(x, 0) = 0, lim
t→+0

t2βut(x, t) = g(x), x ∈ R
3
+. (30)

Íåïîñðåäñòâåííûì âû÷èñëåíèåì íåòðóäíî óáåäèòüñÿ, ÷òî åñëè u1 = u1(x, t, 1 − β)
åñòü ðåøåíèå óðàâíåíèÿ Lλ

α,1−β(u1) = 0, óäîâëåòâîðÿþùåå óñëîâèÿì (11), òî �óíêöèÿ

u2(x, t) = t1−2βu1(x, t, 1−β) ïðè 0 < β < (1/2) áóäåò ðåøåíèåì óðàâíåíèÿ (1), óäîâëåòâî-

ðÿþùèì íà÷àëüíûì óñëîâèÿì u2(x, 0) = 0, limt→+0 t
2βu2t(x, t) = (1− 2β)f(x), x ∈ R

3
+.

Ó÷èòûâàÿ ýòî ñâîéñòâî è çàìåíÿÿ (1− 2β)f(x) íà g(x), èç ðàâåíñòâà (29) ïîëó÷àåì

u2(x, t) = γ2

(

1

t

∂

∂t

)
∫∫∫

|ξ−x|<t

g(ξ)Rλ(ξ, x, t;α, 1 − β) dξ, (31)

ãäå γ2 = 22βΓ(2− 2β)/[4πΓ2(1− β)].
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Òàêèì îáðàçîì, â ñèëó �îðìóë (28), (31) è ïðèíöèïà ëèíåéíîé ñóïåðïîçèöèè ðåøåíèå

çàäà÷è (1), (2) ïðè n = 3 èìååò âèä

u(x, t) = γ1t
1−2β

(

1

t

∂

∂t

)
∫∫∫

|ξ−x|<t

f(ξ)Rλ(ξ, x, t;α, β) dξ

+ γ2

(

1

t

∂

∂t

)
∫∫∫

|ξ−x|<t

g(ξ)Rλ(ξ, x, t;α, 1 − β) dξ. (32)

Óñòàíîâëåííàÿ �îðìóëà (32) ïîçâîëÿåò óêàçàòü òî÷íóþ ñòåïåíü ãëàäêîñòè íà÷àëüíûõ

�óíêöèé, ïðè ýòîì ñïðàâåäëèâà

Òåîðåìà 2. Ïóñòü f(x), g(x) ∈ C3(R3
+). Òîãäà �îðìóëà (32) îïðåäåëÿåò êëàññè÷åñêîå

ðåøåíèå çàäà÷è (1), (2) ïðè n = 3.
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Abstra
t. The modi�ed Cau
hy problem is investigated for a four-dimensional se
ond order equation

of hyperboli
 type with spe
tral parameter and with the Bessel operator. The equation 
ontains a singular

di�erential Bessel operator on all variables. To solve the formulated problem, a generalized Erd�elyi�Kober

fra
tional order operator is applied. To solve the problem, a generalized Erd�elyi�Kober fra
tional order operator

is applied. A formula is obtained for 
al
ulating the high order derivatives of the generalized operator Erd�elyi�

Kober, that is then used in the study of the problem. We also 
onsider the 
on�uent hypergeometri
 fun
tion

of four variables, whi
h generalizes the Humbert fun
tion; some properties of this fun
tion are proved. Taking

into a

ount the proven properties of the Erd�elyi�Kober operator and the 
on�uent hypergeometri
 fun
tion,

the solution of the modi�ed Cau
hy problem is presented in a 
ompa
t integral form that generalizes the

Kir
hho� formula. The obtained formula allows us to see dire
tly the nature of the dependen
e of the solution

on the initial fun
tions and, in parti
ular, to establish the smoothness 
onditions for the 
lassi
al solution.

The paper also 
ontains a brief histori
al introdu
tion to di�erential equations with Bessel operators.

Key words: Cau
hy problem, Bessel di�erential operator, generalized Erd�elyi�Kober operator of fra
-

tional order.
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