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Abstract. The celebrated Gordon’s theorem is a natural tool for dealing with universal completions
of Archimedean vector lattices. Gordon’s theorem allows us to clarify some recent results on unbounded
order convergence. Applying the Gordon theorem, we demonstrate several facts on order convergence of
sequences in Archimedean vector lattices. We present an elementary Boolean-Valued proof of the Gao—
Grobler-Troitsky—Xanthos theorem saying that a sequence x, in an Archimedean vector lattice X is
uo-null (uo-Cauchy) in X if and only if x, is o-null (o-convergent) in X ™. We also give elementary proof
of the theorem, which is a result of contributions of several authors, saying that an Archimedean vector
lattice is sequentially uo-complete if and only if it is o-universally complete. Furthermore, we provide a
comprehensive solution to Azouzi’s problem on characterization of an Archimedean vector lattice in which
every uo-Cauchy net is o-convergent in its universal completion.
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1. Introduction

Throughout the paper, we let X stand for a vector lattice, and all vector lattices are

assumed to be real and Archimedean. We refer to [1, 2| for the unexplained terminology and
facts on vector lattices and start with recalling some definitions and results. A vector lattice X
is said to be Dedekind (o-Dedekind) complete if each nonempty order bounded (countable)
subset of X has a supremum. A Dedekind complete (o-Dedekind complete) vector lattice X is
said to be universally (o-universally) complete if each nonempty pairwise disjoint (countable)
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subset of X, has a supremum. Clearly, each universally complete vector lattice has a weak
unit. It is well known that X possesses Dedekind and universal completions unique up to lattice
isomorphism which are denoted by X? and X*. We will always suppose that X C X% C X%,
whereas X° is an ideal in X*.

A sublattice Y of X is said to be regular if y,, | 0 in Y implies y,, | 0 in X; while Y is order
dense in X if for every 0 # x € X, there exists y € Y satisfying 0 < y < x. Obviously, the
ideals and order dense sublattices are regular. In what follows, we will freely use the regularity
of X in X™“. Note also that X is atomic iff X is lattice isomorphic to an order dense sublattice
of RY (cf. [1, Theorem 1.78]).

A net (2q)aca in X o-converges to x if there exists a net (zy),er in X satisfying 2z, | 0
and, for each v € T', there is ay € A with |z, — x| < 24 for all @ > «,. In this case we write
To 2 x. This definition is used for instance in [2, 3]. Sometimes (in particular, see [1, 4, 5]) the
slightly different definition of o-convergence appears: (z4)aca 0-converges to x € X if there is
a net (zo)aca such that z, | 0 and |z, — x| < 24 for all a. These two definitions agree in the
case of order bounded nets in Dedekind complete vector lattices (cf. |3, Remark 2.2]). The arti-
cle [6] contains a more details discussion of the definitions of o-convergence. By |7, Theorem 1]
(cf. also |8, Theorem 2|), o-convergence in X is topological iff X is finite dimensional.

A net z,, in X is said to be uo-convergent to x if |z, —z| Ay 2 0 for every y € X . We write
To — z. Following Nakano [9], uo-convergence is investigated as a generalization of almost
everywhere convergence (see |3, 4, 10-18| and references therein). Note that o-convergence
agrees with eventually order bounded wo-convergence. Furthermore, uo-convergence passes
freely between X, X?, and X* [3, Theorem 3.2|. It was shown in [3, Corollary 3.5] that if e is
a weak unit of X then z, — & < |zq—z|Ae = 0. By [3, Corollary 3.12] every uo-null sequence
in X is o-null in X*. This is untrue for arbitrary nets. By Theorem 4 below, or independently,
by [18, Proposition 15.2], all wo-null nets in X are o-null in X* if only if dim(X) < oo.
Although uo-convergence is not topological in many important cases (e.g., in L1[0,1] and in
C0,1]), it is topological in atomic vector lattices; see |7, Theorem 2|.

A net z, is said to be o-Cauchy (uo-Cauchy) if the double net (x4 — 2s)(q,p) 0-converges
(uo-converges) to 0. Clearly, every o-Cauchy net is wo-Cauchy. In a Dedekind complete
vector lattice with a weak unit e, a net x, is uo-Cauchy iff inf, supg >, |25 — 2, Ae =0
[13, Lemma 2.7]. It is well known that completeness with respect to o-convergence is equivalent
to Dedekind completeness. By [3, Corollary 3.12|, a sequence in X is uo-Cauchy in X iff it
is o-convergent in X*“. As showed in Theorem 4, there is no net-version of the latter fact
unless X is finite-dimensional. It was proved in [16, Theorem 3.9] (see also |15, Theorem 28])
that X is o-universally complete iff X is sequentially uo-complete. In [15, Theorem 17|, it was
demonstrated that uo-completeness is equivalent to universal completeness. Thus, there is no
need in any special investigation of (sequential) uo-completion.

The (always complete) Boolean algebra B (X) of all bands of X is called the base of X. If X
has the projection property (e.g., if X is Dedekind complete), then B(X) can be identified
with the Boolean algebra 3(X) of all band projections in X and, if X has also a weak unit e,
both B(X) and P(X) can be identified with the Boolean algebra €(e) of all fragments of e
(cf. [2, Theorem 1.3.7 (1)]).

2. Boolean-Valued Analysis and Unbounded Order Convergence

The classical Gordon’s discovery [19, Theorem 2| (expressing the immanent connection
between vector lattices and Boolean-valued analysis) reads shortly as follows: Each universally
complete vector lattice is an interpretation of the reals R in an appropriate Boolean-valued
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model VB). Furthermore, each Archimedean vector lattice is an order dense ideal of the
descent of R within V(B). These facts are combined as follows (see [2, Theorems 8.1.2
and 8.1.6]):

Theorem 1 (Gordon’s Theorem). Let X be an Archimedean vector lattice, while B =
B(X) and R is the reals in the Boolean-valued model VB). Then R | is a universally complete
vector lattice including X as an order dense sublattice. Moreover,

br <by <= b<[z<y] (VbeB);(Vzx,yeR]).

By the Gordon Theorem, the universal completion X* of an Archimedean vector lattice
X is the descent R | of the reals R in V&) and the uniqueness of X% up to an order
isomorphism follows from the uniqueness of R in V(BX) (see [2, 8.1.7]).

In [20] Kantorovich introduced Dedekind complete vector lattices and propounded his
famous Heuristic Transfer Principle: The members of every Dedekind complete vector lattice
are generalized reals (see [5] for further historical notes). This Kantorovich’s motto was justified
by the Gordon Theorem [19] published 42 years later in the same journal. The aim of the
present paper, published another 42 years after [19], is to provide another illustration of the
fruitfulness of the Gordon Theorem in exploring the theory of uo-convergence. To some extent,
Archimedean vector lattices are commonly presented in the repertoire of the Boolean-valued
orchestra, where the musicians are complete Boolean algebras and the orchestra director is
the reals. To our knowledge, the present paper is a first attempt to apply Theorem 1 to uo-
convergence. For the unexplained terminology and techniques of Boolean-valued analysis we
refer the reader to |2, 5, 19, 21-25].

Let us turn to wo-convergence in X. Passing to X“ = R |, which has the weak unit 1,
[1is the multiplicative unit of R] = 1 we have, by [3, Corollary 3.5],

To 50 <= |2 ] A1 20 (24 € X).

By [2, 8.1.4], for every net s = (zq)aca in R |, the standard name A" of A in v (B)
(see [2, p. 401]) is also directed and (s 1) : A* — R is a net in R (within V()); moreover,

b< [lim(st) =2] < o—limx(b)os=x(b)z
for every b€ B =8(X) =B(R |) and every z € R | [2, 8.1.4(3)]. Thus,
To xS 0— lijgn(\xa —z|AN1)=0 & HIHP(‘QCO‘ —z|A1) = Oﬂ = 1. (1)
In the case of a sequence, A =N, A* =N" = N |25, p. 330]), and hence
Tn 250 X = 2, 2% 0in R | < [[Nalggoo(]xn\/\l):oﬂ —1

(2)

— [lim|z,| =0]=1 < =z, >0in R |= X"

Similarly,
T, is uo-Cauchy in X <= =z, is uo-Cauchy in R |
<= o— lim |xk—xm|/\1:O<:>[{ lim (|xk—xm|A1):Oﬂ:1
k,m—o00 N2=(NxN)"3(k,m)—00
= [[ lim  |og —om| = O]] =1 <= [z, is Cauchy in R]=1 3)
N3km—o0

— [FzeR)limz,=2]=1

— [limz, =z] =1, for somez € R | ;<= z, 2> 2€R |=X"
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The last equivalence in (3) is actually due to Gordon |19, Theorem 4] (see also [22]). Clearly, (3)
implies that X is always sequentially uo-complete. The equivalences of (2) are exactly the
first part of the following theorem (see |3, Corollary 3.12]), whereas (3) is its second part.

Theorem 2 (Gao—Grobler—Troitsky—Xanthos). A sequence x,, in an Archimedean vector
lattice X is uo-null in X iff x,, is o-null in X“; while x,, is uo-Cauchy in X iff x,, is o-convergent
in X",

The presented proof of Theorem 2 is based on the fundamental fact that the standard
name N* of the naturals is the naturals A" in V(5). It seems to be the main obstacle in
obtaining the net versions of this theorem which are indeed impossible due to Theorem 4.

The following theorem, stated and proved in [16, Theorem 3.9] and [15, Theorem 28|, is
a result of contributions of several authors (cf. also |3, Theorem 3.10|, |3, Proposition 5.7,
and [13, Proposition 2.8]).

Theorem 3. X is sequentially uo-complete iff X o-universally complete.

< For the “if part” we remark firstly that the fact that every (sequentially) uo-complete
vector lattice is (0-) Dedekind complete is already contained in the proof of |3, Proposition 5.7|.
Now, the (o-) lateral completeness of a (sequentially) uo-complete vector lattice follows from
the o-summability of every (countable) order bounded disjoint family in a (o-) Dedekind
complete vector lattice (cf. [2, 1.3.4]).

The “only if part” is exactly |3, Theorem 3.10]. >

It could be illustrative to present some Boolean-valued proof of Theorem 3 as well as
a Boolean-valued proof of Azouzi’s Theorem [15, Theorem 17| which yields the equivalence of
uo-completeness and universal completeness.

We conclude our paper with the following theorem which provides, among other things,
an answer to Azouzi’s question [15, Problem 23].

Theorem 4. Let X be an Archimedean vector lattice. Then the following are equivalent:
(1) dim(X) < oc;

(2) every uo-Cauchy net in X is eventually order bounded in X*;

(3) every uo-Cauchy net in X is o-convergent in X*;

(4) every uwo-null net in X is o-null in X*;

(5) every uo-null net in X is eventually order bounded in X",

(6) every uo-convergent net in X is eventually order bounded in X*;

(7) every uo-convergent net in X is eventually order bounded in X;

(8) every uo-convergent net in X o-converges in X“ to the same limit;

(9) every uo-convergent net in X" o-converges in X" to the same limit.

Before proving the theorem, we include the following modification of [13, Example 2.6|.
Given a nonempty subset A C X, pra stands for the band projection in X* onto the band
in X" generated by A.

EXAMPLE 1. In any infinite-dimensional Archimedean vector lattice X there exists a
uo-null net which is not eventually order bounded in X™".

As dim(X) = oo, there is a sequence e, of pairwise disjoint positive nonzero elements
of X. Let N? be the coordinatewise directed set of pairs of naturals. A net in X is defined via
T(nm) = (VM) - eppm. Since {x, ) : (n,m) € N2} C Bye, :keny and

(n’}igli)mpr{ek}(x(n,m)) = (n’}’ilgri)m(n v m)pr{ek}(en/\m) =0 (Vk € N),
then z,, ) 2% 0 as (n,m) — oo (e.g., it can be seen by use of [3, Corollary 3.5.] for a weak
unit u in X* s.t. uAey, = ey, for all k). If z(,, ,,,) is eventually order bounded by some y € X*,
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then for some (ng,mg) € N? we have y > Tnm)y (V(n,m) = (ng,mo)). Since n A mg = mg
and (n,mg) = (ng, mp) for n = ng V my, then

Y = T(nme) = (MY M0) - Cnamg = (RV M) - €mg =N - €y >0 (Y0 =ngVmg)

which is impossible. Therefore, the net z(, ) is not eventually order bounded in X™.

< PROOF OF THEOREM 4. (1) = (2), (4) = (5) & (6), and (7) = (6) are trivial.

(2) = (3): Suppose z,, is uo-Cauchy in X. Then x,, is uo-Cauchy in X" by |3, Theorem 3.2|,
because X is regular in X“. It follows from [15, Theorem 17] that z, — y for some y € X
Since z, is eventually order bounded in X by the assumption, then z, — .

(3) = (4) follows since every uo-null net is uo-Cauchy, o-convergent implies uo-convergent,
and the wo-limit of any wo-convergent net is unique.

(5) = (1) is Example 1.

(6) = (7) follows from the equivalence (6) < (1) because (1) = (7) is obvious.

(1) & (8) follows from the equivalence (1) < (4), since (8) is equivalent to the fact that
every uo-null net in X is o-null in X™.

(1) & (9) follows from (1) < (8) since (X*)* = X™ and dim(X) < oo iff dim(X") < co. >

While preparing this paper, we became aware of the still unpublished work [18] by Taylor
which provides the construction [18, Proposition 15.2| similar to Example 1. The equivalence
(1) & (8) of Theorem 4 is also contained in 18, Corollary 15.3|.
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Awnunoranusi. 3HaMeHnTasi TeopeMa ['OpIoHa SIBJISIETCSI €CTECTBEHHBIM HHCTPYMEHTOM JIJIsI TIOCTPOEHUST
YVHUBEPCAJILHOIO IOIOJTHEHHST apXUMEI0BOI BEKTOPHON pererku. OHA MO3BOJIsIET HAM yTOYHUTH HEKOTOPBIE
HeJIaBHUE Pe3YJIbTAThl O HEOTPAHUYIEHHON MOPsAAKoBOi cxomumocTtu. [Ipumensis reopemy 'opona, Mbr geMon-
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CTPUPYEM HECKOJBKO (PAKTOB O CXOAMMOCTH IOCTIEIOBAaTEIbHOCTEN. B wacTHOCTH, NPpUBOAMTCA 3dI€MEHTAD-
HOE JI0Ka3aTesIbcTBO TeopeMbl I'ao — I'pobisrepa — Tpourkoro — Xanroca 0 TOM, UTO IIOCIEIOBATEIHLHOCTH
B apXUMEJIOBOI BEKTODHOI DEIleTKe U0-CXOIUTCS K HyJIH0 (COOTBETCTBEHHO, SIBJISETCS u0-dyHIAMEHTAIBHON )
TOTJIa U TOJIBKO TOT/Ia KOTZa OHA MOPSIKOBO CXOAUTCS K HYJIIO (COOTBETCTBEHHO, sIBJISIETCS MOPSIKOBO CXOJI5-
1ieficsl) B yHUBEPCAJBLHOM IIONOJHEHNY 9TOH PeIIeTKU. B cTarbe aeTcsi NPOCTOe JO0KA3aTeIbCTBO U3BECTHOM
TEeOpeMBI O TOM, YTO apXMWMeJ0Ba BEKTOPHAs peIleTKa CEKBEHIIMAJIBHO UO0-IIOJIHA TOTJIa W TOJBKO TOr/Ja KO-
rjla OHa O-yHUBEPCAJIbHO HOoJHA. KpoMe TOro B cTaThe JIaeTcs IOJHOE PelleHre HefaBHeil mpobiembl A303u 0
KOHEYHOMEPHOCTH BCSIKOM apXMMeEIOBON BEKTOPHOI PEIIeTKN B KOTOPOi Jitobast uo-pyHIaMEeHTATbHAST TOCTIe-
JOBATEJIBHOCTH ITOPSIKOBO CXOJIUTCS B YHUBEPCAJIHLHOM ITOIIOJTHEHUN 3TOI pPereTKH.

KinoueBble cjioBa: HeOIpaHUYEHHAs MMOPSIKOBasi CXOAUMOCTh, PACIIUPEHHOE MPOCTpaHcTBO KanTopo-
BUYa, OyJIeBO3HAYHBIN aHAJINS.
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