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Abstract. The aim of this paper is to establish the existence of weak solutions, in Wol’p(w)(Q)7 for
a Dirichlet boundary value problem involving the p(z)-Laplacian operator. Our technical approach is
based on the Berkovits topological degree theory for a class of demicontinuous operators of generalized
(S+) type. We also use as a necessary tool the properties of variable Lebesgue and Sobolev spaces, and
specially properties of p(z)-Laplacian operator. In order to use this theory, we will transform our problem
into an abstract Hammerstein equation of the form v+SoTv = 0 in the reflexive Banach space W1 (*) ()
which is the dual space of Wol’p(z)(Q). Note also that the problem can be seen as a nonlinear eigenvalue
problem of the formAu = Au, where Au := — div(|Vu[P'"”"2Vu) — f(z,u). When this problem admits
a non-zero weak solution u, A is an eigenvalue of it and v is an associated eigenfunction.
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1. Introduction

Topological degree is an effective tool in the study of nonlinear equations. Brouwer had
published a degree theory in 1912 for continuous maps defined in finite dimensional Euclidean
space [1|. Leray and Schauder generalized in 1934 the degree theory in infinite-dimensional
Banach spaces [2]|. Since 1934 various extension and generalizations of degree theory have
been defined. The theory was constructed later by Berkovits and Mustonen [3-6].

In this paper, we prove the existence of weak solutions for the Dirichlet problem

—div (|VuP®=2Vu) = Mu+ f(z,u), x€Q,

1
UZO, 27689, ()

where A € R, © Cc R" is a bounded domain, 2 < p(x) and p(z) € C(Q) by using the
topological degree theory for a class of bounded and demicontinuous operators of generalized
(S+) type.
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For A = 0, Fan and Zhang (in |7]) presents several sufficient conditions for the existence
of solutions for the problem (1), at first when f is independent of u [7, Theorem 4.2|, then
when f satisfies a growth condition of the form

|f(z,t)] < C1 + Calt)P

(here the exponent S — 1 is constante) |7, Theorem 4.3] and finally, in |7, Theorem 4.7],
they also come from the existences of solution when f satisfies Carathéodory condition and
a growth condition with a variable exponent but with other additional conditions. The same
problem is studied after by P. S. Iliag (in [8]) who gives sufficient conditions which allow to
use variational and topological methods to prove the existence of weak solutions.

With another approach (theory of topological degree), we prove in this paper the existence
of a weak solution for (1) when f is a Carathéodory function satisfying only a growth condition
and with an additional term Au. Note that with this term, the problem (1) can be seen as a
nonlinear eigenvalue problem of the form

Au = du, (2)

where Au := — div(|Vu|P®)~2Vu) — f(z,u). When (2) admits a non-zero weak solution u,
A is an eigenvalue of (2) and w is an associated eigenfunction. So, proving that (2) admits a
weak solution, we prove at the same time that each real A can be chosen as a eigenvalue of
the problem (2).

This paper is divided into four sections. In the second section, we introduce some classes of
mappings of generalized (S ) type and the recent Berkovits degree. In the third section, some
basic properties of variable Lebesgue and Sobolev spaces and several important properties of
p(x)-Laplacian operator are presented. Finally, in the fourth section, we give the assumptions
and our main results concerning the weak solutions of problem (1).

2. Classes of Mapping and Topological Degree

Let X be a real separable reflexive Banach space with dual X* and with continuous pairing
(-,-) and let 2 be a nonempty subset of X. The symbol — (—) stands for strong (weak)
convergence.

Let Y be a real Banach space. We recall that a mapping F': Q C X — Y is bounded, if it
takes any bounded set into a bounded set. F' is said to be demicontinuous, if for any (u,) C Q,
uy, — w implies F(u,) — F(u). F is said to be compact if it is continuous and the image of
any bounded set is relatively compact.

A mapping F: Q C X — X* is said to be of class (S4), if for any (uy,) C Q with u, — u
and lim sup(Fuy,, u, —u) < 0, it follows that u, — u. F' is said to be quasimonotone, if for
any (up) C Q with u, — u, it follows that lim sup(Fu,,, u, —u) = 0.

For any operator F' :  C X — X and any bounded operator 7' : ; C X — X*
such that Q C Q4, we say that F' satisfies condition (S5 )7, if for any (u,) C Q with u, — u,
Yn = T'up, — y and lim sup(Fu,,, y, —y) < 0, we have u,, — u. We say that F has the property
(QM)r, if for any (u,) C Q with u, — u, y,, := Tu, — y, we have lim sup(Fu,,y — yn) = 0.

Let € be the collection of all bounded open set in X. For any 2 C X, we consider the
following classes of operators:

F1(Q) := {F : Q@ — X* | F is bounded, demicontinuous and satisfies condition (Sy)},
Frp(Q) :={F:Q— X | F is bounded, demicontinuous and satisfies condition (S} )r},
Fr(Q) :={F:Q— X | F is demicontinuous and satisfies condition (Sy)r},
Fp(X) ={F € Frp(G)|Ge 0,Tc F#(G)}.
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Here, T' € .71 (G) is called an essential inner map to F.
Lemma 2.1 [4, Lemma 2.2 and Lemma 2.4]. Suppose that T € .%1(G) is continuous and

S : Dg C X* — X is demicontinuous such that T(G) C D, where G is a bounded open set
in a real reflexive Banach space X. Then the following statement are true:

(i) If S is quasimonotone, then I +SoT € Fr(G), where I denotes the identity operator.

(ii) If S is of class (Sy), then SoT € Fr(G).

DEFINITION 2.1. Let G be a bounded open subset of a real reflexive Banach space X,
T € Z1(G) be continuous and let F,S € Zr(G). The affine homotopy H : [0,1] x G — X
defined by

H(t,u) := (1 —t)Fu+tSu for (t,u) €[0,1] x G
is called an admissible affine homotopy with the common continuous essential inner map 7.
REMARK 2.1 [4]. The above affine homotopy satisfies condition (S5 ).
We introduce the topological degree for the class .#p(X) due to Berkovits [4].

Theorem 2.1. There exists a unique degree function
d: {(F,G,h)|Ge€ 0, T e F#(G), FeFrpG),h¢ FOG)} —7Z

that satisfies the following properties:
1. (Existence) If d(F,G,h) # 0, then the equation F'u = h has a solution in G.

2. (Additivity) Let F' € 1 p(G). If G1 and G are two disjoint open subset of G such
that h & F(G \ (G1 U Gs)), then we have

d(F,G,h) = d(F,Gl,h) +d(F,G2,h).

3. (Homotopy invariance) If H : [0,1] x G — X is a bounded admissible affine homotopy
with a common continuous essential inner map and h : [0,1] — X is a continuous path in X
such that h(t) ¢ H(t,0G) for all t € [0, 1], then the value of d(H(t, - ), G, h(t)) is constant for
all't € [0,1].

4. (Normalization) For any h € G, we have d(I,G,h) = 1.

3. Variable Lebesgue and Sobolev Spaces
and Prpoperty of p(x)-Laplacian Operator

In the sequel, we consider a naturel number N and a bounded domain Q@ ¢ RY with a
Lipschitz boundary 0f).

We introduce the setting of our problem with some auxiliary results of the variable
exponent Lebesgue and Sobolev spaces LP(*)(Q) and WO1 P (w)(Q). For convenience, we only
recall some basic facts with will be used later, we refer to [9-11] for more details.

Let Q be an open bounded subset of RN, N > 2, with a Lipschitz boundary denoted
by 0f). Denote

C+(Q) ={h e C(Q)] inf h(z) > 1}.
el
For any h € C4(Q) we define

hti=max {h(z),z € Q}, h~ :=min{h(z),z € Q}.

For any p € C. () we define the variable exponent Lebesgue space

LP@)(Q) = {u; u: £ — R is measurable and /]u(x)\p(m) dx < +oo}
Q
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endowed with Luzemburg norm

|u|p(m) = inf {)‘ > O/Iop(:v) <§> < 1},
where

oy (1) = / (@)@ de (Fu e 1P (Q),
Q

(LP@(Q),| - lp(z)) is a Banach space [10, Theorem 2.5|, separable and reflexive
[10, Corollary 2.7]. Its conjugate space is LP' *)(Q), where 1/p(z) +1/p/(z) = 1 for all z € Q.
For any u € LP@)(Q) and v € LF'(*)(Q), the Holder inequality holds [10, Theorem 2.1|

' /d

Notice that if (u,) and u € LP1)(Q) then the following relations hold true (see [9])

1 1
< (p—_ T F) fulyo 0l ) < 21ty [0l 3)

|u|p(33) <1 (: I > 1) — pp(m)(u) <1 (: 1> 1)5

- +
[ulp@) > 1 = July,y < ppa) () < luly, (4)

+ —
’u‘p(f) <1l = \Ufﬁ(x) < Pp(z) (u) < ’u‘g(m)v (5)
nlLHgO [Un, — Ulp@) =0 <= nlLHgO Pp(a) (Un —u) = 0. (6)

From (4) and (5), we can deduce the inequalities
|u|p(x) < Pp(x) (u) +1, (7)

- +
Pp(z) (u) < |U|Z(x) + |u|g($). (8)

If p1,p2 € C1(Q), p1(x) < pa(x) for any = € Q, then there exists the continuous embedding
[P (Q) — [P ().
Next, we define the variable exponent Sobolev space Wl’p(“”)(Q) as

whr@(Q) = {u € LP@(Q)/|Vu| € LP@(Q)}.
It is a Banach space under the norm
l[ull = [ulp@) + [Vtlp)-

We also define VVO1 P (')(Q) as the subspace of W'P()(Q) which is the closure of C§°(2) with
respect to the norm || - ||. If the exponent p(-) satisfies the log-Holder continuity condition,

i. e., there is a constant o > 0 such that for every z,y € Q, x # y with |z —y| < % one has

(07

Ip(z) — p(y)| < 9)

= —loglz —y|’

then we have the Poincaré inequality (see [12]), i.e., the exists a constant C' > 0 depending
only on ) and the function p such that

@) < C [Vulp@y  (Vu € WP (). (10)
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In particular, the space Wol’p(')(Q) has a norm | - | given by
1,p(x
[ulip) = [Vulpy  (Vue Wy (@),

which is equivalent to ||-||. In addition, we have the compact embedding Wol’p(')(Q) — LPO(Q)
(see [10]). The space (Wol’p(x)(Q), | * |1p(z)) 18 a Banach space, separable and reflexive
(see [9, 10]). The dual space of Wol’p(x)(Q), denoted W1 (#)(Q), is equipped with the norm

N
v -1,p(a) = inf {!%!p'(m) + ’”i\p'<x>}7
=1

where the infinimum is taken on all possible decompositions v = vy —div F with vy € L' (*)(Q)
and F = (vy,...,uy) € (LP@)(Q))V.

Next, we discuss the p(x)-Laplacian operator

—Appyu = —div (|Vu|p(x)_2Vu).

Consider the following functional:

1 .
() = / 5 IV o, e W3(@),

We know that (see [13]), J € Cl(W(}’p(x)(Q),R), and the p(z)-Laplacian operator is the
derivative operator of J in the weak sense.

We denote L = J' : Wy (Q) — W-1#'(®)(Q), then

(Lu,v) = / IVulP®) 2 VuVude (Va0 € Wy Q).
Q

Theorem 3.1 [13, Theorem 3.1|. (i) L : Wol’p(x)(Q) — WL'@)(Q) is a continuous,
bounded and strictly monotone operator;

(ii) L is a mapping of class (S4);

(iii) L is a homeomorphism.

4. Assumption and Main Results

In this section, we study the Dirichlet boundary value problem (1) based on the degree
theory in Section 2, where Q@ ¢ RY, N > 2, is a bounded domain with a Lipschitz boundary
0Q, p € C(Q) satisfy the log-Holder continuity condition (9), 2 < p~ < p(z) < p* < oo and
f:Q xR — R is a real-valued function such that:

(f1) f satisfies the Carathéodory condition, that is, f(-,n) is measurable on 2 for all n € R
and f(x,-) is continuous on R for a. e. x € Q.

(f2) f has the growth condition

|f ()| < e(k(@) + [n]7@1)

for a. e. z € Q and all € R, where ¢ is a positive constant, k € L' ®)(Q) and ¢ € C(Q)
with ¢t < p~.
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DEFINITION 4.1. We call that u € Wol’p(x)(Q) is a weak solution of (1) if

/]Vu\p(gﬁ)_Q VuVvdr = /()\u—i— flz,u))vdx (Vv e Wol’p(x)(Q)).
Q Q

Lemma 4.1. Under assumptions (f1) and (f2), the operator S : Wol’p(w)(Q) —
W—LP'(%)(Q) setting by

(Su,v)y = — /()\u—i— flz,u))vdx (Vu,v e Wol’p(w)(Q))
Q

is compact.
< Let ¢ : Wol’p(m)(Q) — L”(®)(Q) be an operator defined by
ou(x) := —f(z,u) for u € Wol’p(m)(Q) and x € Q.

We first show that ¢ is bounded and continuous.
For each u € VVO1 P (x)(Q), we have by the growth condition (f2), the inequalities (7) and (8)
that

Q

rt

I+ —
< const (pp’(m) (k) + pr(:r) (u)) +1 < const (‘klg/(m) + ‘u’r(x) + ’u‘r(m)) + 17

where r(x) = (q(z) — 1)p'(z) € C+(R2) with r(z) < p(z). Then, by the continuous embedding
LP@) s L@ and the Poincaré inequality (10), we have

/+ T+ r—
|pulp (z) < const (|kz|§,($) + |u|17p(x) + |u|17p(x)) + 1.

This implies that ¢ is bounded on VVO1 P (x)(Q).

To show that ¢ is continuous, let u, — u in Wol’p(x)(Q). Then u, — u in LP®)(Q). Hence
there exist a subsequence (uy) of (u,) and measurable functions h in LP(*)(Q) such that

ug(z) = u(z) and |ug(x)| < h(z)
for a. e. x €  and all k£ € N. Since f satisfies the Carathodory condition, we obtain that
flx,uk(x)) = flx,u(z)) a.e. ze€Q,
it follows from (f2) that
|f (2, uk(2))| < e(k(@) + |h(z)] 7))

for a. e. x € Q and for all kK € N.
Since

k+ [h|7@) =1 e LP'(#)(Q),

and taking into account the equality

Py () (Puk — du) = / |f (@ up (@) — f (@) de,
5
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the dominated convergence theorem and the equivalence (6) implies that

dup — ¢u in LP@)(Q).
Thus the entire sequence (¢u,) converges to ¢u in L' (#)(Q).

Since the embedding I : Wo’p (x)(Q) — Lp(:”)(Q) is compact, it is known that
the adjoint operator I* : LP@(Q) — W-L@(Q) is also compact. Therefore,

the composition [* o ¢ : Wol’p(x)(Q) — W-L'@)(Q) is compact. Moreover, considering the
operator K : Wol’p(x)(Q) — WL'®)(Q) given by

(Ku,v) = — /)\uv dx for u,v € Wol’p(l‘)(Q)’
Q
it can be seen that K is compact, by nothing that the embedding ¢ : L) <y [P (@) g

continuous and K = —AI*oiol. We conclude that S = K + I* o¢ is compact. This completes
the proof. >

Theorem 4.1. Under assumptions (f1) and (fs), problem (1) has a weak solution u
. 1,p(z
in W, o )(Q)

< Let S : Wol’p(x)(Q) — WLP@)(Q) be as in Lemma 4.1 and L : Wol’p(x)(Q) —
W_lvp/(gﬁ)(Q), as in subsection 3.2, setting by

(Lu,v) = / VulP® 2 VuVude, Yu,ve Wol’p(x)(Q).

Then u € Wol’p(x)(Q) is a weak solution of (1) if and only if
Lu = —Su. (11)

Thanks to the properties of the operator L seen in Theorem 3.1 and in view of Minty—-Browder
Theorem (see [14, Theorem 26A]), the inverse operator T := L~! : W~=1r'(#)(Q) — Wol’p(x)(Q)
is bounded, continuous and satisfies condition (S ). Moreover, note by Lemma 4.1 that the
operator S is bounded, continuous and quasimonotone.

Consequently, equation (2) is equivalent to

u=Tv and v+ SoTv=0. (12)

Following the terminology of [14], the equation v + S o Tv = 0 is an abstract Hammerstein
equation in the reflexive Banach space W~1#'(#)(Q).

To solve equation (3), we will apply the degree theory introducing in Section 2. To do this,
we first claim that the set

B:={ve WL @(Q) | v+ tS o Tw =0 for some t € [0, 1]}

is bounded. Indeed, let v € B. Set u := Tv, then |Tv|; pz) = [Vulp)

If [Vulym) < 1, then [Tw| () is bounded.

If [Vulp(z) > 1, then we get by the implication (4), the growth condition (f2), the Hélder
inequality (3) and the inequality (8) the estimate

T0lf 0 = [Vul}s) < ooy (V) = (L) = {0, Tw) = ~4(S o T, T)

—t/()\u—i—f(x,u))udxgconst (/A\u ]2dx+/!k \dx—i—pq( )( ))

Q Q

< const (Aul3z + ||y o) ulp(e) + [0l + [ull)) < const ([ufFz + [uly) + [ul?,, + [ull,))-

q(z
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From the Poincaré inequality (10) and the continuous embedding Lr®) s 2 and
LPE) s 14(*) e can deduct the estimate

P~ 2 +
|Tv‘1,p(m) < const (|Tv|17p(x) + 1T pz) + |Tv|‘f7p(x)).

It follows that {Tv|v € B} is bounded.
Since the operator S is bounded, it is obvious from (3) that the set B is bounded in
W12 (@) (Q). Consequently, there exists R > 0 such that

[v|_1pr@) < R forall veB.
This says that
v+tSoTv#0 forall vedBgr(0) and all € [0,1].

From Lemma 2.1 it follows that

I+SoT e Zr(Bgr(0)) and I=LoT e .Zr(Bgr(0)).

Since the operators I, S and T are bounded, I 4+ 5 o T is also bounded. We conclude that

I+SoT e Zrp(Br(0)) and I Fpp(Bg(0)).

Consider a homotopy H : [0,1] x Br(0) — W~17'(#)(Q) given by

H(t,v):=v+tSoTv for (t,v) €[0,1] x Br(0).

Applying the homotopy invariance and normalization property of the degree d stated in
Theorem 2.1, we get

d(I+ SoT,Bgr(0),0) =d(I,Br(0),0) =1,
and hence there exists a point v € Br(0) such that
v+ SoTv=0.

We conclude that u = T'v is a weak solution of (1). This completes the proof. >
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Awnnoranus. lens Hacrosimed ctarbu — yCTAHOBUTDH CyIIIECTBOBaHUE CJIAOOr0 PEIIeHUs! B IIPOCTPAHCTBE
I/VO1 P (x)(Q) kpaesoii 3amaan dupuxie s p(x)-namiacnasa. Haim nojgxos ocHOBaH Ha TEOPHM TOLOJIOIHYe-
CKoOit crenenn BepkoBuya 1 Kiracca JIEMUHENIPEPBIBHBIX OnepaTopos obobmennoro (Sy) tuna. Mcenoassyor-
Csl TaK»Ke CBOMCTBA JIeGEroBbIX U CODOJIEBCKUX MPOCTPAHCTBO C NEPEMEHHBIMU II0KA3ATEISIMU U CIEIUAJbHBIE
cBoiictBa p(z)-namtacuana. s Toro, 4Tobbl MCIOIB30BATL YIOMSIHYTYIO TEODHIO, 3ajada Ipeobpasyercs
B abcTpakTHOe ypaBHeHue ['ammepinreitna Buma v + S o Tv = 0 B pediekcuBHOM 6AaHAXOBOM IMPOCTPAHCTBE
Wﬁl’p,(z)(Q), KOTOPOE sIBJISIETCS JBOWCTBEHHBIM K WO1 P (x)(Q) [IPOCTPAHCTBOM. 3aMETUM TaKXKe, YTO U3yda-
eMyIo IIpobJieMy MOXKHO PacCMaTpHUBATh KaK HEJMHEHHYIO 3a/ady Ha COOCTBEHHBbIe 3HadeHUs BuIa Au = Au,
rae Au = — div(|VulP®~2Vu) — f(z,u). Eciu nexonsas 3aqada uMeer ciiaGoe pElIeHue wu, TO U SBIISeTCS
cobcTBeHHON (DYHKITHEH, ACCOIMUPOBAHHON C COOCTBEHHBIM 3HAYUEHUEM .
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