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to the Cauchy problem for doubly degenerate parabolic equations with strong gradient damping. Under
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that the support of the solution contains in the ball with radius which is independent in time variable.
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variable logarithmically for a sufficiently large time. The main tool of the proof is based on nontrivial use
of cylindrical Gagliardo—Nirenberg type embeddings and recursive inequalities. The sup-norm estimates
of the solution is carried out by modified version of the classical method of De-Giorgi-Ladyzhenskaya—
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1. Introduction

We look at the following Cauchy problem for the degenerate parabolic equation of the
form:

ouP
% = Ap(u) — |Vul? in Sp=RY x(0,7), (1.1)
uP(2,0) =ug(z) 20, zeRN, N>1. (1.2)
Here z = (z1,...,2N), Vu = (Ugy,. .., Uzy), |Vu| = (u‘,%1 +... +u§N)1/2,

Ap(u) = div(|VulP 2 Vu).
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The main purpose of the paper is to establish the localization property and large time
behavior of the solution to the problem (1.1), (1.2). It is well-known [1] that if

the equation du® = Ap(u) possesses the finite speed of propagation (F'SP for short), which
means that if u(x,t1) = 0, t; > 0, then so does for any ¢t > t;. Clearly, that under
assumptions (1.3) the F'SP still holds for the nonnegative solutions to the equation (1.1)
for any ¢ > 1. Moreover, as we will show under the additional assumptions

0<pfB<gq, 1<qg<p-—1, (1.4)

the radius of the support is independet of time (when ¢ < p — 1), or grows logarithmically
(when ¢ = p — 1). Besides, the qualitative temporal decay estimate of sup norm of solution
for a large time is done as well. We generalize some of the results of [2|, where the case 5§ =1
was studied. Before to formulate the main results of the paper, we give the deffinition of the
weak solution. Assume that ug is a nonnegative locally integrable function.

DEFINITION 1.1. We say that u(x,t) is a weak solution of the problem (1.1), (1.2) in Sp =
RY x (0,7), if u > 0, for any |Vul?, |Vu|? € Ly 10c(Sr), ud e Lo 10c(ST) N C(0,T; L4 10c)s
and for any n € C}(Sr)

T T
—//uﬁanxdT—i—// (|Vu|p72VuV77—|—|Vu|q77) dx dr = 0.

0 RN 0 RN

Moreover, for any ¢(x) € C§°(RM)

t—0
RN RN

lim [ wf(z,t)¢(z)de = /ug(x)g(x) dx.

The existence of the weak solution can be done as in 3, 4]. The main results of the paper
read as follows

Theorem 1.1. Let u(z,t) be the solution of the problem (1.1), (1.2) in Qp for any T' > 0.
Suppose that

g<p—1, qg>1, qg>p>0. (1.5)
Then for any t > 0, v > 0
q
N N(g—B)+aqv
)l <275 | sup [ wrde . (1.6)
§<T<t
RN

Theorem 1.2. Let u(x,t) be a weak solution of the problem (1.1), (1.2) in Qp for any
T > 0. Suppose that support ug(x) C Bp, = {]z| < Ro}, Ry < oco. Then we have:
) IfO<pB<qg<p—1,q>1, then for any t >0

Z(t) := supportu(x,t) := {p: u(z,t) =0, |x| > p} C Bg, (1.7)

where R = R(Hung) is independent of t. Moreover, for any t > 0

[u(t) oo < vt~ a-5. (1.8)
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i) If B <q=p—1, ¢ >1, then for any t large enough we have for some given 6 > 0 that
2(8) B, R() =T (luoll g+, 6) logt. (1.9)
Moreover, for t large enough
1 _p=1
Ju(®)llc < 7¢ 751 [log I 5571 (1.10)

Here and hereafter we denote: |[u(t)||, := [lu(z,t)|;_ g~, Br := Br(0). Besides, we denote
the generic constant v, which depends only on the parameter of the problem 8, N, p, q and
may vary from line to line.

Last decades to the investigation of qualitative behavior of solutions to (1.1) under the
various interplay of parameters (3, p, ¢ were devoted many papers [5-19]. As can be seen from
these articles, few works have been devoted to the case of equations with double non-linearity.
In this paper we use energy approach as in [20-22] (seee also [17]) which allows us to extend
our results for more general class of equations. To get (1.8) we need to prove the following
integral estimate

_B+o
/ WPHde < yt” a5 for some 6> 0. (1.11)

RN

Note that (1.11) holds when support of initial datum is finite (see also [2, 17]) for 5 = 1.
Then (1.8) is a consequence of (1.11) and (1.6) with v = 8 + 6. If support of initial datum
is unbounded, then the possible way to get (1.11) is as follows. Multiplying the both sides
of (1.1) by u?, & > 0, and integrating by parts, and applying the Hardy and the Hélder
inequalities, we have

B d / 540 / 0 udt?
—— dr < — Vul? de < — —d
EET u x u’ |Vul? dx ol P x
RN RN RN
q=pB+0 _a=6
2
0
< —y /uﬁﬂ)daz /uﬁ|x|qqﬁ dx . (1.12)
RN RN
Integrating (1.12), we get
B+0 __0_ 8 a9 _
u? ™ dr <yt aF  sup u’ |z|F dx. (1.13)
0<t<oo
RN RN

From (1.13) it follows that asymptotically § — oo we arrive at the sharp bound. Therefore,
the weighted estimates of the solution are needed. We hope to devote a separate paper to this
problem.

The rest of the paper is organized as follows. The Chapter 2 is devoted to auxiliary
statements. In Chapters 3 and 4 we prove Theorems 1.1 and 1.2 correspondingly. For the
sake of simplicity, in the proofs of the main results, the solution will be understood almost
everywhere.
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2. Auxiliary Results
We start with classical iterative Lemma 5.6 of [23, Chapter 2].

Lemma 2.1. Let {Y,} be a sequence of positive numbers satisfying the recursive
inequalities
Y1 < CHY e

where C,b > 1 and a > 0 given numbers. Then, if
Yo < C wb a2,
then {Y,,} converges to zero as n — 0.

Next, the classical Sobolev inequality reads: for any f € WO1 (Q), where Q is bounded or
unbounded domain in RY, we have

N—gq

/ A5 de | <y(Vg) / Vidr| (2.1)
Q Q

provided
1<g<N. (2.2)

Let Q is bounded: || := measy€) < oo. Then, applying the Holder inequality, from (2.1) we
have the Poincare-Fridrich inequality:

N—q
N

[iar <ot | [ira) <ot [vran ey
Q Q Q

Another application of the Sobolev inequality is the Gagliardo—Nirenberg inequality, which
one can obtain applying the Hélder inequality

1—
1l <INV lgalfla (2.4)
where 0 <7 < b < NN—_qq, and 0 < a < 1 is defined as follows

N N-q N
i (1 —-a).
2 . a—i-r( a)

3. Proof of Theorem 1.1

Let 0 < az < a1, 0 < 79 < 71. Then we have (see [22| for the proof) the following version
of the Caccioppoli inequality:

0 y p+6—1|P
sup /(u(T) — al)ﬁ”L dx +/ / 'V (u—ar),” dx dr
T1<T<tRN " RN
t
a+0 |a

—//‘V(u—aﬁf dx dr
71 RN

(1-8)+ :

S0 <a1a—1a2> (1 — 7'2)_1/ / (u— ag)ﬁH) dz dr. (3.1)

T2 RN
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Define for hg > hoo > 0, 79 > Too >0, and ¢ =0,1,2,...,

g+

ki = hoo + (hO - hoo)27i’ li = Too + (TO - 700)277;’ Vi = (u B ki)+q :

Then plugging in (3.1) a1 = k;, a2 = kit1, 71 = ti, 72 = ti+1 and dropping the second
summand in the left-hand side of (3.1), we get

sup / “dw—i—//!VvZ]qudT
t,<’r<t

ti RNV
t

ho A=B)+  oi qB+0)
R = . 2
(i) e [ [ s ws TP 02

tit1 RNV

By the Gagliardo—Nirenberg inequality (2.4), we have

i it
/ Vi1 d / |Vvig1]? do / vt dx ,
RN RN
where »
=— 0 0
131 q + 6, <v< /8 + )
and A is defined by the dimensional analysis; so that
N 0 — 1-A N(qg— 0
oty N8OV o _Nlg-p)+qB+6)
q N(g+0—-v)+vg Vi N(g+0—-v)+vg

The Young inequality yields:

1-Cy
1 1
/vé‘le de < ey / |[Vuip1|Pde + (1 —Cr)e 4 / oflda
RN RN RN
Next, integrating in time, we have
¢
hO (1-8)+ 2@ u
—_— dzxd
fy<h0_hoo> TO_TOO// Vi1 G2 4T
tit1 RN
t
ho =B+ oi 1 .
Y <h0 _—hoo> — 7_00501 4 / / |Vvl-+1| dx dT (3’3)
tit1 RN
Ca
_ . 1-Cq
ho  \UO (t—10)2 _ 1
_— - -7 1 — C 1-C 3 Vl d
(i) R e ™ s | [t

RN
Choose the free parameter ¢ as follows

he N8+ 9

ho — T0 — Too

where £1 will be chosen later.
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Therefore, (3.2) and (3.3) yield

¢ , C11-8)4
1-C
Y; ;= sup /vfdm—i—// |Voi|? dedr < e1Yip1 + 7 (70 1
ti<T<t ho = heo
RN ti RN
__ % i 15%
1-C1 91=c7 1
€ 21-G1 (t —
ey (fa) e
)1+ﬁ Too <T<t

(7—0 — Too RN

1
Iterating the recursive inequality (3.4), we can easely deduce that if £127-¢1 < 1, then

. c10-6)

1-C
[0 o (a5
To<T<t ho — heo

RN

P =
X i o Sup /(u—hoo)ida: . (3.5)
(TO _ TOO) 1—C] Too<T<t BN

Let K, = k(1 — 27" 1), K, = Kt ¢ — ¢(1 — 27=1). Choose in (3.5) 70 = #,,4,
Too = th, ho = Ky, heo = K. Then we have
_u (B+6—v)
N(ﬁ;e ) 1LY ip

Inii:= sup / (u— Kpy1)” do < 40"k~ B0 [, : (3.6)
t’n+1<7'<t
RN

where b = b(8,¢,60) > 1, H; = N(q — B) + qv. Hence, by iterative Lemma 2.1 it follows
from (3.6) that I,, — 0 as n — oo, u < k, provided

o _N
Ik e < 4y,

where 97 is sufficiently small constant depending only on the data of the problem. Since

Iy < sup /quCC,

t
4<T<tRN

we may choose

1 N
k:§51 sup /u"dm t Ha

i3
4<7'<tR
to complete the proof Theorem 1.1.

4. Proof of Theorem 1.2

Let for p > Ry and 6 > 0 small enough

_ 1
Apy1 = pl, < |z| < pll, p;:§—02ﬁn, Pl =p+ o2 "p, 0<0<Z’ 0 >0,
p+6—1

_ s
Up =u P 1,, S$>D,

Ny — the cutoff function of A,,.
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Then proceeding exactly as in the proof of Theorem 1.1, owing in mind that support of
solution is bounded, we have

t
1
Y41 := sup / Uy do + —/ / vt dx dr
0<T<t p1
0 An+1

An+1

t
g
+/ / [Vvpi|P dodr < Vappp/ vP dx dr, (4.1)
0 Apy1 0 RN

_ (B+0p o= (g+0)p
pro—1 T pre—1
Let b: a < b < qp, will be chosen later, then applying the Gagliardo—Nirenberg inequality we

have

where

1-B
B ( 5 )p

/ vl da , (4.2)

RN

/vgdazgy /|an|p dx
RN RN

where B is defined as

N (N-pB N(1-B)
— + .
p p b
Next, by the Holder inequality we have

/ vt dx < / vl dz / vy dx . (4.3)

RN RN RN
Therefore, (4.2) and (2.3) imply

C1 Ca Cs
/vg dz < vp©? / |Vu,|P da p / vl dz /vfb dx , (4.4)
RN RN RN RN
where
N(p—2» b—a (1-—B —-b(1-B
o —p-_Np-b) o= a )p’ A il )p
N(p—10)+bp @q—a b q—a b
Choose now b as follows
Cy+Cy =1,
that is
pa__ (B+0)p Oy — p(B+0)

b= = , 9 :
pta-q p+B—-1-q+0 Np—q—1)+p(B+0)
Note that a < b < ¢; under the assumptions i) for 6 small enough. Therefore, integrating
in time (4.4), we have

¢
//vﬁdazchéwpqc? sup /U%d:ﬂ
0<r<t

0 RN RN

C3

t
1
x/ <|an|p—i— Ev‘}j) dzdr < yp@?Y 0. (4.5)
0 RN
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Combinig now (4.1) and (4.5), we arrive at
2" ite
Yn+1 g ’YWYn 37 (46)
e =10~ - 5) w-1-0
q\p—1—q)—Ulg— qp—1—q
>0 for < —-—7-—,
(q=B)N(p—1-q)+p(B+90)) q—p
pP(N(p—g-1)+(B+06)(p—4q)
N(p—q—1)+p(B+0)
Thus, by the Lemma 2.1 we conclude that Y;,, — 0, provided

Cs =

> 0.

p—qCy =

pf(pquQ)YOC?’ <0, where § =46(N,S3,p,q,0) is small enough. (4.7)
Next, we will show that
Yo < / ug+9 dx, 6>0. (4.8)
RN

Indeed, multiplying both sides of (1.1) by u and integrating over RV, we have

p_d

T 0di / Pt de = -0 |VulP u? 1 dx — / \Vu|? u? dz < 0. (4.9)

RN RN
Thus, integrating (4.9) in time between 0 and ¢, we arrive at (4.8). Finally, choosing in (4.7)
Cs pﬂlJCz
1
p=pL= 5571 / u€+9 dx y
RN

we deduce that support u C BR1 (0), Ry = 4Ry + p1.
In order to prove (1.8), we apply the Poincare-Fridrich inequlity (2.3) with Q = Bp, :

/uqu@dngR‘f / \Vau|? u? dz.
Br, Br,

Thus, from (4.9) we have

a+6
56

B 4 / Wt de < —C7IR)Y / wit? dx < ~C7'R]?|Bg |~ 570 / uPt dg

B+6dt !

BRI BRI BRI
Integrating this inequality, we arrive at
B+0 o
uwdr < C(Ry)t B, t>0. (4.10)

Br,

Let K4 = N(q — ) + (8 + 0)q, then by Theorem 1.1 with v = 5+ 6, 8 > 0, and (4.10) we

have
Kq

_N 1
() ooy, <t %0 | sup / WHde | <ptTE (4.11)

As required.
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The case < g =p — 1. Proceeding exactly as in the previous case, we have
) ¢
Y41 := sup / Upyq do + —_1/ / vb dx dr
0<T<t pr
Anpt1 0 Ant1
¢ t
P 2"
+/ / Vg1 |F dedr < Vgppp/ vP dx dr, (4.12)
0 Api1 0 RN
where a = f) (f;_e 1), 0 > 0. By the Gagliardo—Nirenberg inequality we obtain
A 2(1-A)
/vﬁdm <7 /\an\p dx /vfb dx ,
RN RN RN
where A is defined as follows
N (N—p)A+ N(1-A)
p p a
Integrating this inequality in time, and applying the Holder inequality, we have
t t A
//vfldxdT <7 // Vo, |P dedr |
0 RN 0 RN
£1-4)
_A)(P—
sup / ve dx < 'ytlfAYnH(l A 1). (4.13)
o<r<t
RN
Therefore, (4.12) and (4.13) yield
2mP¢l=A ipa-ay(B-1)
Ynt1 < ’YW Yy .
Thus, by the Lemma 2.1 we have Y,, — 0, provided
A=A (e
7 0(1 (&) <6 =0(p,B,0) is small enough. (4.14)

Since support u C Bp,, we have (see also [1, 20, 21])

p—B—1
Hg

: Hy B+6
suppu C Bp, ;) with Ro(t) = 4Ry + ~t To / uy - dx ,

Brg,

where Hy = N(p—8—1)+ (1 +0)p, # > 0. In order to improve the bound of the support
estimate, we want to show the exponential decay estimate of Yy. To this end we need the

following classical Stampachia lemma:
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Lemma 4.1. Let ¢(s) be nonincreasing non negative function defined on [kg,o0), such

that for all | > k > kg o
) < ——0p(k),

where C and T are positive constants. Then for any k > kg he following estimate holds true

e(1) < plko) exp [1 = (Ce) ™7 (k — ko)

t
2 () :=% / / P01 g dr.

0 |z|>£

Let

Multiplying both sides of (1.1) by u’¢*(x), where s > p, ¢ is the standard cutoff function
of the ball B,(0), p < R, integrating by parts, we can easily found that ¢(p) < vp~ Lo (g)
Therefore, by Lemma 4.1 we have

3p

Yo<op <Z> < vexp(—yp) for p large enough.

Now the condition (4.14) reads

R
il
pr

exp (—"}/2(1 —A) (E — 1) p) < 0.
a
Hence, after elementary calculations one can choose p for ¢ large enough as follows

p = R(t) = T(|luol|s+e,0) log .
Next, proceeding exactly as in the proof of (4.10), we have that for ¢ large enough

Np-B-D+@p-1)(B+0) _ _B+6
Egyp(t) := /u5+0 dx < yR(t) p—B—1 tT -1,
Br

Combining this inequality with (4.10), where we set ¢ = p — 1, we have

p—1
N(p—B—-1)+(p—1)(8+0)

lu(t)| o < vt NGF D DD sup /u6+€daz
§<T<tB
R

_ 1 p—1
<yt A1 [log I't]p—F-1 .

As required. >
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YBBIBAHUE PEIIEHNA 3AJTAYU KOIIIU TP HEOT'PAHUYEHHOM
BOBPACTAHUNN BPEMEHU JIBAZK/IbI BEIPOZK/IEHHBIX ITAPABOJINMYECKUX
VYPABHEHUN C JEMII®GMPOBAHUEM

Tenees An. @1, Tenee An. @.23

! Cesepo-Ocernnckuii rocynapcrsennsiii yausepeurer um. K. JI. Xeraryposa,
Poccusa, 362025, Bnagukaska3, yi. Baryruna 44-46;
2 FOsxuBIif MaTeMaTHIecKuit uaeTuTyT — human BHIL PAH,
Poccus, 362025, Bragukaskas, yin. Baryruna 53;
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Poccus, 363110, c. Muxaitnosckoe, yia. Buabsamca, 1
E-mail: tedeev92@bk.ru, a_tedeev@yahoo.com

Awnnorarusi. B 5T0it craThe MBI U3y4YaeM IOBEJIEHIE PEIeHNs] TPU HEOTPAHUYEHHOM BO3PACTAHUU BpEMe-
HU 1 KOMIAKTU(DUKAIIAIO HOCUTEsT 33 1a9u Kot /1151 TBazK 16l BBIPOXK JAIOIINXCST TAPAOOTMIECKUX YPABHEHUIT
C CHJIBHBIM I'PaJMEHTHBIM JeMiipupoBanreM. [Ipu cOOTBETCTBYIOIMMX MPEINOJIOKEHUSIX HA CTPYKTYPY yPaB-
HEHUs ¥ JJAHHBIE 38J]a91 YCTAHABIMBAETCS HOBAsl TOYHAs OIEHKA PEIIEHU IPU HEOTPAHUYEHHOM BO3PACTaHUU
BpemMeHu. Bosiee TOro, Korma HOCHTEIb HAYAIbHBIX JAHHBIX KOMIIAKTEH, MBI JOKA3BbIBAEM, YTO HOCUTE/Ib PEIIe-
HUSI COJIEPKUTCS B IIape C paJinyCcoM, He 3aBUCSIIKMM OT BpeMeHu. [Ipu KpUTHIEeCKOM MTOBEJIEHUHN YJIeHA C JIEMII-
(dupoBaHHEM HOCUTEJIb PEIIEHUS 3aBUCIAT OT BPEMEHHU JIOTapu(MMUIECKH IIPUA JOCTATOIHO OOJIBININX 3HAYEHUSIX
BpeMenu. OCHOBHON WHCTPYMEHT JIOKA3aTEIbCTBA OCHOBAH HA HETPUBHAJBHBIX [UJIMHJPUIECKUX BJIOXKEHUIX
Tuna [anbspao — Hupenbepra u urepalinoHHBIX HEpaBEeHCTBaX. PaBHOMEPHBIE OIIEHKY PEIeHMs] JOKA3hIBAIOT-
¢ MOIMDUTIMPOBAHHBIM BAPUAHTOM Kitaccmdeckoro merozaa e-/xxopmxku — Jlagprkenckoit — Y pasbiieBoit —
Hubenenerro. Ilogxon cratbu qocTaTodHO THMOKMIT ¥ MOXKET OBITH MCIIOIB30BAH MPHU JaIbHENIEM M3y IeHUH
sana4a Komm-Iupuxie n Komu — Helimana B 06/1acTsIX ¢ HEKOMITAKTHBIMU TPAHUIIAMU.

KirroueBble CJI0Ba: JBaXK/ibl BBIPOXKIAIONIMECS apabOIMIeCKue YPABHEHNS, CUJIBHBIA TDAJINEHT JIEMII-
dupoBaHue, KOHEUYHAs CKOPOCTh PACIPOCTPAHEHMsI, TOBEIeHNe Ha GOJIBIIOM BPEMEHH.
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