Zeitschrift für Analysis und ihre Anwendungen Journal for Analysis and its Applications Volume 18 (1999), No. 2, 491–504

Duality for Optimal Control-Approximation Problems with Gauges

G. Wanka and U. Krallert

Dedicated to L. von Wolfersdorf on his 65th Birthday

Abstract. Looking for m state variables and n control variables such that the sum of the distance functions between the state variables and the control variables becomes minimal is called control-approximation problem. This problem is investigated under constraints. Moreover, the distances between the control variables themselves are taken into account. Powers of several gauges are chosen as distance functions. The considerations happen in Hausdorff locally convex topological real vector spaces.

In particular, location problems of very general type (e.g. so-called multifacility problems) turn out to be special cases of such control-approximation problems.

After the formulation of the primal control-approximation problem some considerations concerning gauges follow. Then a dual problem is given and weak and strong duality assertions are obtained.

Keywords: Control-approximation problems, location problems, gauges, duality

AMS subject classification: Primary 49 N 15, 90 B 85, secondary 41 A 65, 90 C 25

1. Introduction

In this paper convex programming problems of the type of so-called control-approx-imation problems with respect to Hausdorff locally convex topological real vector spaces and with several control and state variables are considered. So m state variables a_1, . . . , a_m and n control variables x_1, . . . , x_n will be considered.

The distances between the control and the state variables are measured as typical for control-approximation problems. Here additionally, distances between the control variables themselves are included into the objective function which represents in general a function of these distances and has to be minimized. Location problems (cf. [13]) can be considered as special cases of such problems. In this case the state variables are substituted by fixed location points and the control variables are the wanted location points.

In Section 2 a general control-approximation problem will be formulated. The occurring distances between the images of the control and the state variables are measured by powers of so-called gauges (cf. Section 3 concerning the introduction of gauges). Norms are special symmetric gauges, but gauges open the possibility to consider non-symmetric

Both authors: Techn. Univ., Fak. Math., D-09107 Chemnitz

ISSN 0232-2064 / $ 2.50 © Heldermann Verlag Berlin

492 G. Wanka and U. Krallert

distance measures as it is of interest also from a practical point of view (cf. [15]). Considering gauges instead of norms recently plays an increasing role in approximation and location theory (cf. [3, 4, 14, 15]). Different from location problems, which from their practical background are to be considered in finite (mostly even in two) dimensional spaces, it is reasonable for approximation and control-approximation problems to permit general and in particular infinite dimensional spaces. For example, the control variables (and also the state variables) occurring in boundary control problems for partial differential equations are elements of general function spaces. Moreover, in order to approximate elements in spaces (also in function spaces) which are not equipped with a norm topology it is opportune to exploit seminorms or gauges for the approximation or for the optimal control of the control-approximation process. This is one reason to examine the control-approximation problems in this paper for general Hausdorff locally convex spaces.

Approximation in general spaces has been treated for a long time. The first articles have handled this topic in Hilbert spaces. Approximation in topological vector spaces is studied in [2] and approximation in locally convex topological vector spaces in [9]. For the control-approximation problem considered in this paper the control operators are general linear and continuous operators. Certain boundary control problems for partial differential equations may be considered as special cases of the investigated controlapproximation problem. Such problems are analyzed for elliptic differential equations in [6, 7, 21, 25, 27] and for parabolic differential equations in [26]. As concrete realizations of the control operators (cf. operators S_{ji} in the problem formulation (P ) in Section 2) turn out in these cases the so-called Green operators mapping the boundary controls into the solution of the boundary value problems. Control-approximation problems in complex normed spaces with linear and continuous operators in the objective functions and in the constraints are explored in [23]. Multiobjective approximation problems in general spaces are considered in [1].

Duality statements for location problems as special cases of the considered controlapproximation problem are treated in a variety of papers. It has been given a dual problem for the classical Fermat-Weber problem in [12]. The articles [8, 11] deal with duality for multifacility location problems. Duality for generalized location problems in reflexive Banach spaces with norms as distance functions and with constraints is considered in [19]. For an overview of conjugate duality in location together with geometric programming duality is refered to [16] where a lot of further relevant references concerning location duality can be found. Vector duality for multiobjective controlapproximation problems with norms as distance measures has been investigated e.g. in [18, 20, 22, 24]. Duality statements for multiobjective location problems in reflexive Banach spaces with constraints and with gauges as distance functions are investigated in [17]. The scalar location problem as a special case of the considered scalar controlapproximation problem without powers of gauges and without considerations of the distances between new location points among themselves is also a special case of the problem treated in [17] for reflexive Banach spaces.

The purpose of this paper is to establish some duality assertions to the general control-approximation problem formulated in Section 2. So in Section 4 a dual problem is derived by means of the Fenchel-Rockafellar concept of conjugate duality. Before that, in Section 3 some basic facts about gauges are presented. Section 5 is devoted to

Duality for Control-Approximation Problems 493

weak and strong duality assertions as well as optimality conditions followed in Section 6 by some concluding remarks.

At the end of the Introduction a few remarks will be made about symbols, notations and definitions.

The set of real numbers is abbreviated by R, and the set of non-negative numbers is denoted by R_+ . The extended set of real numbers is R, and R = R ∪ {+∞} ∪ {−∞}. If P is a linear and continuous operator mapping a real topological vector space G into a real topological vector space H, then it is denoted by P ∈ L(G → H). The space H^′ is the algebraic dual space to H, i.e. the space of linear functionals on H. And the space H^∗ is the topological dual space to H, i.e. the space of linear and continuous functionals on H. Thus H^∗ ⊆ H^′. A cone K in a real vector space H is a subset from H, K ⊆ H, with the property βk ∈ K for all k ∈ K and for all β ∈ R_+ . For any convex cone K a partial ordering is defined by x ⪯ y if x ≤_K y, i.e. y − x ∈ K. The dual cone K^∗ to a cone K is defined by K^∗ = {h^∗ ∈ H^∗| ⟨h^∗, h⟩ ≥ 0 for all h ∈ K}. A subset N of a real vector space H is called absorbent if for each h ∈ H there exists an α such that [0, α] · h ⊆ N. If for a subset N of a real vector space H it is valid λ N ⊆ N for all λ ∈ R with |λ| ≤ 1, then the set N is named circled.

2. The control-approximation problem

It is given a certain number of different Hausdorff locally convex topological real vector spaces V_j , X_j, Y_i and Z_{ij} (i = 1, . . . , m; j = 1, . . . , n). In each space Y_i an element a_i which can be interpreted as a state variable is considered. In each space X_j an element x_j which can be interpreted as a control variable is searched. Each pair (a_i, x_j) and each pair (x_l, x_j ) (1 ≤ l < j ≤ n) is associated with a distance by means of a corresponding distance function. It is looked for the infimum of the objective function which consists of different distances under certain constraints. So the primal scalar control-approximation problem is given by inf (x,a,v)∈M S(x, a) (P ) with S(x, a) = m∑ i=1 n∑ j=1 ( λ^{αij}_{ij} [ γ_{ij} (S_{ji}x_j − a_i) ]_{αij} + ⟨l^∗_{ij} , x_j⟩ )

+ n−1∑ l=1 n∑ j=l+1 λ̃^{α̃lj}_{lj} [γ̃_{lj} (T_{lj} x_l − x_j )]^{α̃lj} .

The set M is defined by

M = (x, a, v) ∈ (X, Y, V ) | | | | | | a_i ∈ W_i, x_j ≥_{KXj} 0, v_j ≥_{KVj} 0 A_{ij} a_i + B_{ij} x_j + C_{ij} v_j + f_{ij} ≤_{KZij} 0 (i = 1, . . . , m; j = 1, . . . , n) .

494 G. Wanka and U. Krallert

The following holds:

• x = (x_1, . . . , x_n)^T, a = (a_1, . . . , a_m)^T, v = (v_1, . . . , v_n)^T. • (X, Y, V ) = (X_1, . . . , X_n; Y_1, . . . , Y_m; V_1, . . . , V_n). • γ_{ij} and γ̃_{lj} are gauges in the spaces Y_i and X_j , respectively. • λ_{ij} ≥ 0 and λ̃_{lj} ≥ 0. • α_{ij} ≥ 1 and α̃_{lj} ≥ 1.

• S_{ji} ∈ L(X_j → Y_i) and T_{lj} ∈ L(X_l → X_j ) are linear bounded operators mapping between the indicated spaces.

• l_{ij}^∗ ∈ X_j^∗ and ⟨·, ·⟩ : X^∗_j × X_j → R is a bilinear form (duality pairing between X^∗_j and X_j).

• W_i ⊆ Y_i is closed and convex, K_{Xj} ⊆ X_j , K_{Vj} ⊆ V_j and K_{Zij} ⊆ Z_{ij} are closed and convex cones. • A_{ij} ∈ L(Y_i → Z_{ij} ), B_{ij} ∈ L(X_j → Z_{ij} ), C_{ij} ∈ L(V_j → Z_{ij} ), f_{ij} ∈ Z_{ij} . Now, it is easy to see that the following multifacility location problem turns out to be a special case of the stated general control-approximation problem. In particular, the gauges are replaced by norms and the linear operators are the identity operators. Further, the elements a_i are fixed and for the sake of simplicity the constraints are removed: inf x_1,...,x_n∈X m∑ i=1 n∑ j=1 λ_{ij} ‖x_j − a_i‖ + n−1∑ l=1 n∑ j=l+1 λ̃_{lj} ‖x_l − x_j ‖

with λ_{ij} > 0 and λ̃_{lj} > 0.

3. Gauges

The distance functions γ_{ij} (i = 1, . . . , m; j = 1, . . . , n) and γ̃_{lj} (1 ≤ l < j ≤ n) in problem (P ) are different gauges. Now a few remarks to the introduction of gauges with using assertions from [10] follow.

Let H be a real vector space and G a non-empty subset of H, G ⊆ H. The functional γ_G: H −→ R_+ with

γ_G(h) = { ∞ for {λ > 0|h ∈ λ G} = ∅ inf{λ > 0| h ∈ λ G} else is called Minkowski functional of the set G. Now define G_E = [0, 1] · G (then G = G_E if G is circled or G is convex with 0 ∈ G) and assume G to be absorbent. Then the functional γ_G(h) = inf { λ > 0| h ∈ λ G_E } (3.1)

is well-defined, that means dom(γ_G) = H.

Duality for Control-Approximation Problems 495

Henceforth, the subset G is specified. The set G is assumed to be absorbent and convex, i.e. G = G_E . And the space H is even a topological real vector space for the rest of the section. Then, according to definition (3.1), for the functional γ_G γ_G(h) ≥ 0 for all h ∈ H (3.2) γ_G(0) = 0 (3.3) μγ_G(h) = γ_G(μh) for all μ ∈ R_+ and h ∈ H (3.4) γ_G(h_1 + h_2) ≤ γ_G(h_1) + γ_G(h_2) for all h_1, h_2 ∈ H (3.5) holds. Here γ_G is said to be a gauge. If additionally the property γ_G(μ h) = |μ| γ_G(h) for all μ ∈ R and h ∈ H is fulfilled, that happens if the set G is circled, then the gauge is named seminorm. Finally, the seminorm becomes a norm if γ_G(h) = 0 is sufficient for h = 0.

An example for a proper gauge γ_G that is a gauge which is not a norm and not a seminorm is given by the set G = {(x, y)^T ∈ R^2 | x ∈ [−1, 2] and y ∈ R}. The gauge γ_G in H = R^2 is then defined by (3.1) with the help of G.

For the set G {h ∈ H| γ_G(h) < 1} ⊆ G ⊆ {h ∈ H| γ_G(h) ≤ 1} (3.6) holds. If the set G is even closed, then (3.6) becomes G = {h ∈ H| γ_G(h) ≤ 1}. Now the dual gauge γ_G^∗ to the gauge γ_G in the algebraic dual space H^′ is introduced by means of the polar set G^∘ of the set G. With the bilinear form ⟨·, ·⟩ : H^′ × H −→ R the definition of G^∘ is given by

G^∘ = { h^∗ ∈ H^′ | | | sup_{h∈G}⟨h^∗, h⟩ ≤ 1 } . And the dual gauge is given by γ^∗_G(h^∗) = sup_{h∈G}⟨h^∗, h⟩. (3.7) The generalized Cauchy-Schwarz inequality holds in the following manner for gauges in the subspace H^∗ of H^′:

⟨h^∗, h⟩ ≤ γ_G(h) · γ^∗_G(h^∗) for all h ∈ H and h^∗ ∈ H^∗. (3.8) So the gauges γ_G and γ^∗_G which are dual to each other can also be given by γ_G(h) = sup_{h∗∈G∘}⟨h^∗, h⟩ γ^∗_G(h^∗) = inf{λ > 0| h^∗ ∈ λ G^∘}. The different gauges γ_{ij} in the space Y_i in problem (P ) are defined by different absorbent, closed and convex sets G_{ij} ⊂ Y_i. The dual gauges γ_{ij}^∗ are built with definition (3.7). The same assertions hold for the gauges γ̃_{lj} (1 ≤ l < j ≤ n) within the definition of problem (P ).

496 G. Wanka and U. Krallert

4. The dual problem

Similar to the investigations in [19] and following the Fenchel-Rockafellar approach of duality by means of the perturbation of the given optimization problem a dual controlapproximation can be assigned to problem (P ). Thereby the derivation in [19] must be changed in the following way.

A perturbation function Φ is introduced by Φ(x, a, v, p, q) = m∑ i=1 n∑ j=1 ( λ^{αij}_{ij} [ γ_{ij} (S_{ji}x_j − a_i + p_{ij} ) ]_{αij} + ⟨l^∗_{ij} , x_j⟩ )

+ n−1∑ l=1 n∑ j=l+1 λ̃^{α̃lj}_{lj} [γ̃_{lj} (T_{lj} x_l − x_j + p̃_{lj} )]^{α̃lj} for A_{ij} a_i + B_{ij} x_j + C_{ij} v_j + f_{ij} ≤_{KZij} q_{ij} where a_i ∈ W_i, x_j ≥_{KXj} 0 and v_j ≥_{KVj} 0, and Φ(x, a, v, p, q) = ∞ else. Further, N(p, q) = inf (x,a,v)∈(X,Y,V ) Φ(x, a, v, p, q), where p = ( p_{11}, p_{12}, p_{13}, . . . , p_{mn}, p̃_{12}, p̃_{13}, . . . , p̃_{n−1,n} ) q = ( q_{11}, q_{12}, . . . , q_{mn} ) are the perturbation variables with p_{ij} ∈ Y_i, q_{ij} ∈ Z_{ij} and p̃_{lj} ∈ X_j . The product space ([Ŷ , X̃], Z) is defined by (p, q) ∈ ([Ŷ , X̃], Z). Then N(0, 0) = inf_{(x,a,v)∈M} S(x, a) = inf(P ) holds.

The dual problem (P^∗) to the primal probem (P ) is defined by (cf. [5]) sup (p^∗,q^∗)∈([Ŷ^∗,X̃^∗],Z^∗)

[−Φ^∗(0, 0, 0, p^∗, q^∗)]

where the conjugate function to Φ : (x, a, v, p, q) ∈ (X, Y, V, [Ŷ , X̃], Z) −→ Φ(x, a, v, p, q) ∈ R is denoted by

Φ^∗ : (x^∗, a^∗, v^∗, p^∗, q^∗) ∈ (X^∗, Y^∗, V^∗, [Ŷ^∗, X̃^∗], Z^∗) −→ Φ^∗(x^∗, a^∗, v^∗, p^∗, q^∗) ∈ R and is defined by

Φ^∗(x^∗, a^∗, v^∗, p^∗, q^∗)

= sup (x,a,v,p,q)∈ (X,Y,V,[Ŷ ,X̃],Z) {_n ∑ j=1 ( ⟨x^∗_j , x_j⟩ + ⟨v^∗_j , v_j ⟩ ) + m∑ i=1 ⟨a^∗_i , a_i⟩

+ m∑ l=1 n∑ j=1 ( ⟨p^∗_{ij} , p_{ij} ⟩ + ⟨q^∗_{ij} , q_{ij} ⟩ ) + n−1∑ l=1 n∑ j=l+1 ⟨p̃^∗_{lj} , p̃_{lj} ⟩ − Φ(x, a, v, p, q) } .

Duality for Control-Approximation Problems 497

The result of the calculation of Φ^∗ (cf. [19] for analogous calculations with norms as distances) yields the dual problem sup (p^∗,q^∗)∈M^∗ R(p^∗, q^∗) (P^∗)

with

R(p^∗, q^∗) = m∑ i=1 n∑ j=1 (1 − α_{ij} )[γ^∗_{ij}(p^∗_{ij} )] αij αij −1 + n−1∑ l=1 n∑ j=l+1 (1 − α̃_{lj} )[γ̃^∗_{lj} (p̃^∗_{lj} )] α̃lj α̃lj −1

αlj >1 α̃lj >1 − m∑ i=1 sup a_i∈W_i ⟨_n ∑ j=1 ( α_{ij} λ_{ij} p^∗_{ij} + A^∗_{ij} q^∗_{ij} ) , a_i ⟩ − m∑ i=1 n∑ j=1 ⟨q^∗_{ij} , f_{ij}⟩

and

M^∗ =

(p^∗, q^∗) ∈ ([Ŷ^∗, X̃^∗], Z^∗)

| | | | | | | | | | | | | | | | | | γ^∗_{ij} (p^∗_{ij} ) ≤ 1 for α_{ij} = 1

γ̃^∗_{lj} (p̃^∗_{lj} ) ≤ 1 for α̃_{lj} = 1 q^∗_{ij} ≤_K∗_{Zij} 0 , m∑ i=1 C^∗_{ij} q^∗_{ij} ≤_K∗_{Vj} 0 m∑ i=1 (B^∗_{ij}q^∗_{ij} − α_{ij} λ_{ij} S^∗_{ji}p^∗_{ij} − l^∗_{ij} ) + j−1∑ l=1 α̃_{lj}λ̃_{lj}p̃^∗_{lj} − n∑ l=j+1 α̃_{jl}λ̃_{jl} T^∗_{jl} p̃^∗_{jl} ≤_K∗_{Xj} 0

.

The following notations hold:

• (p^∗, q^∗) = ( p^∗_{11}, p^∗_{12}, p^∗_{13}, . . . , p^∗_{mn}, p̃^∗_{12}, p̃^∗_{13}, . . . , p̃^∗_{n−1,n}, q^∗_{11}, q^∗_{12}, . . . , q^∗_{mn} )_T , p^∗_{ij} ∈ Y^∗_i , q^∗_{ij} ∈ Z^∗_{ij} , p̃^∗_{lj} ∈ X^∗_j . • The dual product space to ([Ŷ , X̃], Z) is defined by

([Ŷ^∗, X̃^∗], Z^∗) = ( Y^∗_1 , . . . , Y^∗_1 n× , . . . , Y^∗_i , . . . , Y^∗_i n× , . . . , Y^∗_m, . . . , Y^∗_m n× , X^∗_2 , X^∗_3 , . . . , X^∗_n, X^∗_3 , X^∗_4 , . . . , X^∗_n, . . . , X^∗_{n−1}, X^∗_n, X^∗_n, Z^∗_{11}, Z^∗_{12}, . . . , Z^∗_{1n}, Z^∗_{21}, Z^∗_{22}, . . . , Z^∗_{2n}, . . . , Z^∗_{m1}, . . . , Z^∗_{mn} )

where Y^∗_i , X^∗_j , Z^∗_{ij} are the topological dual spaces to Y_i, X_j, Z_{ij}.

• γ^∗_{ij} and γ̃^∗_{lj} are the dual gauges to γ_{ij} and γ̃_{lj} in the spaces Y^∗_i and X^∗_j , respectively;

at that γ^∗_{ij} and γ̃^∗_{lj} are defined by (3.7), depending on the definition of γ_{ij} and γ̃_{lj} , respectively.

498 G. Wanka and U. Krallert

• S^∗_{ji} ∈ L(Y^∗_i → X^∗_j ) and T^∗_{jl} ∈ L(X^∗_l → X^∗_j ) are the adjoint operators to S_{ji} and T_{jl}, respectively.

• K^∗_{Xj} ⊂ X^∗_j , K^∗_{Vj} ⊂ V^∗_j and K^∗_{Zij} ⊂ Z^∗_{ij} are the dual cones to K_{Xj} , K_{Vj} and K_{Zij} , respectively.

• A^∗_{ij} ∈ L(Z^∗_{ij} → Y^∗_i ), B^∗_{ij} ∈ L(Z^∗_{ij} → X^∗_j ) and C^∗_{ij} ∈ L(Z^∗_{ij} → V^∗_j ) are the adjoint operators to A_{ij} , B_{ij} and C_{ij} , respectively.

The other occurring symbols were explained after the definition of M.

5. Duality assertions

This section is devoted to duality assertions. At first, a weak duality assertion is given. Although the weak duality turns out to be a consequence of the considered conjugate duality approach to construct the dual problem, it seems to be interesting to find a more direct proof which does not make use of conjugate functions and of the general results of conjugate duality by means of the perturbation approach. Such a direct derivation of the weak duality is given in the following considerations. Moreover, this direct proof is shorter than the extensive evaluations necessary for the construction of the dual problem by means of perturbation and which therefore have been omitted above. Further, this direct proof gives a close and clear connection between problem (P ) and its dual problem (P^∗) by means of a chain of estimations in order to come from the primal objective function to the dual objective function.

Theorem 1. For the objective functions S and R and the constraint sets M and M^∗ from problems (P ) and (P^∗)

S(x, a) ≥ R(p^∗, q^∗) for all (x, a, v) ∈ M and (p^∗, q^∗) ∈ M^∗ (5.1)

holds.

Proof. Let be given (x, a, v) ∈ M and (p^∗, q^∗) ∈ M^∗. Because of the statement of problem (P ),

S(x, a) = m∑ i=1 n∑ j=1 ( λ^{αij}_{ij} [ γ_{ij} (S_{ji}x_j − a_i) ]_{αij} + ⟨l^∗_{ij} , x_j⟩ )

+ n−1∑ l=1 n∑ j=l+1 λ̃^{α̃lj}_{lj} [γ̃_{lj} (T_{lj} x_l − x_j )]^{α̃lj} (5.2)

is valid. For a, b ∈ R_+ the Young inequality ab ≤^{ap}_p +^{bq}_q (^1_p +^1_q = 1) is fulfilled. If α_{ij} > 1, then it is appointed p := α_{ij} , a := λ_{ij} γ_{ij} (S_{ji}x_j − a_i) and b := γ^∗_{ij} (p^∗_{ij} ) and with inequality (3.8) α_{ij} λ_{ij} ⟨p^∗_{ij} , S_{ji}x_j − a_i⟩ + (1 − α_{ij} ) [γ^∗_{ij}(p^∗_{ij} )] αij αij −1 ≤ λαij ij [γ_{ij} (S_{ji}x_j − a_i)]^{αij} (5.3)

Duality for Control-Approximation Problems 499

follows. If α_{ij} = 1, then from inequality (3.8) and because of (p^∗, q^∗) ∈ M^∗, i.e. γ^∗_{ij} (p^∗_{ij} ) ≤ 1, the inequality λ_{ij} ⟨p^∗_{ij} , S_{ji}x_j − a_i⟩ ≤ λ_{ij} γ_{ij} (S_{ji}x_j − a_i) (5.4) follows. For the gauge γ̃_{lj} and its dual gauge γ̃^∗_{lj} there are analogous inequalities as (5.3) and (5.4). They can be produced also by using the Young inequality and inequality (3.8).

Inequalities (5.3) and (5.4) allow to estimate the primal objective function S(x, a) as S(x, a) ≥ m∑ i=1 n∑ j=1 (1 − α_{ij})[γ^∗_{ij} (p^∗_{ij} )] αij αij −1

αij >1 + m∑ i=1 n∑ j=1 ( α_{ij} λ_{ij} ⟨p^∗_{ij} , S_{ji}x_j − a_i⟩ + ⟨l^∗_{ij}, x_j⟩ )

+ n−1∑ l=1 n∑ j=l+1 α̃_{lj}λ̃_{lj} ⟨p̃^∗_{lj} , T_{lj} x_l − x_j ⟩

+ n−1∑ l=1 n∑ j=l+1 (1 − α̃_{lj} )[γ̃^∗_{lj} (p̃^∗_{lj} )] α̃lj α̃lj −1 .

α̃lj >1

(5.5)

The assumptions (x, a, v) ∈ M and (p^∗, q^∗) ∈ M^∗ induce the inequalities ⟨ q^∗_{ij} , A_{ij}a_i + B_{ij} x_j + C_{ij} v_j + f_{ij} ⟩ ≥ 0. (5.6)

By means of some technical calculations the following identity can be pointed out: n∑ j=1 (⟨ j−1∑ l=1 α̃_{lj}λ̃_{lj}p̃^∗_{lj} − n∑ l=j+1 α̃_{jl}λ̃_{jl}T^∗_{jl}p̃^∗_{jl}, x_j ⟩) = n−1∑ l=1 n∑ j=l+1 α̃_{lj}λ̃_{lj} ⟨p̃^∗_{lj} , x_j − T_{lj} x_l⟩.

Inequalities (5.5) and (5.6) and this identity imply

S(x, a) ≥ m∑ i=1 n∑ j=1 (1 − α_{ij} )[γ^∗_{ij}(p^∗_{ij} )] αij αij −1

αij >1 − m∑ i=1 ⟨_n ∑ j=1 A^∗_{ij} q^∗_{ij} + α_{ij} λ_{ij} p^∗_{ij} , a_i ⟩

− m∑ i=1 n∑ j=1 ⟨q^∗_{ij} , f_{ij} ⟩ − m∑ i=1 n∑ j=1 ⟨C^∗_{ij} q^∗_{ij} , v_j ⟩

500 G. Wanka and U. Krallert + n∑ j=1 ⟨_m ∑ i=1 ( α_{ij} λ_{ij} S^∗_{ji}p^∗_{ij} + l^∗_{ij} − B^∗_{ij} q^∗_{ij} )

+ n∑ l=1+j α̃_{jl}λ̃_{jl}T^∗_{jl}p̃^∗_{jl} − j−1∑ l=1 α̃_{lj}λ̃_{lj}p̃^∗_{lj} , x_j ⟩

+ n−1∑ l=1 n∑ j=l+1 (1 − α̃_{lj} )[γ̃^∗_{lj} (p̃^∗_{lj} )] α̃lj α̃lj −1 .

α̃lj >1

(5.7)

Finally, ⟨_m∑ i=1 C^∗_{ij} q^∗_{ij} , v_j ⟩ ≤ 0 and ⟨_m∑ i=1 ( B^∗_{ij} q^∗_{ij} − α_{ij}λ_{ij} S^∗_{ji}p^∗_{ij} − l^∗_{ij} ) + j−1∑ l=1 α̃_{lj}λ̃_{lj}p̃^∗_{lj} − n∑ l=j+1 α̃_{jl}λ̃_{jl}T^∗_{jl}p̃^∗_{jl}, x_j ⟩ ≤ 0

holds because of (x, a, v) ∈ M and (p^∗, q^∗) ∈ M^∗. So inequality (5.7) becomes

S(x, a) ≥ m∑ i=1 n∑ j=1 (1 − α_{ij} )[γ^∗_{ij}(p^∗_{ij} )] αij αij −1 + n−1∑ l=1 n∑ j=l+1 (1 − α̃_{lj} )[γ̃^∗_{lj} (p̃^∗_{lj} )] α̃lj α̃lj −1

αij >1 α̃lj >1 − m∑ i=1 sup a_i∈W_i ⟨_n ∑ j=1 ( α_{ij} λ_{ij} p^∗_{ij} + A^∗_{ij} q^∗_{ij} ) , a_i ⟩ − m∑ i=1 n∑ j=1 ⟨q^∗_{ij} , f_{ij} ⟩ = R(p^∗, q^∗). The proof of Theorem 1 is completed

The next theorem makes a strong duality assertion.

Theorem 2. Let be −∞ < inf(P ) = inf_{(x,a,v)∈M} S(x, a) < +∞ and there exists an admissible element (x̄, ā, v̄) ∈ M with

A_{ij} ā_i + B_{ij} x̄_j + C_{ij} v̄_j + f_{ij} ∈ int(−K_{Zij} ) ( i = 1, . . . , m j = 1, . . . , n ) . (5.8)

Then there is a solution (p̊^∗, q̊^∗) ∈ M^∗ of the dual problem (P^∗) satisfying the strong duality assertion inf (x,a,v)∈M S(x, a) = max (p^∗,q^∗)∈M^∗ R(p^∗, q^∗) = R(p̊^∗, q̊^∗). (5.9)

Remark 1. Condition (5.8) is a regularity condition, the so-called Slater condition.

Duality for Control-Approximation Problems 501

Proof of Theorem 2. According to the assumption inf (P ) is finite and inf (x,a,v)∈M S(x, a) = inf_{(x,a,v)∈M} {_m ∑ i=1 n∑ j=1 ( λ^{αij}_{ij} [ γ_{ij}(S_{ji}x_j − a_i) ]_{αij} + ⟨l^∗_{ij}, x_j⟩ )

+ n−1∑ l=1 n∑ j=l+1 λ̃^{α̃lj}_{lj} [γ̃_{lj} (T_{lj} x_l − x_j )]^{α̃lj} }

= inf(P )

holds. If problem (P ) is stable, then there is a solution (p̊^∗, q̊^∗) ∈ M^∗ of problem (P^∗) according to the Fenchel-Rockafellar duality theory fulfilling (cf. [5]) inf (x,a,v)∈M S(x, a) = max (p^∗,q^∗)∈M^∗ R(p^∗, q^∗) = R(p̊^∗, q̊^∗). Indeed, because of the Slater condition (5.8) the stability of problem (P ) can be proved. For this the fulfilment of two criteria for the stability of problem (P ) will be shown: 1. −∞ < inf_{(x,a,v)∈M} S(x, a) < +∞. 2. The subdifferential of the function N at the point (p, q) = (0, 0) is non-empty, ∂N(0, 0) ≠ ∅ (N is here the infimum function of the perturbation function Φ from Section 4, N(p, q) = inf_{(x,a,v)∈(X,Y,V )} Φ(x, a, v, p, q)). The first condition is an assumption of Theorem 2. The second condition is a conclusion from the fact that the function N is convex and continuous in (p, q) = (0, 0). The convexity of N is easy to show because it is built by convex functions, constraints and perturbations. The continuity of N at (p, q) = (0, 0) is implied by the Slater condition (5.8). So problem (P ) is stable and a solution (p̊^∗, q̊^∗) ∈ M^∗ exists satisfying inf (x,a,v)∈M S(x, a) = inf_{(x,a,v)∈M} {_m ∑ i=1 n∑ j=1 ( λ^{αij}_{ij} [γ_{ij}(S_{ji}x_j − a_i)]^{αij} + ⟨l^∗_{ij} , x_j⟩ )

+ n−1∑ l=1 n∑ j=l+1 λ̃^{α̃lj}_{lj} [γ̃_{lj} (T_{lj} x_l − x_j )]^{α̃}lj }

= m∑ i=1 n∑ j=1 (1 − α_{ij} )[γ^∗_{ij}(p̊^∗_{ij} )] αij αij −1

αij >1 − n−1∑ l=1 n∑ j=l+1 (1 − α̃_{lj} )[γ̃^∗_{lj} (˚p̃^∗_{lj} )] α̃lj α̃lj −1

α̃lj >1 − m∑ i=1 sup a_i∈W_i ⟨_n ∑ j=1 ( α_{ij} λ_{ij}p̊^∗_{ij} + A^∗_{ij}q̊^∗_{ij} ), a_i ⟩

− m∑ i=1 n∑ j=1 ⟨q̊^∗_{ij} , f_{ij}⟩ = R(p̊^∗, q̊^∗).

(5.10)

The proof of Theorem 2 is completed

502 G. Wanka and U. Krallert

Remark 2. Let there exists a solution (x̊,å,v̊) ∈ M of problem (P ). Under the Slater condition (5.8) the strong duality assertion is fulfilled. So there is a solution (p̊^∗, q̊^∗) ∈ M^∗ for problem (P^∗) and

S(x̊,å) = min (x,a,v)∈M S(x, a) = max (p^∗,q^∗)∈M^∗ R(p^∗, q^∗) = R(p̊^∗, q̊^∗). (5.11)

With the Young inequality and inequality (3.8) the following necessary optimality conditions can be derived from (5.11) in a similar way as in [23]: (i) ⟨_m ∑ i=1 C^∗_{ij}q̊^∗_{ij} ,v̊_j ⟩ = 0.

(ii) ⟨ q̊^∗_{ij} , A_{ij}å_i + B_{ij}x̊_j + C_{ij}v̊_j + f_{ij} ⟩ = 0.

(iii) ⟨p̊^⋆_{ij} , S_{ji}x̊_j −å_i⟩ = { λ^{αij −1} ij [γ_{ij}(S_{ji}x̊_j −å_i)]^{αij} if α_{ij} > 1 γ_{ij}(S_{ji}x̊_j −å_i) if α_{ij} = 1.

(iv) γ^⋆_{ij} (p̊^⋆_{ij} ) = { λ^{αij −1} ij [γ_{ij}(S_{ji}x̊_j −å_i)]^{αij −1} if α_{ij} > 1 1 if α_{ij} = 1.

(v) ⟨˚p̃^∗_{lj} , T_{lj}x̊_l − x̊_j ⟩ = { λ̃^{α̃lj −1} lj [γ̃_{lj} (T_{lj}x̊_l − x̊_j )]^{α̃lj} if α̃_{lj} > 1 γ̃_{lj} (T_{lj}x̊_l − x̊_j ) if α̃_{lj} = 1.

(vi) γ̃^∗_{lj} (˚p̃^∗_{lj} ) = { λ̃^{α̃lj −1} lj [γ̃_{lj} (T_{lj}x̊_l − x̊_j )]^{α̃lj −1} if α̃_{lj} > 1 1 if α̃_{lj} = 1.

(vii) ⟨[_m∑ i=1 (B^∗_{ij}q̊^∗_{ij} − α_{ij} λ_{ij} S^∗_{ij}p̊^∗_{ij} − l^∗_{ij} ) + j−1∑ l=1 α̃_{lj}λ̃_{lj}˚p̃^∗_{lj} − n∑ l=j+1 α̃_{jl}λ̃_{jl}T^∗_{jl}˚p̃^∗_{lj} ] ,x̊_j ⟩ = 0.

(viii) sup_{ai∈Wi} ⟨_n∑ j=1 (α_{ij}λ_{ij}p̊^∗_{ij} + A^∗_{ji}q̊^∗_{ij} ), a_i ⟩ = ⟨_n∑ j=1 (α_{ij} λ_{ij} p̊^∗_{ij} + A^∗_{ji}q̊^∗_{ij} ),å_i ⟩ . These necessary optimality conditions can be interpreted as a mixture and generalization of the classical Kolmogorov condition in best approximation theory and of the maximum principle in optimal control theory, and finally, of the complementary slackness conditions in linear programming.

6. Conclusions and summary

A primal control-approximation problem (P ) was formulated. As distance functions powers of gauges were used. For problem (P ) a dual problem (P^∗) was established. By means of the Fenchel-Rockafellar theory of duality and former obtained results weak and strong duality assertions were derived. So the following results were deduced:

1. For all elements (x, a, v) ∈ M and (p^∗, q^∗) ∈ M^∗ the weak duality assertion (5.1) holds.

Duality for Control-Approximation Problems 503

2. If inf(P ) is finite and the Slater condition (5.8) is fulfilled, then there is a solution (p̊^∗, q̊^∗) ∈ M^∗ of the dual problem (P^∗) such that the strong duality assertion (5.9) is satisfied. If the infimum of the objective function in problem (P ) is attained, then the strong duality assertion (5.11) and the optimality conditions (i) - (viii) are fulfilled.

In a forthcoming paper we will apply the derived scalar duality results to the investigation of multiobjective control-approximation problems concerning vector duality.

References

[1] Bacopoulos, A., Godini, G. and I. Singer: On best approximation in vector valued norms.

Colloq. Math. Soc. Ianos Bolyai 19, Fourier Analysis and Approximation Theory (1976), 89 – 100.

[2] de Pascale, E. and G. Trombetta: A Theorem on best approximations in topological vector spaces. In: Approximation Theory, Spline Functions and Applications (ed.: S. P. Singh). Dordrecht: Kluwer Acad. Publ. 1992, pp. 351 – 355.

[3] Durier, R.: On Pareto Optima, the Fermat-Weber Problem and Polyhedral Gauges. Mathematical Programming 47 (1990), 65 – 79.

[4] Durier, R. and C. Michelot: Geometrical properties of the Fermat-Weber problem. European J. Oper. Res. 20 (1985), 332 – 343.

[5] Ekeland, I. and R. Temam: Convex Analysis and Variational Problems. Amsterdam:

North-Holland Publ. Comp. 1976.

[6] Göpfert, A.: Über L2-Approximationssätze — eine Eigenschaft der Lösungen elliptischer Differentialgleichungen. Math. Nachr. 31 (1966), 1 – 24.

[7] Göpfert, A., Wanka, G. and J. Wanka: Approximation durch Lösungen partieller Differentialgleichungen. Z. Anal. Anw. 4 (1985), 291 – 303.

[8] Idrissi, H., Lefebrve, O. and C. Michelot: Duality for constrained multifacility location problems with mixed norms and applications. Ann. Oper. Res. 18 (1989), 71 – 92.

[9] Isac, G. and V. Postolică: The best Approximation and Optimization in Locally Convex Spaces. Frankfurt am Main: Verlag Peter Lang 1993.

[10] Jarchow, H.: Locally Convex Spaces. Stuttgart: B.G. Teubner 1981. [11] Juel, H. and R. F. Love: On the Dual of the Linear Constrained Multifacility Location Problem with Arbitrary Norms. Transportation Sciences 15 (1981), 329 – 337.

[12] Kuhn, H. W.: On a pair of dual nonlinear programs. In: Nonlinear Programming (ed.: J.

Abadie). New York: Wiley 1967, pp. 37 – 54.

[13] Love, R. F., Morris, J. G. and G. O. Wesolowsky: Facilities Location. New York: North- Holland 1988.

[14] Michelot, C. and O. Lefebrve: A primal-dual algorithm for the Fermat-Weber problem involving mixed gauges. Mathematical Programming 39 (1987), 319 – 335.

[15] Nickel, S.: Discretization of Planar Location problems. Dissertation. Aachen: Shaker Verlag 1995.

[16] Scott, C. H., Jefferson, T. R. and S. Jorjani: Conjugate duality in facility location. In:

Facility Location: A survey of Applications and Methods (ed.: Z. Drezner). New York: Springer Verlag 1995, pp. 89 – 101.

[17] Tammer, Ch. and K. Tammer: Duality results for convex vector optimization problems with linear restrictions. In: System Modelling and Optimization. Proceedings of the

504 G. Wanka and U. Krallert

15th IFIP Conference, Zürich, Switzerland, September 2-6, 1991 (ed.: P. Kall). Berlin: Springer Verlag 1991, pp. 55 – 64.

[18] Tammer, Ch. and K. Tammer: Generalization and sharpening of some duality relations for a class of vector optimization problems. ZOR - Methods and Models of Operations Research 35 (1991), 249 – 265.

[19] Wanka, G.: Dualität beim skalaren Standortproblem. Part I. Wiss. Z. Techn. Hochschule Leipzig 6 (1991), 449 – 458.

[20] Wanka, G.: Duality in vectorial control-approximation problems with inequality restrictions. Optimization 22 (1991), 755 – 764.

[21] Wanka, G.: Gleichmässige Approximation durch Lösungen von Randwertproblemen elliptischer Differentialgleichungen zweiter Ordnung. Beitr. Anal. 17 (1981), 19 – 29.

[22] Wanka, G.: Multiobjective control-approximation problems – duality and optimality. Preprint. Chemnitz: Techn. Univ., Fak. Math. Preprint No. 24-97 (1997), 14 pp.

[23] Wanka, G.: Optimalitätsbedingungen bei Approximationsproblemen mit Nebenbedingungen. Z. Ang. Math. Mech. (ZAMM) 73 (1993), 750 – 752.

[24] Wanka, G. and M. Schneider: Duality to the vectorial multi-facility location problem. In:

Methods of Multicriteria Decision Theory. Proc. 5th Workshop DGOR-Work. Group ”Multicriteria Optimization and Decision Theory”, Pfalzakademie Lambrecht, 1995 (ed.: D. Schweigert). Kaiserslautern: Univ. 1995, pp. 81 – 92.

[25] Wanka, G. and J. Wanka: Approximationsprobleme bei Randkontaktaufgaben. Part I:

Elliptische Probleme. Rostocker Math. Kolloq. 29 (1986), 61 – 77.

[26] Wanka, G. and J. Wanka: Approximationsprobleme bei Randkontaktaufgaben. Part II:

Parabolische Probleme. Rostocker Math. Kolloq. 36 (1989), 4 – 20.

[27] Wildenhain, G. and U. Hamann: Approximation by solutions of elliptic equations. Z.

Anal. Anw. 5 (1986), 59 – 69.

Received 24.06.1998, in revised form 01.04.1999