Zeitschrift für Analysis und ihre Anwendungen Journal for Analysis and its Applications Volume 18 (1999), No. 3, 669–686

On Real and Complex Spectra in some Real C^∗-Algebras and Applications

V. Didenko and B. Silbermann

Abstract. A real extension Ã of a complex C^∗-algebra A by some element m which has a number of special properties is proposed. These properties allow us to introduce some suitable operations of addition, multiplication and involution on Ã. After then we are able to study Moore-Penrose invertibility in Ã. Because this notion strongly depends on the element m, we study under what conditions different elements m produce just the same involution on Ã. It is shown that the set of all additive continuous operators L_{add}(H) acting in a complex Hilbert space H possesses unique involution only (in the sense defined below). In addition, we consider some properties of the real and complex spectra of elements belonging to Ã, and show that whenever an operator sequence {Ãn} ⊂ L_{add}(H) is weakly asymptotically Moore-Penrose invertible, then the real spectrum of Ã^∗_nÃn can be split in two special parts. This property has been earlier known for sequences of linear operators.

Keywords: Real C^∗-algebras, Moore-Penrose invertibility, singular integral equations with conjugation

AMS subject classification: 65 R 20

1. Introduction

Let A be a real C^∗-algebra with identity e. A usual method for introducing the notion of spectrum for elements of A is to consider the spectrum of the images of these elements in a special complex algebra which is called the complexification of A. As a result, the spectra of elements of A are some sets in the complex plane C . One of the reasons for such a definition is to make impossible the situation when the spectrum of an element may turn out to be empty. Another reason for using the complexification of A is closely connected with the previous one. Namely, it is possible that the initial algebra does not have the operation of multiplication by complex scalars. However, there are real algebras which possess this operation. For such algebras the spectra defined by complexification technique may be distinguished from the usual one (see [5] or [12: Remark 1.1.11]).

V. Didenko: Odessa State University, IMEM, ul. Petra Velikogo 2, 270000 Odessa, Ukraine e-mail: didenko@post.imem.odessa.ua; supported, in part, by DFG. B. Silbermann: University of Technology, Faculty of Mathematics, D-09107 Chemnitz e-mail: Bernd.Silbermann@mathematik.tu-chemnitz.de

ISSN 0232-2064 / $ 2.50 © Heldermann Verlag Berlin

670 V. Didenko and B. Silbermann

In the present paper we deal with the investigation of Moore-Penrose invertibility in special real C^∗-algebras. In complex algebras analogous problems were studied in [9, 10, 11, 15, 16, 18]. It turns out that the problems can be successfully treated by using spectral characteristics of some self-adjoint elements. However, self-adjoint elements of real algebras do not always possess the properties which such elements of complex algebras have. That is why we employ two different notions of the spectrum for the real C^∗-algebras under consideration. Namely, we consider a real and a complex spectrum and the interdependency of these two objects. It is shown that the complex spectrum can be expressed by the real parts of the spectra of some elements belonging to an auxiliary complex C^∗-algebra.

The notion of Moore-Penrose invertibility used in this work strongly depends on a special element m. It may happen that different elements m lead to different Moore- Penrose inverses. We give a description of a class of elements m such that they all generate just the same Moore-Penrose inverse for each a of our real algebra.

The results mentioned are used to study some problems of Moore-Penrose invertibility for additive operators, acting in a complex Hilbert space H. In particular, we investigate the asymptotic Moore-Penrose invertibility in algebras appearing in spline approximation methods for singular integral equations with conjugation. Note that the stability problem in such algebras was studied in [2, 3, 7, 8, 14]. Finally, let us remark one technical detail. Definitions, examples, and remarks on the one hand and lemmata, theorems, and propositions on the other hand are numbered separately.

2. Algebra Ã and some its properties

Let R be a ring over the real number field R. We assume that R contains a complex C^∗- algebra A with identity e and an element m ∉ A, which are connected by the following relations:

(A_1) For each a ∈ A, the element mam is in A.

(A_2) m^2 = e and me = m.

(A_3) For each λ ∈ C , m(λe) = λm.

(A_4) The null element 0 of the C^∗-algebra A is also that of the ring R.

(A_5) For each a ∈ A, (mam)^∗ = ma^∗m, where ”∗” means an involution on A.

In the sequel, the set of all such elements m will be referred to as M(A).

Now, we consider a subset Ã ⊂ R which consists of all elements ã having the form

ã = b + cm (1)

with b, c ∈ A. It is easily seen that the set Ã is closed with respect to the operations of addition and multiplication. Moreover, one can define the operation of multiplication of elements of A by complex scalars as λã = λ(b + cm) = (λb) + (λc)m ∀λ ∈ C .

On Real and Complex Spectra in Real Algebras 671 The set Ã with the above operations becomes a real algebra (this is not a complex algebra because, in general, ã(λb̃) ≠ λ(ãb̃)).

Let us note the following result.

Lemma 2.1. Let assumptions (A_1) − (A_5) hold. Then each element ã of Ã has a unique representation in the form (1).

Proof. Indeed, if an element ã has two different representations ã = b_1 + c_1m and ã = b_2 + c_2m, then we immediately get (b_1 − b_2) + (c_1 − c_2)m = 0. (2) Multiplying this equality by ie from the right and by (−i) from the left we get −(b_1 − b_2) + (c_1 − c_2)m = 0. (3) Combining (2) with (3) and remembering assumption (A_4) we obtain our claim.

As a next step we introduce an involution on Ã. This can be done by using the previous lemma. Namely, for each ã ∈ Ã, ã = b + cm (b, c ∈ A) we put ã^⋆ = b^∗ + mc^∗. (4) It is a simply matter to show that the so defined involution possesses most of the basic properties we know for involutions on complex C^∗-algebras. For instance, one has the following relations:

• For each ã ∈ Ã, the element ã^⋆ belongs to Ã. • For each ã ∈ A, (ã^⋆)^⋆ = ã.

• For any ã, b̃ ∈ A and α, β ∈ C , (ãb̃)^⋆ = b̃^⋆ã^⋆ and (αã + βb̃)^⋆ = ã^⋆αe + b̃^⋆βe. In addition, we can see that m^⋆ = m and, for each ã ∈ A, ã^⋆ = ã^∗.

Therefore, it will cause no confusion if we will use the same symbol ”∗” for the notation of the involution on the set Ã. We should only turn the attention of the reader to the fact that the above involution depends on the element m. In the sequel, we will study a number of algebras Ã which can be defined by different elements m. In these cases we will use special notations to make precise which involution is meant.

672 V. Didenko and B. Silbermann

3. Real and complex spectra

Let A be a real C^∗-algebra with identity e, and let b ∈ A. Recall the definition of the real spectrum of b.

Definition 3.1. The real spectrum of b in A, denoted by sp_Ab, is the set of all real numbers λ such that b − λe is not invertible in A.

As it has been pointed out earlier real algebras often possess the operation of multiplication by complex scalars. When this is the case, one may consider the complex spectrum of b in A, too. It is defined analogously, namely as the set of all complex numbers λ such that b − λe is not invertible in A. In the sequel, the complex spectrum of b in A will be denoted by Sp_Ab.

In this section we are going to describe some relations between the complex and the real spectra for the elements of the algebra Ã introduced earlier. To do this we have to mention some known results concerning real algebras.

Theorem 3.1 (see [13] App. 1). Let b be a self-adjoint element of a unital (real or complex) C^∗-algebra A, and let R(b) be the smallest closed real C^∗-subalgebra containing the elements b and e. Then R(b) is isometrically isomorphic to the algebra C(sp_{R(b)}b) of all continuous real functions on sp_{R(b)}b.

Lemma 3.2 (see [3]). Let b be a self-adjoint element of a complex C^∗-algebra A. Then sp_{R(b)}b = Sp_Ab (= sp_Ab).

Lemma 3.3 (see [3]). Let B be a real C^∗-subalgebra of a complex C^∗-algebra A. Then B is inverse closed in the algebra A, i.e. if an element b ∈ B is invertible in A, then it is also invertible in B.

Now we are in a position to give a description of the complex spectra for elements of Ã by real components of the spectra of some elements belonging to a known complex C^∗-algebra.

Let ã ∈ Ã, and let A^{2×2} be the complex C^∗-algebra of (2 × 2)-matrices with entries in A. By Ψ, Ψ : Ã → A^{2×2} we denote the transformation

Ψ(ã) = Ψ(b + cm) = ( b c mcm mbm ) (5) where b, c ∈ A. Theorem 3.4. Let ã = b + cm ∈ Ã. Then

Sp_Ãã = ⋃ φ∈[0,2π) { sp^+_{A2×2} Ψ(ã_φ) } e^{iφ} (6)

where ã_φ = e^{−iφ}b + e^{iφ}cm (φ ∈ [0, 2π)) (7) and sp^+_B b = {Sp_Bb} ∩ {R^+ ∪ 0}.

On Real and Complex Spectra in Real Algebras 673 Proof. Indeed, for each λ = |λ|e^{iφ} we have ã − λe = (ã_φ − |λ|e)e^{iφ}. Hence, the element ã − λe is invertible in Ã if and only if all elements ã_φ − |λ|e for φ ∈ [0, 2π) are so. We consider the subset E^{2×2}_Ã of A^{2×2} which consists of all matrices of A^{2×2} having the form (5). It is easily seen that E^{2×2}_Ã is a real subalgebra of A^{2×2}. In addition, we can see that an element ã is invertible in Ã if and only if Ψ(ã) is invertible in E^{2×2}_Ã . Taking into account the relation Ψ(ã_φ − |λ|e) = Ψ(ã_φ) − |λ|E (8) where E = (_e 0 0 e ) , we obtain

Sp_Ãã = ⋃ φ∈[0,2π) { sp^+_{E2×2Ã} Ψ(ã_φ) } e^{iφ}.

To complete the proof we only need to remember Lemma 3.3.

Corollary 3.5. Let ã ∈ Ã. Then sp_Ãã = sp_A2×2 Ψ(ã). (9) It should be noted here that such an equality is not always true for the complex spectrum Sp_Ãã of ã (see Example 5.2 below).

We again consider the transformation Ψ : Ã → A^{2×2}.

Lemma 3.6 (cf. [3: Lemma 5]). The transformation Ψ is a^∗-isomorphism between the real algebras Ã and E^{2×2}_Ã .

Due to this lemma we can equip the algebra Ã with the norm ||ã||_Ã = ||Ψ(ã)||_A2×2 . With this norm Ã becomes a real C^∗-algebra, i.e. it satisfies the condition ||ã||^2_Ã = ||ãã^∗||_Ã ∀ã ∈ Ã. (10) Thus, throughout this paper the algebra Ã is assumed having the norm (10).

674 V. Didenko and B. Silbermann

4. On the uniqueness of involution in Ã

In Section 2 we defined an involution in the algebra Ã which, generally speaking, depends on the element m of the ring R. Let us explain more precisely what this means.

Suppose we have two different elements m_1 and m_2 of R possessing the properties (A_1) − (A_5) and producing just the same algebra Ã. If ã ∈ Ã, then we do not know whether the corresponding involutions

(ã)^∗_{m1} = (b_1 + c_1m_1)^∗_{m1} = b^∗_1 + m_1c^∗_1 (b_1, c_1 ∈ A) (ã)^∗_{m2} = (b_2 + c_2m_2)^∗_{m2} = b^∗_2 + m_2c^∗_2 (b_2, c_2 ∈ A)

coincide. In this section we give some conditions when the equality (ã)^∗_{m1} = (ã)^∗_{m2} is fulfilled for each ã of Ã provided that Ã_{m1} = Ã_{m2} (= Ã).

Theorem 4.1. Let Ã_{m1} and Ã_{m2} be the real algebras generated by a complex C^∗- algebra A and by elements m_1 and m_2, respectively. Then the following assertions are equivalent:

1. Ã_{m1} = Ã_{m2} (= Ã) and, for each ã ∈ Ã,

(ã)^∗_{m1} = (ã)^∗_{m2} . (11)

2. The element m_1m_2 belongs to the algebra A and

(m_1m_2)^∗ = m_2m_1. (12) Proof. Necessity part: Let the algebra Ã_{m1} coincide with Ã_{m2} , and let they both have just the same involution. Then there exist f, g ∈ A such that m_1 = f + gm_2. Following the proof of Lemma 2.1 we get m_1 = −f + gm_2. Hence, m_1 = gm_2, or

m_1m_2 = g, (13)

i.e. m_1m_2 ∈ A.

Let us show equality (12). To do this we compute each of the involutions for the element m_1. Firstly, we have (m_1)^∗_{m1} = m_1 (14) and, secondly, (m_1)^∗_{m2} = (gm_2)^∗_{m2} = m_2g^∗. (15) Comparing (14) with (15) we obtain m_1 = m_2g^∗. Multiplying this equality by m_2 from the left and remembering (13) we get our claim.

Sufficiency part. Let us suppose that the element m_1m_2 belongs to the algebra Ã and satisfies equality (12). First of all, we show that the algebras Ã_{m1} and Ã_{m2} coincide. Let ã ∈ Ã_{m1} . Then there exist b, c ∈ A such that ã = b + cm_1. Hence,

ã = b + cm_1 = b + cm_1 · m^2 = b + c · (m_1m_2)m_2 = b + c_1m_2,

On Real and Complex Spectra in Real Algebras 675

i.e. ã ∈ Ã_{m2} because b, c_1 ∈ A. The inclusion Ã_{m2} ⊂ Ã_{m1} is proved analogously. Now we take an element ã of Ã and find its involutions generated by each of the elements m_1 and m_2. We have (ã)^∗_{m1} = (b + cm_1)^∗_{m1} = b^∗ + m_1c^∗ and (ã)^∗_{m2} = (b + cm_1)^∗_{m2} = (b + c(m_1m_2)m_2)^∗_{m2} = b^∗ + m_2(c(m_1m_2))^∗ = b^∗ + m_2(m_1m_2)^∗c^∗ = b^∗ + m_2(m_2m_1)c^∗ = b^∗ + m_1c^∗, i.e. (ã)^∗_{m1} = (ã)^∗_{m2}

Corollary 4.2. Let both the elements m_1, m_2 ∈ R satisfy assumptions (A_1)−(A_5). If there exists a unitary element a ∈ A such that m_2 = m_1a, then m_1 and m_2 define just the same algebra Ã, and for each ã ∈ Ã one has (ã)^∗_{m1} = (ã)^∗_{m2} .

Indeed, since m_1m_2 = a ∈ A we only need to prove equality (12). But this is almost apparent, because (m_1m_2)^∗ = (m_1m_1a)^∗ = a^∗ = a^{−1} = m_2m_1, which proves the claim.

The following two assertions give us some methods to construct elements of R which would have properties (A_1) − (A_5) and would produce an algebra Ã with just the same involution.

Corollary 4.3. Let m satisfy assumptions (A_1) − (A_5), and let q be a unitary element of A such that q^∗ = mqm. (16) Then:

1. The element m_q = mq satisfies all conditions (A_1) − (A_5). 2. Ã_m = Ã_{mq} (= Ã).

3. For each ã ∈ Ã, (ã)^∗_m = (ã)^∗_{mq} .

Proof. In view of the previous corollary we only have to show the first claim of this assertion. Note that the relations (A_1), (A_3), (A_4) are evident, and (A_2) immediately follows from (16). Moreover, for the element (m_qb m_q)^∗ (b ∈ A) we have (m_qbm_q)^∗ = (mqbmq)^∗ = q^∗(mqbm)^∗ = q^∗(mb^∗q^∗m) = m(mq^∗m)b^∗m(mq^∗m) = mq · b^∗ · mq = m_qb^∗m_q. This yields the proof.

Corollary 4.4. Let m satisfy assumptions (A_1) − (A_5), and let q ∈ A be a selfadjoint element such that q^2 = e. Then for the element m_q = qmq all assertions of Corollary 4.3 are true.

Proof. The validity of the relations (A_1) − (A_5) can be proved by straightforward computation. Here we only show the validity of equality (A_5). For each b ∈ A we have (m_qbm_q)^∗ = (qmqbqmq)^∗ = q^∗m(qbq)^∗mq^∗ = qmqb^∗qmq = m_qb^∗m_q. It remains to prove the second assertion of Theorem 4.1. Indeed, the element mm_q = (mqm)q evidently belongs to the algebra A, and (mm_q)^∗ = ((mqm)q)^∗ = q^∗mq^∗m = qmqm = m_qm. This finishes the proof

676 V. Didenko and B. Silbermann

Now we would like to give some examples of complex C^∗-algebras and its extensions generated by different elements possessing properties (A_1) − (A_5).

Example 4.1. Let Γ be the unit circle in the complex plane C , i.e. Γ = {t ∈ C : |t| = 1}. By L_2 = L_2(Γ) we denote the set of all complex-valued Lebesgue-measurable functions φ on Γ such that ∫ Γ |φ(t)|^2|dt| < ∞. Provided with the scalar product (φ, ψ) = 1 2π ∫ Γ φ(t)ψ(t) |dt| ( φ, ψ ∈ L_2(Γ) )

this set actually becomes a Hilbert space. By M we denote the operator of complex conjugation in L_2(Γ), i.e. (Mφ)(t) = φ(t) ∀φ ∈ L_2(Γ). As is shown in [3], the extension of the C^∗-algebra A = L(L_2(Γ)) by the operator M leads to the algebra of all additive continuous operators Ã = L_{add}(L_2(Γ)) acting on the space L_2(Γ). Due to the fact that the operator M satisfies relations (A_1) − (A_5), we can introduce a ”good” involution on this set.

Just the same involution on L_{add}(L_2(Γ)) can be also obtained by using the operator M_1 = SMS, where S is the singular integral operator of Cauchy, i.e. (Sφ) = 1 πi ∫ Γ φ(τ) dτ τ − t (φ ∈ L_2(Γ))

because S^∗ = S and S^2 = S (cf. [6], Chapter 1 and Corollary 4.4).

Example 4.2. Let us consider the Hilbert space L_2(Γ) again. We take a continuously differentiable function α = α(t) (t ∈ Γ) such that

α^2(t) = α(α(t)) = t ∀t ∈ Γ. (17)

It is also supposed that |α^′(t)| = 1 ∀t ∈ Γ. (18)

For example, one can choose the function α(t) =^1_t (t ∈ Γ). We denote by W_α the operator of the Carleman shift

(W_αφ)(t) = φ(α(t)) (φ ∈ L_2(Γ), t ∈ Γ)

and by B_a the operator of multiplication by a continuous function a, i.e.

(B_aφ)(t) = a(t)φ(t) (φ ∈ L_2(Γ), t ∈ Γ).

Let A be the smallest closed C^∗-subalgebra of the C^∗-algebra L(L_2(Γ)) containing the operator W_α and all operators B_a with a ∈ C(Γ). We consider the extensions of this algebra by the elements M and M_1 = MW_α.

On Real and Complex Spectra in Real Algebras 677

It is easily seen that M satisfies all assumptions (A_1)−(A_5). Therefore, we only have to check the conditions of Corollary 4.3 for the operator W_α. Indeed, it follows from (17) and (18) that W^2_α = I and W^∗_α = B_{|α|}W_α = W_α. In addition, a straightforward computation gives MW_αM = W_α = W^∗_α, i.e. all conditions of Corollary 4.3 are fulfilled. Therefore, the elements M and M_1 define just the same algebra Ã and just the same involution on this algebra.

Example 4.3. Let H be a Hilbert space and let L_{add}(H) be the set of all additive continuous operators acting in H. As it was established in [3] the algebra L_{add}(H) can be considered as an extension of the C^∗-algebra L(H) by any continuous additive operator M with the following properties:

• M^2 = I, where I is the identical operator of L(H). • (Mφ, ψ) = (φ, Mψ) for all φ, ψ ∈ H. The set of all such operators will be denoted by L_M (H). Now we are in a position to show that all such operators produce just the same involution on L_{add}(H). First of all, we note that each operator M satisfying the above conditions is an anti-linear one, i.e. M(λx) = λMx ∀λ ∈ C and ∀x ∈ H. Hence, for arbitrary M_1, M_2 ∈ L_M (H), the operatorM_1M_2 belongs to L(H). In addition, for any φ, ψ ∈ H one finds (M_1M_2φ, ψ) = (M_2φ, M_1ψ) = (φ, M_2M_1ψ).

Thus (M_1M_2)^∗ = M_2M_1, and using Theorem 4.1 finishes the proof.

We see that a wide class of anti-linear operators produces just the same involution on L_{add}(H) (in the sense of definition (4)). Moreover, in the last case it turns out that all possible involutions (4) coincide!

Below, we are going to prove this claim. However, before we have to introduce some additional notations.

Let H_R be the same Hilbert space H considered as a real space. As a scalar product on H_R we will use the form ⟨x, y⟩ = ⟨x, y⟩_{HR} = Re(x, y) (x, y ∈ H_R). (19) For each A ∈ L_{add}(H) we refer to as A^∗_R such an operator B ∈ L_{add}(H) which satisfies the relation ⟨Ax, y⟩ = ⟨x, By⟩ ∀x, y ∈ H. We list without proofs some elementary properties of these operators:

1) For each A ∈ L_{add}(H), the operator A^∗_R exists and is uniquely determined; 2) For any A, B ∈ L_{add}(H), (A + B)^∗_R = A^∗_R + B^∗_R and (AB)^∗_R = B^∗_RA^∗_R; 3) For each A ∈ L_{add}(H), (A^∗_R)^∗_R = A; 4) For each A ∈ L(H), A^∗_R = A^∗;

5) For each M ∈ M(L(H)), the operator MM^∗_R belongs to L(H).

678 V. Didenko and B. Silbermann

Theorem 4.5. Let H be a complex Hilbert space. Then any operators M_1, M_2 ∈ M(L(H)) produce just the same involution on L_{add}(H).

Proof. First of all, we suppose that dimH > 1 and consider an arbitrary operator M ∈ M(L(H)). Let A ∈ L(H). On account of properties 1) – 4) one can write

(MA^∗M)^∗_R = M^∗_RAM^∗_R. (20)

On the other hand, (MA^∗M)^∗_R = (MA^∗M)^∗ = MAM. Therefore, according to condition (A_2) we get (MM^∗_R)A = A(MM^∗_R) ∀A ∈ L(H). Since dimH > 1 the algebra L(H) is irreducible. Hence, the operator MM^∗_R ∈ L(H) is an operator of multiplication by some scalar (cf.,[1], Proposition 2.3.1) i.e. MM^∗_R = λI for some λ ∈ C . However, the operator MM^∗_R is self-adjoint. This implies λ ∈ R, and applying axiom (A_2) once again we obtain λ = ±1. Thus, there may exist only two situations, M^∗_R = M or M^∗_R = −M.

Let us now show that the second case is impossible. Indeed, if we suppose that M^∗_R = −M, then I + MM^∗_R = 0. Therefore, for any x ∈ H we have ||x||^2 ≤ (x, x) + (M^∗_Rx, M^∗_Rx)⟨x, x⟩ + ⟨M^∗_Rx, M^∗_Rx⟩ = ⟨x, x⟩ + ⟨MM^∗_Rx, x⟩ = ⟨(I + MM^∗_R)x, x⟩ ≤ ||(I + MM^∗_R)x|| ||x|| (using the Cauchy-Schwarz inequality), whence ||x|| ≤ ||(I + MM^∗_R)x|| = 0 ∀x ∈ H, which is impossible. Hence, for each M ∈ M(L(H)) we obtain M^∗_R = M.

It remains to use the necessary and sufficient condition (12). Namely, for any M_1, M_2 ∈ M(L(H)) we can write

(M_1M_2)^∗ = (M_1M_2)^∗_R = (M_2)^∗_R(M_1)^∗_R = M_2M_1.

Thus if dimH > 1, then all the operators of M(L(H)) produce just the same involution on L_{add}(H). Let us now consider the situation dimH = 1. In this case the algebra L(H) consists of the operator of multiplication by complex scalars only, and it is a simple matter to check that M(L(H)) = { e^{iφ}M : φ ∈ [0, 2π) } where M is the operator of complex conjugation. However, all such elements produce just the same involution on L_{add}(H)

On Real and Complex Spectra in Real Algebras 679

Remark 4.4. Theorem 4.5 can be generalized on further complex C^∗-algebras. Properties 1) - 5) show what assumptions one needs in order to guarantee that the corresponding results remain true.

All the previous considerations have dealt with the cases when different elements of M(A) produced just the same algebra Ã. However, it may also occur another situation. Now we give an example when different elements m_1 and m_2 generate non-coinciding algebras Ã_{m1} and Ã_{m1} , respectively.

Example 4.5. Let a continuous function α satisfy relation (17) (but optionally relation (18)), and let B_a, W_α, M and M_1 be the same operators as in Example 4.2. By A we now denote the smallest closed C^∗-subalgebra of L(L_2(Γ)) containing all operators B_a, with function a being in C(Γ). Because

M_1B_aM_1 = B_{a∘α} and (M_1B_aM_1)^∗ = B_{a∘α} = M_1B^∗_aM_1 the element M_1 generates the algebra Ã_{M1} . However, it is easily seen that Ã_{M1} ≠ Ã_M .

5. Moore-Penrose invertibility in the algebra Ã

After introducing operations of multiplication and involution on the algebra Ã we may also consider the notion of Moore-Penrose invertibility in this algebra. To do this we suppose that the algebra Ã is generated by a complex C^∗-algebra A and by an element m with properties (A_1) − (A_5).

Definition 5.1. An element ã ∈ Ã is said to be m-Moore-Penrose invertible in the algebra Ã if there exists an element b̃ ∈ Ã such that the relations ãb̃ã = ã, b̃ãb̃ = b̃, (ãb̃)^∗_m = ãb̃, (b̃ã)^∗_m = b̃ã. (21) are true.

If such an element b̃ exists, then it is called an m-Moore-Penrose inverse of ã and denoted by ã^+_m.

Lemma 5.1. Let the elements m_1 and m_2 produce just the same algebra Ã. If (m_1m_2)^∗ = m_2m_1, then each element ã ∈ Ã is m_1-Moore-Penrose invertible if and only if it is m_2-Moore-Penrose invertible and if ã^+_{m1} = ã^+_{m2} .

Proof. If (m_1m_2)^∗ = m_2m_1, then the m_1-involution on Ã coincides with the m_2- involution. It implies the validity of the first assertion of Lemma 5.1. The calculation ã^+_{m1} = ã^+_{m1}ãã^+_{m1} = ã^+_{m1} (ãã^+_{m1} )^∗_{m1} = ã^+_{m1} (ã^+_{m1} )^∗_{m1}ã^∗_{m2} = ã^+_{m1} (ã^+_{m1} )^∗_{m1}ã^∗_{m2} (ã^+_{m2} )^∗_{m2}ã^∗_{m2} = ã^+_{m1} ((ã^+_{m1} )^∗_{m1}ã^∗_{m1} )(ã^+_{m2} )^∗_{m2}ã^∗_{m2} = ã^+_{m1}ãã^+_{m1} (ãã^+_{m2} )^∗_{m2} = ã^+_{m1}ãã^+_{m2} = (ã^+_{m1}ã)^∗_{m1}ã^+_{m2} = ã^∗_{m1} (ã^+_{m1} )^∗_{m1}ã^+_{m2} = ã^∗_{m2} (ã^+_{m2} )^∗_{m2}ã^∗_{m2} (ã^+_{m1} )^∗_{m1}ã^+_{m2} = (ã^+_{m2}ã)^∗_{m2} (ã^+_{m1}ã)^∗_{m1}ã^+_{m2} = ã^+_{m2} (ãã^+_{m1}ã)ã^+_{m2} = ã^+_{m2}ãã^+_{m2} = ã^+_{m2} gives the second assertion

680 V. Didenko and B. Silbermann

Corollary 5.2. Let H be a complex Hilbert space, and let M_1, M_2 ∈ M(L(H)). Then an element A ∈ L_{add}(H) is M_1-Moore-Penrose invertible if and only if it is M_2- Moore-Penrose invertible and A^+_{M1} = A^+_{M2} (A ∈ L_{add}(H)).

The proof of this corollary immediately follows from Theorem 4.5.

Therefore, in what follows we will suppose that either the element m is fixed or all the elements of M(A) produce just the same involution, and we will write ã^∗ and ã^+ instead of ã^∗_m and of ã^+_m, respectively.

As it has been mentioned earlier, the Moore-Penrose invertibility in complex C^∗- algebras can be handled by using some spectral characteristics of suitable self-adjoint elements. However, considering a real algebra we may meet situations when the spectra of self-adjoint elements possess unusual properties, for instance, they can contain complex points.

Example 5.2. Let H = C , A be the algebra of all operators of multiplications by a ∈ C , and let M(x) = x for all x ∈ C . Then Ã = {b + cM : b, c ∈ A}. We consider a self-adjoint element ã of Ã. It is clear that ã = b + cM is self-adjoint if and only if b = b. If we again exploit transformation (5), we obtain that Sp_Aã is the circle of the radius |c| with the center at the point b, i.e. if c ≠ 0, then the spectrum of ã contains complex points, as well.

In the proposition below there are collected some results we need to continue the investigation of the Moore-Penrose invertibility in the algebra Ã.

Proposition 5.3. Let Ã be generated by an element m and a C^∗-algebra A with identity e. If ã ∈ Ã, then the following assertions are equivalent:

1) ã is Moore-Penrose invertible.

2) ã^∗ã is invertible or 0 is an isolated point of the real spectrum of ã^∗ã.

3) There exists a projection p̃ in R_Ã(ã^∗ã) such that ã^∗ãp̃ = 0 and ã^∗ã + p̃ is invertible.

4) There exists a projection q̃ in Ã such that ãq̃ = 0 and ã^∗ã + q̃ is invertible.

If one of these conditions is fulfilled, then q̃ is uniquely determined and ã^+ = (ã^∗ã + q̃)^{−1}ã^∗.

The proof of this proposition follows from [3: Propositions 7 and 8, Corollaries 11 and 15] and from Corollary 3.5 of the present article.

Following [3] we will say that a C^∗-subalgebra B of the C^∗-algebra A is m-closed if for each b ∈ B the element mbm is in B again.

Proposition 5.4 (cf. [3: Corollary 13]). Let A be a complex C^∗-algebra with identity e and B be an m-closed C^∗-subalgebra of A containing e. Then the element b̃ of B̃ is Moore-Penrose invertible in B̃ if and only if it is Moore-Penrose invertible in Ã.

On Real and Complex Spectra in Real Algebras 681

From now on, we are going to restrict ourselves to considering a special real C^∗- algebra F̃. Namely, let H be a complex Hilbert space, and let F be the set of all bounded sequences {A_n} of bounded linear operators A_n acting in H. This set equipped with the norm ||{A_n}||_F = sup_n ||{A_n}|| and with the natural operations of addition, multiplication, scalar multiplication and with the involution {A_n}^∗ = {A^∗_n} becomes a C^∗-algebra with identity. Considering the extension of F by any element M with properties (A_1) − (A_5) we obtain a real algebra F̃ consisting of all the sequences {Ã_n} the members of which are additive continuous operators acting on H. Let G̃ be the set of all sequences of F̃ tending to zero in the operator norm. It is easily seen that G̃ is an ideal of F̃. In addition, it is worth noticing that the operator norm on F̃ is equivalent to the norm the set F̃ is equipped with as the extension of F by M (see [3]).

Definition 5.3. A sequence {Ã_n} ∈ F̃ is said to be weakly asymptotically Moore- Penrose invertible if there exists a sequence {B̃_n} ∈ F̃ such that the sequences

{Ã_nB̃_nÃ_n − Ã_n}, {B̃_nÃ_nB̃_n − B̃_n}, {(Ã_nB̃_n)^∗ − Ã_nB̃_n}, {(B̃_nÃ_n)^∗ − B̃_nÃ_n}

belong to the ideal G̃ or, in other words, if the coset {Ã_n}+G̃ is Moore-Penrose invertible in the quotient algebra F̃/G̃.

It has been shown in [17] that whenever a sequence {A_n} ∈ F is weakly asymptotically Moore-Penrose invertible, then the spectrum Sp(A^∗_nA_n) of A^∗_nA_n can be split in two parts one of which is bounded from zero by a positive constant (independent of n), while the other part tends to zero if n tends to infinity. We now intend to show that this property remains true for elements of the real algebra F̃ as well. However, the spectrum Sp(Ã^∗_nÃ_n) (which coincides with the real spectrum of Ã^∗_nÃ_n in that case) should be replaced by the real spectrum sp(Ã^∗_nÃ_n) of Ã^∗_nÃ_n.

Proposition 5.5. A sequence {Ã_n} is weakly asymptotically Moore-Penrose invertible in F̃ if and only if there exist non-negative numbers d and r_n with d > 0 and r_n → 0 as n → ∞ such that

sp(Ã^∗_nÃ_n) ⊆ [0, r_n] ∪ [d, ∞] (22)

for all sufficiently large n.

To prove this assertion one can exploit the scheme of the proof of the corresponding result for complex C^∗-algebras (see [17]). However, one has to be sure in the validity of auxiliary results used in [17]. We are now going to give brief comments for some propositions we need.

In the theory of complex C^∗-algebras an ”almost projection” lemma is well-known (see [19: Lemma 5.1.6]). A careful consideration of its proof shows that this lemma remains also true for real C^∗-algebras. More precisely, we have the following lemma.

Lemma 5.6. Let B be a real C^∗-algebra with identity, and let b ∈ B be a self-adjoint element with ||b^2 − b|| <^1_4 . Then there exists a self-adjoint element g ∈ B such that b + g is a projection and ||g|| ≤ 2||b^2 − b||.

682 V. Didenko and B. Silbermann

For the proof of this result in the real situation one can use the isometrical isomorphism between the real algebra R(b) and C_R(spR(b)) (see Theorem 3.1), if one observes that the corresponding proof in the complex situation deals with real functions only.

Let {Ã_n} be in F̃. By {Ã_n}^∘ we denote the coset of F̃/G̃ which contains the sequence {Ã_n}, i.e. {Ã_n}^∘ := {Ã_n} + G̃. Suppose that {Ã_n} is weakly asymptotically Moore-Penrose invertible. Due to Proposition 5.4 there is a sequence {P̃_n} ∈ F̃ such that ({P̃_n}^∘)^2 = {P̃_n}^∘ and ({P̃_n}^∘)^∗ = {P̃_n}^∘. It is possible, therefore, to pick up a sequence {P̃_n} ∈ {P̃_n}^∘ such that P̃^∗_n = P̃_n and ||P̃^2_n − P̃_n|| → 0 as n → ∞. Together with Lemma 5.6 this implies that one can choose a sequence {Π̃_n} ∈ {P̃_n}^∘ such that each member of it is a projection, i.e. Π̃^2_n = Π̃_n and Π̃^∗_n = Π̃_n for all n ∈ N.

Combining this result with Proposition 5.3 we obtain

Lemma 5.7. A sequence {Ã_n} ∈ F̃ is weakly asymptotically Moore-Penrose invertible if and only if there exists a sequence {Π̃_n} of projections on H such that the sequence {Ã^∗_nÃ_n + Π̃_n} is stable and ||Ã_nΠ̃_n|| → 0 as n → ∞. The sequence {Π̃_n} is unique modulo G̃ and {(Ã^∗_nÃ_n + Π̃_n)^{−1}A^∗_n}^∘ = {{Ã_n}^+}^∘.

It should be noted that in place of q̃ in assertion 4) of Proposition 5.3 the element ã^⊓ = e − ã^+ã can be chosen. According to this designation we refer to as Π{Ã_n} the set of all projections in ({Ã_n}^∘)^⊓.

Lemma 5.8. Let {Ã_n} ∈ F̃ be weakly asymptotically Moore-Penrose invertible. Then there is a sequence {Π̃_n} ∈ Π{Ã_n} such that Π̃_n ∈ R_{Ladd(H)}(Ã^∗_nÃ_n) for all n ∈ N. The sequence {Π̃_n} is unique in the following sense: If {Π̃^{(1)}n }, {Π̃^{(2)}n } ∈ R_{Ladd(H)}(Ã^∗_nÃ_n) for all n > n_0, then {Π̃^{(1)}_n } = {Π̃^{(2)}_n } for all sufficiently large n.

The proof of this lemma also follows the corresponding proof of Theorem 3 in [17], and the only additional result we need here is the Gelfand-Naimark theorem for commutative real C^∗-algebras. However, this can be found in [5].

Proof of Proposition 5.5. After having proved Lemmas 5.7 and 5.8 we can use Theorem 3.1 to obtain relation (22). However, as is shown before, in real algebras the spectral properties of self-adjoint elements can be different from those in complex algebras. Therefore, we first show that the real spectrum of Ã^∗_nÃ_n does not contain negative points. Indeed, as it follows from Corollary 3.5,

sp_{Ladd(H)}(Ã^∗_nÃ_n) = sp_L2×2_{(H)}(Ψ(Ã_n)^∗Ψ(Ã_n)).

However, the self-adjoint operator Ψ(Ã_n)^∗Ψ(Ã_n) does not have any negative points in its spectrum since it belongs to the complex C^∗-algebra L^{2×2}(H). Hence

sp_{Ladd(H)}(Ã^∗_nÃ_n) ⊂ [0, +∞].

Let {Ã_n} be weakly asymptotically Moore-Penrose invertible. Due to Lemmas 5.7 and 5.8 we can take a sequence of projections {Π̃_n} such that {Ã_n} ∈ R(Ã^∗_nÃ_n) (n ∈ N)

On Real and Complex Spectra in Real Algebras 683

and ||Ã^∗_nÃ_nΠ̃_n|| → 0 as n → ∞ and the sequence {Ã^∗_nÃ_n + Π̃_n} is stable. Then there exists a number d > 0 such that

||({Ã^∗_nÃ_n + Π̃_n}^∘)^{−1}||_{F̃/G} < 1 d , and we put r_n := ||Ã^∗_nÃ_nΠ̃_n||. (23)

Using the definition of the norm in F̃/G̃ we can choose a number n_0 such that ||{Ã^∗_nÃ_n + Π̃_n}^{−1}||_{Ladd(H)} < 1 d (n > n_0). (24)

Now we fix some n > n_0. Due to the isometrical isomorphism between R := R(Ã^∗_nÃ_n) and C(sp_R(Ã^∗_nÃ_n)) (see Theorem 3.1) we can identify the element Ã^∗_nÃ_n with the function x → x, and the projection Π̃_n with the function x → p_n(x), where p_n takes the values 0 and 1 only. Then it follows from (23) and (24) that

x + p_n(x) > d and xp_n(x) < r_n (x ∈ sp_R(Ã^∗_nÃ_n)).

Analyzing the last two inequalities we obtain our claim.

Now we consider the notion of asymptotical Moore-Penrose invertibility for sequences of F̃. We recall that a sequence {Ã_n} ∈ F̃ is said to be asymptotically Moore-Penrose invertible if there is an n_0 such that the operators Ã_n are Moore-Penrose invertible for all n > n_0 and if sup_{n>n0} ||Ã^+_n || < +∞.

Theorem 5.9. A sequence {Ã_n} ∈ F̃ is weakly asymptotically Moore-Penrose invertible if and only if it can be represented as a sum of an asymptotically Moore-Penrose invertible sequence and a sequence of G̃.

Proof. Necessity part: Let {Ã_n} ∈ F̃ be weakly asymptotically Moore-Penrose invertible, and let {Π̃_n} be the projection sequence defined in the proof of Proposition 5.5. By {B̃_n} we denote the operator

B̃_n = Ã_n(I − Π̃_n). (25)

Then, as it follows from the proof of Proposition 5.5, the real spectrum of B̃^∗_nB̃_n + Π̃_n is contained in the set {1} ∪ [d, +∞). Therefore, the operator B̃_n is Moore-Penrose invertible, B̃^+_n = (B̃^∗_nB̃_n + Π̃_n)^{−1}B̃^∗_n and ‖B̃^+_n ‖ ≤ 1/ √ d. Henceforth, the sequence {B̃_n} is asymptotically Moore-Penrose invertible. In addition, we have ‖Ã_nΠ̃_n‖ → 0 as n → ∞ (cf. Lemma 28). Finally, from (25) we obtain

Ã_n = B̃_n + G̃_n with ‖G̃_n‖ → 0 as n → ∞. (26)

The proof of the sufficiency is evident.

684 V. Didenko and B. Silbermann

The above results are of practical interest and can be applied to the Moore-Penrose regularization of approximation methods for equations with additive operators. Below we consider this problem for spline approximation methods for singular integral equations with conjugation.

In the space L_2(Γ) (see Example 4.1) we consider the equation (Ax)(t) ≡ a(t)x(t) + b(t) πi ∫ Γ x(τ)dτ τ − t + c(t)x(t) + d(t) πi ∫ Γ x(τ)dτ τ − t + ∫ Γ k_1(t, τ)x(τ) dτ + ∫ Γ k_2(t, τ)x(τ) dτ = g(t) (t ∈ Γ) (27)

where a, b, c, d are supposed to be piecewise continuous functions on Γ and k_1, k_2 ∈ C(Γ × Γ). As was shown in [2] the investigation of spline-approximation methods for equation (27) can be reduced to studying an algebra of operator sequences. This algebra is generated by a special sequence of anti-linear operators {M_n}, by sequences tending to zero in the operator norm as well as by diagonal sequences ϕ^ε_n and by sequences of circulants ψ̂_n formed by given transformations of piecewise continuous functions ϕ and ψ, respectively. More precisely, the sequences which appear in spline approximation methods for the equation (27) can be represented in the form {Ã_n} = { a^ε_nα̂_n + b^ε_nβ̂_n + (c^ε_nγ̂_n + d^ε_nθ̂_n)M_n + G_n } , ||G_n|| → 0 as n → ∞ (28) where a^ε_n, b^ε_n, c^ε_n, d^ε_n are related with the coefficients a, b, c, d of (27) whereas α̂_n, β̂_n, γ̂_n, θ̂_n reflect the method used. For the form of these terms we refer the reader to [2]. In [3] the sequence (28) was studied with respect to the weak asymptotic Moore-Penrose invertibility. Now we are able to say something more about the asymptotic behaviour of this sequence. However, we need additional notations.

Thus, let P and Q stand for the operators^1_2 (I +S) and^1_2 (I −S), respectively, where S was defined in Example 4.1, and let a, b, c, d and α, β, γ, θ be piecewise continuous functions. We form the matrices A(t) = ( a(t) 0 0 a(t) )

D(t) = ( d(t) 0 0 d(t) )

γ^⋆(t) = ( γ(t) 0 0 γ(t) )

B(t) = ( b(t) 0 0 b(t) )

α^⋆(t) = ( α(t) 0 0 α(t) )

θ^⋆(t) = ( θ(t) 0 0 θ(t) )

C(t) = ( c(t) 0 0 c(t) )

β^⋆(t) = ( β(t) 0 0 β(t) )

Λ = ( 0 1 1 0 ) . Corollary 5.10. Let a, b, c, d ∈ P C(Γ) as well as α, β, γ, θ ∈ P C(Γ). The sequence (28) can be represented in the form (26) if and only if all the operators W_u, W^u ∈ L(L^2(Γ)) (u ∈ Γ),

W^u = [ A(t)α^⋆(u + 0) + B(t)β^⋆(u + 0) + ( C(t)γ^⋆(u + 0) + D(t)θ^⋆(u + 0) ) Λ ] P + [ A(t)α^⋆(u − 0) + B(t)β^⋆(u − 0) + (C(t)γ^⋆(u − 0) + D(t)θ^⋆(u − 0))Λ ] Q

On Real and Complex Spectra in Real Algebras 685 and W_u = P [ A(u + 0)α^⋆(t) + B(u + 0)β^⋆(t) + ( C(u + 0)γ^⋆(t) + D(u + 0)θ^⋆(t) ) Λ ]

+ Q [ A(u − 0)α^⋆(t) + B(u − 0)β^⋆(t) + ( C(u − 0)γ^⋆(t) + D(u − 0)θ^⋆(t) ) Λ ]

are normally solvable, and the norms of their Moore-Penrose inverses are uniformly bounded with respect to u ∈ Γ.

The proof of this corollary follows from Theorem 5.9 and from [3: Theorem 25]. Note that the Fredholmness of the operators W_u and W^u is sufficient for the uniform boundedness of their Moore-Penrose inverses (cf. [15]).

Remark 5.4. In order to regularize the sequence {Ã_n} of (28) practically, we have to consider the matrix sequence ({Ψ(Ã_n)},

Ψ(Ã_n) = ( a^ε_nα̂_n + b^ε_nβ̂_n c^ε_nγ̂_n + d^ε_nθ̂_n

M_n(c^ε_nγ̂_n + d^ε_nθ̂_n)M_n M_n(a^ε_nα̂_n + b^ε_nβ̂_n)M_n ) .

These matrices can be regularized (in the sense of (26)) using their singular value decompositions (see [17]). After then we can apply the mapping Ψ^{−1} to regularized matrices in order to get the corresponding regularization for the initial sequence (28).

References

[1] Dixmier, Ja.: Les C^∗-algèbres et leurs representations. Paris: Gautier – Villars Èditeur 1969.

[2] Didenko, V. D. and B. Silbermann: On the stability of some operator sequences and the approximate solution of singular integral equations with conjugation. Int. Equ. Oper. Theory 16 (1993), 224 – 243.

[3] Didenko V. D. and B. Silbermann: An extension of C^∗-algebras and Moore-Penrose invertibility of additive operators. Lin. Alg. Appl. 275 - 276 (1998), 121 – 140.

[4] Didenko, V. D., Roch S. and B. Silbermann: Approximation methods for singular integral equations with conjugation on curves with corners. SIAM J. Numer. Anal. 32 (1995), 1910 – 1939.

[5] Goordearl, K. R.: Notes on Real and Complex C^∗-Algebras. Cheshire: Shiva Publ. Lim.

1982.

[6] Gohberg, I. C. and N. Ya. Krupnik: Introduction to the Theory of One-Dimensional Singular Integral Operators. Basel: Birkhäuser Verlag 1995.

[7] Hagen, R. and B. Silbermann: A Banach algebra approach to the stability of projection methods for singular integral equations. Math. Nachr. 140 (1989), 285 – 297.

[8] Hagen, R., Roch, S. and B. Silbermann: Spectral Theory of Approximation Methods for Convolution Equations (Operator Theory: Vol.74). Basel: Birkhäuser Verlag 1995.

[9] Harte, R. and M. Mbekhta: On generalized inverses in C^∗-algebras. Studia Math. 103 (1992), 71 – 77.

686 V. Didenko and B. Silbermann

[10] Harte, R. and M. Mbekhta: On generalized inverses in C^∗-algebras. Part II. Studia Math.

106 (1993), 129 – 138.

[11] Heinig, G. and F. Hellinger: The finite section method for Moore-Penrose inversion of Toeplitz operators. Int. Equ. Oper. Theory 19 (1994), 419 – 446.

[12] Kulkarni, S. H. and B. V. Limaye: Real Function Algebras. New York: Marcel Dekker Inc. 1992.

[13] Lang, S.: Introduction to Differentiable Manifolds. New York: Columbia Univ. 1962. [14] Prössdorf, S. and B. Silbermann: Numerical Analysis for Integral and Related Operator Equations. Berlin : Akademie-Verlag 1991, and Basel: Birkhäuser Verlag 1991.

[15] Roch S. and B. Silbermann: C^∗-algebra techniques in numerical analysis. J. Oper. Theory 35 (1996), 241 – 280.

[16] Roch S. and B. Silbermann: Asymptotic Moore-Penrose invertibility of singular integral operators. Int. Equ. Oper. Theory 26 (1996), 81 – 101.

[17] Roch S. and B. Silbermann: Index calculus for approximation methods, and singular value decomposition. J. Math. Anal. Appl. 25, (1998), 401 – 426.

[18] Silbermann, B.: Asymptotic Moore-Penrose invertibility of Toeplitz operators. Lin. Alg.

Appl. 256 (1997), 219 – 234.

[19] Wegge-Olsen, N. E.: K-Theory and C^∗-Algebras. A Friendly Approach. Oxford: Univ.

Press 1993.

Received 24.08.1998