Zeitschrift für Analysis und ihre Anwendungen Journal for Analysis and its Applications Volume 18 (1999), No. 3, 701–712

A General Coincidence Theory for Set-Valued Maps

D. O’Regan

Abstract. We present in this paper a coincidence theory for maps with closed graph and maps with continuous selections. Our theory relies on a new fixed point theorem for maps with closed graph. In addition, new minimax theorems and variational inequalities are presented.

Keywords: Closed maps, continuous selections, acyclic maps, coincidence, minimax, variational inequalities

AMS subject classification: 46 H 10, 54 C 60, 54 C 65, 54 H 25

1. Introduction

In [17] we established a general nonlinear alternative of Leray-Schauder type for multivalued condensing maps with closed graphs (i.e. condensing ACG maps). Maps of this type arise naturally when discussing differential and integral inclusions in abstract spaces (in particular, when the dimension of the space is infinite). Our paper will be divided into three main sections. In Section 2 we establish some new fixed point theorems for condensing ACG maps and these results will then be used in Section 3 to establish general coincidence theorems for ACG and CS maps; CS maps will be maps which have a continuous selection (these include the well known Φ^⋆ maps [2]). Section 4 presents some applications; in particular, new minimax theorems and variational inequalities are obtained.

For the remainder of this section we describe the maps which we will consider throughout this paper. In this paper 2^E (here E is a Fréchet space) denotes the family of non-empty subsets of E and CD(E) denotes the family of non-empty, closed, acyclic (see [9]) subsets of E. Let X be a Hausdorff topological vector space and Y a Fréchet space.

Definition 1.1. We say F ∈ ACG(X, Y ) if F : X → CD(Y ) has closed graph.

Remark 1.1. In this paper we only consider acyclic maps. However, it is worth remarking that a similar theory could be derived if the acyclic maps are replaced by the approximable [14] maps of Gorniewicz and Granas, or the admissible [15] maps of Gorniewicz, or indeed the admissible [19] maps of Park. Since only minor adjusments are needed in these cases we leave the details to the reader.

National University of Ireland, Department of Mathematics, Galway, Ireland

ISSN 0232-2064 / $ 2.50 © Heldermann Verlag Berlin

702 D. O’Regan

We now state the nonlinear alternative of Leray-Schauder type for ACG maps [17]. For convenience we discuss the case when our space E is a Banach space (the extension to the case when E is a Fréchet space is immediate).

Theorem 1.1. Let E be a Banach space with U a open, convex subset of E and x_0 ∈ U. Suppose F ∈ ACG(U, E) is a condensing map (see [12]) with F (U) a bounded set in E. Then either (A1) F has a fixed point in U or (A2) there exists u ∈ ∂U and λ ∈ (0, 1) with u ∈ λF (u) + (1 − λ){x_0}.

Let Z and W be subsets of Hausdorff topological spaces E_1 and E_2, respectively.

Definition 1.2. We say F ∈ CS(Z, W ) if there exists a continuous selection (singlevalued) s : Z → W of F .

CS maps contain many well known maps in the literature (as we will now show). Recall [2] a map F : Z → W is said to be of type Φ^⋆, and we write F ∈ Φ^⋆(Z, W ), if W is convex (i.e. a convex subset of a Hausdorff topological vector space), F (x) has convex values for all x ∈ Z, and there exists a selection B : Z → W of F such that B(x) ≠ ∅ for all x ∈ Z and the fibres B^{−1}(y) = {z : y ∈ B(z)} are open (in Z) for all y ∈ W . Remark 1.2. If A, B : Z → W , then B is a selection of A if B(x) ⊆ A(x) for all x ∈ Z. Example 1.1. If Z is paracompact, W is convex and F ∈ Φ^⋆(Z, W ), then [2] F ∈ CS(Z, W ). Recently [5, 8] the concept of Φ^⋆ map was generalized. We say F ∈ DKT (Z, W ), if W is convex, and there exists a map B : Z → W with co (B(x)) ⊆ F (x) for all x ∈ Z, B(x) ≠ ∅ for each x ∈ Z and the fibres B^{−1}(y) are open (in Z) for each y ∈ W .

Example 1.2. If Z is paracompact, W is convex and F ∈ DKT (Z, W ), then [8: Theorem 3.2] (or [5: Theorem 1]) F ∈ CS(Z, W ).

A map F ∈ H(Z, W ) (due to Horvath [6, 7]) if W is a contractible space, and there exists a selection B : Z → W of F with B(x) ≠ ∅ for all x ∈ Z, B^{−1}(y) is open for all y ∈ W , and for any open set U of Z the set ∩_{x∈U} F (x) is empty or contractible.

Example 1.3. If Z is compact, W is contractible and F ∈ H(Z, W ), then [7] F ∈ CS(Z, W ). A map F ∈ D(Z, W ) (due to Ding [4]) if W is a contractible space, F has the local intersection property (i.e. for each x ∈ Z we have F (x) ≠ ∅ and there exists an open neighborhood N(x) of x such that ∩_{z∈N(x)}F (z) ≠ ∅), and for any open set U of Z the set ∩_{x∈U} F (x) is empty or contractible.

Example 1.4. If Z is compact, W is contractible and F ∈ D(Z, W ), then [4: pp. 55 - 56] (note f ∘ ϕ is the continuous selection) implies F ∈ CS(Z, W ).

Remark 1.3. In fact, it is easy to see that Example 1.4 is a consequence of Example 1.3.

A General Coincidence Theory for Set-Valued Maps 703

Remark 1.4. Many other examples of CS maps could be given here, using for example Michael’s selection theorem, the selection theorem of Horvath [8], or indeed more recent selection theorems in the literature.

2. Fixed point theory

In this section we present some fixed point results for ACG maps. These results will then be used in Sections 3 and 4. We will state and prove our results when E is a Banach space (the extension to the case when E is a Fréchet space is immediate).

Theorem 2.1. Let E be a Banach space with Q a closed, convex subset of E. Suppose F ∈ ACG(Q, Q) is condensing with F (Q) a bounded set in Q. Then F has a fixed point in Q.

Proof. Let x_0 ∈ Q. From [9, 11], there exists a compact, convex set X of Q with x_0 ∈ X and F : X → 2^X . In addition, the values of F are closed and acyclic and also F |_X has closed graph. Now [1: p. 465] implies F |_X is upper semicontinuous. Consequently, F : X → CD(X) is upper semicontinuous and X is compact. Now [9: Theorem 1] guarantees that F has a fixed point in X

Next we obtain a fixed point theorem for non-selfmaps.

Theorem 2.2. Let E be a Banach space with Q a closed, convex subset of E and 0 ∈ Q. Let r : E → Q be a continuous retraction with r(z) ∈ ∂Q for z ∈ E\Q (see Remark 2.1) and suppose G : Q → 2^E is such that G(Q) is a bounded set in E with G r ∈ ACG(E, E) and G r a condensing map. In addition, suppose

if {(x_j, λ_j )}^∞_{j=1} is a sequence in ∂Q × [0, 1] converging to (x, λ)

with x ∈ λG(x) and 0 ≤ λ < 1, then there exists j_0 ∈ {1, 2, ....} with {λ_jG(x_j )} ⊆ Q for each j ≥ j_0

(2.1)

holds. Then G has a fixed point in Q.

Remark 2.1. To justify the existence of a continuous retraction r : E → Q with r(z) ∈ ∂Q for z ∈ E\Q see [12].

Remark 2.2. If G ∈ ACG(Q, E) is a compact map, then G r ∈ ACG(E, E) (also, G r is compact so condensing). We must show G r has closed graph. Let (x_n) be a sequence in E, (y_n) a sequence in E with (x_n, y_n) → (x_0, y_0) and y_n ∈ G r(x_n) for every n. Let z_n = r(x_n), z_0 = r(x_0) and note (z_n, y_n) → (z_0, y_0) with y_n ∈ G(z_n) for every n. The closedness of G implies y_0 ∈ G(z_0), i.e. y_0 ∈ G r(x_0). Thus G r ∈ ACG(E, E) [Alternatively, one can notice that since G is a compact map, then G : Q → CD(E) is upper semicontinuous [1: p. 465] and so G r : E → CD(E) is upper semicontinuous; note we can only apply this argument if G is a compact map].

Remark 2.3. If E is a Hilbert space and G ∈ ACG(Q, E) is condensing, then G r ∈ ACG(E, E) is condensing if we take r to be the nearest point projection. To see this recall r is non-expansive so G r : E → CD(E) is a condensing map. Of course, this

704 D. O’Regan

result also holds for certain convex sets in Banach spaces where there is a nearest point retraction that is non-expansive (or more generally 1-set contractive).

Proof of Theorem 2.2. Let H = {x ∈ E : x ∈ G r(x)}. Notice H ≠ ∅ by Theorem 2.1. Also, H is closed. To see this let (x_n) be a sequence in H (i.e. x_n ∈ G r(x_n)) with x_n → x_0 ∈ E. The closedness of G r implies x_0 ∈ G r(x_0), i.e. x_0 ∈ H. In fact, H is compact since H ⊆ G r(H) and G r is condensing. It remains to show H ∩ Q ≠ ∅. Suppose H ∩ Q = ∅. Then there exists δ > 0 with dist (H, Q) > δ. Choose m ∈ {1, 2, ...} such that 1 < δ m. Fix i ∈ {m, m + 1, ...}. Let

U_i = { x ∈ E : d(x, Q) < 1 i }

where d is the metric associated with the Banach space E. Then H ∩ U_i = ∅. Now Theorem 1.1 (applied with G r for F and U_i for U) implies (since H ∩U_i = ∅) that there exists (y_i, λ_i) ∈ ∂U_i × (0, 1) with y_i ∈ λ_iG r(y_i). Notice in particular since y_i ∈ ∂U_i that {λ_iG r(y_i)} ⊈ Q for each i ∈ {m, m + 1, ...}. (2.2) Let D = { x ∈ E : x ∈ λ G r(x) for some λ ∈ [0, 1] } . Now D is closed. To see this let (x_n) be a sequence in D and (λ_n) a sequence in [0, 1] with (x_n, λ_n) → (x_0, λ_0). Without loss of generality assume λ_n → λ_0 ∈ (0, 1]. Since x_n ∈ D, there exists y_n ∈ G r(x_n) with x_n = λ_ny_n. Now x_n → x_0 and y_n →^1_{λ0} x_0. The closedness of G r implies^1_{λ0} x_0 ∈ G r(x_0) so x_0 ∈ D [Alternatively, it is easy to see that R : E × [0, 1] → CD(E), given by R(x, λ) = λ G r(x), has closed graph so it is immediate that D is closed]. In fact, D is compact since D ⊆ co (G r(D) ∪ {0}). This together with d(y_j , Q) =^1_j and |λ_j | ≤ 1 (for j ∈ {m, m + 1, ...}) implies that we may assume without loss of generality that λ_j → λ^⋆ and y_j → y^⋆ ∈ ∂Q. Also, since y_j ∈ λ_j G r(y_j) one has (since R given above has closed graph) that y^⋆ ∈ λ^⋆G r(y^⋆). Now λ^⋆ ≠ 1 since H ∩ Q = ∅. Thus 0 ≤ λ^⋆ < 1. But in this case (2.1), with x_j = r(y_j) and x = y^⋆ = r(y^⋆), implies that there exists j_0 ∈ {1, 2, ....} with {λ_j G r(y_j)} ⊆ Q for each j ≥ j_0. This contradicts (2.2). Thus H ∩ Q ≠ ∅, i.e. there exists x ∈ Q with x ∈ G r(x) = G(x)

A General Coincidence Theory for Set-Valued Maps 705

3. Coincidence theory

Our first result generalizes some well known result in the literature (see [4: Theorem 1] and the references in [4]).

Theorem 3.1. Let E be a Banach space with Q a closed, convex subset of E and Y any subset of a Hausdorff topological vector space. Suppose G ∈ CS(Q, Y ) (and let t : Q → Y be a continuous selection of G) and F ∈ ACG(Y, Q). Let J = F ∘ t : Q → 2^Q be defined by J(x) = F ∘ t(x) and suppose J is a condensing map with J(Q) a bounded set in Q. Then G and F^{−1} have a coincidence, i.e. there exists x_0 ∈ Q with G(x_0) ∩ F^{−1}(x_0) ≠ ∅ (i.e. there exists (x_0, y_0) ∈ Q × Y with x_0 ∈ F (y_0) and y_0 ∈ G(x_0)).

Proof. Notice (see Remark 2.2) that J ∈ ACG(Q, Q). Apply Theorem 2.1 to deduce that there exists x_0 ∈ Q with x_0 ∈ F t(x_0). Thus x_0 ∈ F (y_0) where y_0 = t(x_0) ∈ G(x_0), i.e. y_0 ∈ G(x_0) ∩ F^{−1}(x_0)

We next obtain a generalization of Theorem 3.1 by using Theorem 2.2.

Theorem 3.2. Let E be a Banach space, Q a closed, convex subset of E, 0 ∈ Q and Y any subset of a Hausdorff topological vector space. Suppose G ∈ CS(Q, Y ) (and let t : , Q → Y be a continuous selection of G) and F : Y → 2^E . Let J = F ∘t : Q → 2^E be defined by J(x) = F ∘ t(x) and suppose J(Q) is a bounded set in E. Let r : E → Q be a continuous retraction with r(z) ∈ ∂Q for z ∈ E\Q and suppose Jr ∈ ACG(E, E) is a condensing map. In addition, suppose

if {(x_j, λ_j )}^∞_{j=1} is a sequence in ∂Q × [0, 1] converging to (x, λ)

with x ∈ λJ(x) and 0 ≤ λ < 1, then there exists j_0 ∈ {1, 2, ...} with {λ_jJ(x_j )} ⊆ Q for each j ≥ j_0

(3.1)

holds. Then G and F^{−1} have a coincidence.

Proof. Apply Theorem 2.2 and deduce that there exists x_0 ∈ Q with x_0 ∈ F t(x_0)

Remark 3.1. In Theorems 3.1 and 3.2 it is possible to replace ACG maps with AP (see [14] for definition) maps or Ad (see [15]) maps.

Theorem 3.3. Let E be a Banach space with Q and C closed, convex subsets of E. Suppose G ∈ ACG(Q, C) and F ∈ ACG(C, Q). Define the map Ψ by Ψ(x, y) = F (y) × G(x) for (x, y) ∈ Q × C and assume Ψ : Q × C → 2^{Q×C} is a condensing map with Ψ(Q × C) a bounded set in Q × C. Then G and F^{−1} have a coincidence, i.e. there exists (x_0, y_0) ∈ Q × C with y_0 ∈ G(x_0) ∩ F^{−1}(x_0).

Proof. Notice we have immediately that Ψ ∈ ACG(Q × C, Q × C). Now apply Theorem 2.1 to deduce that there exists (x_0, y_0) ∈ Q × C with (x_0, y_0) ∈ Ψ(x_0, y_0)

Remark 3.2. We could of course obtain a generalization of Theorem 3.3 if instead of Theorem 2.1 we use Theorem 2.2; we leave the details to the reader.

706 D. O’Regan

4. Applications

In this section we first establish some generalized quasi variational inequalities. Then we present new analytic alternatives and minimax inequalities.

Our first three results improve results in [13] (in particular, Theorems 2.5 and 2.6 there can be improved using the ideas in this section).

Theorem 4.1. Let E be a Banach space with Q a closed, convex subset of E. Suppose the following conditions are satisfied:

f : Q × Q → R is an upper semicontinuous function (4.1)

G : Q → 2^Q has compact values (4.2) G : Q → 2^Q is an upper semicontinuous map (4.3) { the map M (marginal function), defined by M(x) = sup_{y∈G(x)}f(x, y) for x ∈ Q, is lower semicontinuous

(4.4)

and the map Φ, defined by Φ(x) = {y ∈ G(x) : f(x, y) = M(x)} for x ∈ Q, is condensing with Φ(Q) a bounded set in Q; also, Φ(x) is acyclic for each x ∈ Q.

(4.5)

Then there exists z ∈ Q with z ∈ G(z) and f(z, z) = M(z) (i.e. there exists z ∈ Q with z ∈ G(z) and f(z, y) ≤ f(z, z) for all y ∈ G(z)).

Proof. Now since f is upper semicontinuous and G is upper semicontinuous with compact values, then [1: p. 473] implies M is continuous. In addition, notice [1: p. 44] implies for each x ∈ Q that Φ(x) is non-empty and compact. This together with (4.5) implies Φ : Q → CD(Q). Next we show that the graph of Φ is closed. Let (x_n, y_n) be a sequence in graph (Φ) with (x_n, y_n) → (x, y) in Q × Q. Then

f(x, y) ≥ lim sup f(x_n, y_n) = lim sup M(x_n) = lim inf M(x_n) = M(x). (4.6)

In addition, y_n ∈ G(x_n) together with x_n → x, y_n → y and the fact that G is upper semicontinuous implies [20] that y ∈ G(x). Thus y ∈ G(x) and f(x, y) ≥ M(x) = sup_{z∈G(x)} f(x, z). Consequently, f(x, y) = M(x) so (x, y) ∈ graph (Φ). Thus Φ : Q → CD(Q) has closed graph and so Φ ∈ ACG(Q, Q). Now Theorem 2.1 implies Φ has a fixed point z ∈ Q, i.e. z ∈ Φ(z). That is z ∈ G(z) and f(z, z) = M(z) Theorem 4.2. Let E be a Hilbert space with Q a closed, convex subset of E and 0 ∈ Q. Suppose the following conditions are satisfied:

f : Q × E → R is an upper semicontinuous function (4.7)

A General Coincidence Theory for Set-Valued Maps 707

G : Q → 2^E has compact values (4.8) G : Q → 2^E is an upper semicontinuous map (4.9) { the map M, defined by M(x) = sup_{y∈G(x)}f(x, y) for x ∈ Q, is lower semicontinuous

(4.10)

the map Φ, defined by Φ(x) = {y ∈ G(x) : f(x, y) = M(x)} for x ∈ Q, is condensing with Φ(Q) a bounded set in E; also , Φ(x) is acyclic for each x ∈ Q

(4.11) and if {(x_j , λ_j)}^∞_{j=1} is a sequence in ∂Q × [0, 1] converging to (x, λ) with x ∈ λΦ(x) and 0 ≤ λ < 1, then there exists j_0 ∈ {1, 2, ...} with {λ_j Φ(x_j)} ⊆ Q for each j ≥ j_0.

(4.12)

Then there exists z ∈ Q with z ∈ G(z) and f(z, z) = M(z). Proof. As in Theorem 4.1, M is continuous and in fact Φ ∈ ACG(Q, E). Let r : E → Q be the nearest point projection (note r is non-expansive). Then we have immediately that Φ r ∈ ACG(E, E) and Φ r is a condensing map (see Remark 2.3). Apply Theorem 2.2 to deduce that Φ has a fixed point in Q

Remark 4.1. There is an analogue of Theorem 4.2 in the case when E is a Banach space; we leave the details to the reader.

Our next result replaces sup with inf in Theorem 4.1.

Theorem 4.3. Let E be a Banach space with Q a closed, convex subset of E. Suppose the following conditions are satisfied:

f : Q × Q → R is a continuous function (4.13) G : Q → 2^Q has compact values (4.14) G : Q → 2^Q is a continuous map (4.15) and the map Ψ, defined by Ψ(x) = {y ∈ G(x) : f(x, y) = N(x)} for x ∈ Q (here N(x) = inf_{z∈G(x)} f(x, z)), is condensing with Ψ(Q) a bounded set in Q;

also, Ψ(x) is acyclic for each x ∈ Q.

(4.16)

Then there exists w ∈ Q with w ∈ G(w) and f(w, w) = N(w) (i.e. there exists w ∈ Q with w ∈ G(w) and f(w, y) ≥ f(w, w) for all y ∈ G(w)).

Proof. Now [1: pp. 472 - 473] imply N is continuous. As in Theorem 4.1 it is easy to check that Ψ : Q → CD(Q) and in fact Ψ ∈ ACG(Q, Q) (note in (4.6) we have equality now since f is continuous). Now Theorem 2.1 implies that there exists w ∈ Q with w ∈ Ψ(w)

708 D. O’Regan

Remark 4.2. We could also obtain a generalization of Theorem 4.3 if we use Theorem 2.2 instead of Theorem 2.1; we leave the details to the reader.

Remark 4.3. The results in [3, 16] could also be easily improved using the ideas above.

Next we establish some new analytic alternatives. These improve results in the literature [2, 10, 14, 15].

Theorem 4.4. Let E be a Banach space with Q a closed, convex subset of E and Y any subset of a Hausdorff topological vector space. Suppose F ∈ ACG(Y, Q) and f : Q × Y → R. Fix α ∈ R and let G(x) = {y ∈ Y : f(x, y) > α} for x ∈ Q. Suppose the following condition is satisfied:

if G(x) ≠ ∅ for every x ∈ Q, then G ∈ CS(Q, Y ) (and let t : Q → Y be a continuous selection of G) and J = F ∘ t : Q → 2^Q (defined by J(x) = F ∘ t(x)) is a condensing map with J(Q) a bounded set in Q.

(4.17)

Then either (A1) there exists z_0 ∈ Q with f(z_0, y) ≤ α for all y ∈ Y (i.e. there exists z_0 ∈ Q with G(z_0) = ∅) or (A2) there exists (x_0, y_0) ∈ Q × Y with x_0 ∈ F (y_0) and f(x_0, y_0) > α occurs.

Remark 4.4. For Φ^⋆ maps (and a similar comment applies for DKT and H maps) it is possible to replace ”if G(x) ≠ ∅ for every x ∈ Q, then G ∈ Φ^⋆(Q, Y )” in (4.17) by ”if B(x) ≠ ∅ for every x ∈ Q, then G ∈ Φ^⋆(Q, Y )” (here B is the selection of G as described in the definition of Φ^⋆ maps). Of course, statement (A1) would now become ”there exists z_0 ∈ Q with B(z_0) = ∅”. A similar remark will apply for Theorem 4.5.

Remark 4.5. Conditions so that ”if G(x) ≠ ∅ for every x ∈ Q, then G ∈ Φ^⋆(Q, Y )” may be found in [15] (conditions of this type are standard in the literature, see [2, 10]).

Proof of Theorem 4.4. Either G(x) ≠ ∅ for every x ∈ Q or not. If G(x) ≠ ∅ for every x ∈ Q, then G ∈ CS(Q, Y ) and Theorem 3.1 implies that there exists (x_0, y_0) ∈ Q×Y with x_0 ∈ F (y_0) and y_0 ∈ G(x_0) (i.e. x_0 ∈ F (y_0) and f(x_0, y_0) > α) so statement (A2) occurs. If G(x) ≠ ∅ for every x ∈ Q does not hold, then there exists z_0 ∈ Q with G(z_0) = ∅, i.e. there exists z_0 ∈ Q with f(z_0, y) ≤ α for all y ∈ Y so statement (A1) occurs

Theorem 4.5. Let E be a Hilbert space, Q a closed, convex subset of E, 0 ∈ Q and Y any subset of a Hausdorff topological vector space. Suppose F ∈ ACG(Y, E) and f : Q × Y → R. Fix α ∈ R and let G(x) = {y ∈ Y : f(x, y) > α} for x ∈ Q.

A General Coincidence Theory for Set-Valued Maps 709

Suppose the following condition is satisfied:

if G(x) ≠ ∅ for every x ∈ Q, then G ∈ CS(Q, Y ) (and let t : Q → Y be a continuous selection of G) with J = F ∘ t : Q → 2^E (defined by J(x) = F ∘ t(x)) a condensing map , J(Q) a bounded set in E, and if {(x_j, λ_j )}^∞_{j=1} is a sequence in ∂Q × [0, 1] converging to (x, λ) with x ∈ λJ(x) and 0 ≤ λ < 1, then there exists j_0 ∈ {1, 2, ....} with {λ_j J(x_j )} ⊆ Q for each j ≥ j_0.

(4.18)

Then either (A1) there exists z_0 ∈ Q with f(z_0, y) ≤ α for all y ∈ Y (i.e. there exists z_0 ∈ Q with G(z_0) = ∅) or (A2) there exists (x_0, y_0) ∈ Q × Y with x_0 ∈ F (y_0) and f(x_0, y_0) > α occurs.

Proof. If G(x) ≠ ∅ for every x ∈ Q does not hold, then as in Theorem 4.4 statement (A1) occurs. It remains to consider the case G(x) ≠ ∅ for every x ∈ Q. Then G ∈ CS(Q, Y ). Let r : E → Q be the nearest point projection. We have immediately that Jr ∈ ACG(E, E) and Jr is a condensing map. Now Theorem 3.2 implies that there exists (x_0, y_0) ∈ Q × Y with x_0 ∈ F (y_0) and y_0 ∈ G(x_0), i.e. statement (A2) occurs Theorem 4.6. Let E be a Banach space with Q and C closed, convex subsets of E. Let f, g : Q × C → R with g(x, y) ≤ f(x, y) for all (x, y) ∈ Q × C. (4.19) Fix α ∈ R and let G(x) = {y ∈ C : g(x, y) > α} for x ∈ Q and F (y) = {x ∈ Q : f(x, y) < α} for y ∈ C. Suppose the following condition is satisfied:

if G(x) ≠ ∅ for every x ∈ Q and F (y) ≠ ∅ for every y ∈ C, then G ∈ ACG(Q, C) and F ∈ ACG(C, Q) with Ψ : Q × C → 2^{Q×C} (defined by Ψ(x, y) = F (y) × G(x)) a condensing map and Ψ(Q × C) is a bounded set in Q × C.

(4.20)

Then either (A1) there exists z_0 ∈ Q with g(z_0, y) ≤ α for all y ∈ C or

710 D. O’Regan

(A2) there exists w_0 ∈ C with f(x, w_0) ≥ α for all x ∈ Q occurs.

Remark 4.6. Conditions so that ”if G(x) ≠ ∅ for every x ∈ Q, then G ∈ ACG(Q, C)” may be found in [14].

Proof of Theorem 4.6. There are three cases to consider.

Case (i): G(x) ≠ ∅ for every x ∈ Q and F (y) ≠ ∅ for every y ∈ C. In this case Theorem 3.3 implies that there exists (x_0, y_0) ∈ Q × C with y_0 ∈ G(x_0) and x_0 ∈ F (y_0), i.e. f(x_0, y_0) < α < g(x_0, y_0). This contradicts (4.19).

Case (ii): G(x) ≠ ∅ for every x ∈ Q does not hold. Then there exists z_0 ∈ Q with G(z_0) = ∅, i.e. statement (A1) occurs.

Case (iii): F (y) ≠ ∅ for every y ∈ C does not hold. Then there exists w_0 ∈ C with F (w_0) = ∅, i.e. statement (A2) occurs

Finally, in this section we obtain two new minimax theorems.

Theorem 4.7. Let E be a Banach space with Q a closed, convex subset of E and Y any subset of a Hausdorff topological vector space. Suppose F ∈ ACG(Y, Q) and f : Q × Y → R. Define for each α ∈ R G_α(x) = {y ∈ Y : f(x, y) > α} for x ∈ Q. Suppose the following condition is satisfied:

for any α ∈ R, if G_α(x) ≠ ∅ for every x ∈ Q, then G_α ∈ CS(Q, Y ) (and let t_α : Q → Y be a continuous selection of G_α) and J_α = F ∘ t_α : Q → 2^Q (defined by J_α(x) = F ∘ t_α(x)) is a condensing map with J_α(Q) a bounded set in Q.

(4.21)

Then inf_{x∈Q} sup_{y∈Y} f(x, y) ≤ sup { f(x, y) : x ∈ Q, y ∈ Y, x ∈ F (y) } . (4.22)

Remark 4.7. Other results could be obtained if we use Remark 4.4. Proof of Theorem 4.7. Let

α = sup { f(x, y) : x ∈ Q, y ∈ Y, x ∈ F (y) } . The case α = ∞ is trivial, so from now on we assume α < ∞. Apply Theorem 4.4. Notice statement (A2) cannot occur (see the definition of α). Then there exists z_0 ∈ Q with f(z_0, y) ≤ α for all y ∈ Y . That is sup_{y∈Y} f(z_0, y) ≤ α so (4.22) follows Theorem 4.8. Let E be a Hilbert space, Q a closed, convex subset of E, 0 ∈ Q and Y any subset of a Hausdorff topological vector space. Suppose F ∈ ACG(Y, E) and f : Q × Y → R. Define for each α ∈ R, G_α(x) = {y ∈ Y : f(x, y) > α} for x ∈ Q.

A General Coincidence Theory for Set-Valued Maps 711

Suppose the following condition is satisfied:

for any α ∈ R, if G_α(x) ≠ ∅ for every x ∈ Q, then G_α ∈ CS(Q, Y ) (and let t_α : Q → Y be a continuous selection of G_α) with J_α = F ∘ t_α : Q → 2^E (defined by J_α(x) = F ∘ t_α(x)) a condensing map , J_α(Q) a bounded set in E, and if {(x_j, λ_j )}^∞_{j=1} is a sequence in ∂Q × [0, 1] converging to (x, λ) with x ∈ λJ_α(x) and 0 ≤ λ < 1, then there exists j_0 ∈ {1, 2, ....} with {λ_j J_α(x_j )} ⊆ Q for each j ≥ j_0.

(4.23)

Then inf_{x∈Q} sup_{y∈Y} f(x, y) ≤ sup { f(x, y) : x ∈ Q, y ∈ Y, x ∈ F (y) } . Proof. Let α = sup { f(x, y) : x ∈ Q, y ∈ Y, x ∈ F (y) } and assume without loss of generality that α < ∞. Apply Theorem 4.5 so there exists z_0 ∈ Q with f(z_0, y) ≤ α for all y ∈ Y

References

[1] Aliprantis, C. D. and K. C. Border: Infinite Dimensional Analysis. Berlin: Springer- Verlag 1994.

[2] Ben-El-Mechaiekh, H., Deguire, P. and A. Granas: Points fixes et coincidences pour les applications multivoques. Part II: Applications de type Φ et Φ^⋆. C.R. Acad. Sc. 295 (1982), 381 – 384.

[3] Ben-El-Mechaiekh, H. and G. Isac: Generalized multivalued variational inequalities. Preprint.

[4] Ding, X. P.: A coincidence theorem involving contractible spaces. Appl. Math. Letters 10 (1997), 53 – 56.

[5] Ding, X. P., Kim, W. K. and K. K. Tan: A selection theorem and its applications. Bull.

Austral. Math. Soc. 46 (1992), 205 – 212.

[6] Horvath, C.: Points fixes et coincidences dans les espaces topologiques compacts contractiles. C.R. Acad. Sc. Paris 299 (1984), 519 – 521.

[7] Horvath, C.: Some results on multivalued mappings and inequalities without convexity.

In: Nonlinear and Convex Analysis (ed.: B. L. Lin and S. Simons). New York: Marcel Dekker 1987, pp. 96 – 106.

[8] Horvath, C.: Contractibility and general convexity. J. Math. Anal. Appl. 156 (1991), 341 – 357.

[9] Fitzpatrick, P. M. and W. V. Petryshyn: Fixed point theorems for multivalued noncompact acyclic mappings. Pac. J. Math. 54 (1974), 17 – 23.

[10] Granas, A. and F. C. Liu: Coincidences for set valued maps and minimax inequalities. J.

Math. Pures Appl. 65 (1986), 119 – 148.

712 D. O’Regan

[11] Mehta, G., Tan, K. K. and X. Z. Yuan: Fixed points, maximal elements and equilibria of generalized games. Nonlin. Anal. 28 (1997), 689 – 699.

[12] O’Regan, D.: Some fixed point theorems for concentrative mappings between locally convex spaces. Nonlin. Anal. 27 (1996), 1437 – 1446.

[13] O’Regan, D.: Generalized multivalued quasi variational inequalities. Adv. Nonlin. Var.

Inequ. 1 (1998), 1 – 9.

[14] O’Regan, D.: Coincidences for multivalued mappings and minimax inequalities. Comm.

Appl. Anal. (to appear).

[15] O’Regan, D.: Coincidences for admissible and Φ^⋆ maps and minimax inequalities. J.

Math. Anal. Appl. 220 (1998), 322 – 333.

[16] O’Regan, D.: Fixed points, multivalued inequalities, control problems and differential inclusions on proximate retracts. Math. Proc. Royal Irish Acad. 98A (1998), 107 – 120.

[17] O’Regan, D.: Nonlinear alternatives for multivalued maps with applications to operator inclusions in abstract spaces. Proc. Amer. Math. Soc. (to appear).

[18] Park, S.: Foundations of the KKM theory via coincidences of composites of upper semicontinuous maps. J. Korean Math. Soc. 31 (1994), 493 – 519.

[19] Park, S.: Generalized Leray-Schauder principles for compact admissible multifunctions.

Top. Meth. Nonlin. Anal. 5 (1995), 271 – 277.

[20] Su, C. H. and V. M. Sehgal: Some fixed point theorems for condensing multifunctions in locally convex spaces. Proc. Amer. Math. Soc. 50 (1975), 150 – 154.

[21] Tan, K. K.: Comparison theorems on minimax inequalities, variational inequalities and fixed point theorems. J. London Math. Soc. 28 (1983), 555 – 562.

[22] Zeidler, E.: Nonlinear Functional Analysis and Its Applications. Vol. 1: Fixed-Point Theorems. New York: Springer-Verlag 1986.

Received 27.04.1998; in revised form 15.01.1999