Zeitschrift für Analysis und ihre Anwendungen Journal for Analysis and its Applications Volume 18 (1999), No. 4, 1031–1038

A Real Inversion Formula for the Laplace Transform in a Sobolev Space

K. Amano, S. Saitoh and A. Syarif

Abstract. For the real-valued Sobolev-Hilbert space on [0, ∞) comprising absolutely continuous functions F = F (t) normalized by F (0) = 0 and equipped with the inner product (F1, F2) = ∫_∞ 0 (F1(t)F2(t) + F^′_1(t)F^′_2(t)) dt we shall establish a real inversion formula for the Laplace transform.

Keywords: Laplace transform, real inversion formula, Sobolev space, reproducing kernel, Mellin transform, Szegö space AMS subject classification: 44 A 10, 30 C 40

1. Introduction and results

The real inversion formulas for the Laplace transform are important in mathematical sciences, but the formulas are, in general, very involved (see, for example, [8, 12, 13]). In [3, 11], new real inversion formulas for some general situations were given by a new method for integral transforms in the framework of Hilbert spaces. Those formulas are translated into computer algorithms in [4, 5]. In some special cases, their error estimates were given in [2]. In the new method, inversion formulas for integral transforms will be, in general, given in terms of strong convergence. For some practical purposes, we wish to obtain inversion formulas in terms of pointwise convergence. For this purpose, we shall establish a real inversion formula for the Laplace transform of a simple Sobolev space, which will be given in terms of pointwise convergence.

Let S be the Sobolev-Hilbert space on t ≥ 0 comprising absolutely continuous realvalued functions F normalized by F (0) = 0 and equipped with the inner product

(F_1, F_2)_S = ∞∫ 0 ( F_1(t)F_2(t) + F^′_1(t)F^′_2(t) ) dt. We consider the Laplace transform of F ∈ S

f(x) = [LF ](x) = ∞∫ 0 F (t)e^{−xt}dt (x > 0). (1)

All authors: Gunma Univ. Japan, Dept. Math., Fac. Eng., Kiryu, 376-8515, Japan

ISSN 0232-2064 / $ 2.50 © Heldermann Verlag Berlin

1032 K. Amano et. al.

In connection with some general real inversion formulas [3, 11], we would like to consider a more general Sobolev space such that for any positive q the inner product is given by

(F_1, F_2)_{S,q} = ∞∫ 0 ( F_1(t)F_2(t) + F^′_1(t)F^′_2(t) ) t^{1−2q}dt.

However in this general case, its reproducing kernel will be very involved. So, we shall consider the simple Sobolev space S. For more general order Sobolev spaces, the circumstances are similar. That is, the Sobolev space S will be a reasonable space for the Laplace transform for our purposes (see Lemmas 1 and 3 for this comment).

Then, we obtain

Theorem. For the Laplace transform (1) of the Sobolev-Hilbert space S, we have the real inversion formula

F (t) = lim_{N→∞} ∞∫ 0 f(x) ∞∫ 0 e^{−xτ} K(τ, t) ( P_N (x, τ) + Q_N (x, τ) ) dτdx (2)

where K(τ, t) = 1 2 ( e^{−|τ−t|} − e^{−τ} e^{−t} )

P_N (x, τ) = N∑ n=0 2n∑ ν=n (−1)^{ν−n+1} ( 2n ν )( ν n ) 1 (n + 1)(ν + 1)! (τx)^ν × ( (2n + 1)(τx)^2 − (2 + 5n + ν + 3nν)τx + n(ν + 1)^2 )

Q_N (x, τ) = 1 τ^2 N∑ n=0 2n∑ ν=n (−1)^{ν−n+1} ( 2n ν )( ν n ) 1 (n + 1)(ν + 2)! (τx)^{ν+1} × ( (4n^2 + 6n + 2)(τx)^3 − (8 + 3ν + 26n + 10nν + 20n^2 + 8n^2ν)(τx)^2

+ (ν + 2)(2 + ν + 8n + 4nν + 9n^2 + 5n^2ν)τx − n^2(ν + 1)^2(ν + 2) ) . In the real inversion formula (2), for any t ≥ 0 the right-hand side converges and its convergence is uniform on [0, ∞).

We introduce the differential operator D_n = x^n∂^n_x x∂_x for any non-negative integer n.

A Real Inversion Formula 1033

2. Preliminaries for Theorem

At first we note

Lemma 1. The reproducing kernel K for the Sobolev-Hilbert space S is given by

K(t, t̂ ) = 2 π ∞∫ 0 sin(tξ) sin(t̂ξ) ξ^2 + 1 dξ = 1 2 ( e^{−|t−t̂|} − e^{−t}e^{−t̂} ) . (3)

Proof. For the positive matrix K(t, t̂) defined by (3) we shall show that the reproducing kernel Hilbert space H_K admitting the reproducing kernel K coincides with S. From (3), we see that any member F of H_K is expressible in the form

F (t) = 2 π ∞∫ 0 H(ξ) sin(tξ) ξ^2 + 1 dξ (4)

for a (of course, uniquely determined) function H satisfying^2_π ∞∫ 0 H(ξ)^2 ξ^2 +1 dξ < ∞ and we

have the isometrical identity ‖F ‖^2_{HK} =^2_π ∫_∞ 0 H(ξ)^2 ξ^2 +1 dξ (for this argument see [9, 10] or

[11]). From (4)

H(ξ) = (ξ^2 + 1) ∞∫ 0 F (t) sin(tξ) dt (5)

in the L_2 space and so, from (5) we obtain ‖F ‖^2_{HK} = ∫_∞ 0 ( F (t)^2 + F^′(t)^2 ) dt. From the uniqueness of reproducing kernels, we have the desired result

Lemma 2. In the Laplace transform (1) of S, we have the isometrical identity

‖F ‖^2_S = ∞∑ n=0 1 n!(n + 1)! ∞∫ 0 { (D_nf(x))^2 + (D_n(xf(x)))^2 } dx. (6)

Proof. In general, for F ∈ L_2(0, ∞) we have the isometrical identity ∞∫ 0 F (t)^2dt = ∞∑ n=0 1 n!(n + 1)! ∞∫ 0 (D_nf(x))^2dx (7)

[11: Chapter 5]. Since F (0) = 0 and by integration by parts, ∫_∞ 0 F^′(t)e^{−xt}dt = xf(x). Hence, from (7) we have the desired isometrical identity (6)

1034 K. Amano et. al.

Lemma 3. In the Laplace transform (1) of S, we have the real inversion formula

F (t) = ∞∑ n=0 1 n!(n + 1)! ∞∫ 0 [ D_nf(x) · D_n ∞∫ 0 e^{−τx}K(τ, t) dτ

+ D_n(xf(x)) · D_n ( x ∞∫ 0 e^{−τx}K(τ, t) dτ )] dx

= ∞∑ n=0 1 n!(n + 1)! ∞∫ 0 [ D_nf(x) · D_n ( e−t − e−xt x^2 − 1 )

+ D_n(xf(x)) · D_n ( x ( e−t − e−xt x^2 − 1 ))] dx.

(8)

The convergence of this series is uniform on [0, ∞).

Proof. First we have (LK(·, t))(x) = ∞∫ 0 e^{−xτ} K(τ, t) dτ

= ∞∫ 0 e^{−xτ} ( 2 π ∞∫ 0 sin(τξ) sin(tξ) ξ^2 + 1 dξ ) dτ

= 2 π ∞∫ 0 ξ sin(tξ) (ξ^2 + 1)(ξ^2 + x^2) dξ

= e^{−t} − e^{−xt} x^2 − 1 [1: page 410]. Hence, by using the reproducing property F (t) = (F (·), K(·, t))_S of K(·, t) in S and the isometrical identity (6) we have the desired result (8). The uniform convergence of (8) on [0, ∞) follows from the general property of reproducing kernel Hilbert spaces (see [11: page 35/Theorem 1]) and the boundedness of the reproducing kernel (3) for S on [0, ∞)

For the property of f satisfying (7) we note Proposition 1 [11: Chapter 5]. For a function f satisfying (7) we have the isometrical identity ∞∑ n=0 1 n!(n + 1)! ∞∫ 0 (D_nf(x))^2dx = lim_{x→0+} 1 2π ∫_∞ −∞ |f(x + iy)|^2dy (9) where f is analytic on the right half complex plane R^+ = {Re z > 0} and belongs to the Szegö space on R^+ with a finite norm (9). Furthermore, then we have, for n ≥ 1 and 0 ≤ m ≤ n − 1, ∂^m_x [xf^′(x)]x^{n+m+1} = o(1) f(x)x^{12} = O(1) } (x → 0+)

A Real Inversion Formula 1035

and for n ≥ 0, ∂^n_x f(x) → 0 (x → ∞). 3. Proof of Theorem

For n ≥ 1, by integration by parts and by using Proposition 1, we have ∞∫ 0 D_nf(x) · D_ne^{−xτ} dx

= τ^n ∞∫ 0 (xf^′(x))∂^n_x ( (nx^{2n} − τx^{2n+1})e^{−xτ} ) dx

= −τ^n ∞∫ 0 f(x)∂_xx∂^n_x ( (nx^{2n} − τx^{2n+1})e^{−xτ} ) dx

= −τ^n ∞∫ 0 f(x) ( ∂^n_x ( (nx^{2n} − τx^{2n+1})e^{−xτ} ) + x∂^{n+1}_x ( (nx^{2n} − τx^{2n+1})e^{−xτ} )) dx

= −τ^n ∞∫ 0 f(x) ( ∂^n_x ( (nx^{2n} − τx^{2n+1})e^{−xτ} )

− xτ∂^n_x ( (nx^{2n} − τx^{2n+1})e^{−xτ} ) + x∂^n_x ( 2n^2x^{2n−1} − (2n + 1)τx^{2n} ) e^{−xτ} ) dx = −τ^n ∞∫ 0 f(x)e^{−τx} n∑ ν=0 ( n ν ) (−τ)^ν ( ∂^{n−ν}_x (nx^{2n} − τx^{2n+1}) − xτ∂^{n−ν}_x (nx^{2n} − τx^{2n+1}) + x∂^{n−ν}_x ( 2n^2x^{2n−1} − (2n + 1)τx^{2n} )) dx = ∞∫ 0 f(x)e^{−xτ} n∑ ν=0 (−1)^{ν+1} ( n ν ) (τx)^{n+ν} Γ(2n + 1)

Γ(n + ν + 1) × ( 2n + 1

n + ν + 1

(τx)^2 −

( 2n + 1

n + ν + 1

+ 3n + 1 ) τx + n(n + ν + 1) ) dx. Similarly, we have ∞∫ 0 D_n(xf(x)) · D_n(xe^{−xτ} ) dx

= (−τ)^{(n−1)} ∞∫ 0 ∂^n_x ( x(xf(x))^′ )( x^2τ^2 − (2n + 1)xτ + n^2 ) e^{−xτ} x^{2n}dx

= −τ^{(n−1)} ∞∫ 0 ( xf(x) + x^2f^′(x) ) ∂^n_x ( x^{2n+2}τ^2 − (2n + 1)x^{2n+1}τ + n^2x^{2n} ) e^{−xτ} dx

1036 K. Amano et. al.

= −τ^{(n−1)} ∞∫ 0 f(x) ( x∂^n_x ( x^{2n+2}τ^2 − (2n + 1)x^{2n+1}τ + n^2x^{2n} ) e^{−xτ} − ∂_x ( x^2∂^n_x ( x^{2n+2}τ^2 − (2n + 1)x^{2n+1}τ + n^2x^{2n} ) e^{−xτ} )) dx = τ^{(n−1)} ∞∫ 0 f(x) ( x∂^n_x ( x^{2n+2}τ^2 − (2n + 1)x^{2n+1}τ + n^2x^{2n} ) e^{−xτ} + x^2∂^n_x ∂_x ( x^{2n+2}τ^2 − (2n + 1)x^{2n+1}τ + n^2x^{2n} ) e^{−xτ} ) dx = τ^{(n−1)} ∞∫ 0 f(x) ( x∂^n_x ( x^{2n+2}τ^2 − (2n + 1)x^{2n+1}τ + n^2x^{2n} ) e^{−xτ} − x^2∂^n_x ( τ^3x^{2n+2} − (4n + 3)τ^2x^{2n+1} + (5n^2 + 4n + 1)τx^{2n} − 2n^3x^{2n−1} ) e^{−xτ} ) dx = τ^{(n−1)} ∞∫ 0 f(x)e^{−xτ} n∑ ν=0 ( n v ) (−τ)^ν × ( x∂^{n−ν}_x ( x^{2n+2}τ^2 − (2n + 1)x^{2n+1}τ + n^2x^{2n} ) − x^2∂^{n−ν}_x ( τ^3x^{2n+2} − (4n + 3)τ^2x^{2n+1} + (5n^2 + 4n + 1)τx^{2n} − 2n^3x^{2n−1} )) dx = ∞∫ 0 f(x)e^{−xτ} n∑ ν=0 (−1)^{ν+1} ( n v ) Γ(2n + 1)

Γ(n + v + 1) x^2(xτ)^{n+ν−1}

× ( 4n^2 + 6n + 2

(n + ν + 1)(n + ν + 2)

(τx)^3 −

8 + 3ν + 29n + 10nν + 30n^2 + 8n^2ν + 8n^3

(n + ν + 1)(n + ν + 2)

(τx)^2 + 2 + ν + 9n + 4nν + 13n^2 + 5n^2ν + 5n^3

n + ν + 1 τx − n^2(n + ν + 1) ) dx. Therefore, from Lemma 3 we have the desired real inversion formula (2)

4. Concluding remark

The integrals (6) are effectively computable by using the Mellin transform

(Mf)(q − it) = ∞∫ 0 f(x)x^{q−it−1}dx.

Indeed, note the identity 2π ∞∫ 0 |D_nf(x)|^2x^{2q−1}dx

A Real Inversion Formula 1037

= ∞∫ −∞ |(Mf)(q − it)|^2(q^2 + t^2)^2{(q + 1)^2 + t^2} · · · {(q + n − 1)^2 + t^2}dt (q > 0)

[11: Page 207/Formula (28)]. Hence,

2π ∞∫ 0 |D_nf(x)|^2dx = ∞∫ −∞ | |(Mf) (1 2 − it )| |^2 {( 1 2 )_2

+ t^2

}_2{( 1 2 + 1 )_2

+ t^2 } · · · {( 1 2 + n − 1

)_2 + t^2 } dt,

and so the first part of (6) is

I = ∞∑ n=0 1 n!(n + 1)! ∞∫ 0 |D_nf(x)|^2dx

= 1 2π ∞∑ n=0 1 n!(n + 1)! ∞∫ −∞ | |(Mf) (1 2 − it )| |^2 {( 1 2 )_2 + t^2

} |Γ( 1_2 + n + it)|2

|Γ(^1_2 + it)|^2 dt.

However, by using the famous Gauss formula

F (a, b; c; 1) = Γ(c)Γ(c − a − b) Γ(c − a)Γ(c − b) ( c ∉ −N_0 , Re(c − a − b) > 0 )

with

F (a, b; c; 1) =

Γ(c) Γ(a)Γ(b) ∞∑ n=0 Γ(a + n)Γ(b + n) n! Γ(c + n)

[1: p. 556/15.1.10 and 15.1.1], we have

I = 1 2π ∞∫ −∞ | | |(Mf) (1 2 − it )| |^2 {( 1 2 )_2

+ t^2 }_2 dt | |Γ(^1_2 + it) | |^2

(10)

[11: p. 205/Formula (22)]. The second part of (6) can be handled similarly by using the transformation rule in the Mellin transform M(xf(x))(q − it) = (Mf)(q + 1 − it). The series in (10) is estimated by the behavior of the Mellin transform (Mf)(^1_2 − it) at infinity, in some cases. For example, if (Mf)(^1_2 − it) is a continuous function in t ∈ R and | |(Mf)(^1_2 − it) | | = O(|t|be−^π_2 |t|) (|t| → ∞) for any fixed b < −^1_2 , then (10)

converges, from |Γ(x + iy)| ∼ √ 2π|y|^{x− 12} e^{− π2 |y|}e^{−x} (|y| → ∞) [6]. Acknowledgment. This research was partially supported by the Japanese Ministry of Education, Science, Sports and Culture; Grant-in-Aid Scientific Research, Kiban Kenkyuu (A)(1), 10304009. The work of the third author was also supported by Development of Undergraduate Education Project (DUE-Project), Lampung University, Indonesia.

1038 K. Amano et. al.

References

[1] Abramowitz, M. and I. A. Stegun: Handbook of Mathematical Functions with Formulas, Graphs and Mathematical Tables. Washington D.C.: U.S. Govt. Print. Office 1972.

[2] Amano, K., Saitoh, S. and M. Yamamoto: Error estimates of the real inversion formulas of the Laplace transform. Preprint. Tokyo: Graduate School Math. Sci. Univ., Preprint Series 98-29.

[3] Byun, D.-W. and S. Saitoh: A real inversion formula for the Laplace transform. Z. Anal.

Anw. 12 (1993), 597 – 603.

[4] Kajiwara, J. and M. Tsuji: Program for the numerical analysis of inverse formula for the Laplace transform. In: Proc. 2nd Korean-Japanese Coll. Finite and Infinite Dimensional Complex Analysis (ed.: J. Kajiwara et al.). Fukuoka: Kyushu Univ. Co-op. 1994, pp. 93 – 107.

[5] Kajiwara, J. and M. Tsuji: Inverse formula for Laplace transform. In: Proc. 5th Int.

Coll. Diff. Equ. (ed.: B. Bainov and V. Covachev). Plovdiv: VSP 1995, pp. 163 – 172. [6] Kilbas, A. A. and M. Saigo: On the H-function. J. Appl. Math. Stochatic Anal. 12 (1999) (in press).

[7] Gradshteyn, I. S. and I. M. Ryzhik: Table of Integrals, Series, and Products. New York:

Acad. Press 1980.

[8] Ramm, A. G.: Multidimensional Inverse Scattering Problems (Pitman Mon. Sur. Pure Appl. Math.: Vol. 51). Harlow, Essex: Longman Sci. and Techn. 1992.

[9] Saitoh, S.: Hilbert spaces induced by Hilbert space valued functions. Proc. Amer. Math.

Soc. 89 (1983), 74 – 78.

[10] Saitoh, S.: One approach to some general integral transforms and its applications. Int.

Transf. and Spec. Funct. 3 (1995), 49 – 84.

[11] Saitoh, S.: Integral Transforms, Reproducing Kernels and their Applications (Pitman Res.

Notes Math. Ser.: Vol. 369). Harlow, Essex: Addison Wesley Longman 1997. [12] Saitoh, S. and M. Yamamoto: Stability of Lipschitz type in determination of initial heat distribution. J. Inequ. Appl. 1 (1997), 73 – 83.

[13] Widder, D. V.: The Laplace Transform. Princeton (N.J.): Univ. Press 1992.

Received 02.02.1999; in revised form 09.08.1999