Zeitschrift für Analysis und ihre Anwendungen Journal for Analysis and its Applications Volume 19 (2000), No. 1, 269–278

On Infinite-Horizon Optimal Control Problems

S. Effati, A. V. Kamyad and R. A. Kamyabi-Gol

Abstract. In this paper, we consider infinite-horizon optimal control problems. First, by a suitable change of variable, we transform the problem to a finite-horizon nonlinear optimal control problem. Then the problem is modified into one consisting of the minimization of a linear functional over a set of positive Radon measure. The optimal measure is approximated by a finite combination of atomic measures and the approximate solution of the fist problem is find by the optimal solution of a finite-dimensional linear programming problem. The solution of this problem is used to find a piecewise constant control for the original one, and finally by using the approximate control signals we obtain the approximate trajectories.

Keywords: Infinite-horizon problems, measure theory, optimal control, linear programming AMS subject classification: 49 J 15

1. Introduction

A powerful method has recently been used to solve optimal control problems, replacing the classical problem by problems in measure spaces (see, for example, Wilson and Rubio [18], Rubio [13 - 14], Kamyad et al. [10], Farahi et al. [8], and Effati [6]). Smirnov [16] presents necessary conditions of optimality for an infinite-horizon optimal control problem (see also [8]). The maximum principle for this problem without transversality conditions at infinity appeared in [4, 12]. Transversality conditions were derived by Aubin and Clarke [1], Michel [11] (a non-smooth version of this result appeared in [7, 19] for some dynamical optimization problems arising from mathematical economics).

In this paper, we transform the infinite-horizon problem to a finite-horizon problem, that is, the interval [0, ∞) to [0, 1). First we construct a sequence of compact intervals {[0, 1 −^1_n ]}_{n≥1} which approach [0, 1) when n → ∞. Hence by constructing a sequence, we reduce the above problem to the known cases, that is to a problem on compact sets. By choosing a big positive number n = n_0 we obtain an approximate solution of the problem in the closed interval [0, 1 −^1_{n0} ]. Of course, if we choose n_0 be very large, we could get a better approximation for the original problem. The aim of this paper is to derive optimal control û and the corresponding trajectory x̂ for infinite-horizon optimal control problem by using measure theory. We now consider infinite-horizon optimal control problems with fixed and point x(0) = x^0 and lim_{t→∞} x(t) = x^1 = 0.

Let us consider the problem inf ∫_∞ 0 φ(t, x(t), u(t)) dt (1) All authors: Ferdowsi Univ. Mashhad, Dept. Math., Mashhad, Iran; effati@science2.um.ac.ir

ISSN 0232-2064 / $ 2.50 © Heldermann Verlag Berlin

270 S. Effati et al.

subject to x^′(t) = f(t, x(t), u(t)) (2) u(t) ∈ U ⊆ R^k , U compact (3)

x(0) = x^0, lim_{t→∞} x(t) = x^1 = 0 (4)

x(t) ∈ A ⊆ R^n , A compact

where f : [0, ∞) × R^n × U → R^n φ : [0, ∞) × R^n × U → R are Lebesgue integrable functions so that they are continuously differentiable in x, and

φ(t) > 0 for all t ∈ [0, ∞). A pair

w = [x, u] with { x : [0, ∞) → R^n u : [0, ∞) → R^k is said to be admissible if u is measurable and bounded, the trajectory function x is

absolutely continuous, and conditions (2) - (4) are satisfied. We say that an admissible

pair ŵ = [x̂, û] is an optimal solution of problem (1) - (4) if ∫_∞ 0 φ(t, x(t), u(t)) dt ≥ ∫_∞ 0 φ(t, x̂(t), û(t)) dt. for any admissible pair w = [x, u]. Also, we assume that the set Υ of all admissible

pairs is non-empty.

2. Transformation of infinite- to finite-horizon problems

In this section, by a change of variable, we transform the interval [0, ∞) to [0, 1), and

then obtain optimal control and the corresponding trajectory in this interval. The

change of variable is

θ =^2_π tan^{−1}(t) or t = tan (_π 2 θ ) . (5)

Then the above problem is transformed into the variational nonlinear optimal control

problem inf ∫ [0,1) π 2 φ ( tan (_π 2 θ ) , x ( tan (_π 2 θ )) , u ( tan (_π 2 θ ))) sec^2 (_π 2 θ ) dθ subject to x^′ ( tan (_π 2 θ )) = f ( tan (_π 2 θ ) , x ( tan (_π 2 θ )) , u ( tan (_π 2 θ ))) u ( tan (_π 2 θ )) ∈ U ⊆ R^k x(0) = x^0, lim_{θ→1−} x ( tan (_π 2 θ )) = x^1 = 0 x ( tan (_π 2 θ )) ∈ A ⊆ R^n .

Infinite-Horizon Optimal Control Problems 271

Assume y(θ) = x ( tan (_π 2 θ )) v(θ) = u ( tan (_π 2 θ )) . }

Then we get the variational problem inf ∫ [0,1) φ ( tan (_π 2 θ ) , y(θ), v(θ) )_π 2 sec^2 (_π 2 θ ) dθ (6)

subject to

y^′(θ) =^π_2 f ( tan (_π 2 θ ) , y(θ), v(θ) ) sec^2 (_π 2 θ ) (7) v(θ) ∈ U ⊆ R^k (8) y(0) = y^0 = x^0, lim_{θ→1−} y(θ) = y^1 = 0 (9) y(θ) ∈ A ⊆ R^n .

3. Classical control problems

We may transform the above control problems to an infinite-dimensional linear program-

ming problem. Let us consider Ω = J × A × U, where J = [0, 1). Assume J_ε = [0, 1 − ε]

and Ω_ε = J_ε × A × U. Since J_ε, U and A are compact subsets of R, R^k and R^n , re-

spectively, then Ω_ε is a compact subset of R^{1+k+n} , and Ω_ε approaches to Ω as ε → 0.

Let w = [y, v] be an admissible pair for the variational problem and B an open ball in

R^{n+1} containing J × A. Let C^′(B) be the space of all bounded real-valued continuously

differentiable functions on B such that the first derivative is also bounded.

Let ϕ ∈ C^′(B) and define the function ϕ^g by ϕ^g(θ, y(θ), v(θ)) = ϕ_y(θ, y(θ)) g(θ, y(θ), v(θ)) + ϕ_θ(θ, y(θ)) (10) with (θ, y(θ), v(θ)) ∈ Ω for all θ ∈ [0, 1), where the function g : Ω → R^n is defined by g(θ, y(θ), v(θ)) = f ( tan (_π 2 θ ) , y(θ), v(θ) )_π 2 sec^2 (_π 2 θ ) . Further, define the function f_0 : Ω → R by f_0(θ, y(θ), v(θ)) = φ ( tan (_π 2 θ ) , y(θ), v(θ) )_π 2 sec^2 (_π 2 θ ) . By these definitions, the problem in Section 2 is transformed to the problem to find the

infimum of the functional I[y, v] = ∫ [0,1) f_0(θ, y(θ), v(θ)) dθ (11)

272 S. Effati et al.

subject to y^′(θ) = g(θ, y(θ), v(θ)) (12) v(θ) ∈ U ⊆ R^k (13) y(0) = y^0 = x^0, lim_{θ→1−} y(θ) = y^1 = 0 (14) y(θ) ∈ A ⊆ R^n . Since w = [y, v] is an admissible pair, we have ∫ [0,1) ϕ^g(θ, y(θ), v(θ)) dθ = ∫ [0,1) ( ϕ_y(θ, y(θ))y^′(θ) + ϕ_θ(θ, y(θ)) ) dθ = ∫ [0,1) ϕ^′(θ, y(θ)) dθ = ϕ(1, y^1) − ϕ(0, y^0)

= Δϕ

(15)

for all ϕ ∈ C^′(B). Let D(J^∘) be the space of infinitely differentiable real-valued functions with compact support in J^∘ (see [17]), where J^∘ = (0, 1). Define ψ_j (θ, y(θ), v(θ)) = y_j(θ)ψ^′(θ) + g_j(θ, y(θ), v(θ))ψ(θ) (16) for j = 1, 2, ..., n_1 and all ψ ∈ D(J^∘). Then, if w = [y, v] is an admissible pair, we have for j = 1, 2, ..., n_1 and ψ ∈ D(J^∘) ∫ [0,1) ψ_j (θ, y(θ), v(θ)) dθ = ∫ [0,1) y_j (θ)ψ^′(θ) dθ + ∫ [0,1) g_j (θ, y(θ), v(θ))ψ(θ) dθ = y_j(θ)ψ(θ) | |_J − ∫ [0,1) ( y^′_j (θ) − g_j(θ, y(θ), v(θ)) ) ψ(θ) dθ = 0 since the trajectory and control functions in an admissible pair satisfy (12) on J^∘, and since the function ψ has compact support in J^o, ψ(0) = ψ(1) = 0. And also, by choosing a functions which depend only to the variable θ, we have ∫ [0,1) f(θ, y(θ), v(θ)) dθ = a_f (f ∈ C_1(Ω)) where C_1(Ω) is a subspace of the space C(Ω) of all bounded continuous functions on Ω depending only on the variable θ.

The mapping

Λ_w : F → ∫ J F (θ, y(θ), v(θ)) dθ (F ∈ C_{00}(Ω))

Infinite-Horizon Optimal Control Problems 273

defines a positive linear functional on C_{00}(Ω), the space of all bounded continuous functions with compact support. By the Riesz representation theorem (see [15: p. 40/Theorem 2.14]) there exists a unique positive Radon measure μ on Ω such that

Λ_w(F ) = ∫ J F (θ, y(θ), v(θ)) dθ = ∫ Ω F dμ ≡ μ(F ) (F ∈ C_{00}(Ω)). Thus, the minimization of the functional (11) over Υ is equivalent to the minimization of I(μ) = lim_{ε→0+} ∫ Ω_ε

f_0 dμ = ∫ Ω f_0dμ ≡ μ(f_0) ∈ R (17)

over the set of all measures μ corresponding to admissible pairs w, which satisfy μ(ϕ^g) = Δϕ (ϕ ∈ C^′(B) μ(ψ_j ) = 0 (j = 1, 2, ..., n_1; ψ ∈ D(J^∘)) μ(f) = a_f (f ∈ C_1(Ω)).

(18)

We shall consider the minimization of (17) over the set Q of all positive Radon measures on Ω satisfying (18). This is an infinite-dimensional linear programming problem, and all the functions in (17) - (18) are linear with respect to the measure μ. Furthermore, the measure μ is required to be positive.

Let M^+(Ω) be the set of all positive Radon measures on Ω. The functional I : Q → R defined by I(μ) = ∫ Ω f_0 dμ ≡ μ(f_0) ∈ R (μ ∈ Q) is a linear continuous functional on the set Q with weak^∗-topology. Let ε =^1_n and Ω_{1/n} = [0, 1 −^1_n ] × A × U for n ∈ N. Denote now Q_n = {μ ∈ M^+(Ω_{1/n}) : μ satisfies (18)}.

Lemma 3.1. Suppose m, n ∈ N and n > m. Then Q_m ⊂ Q_n ⊂ . . . ⊂ Q. (19) Proof. Since M^+(Ω_{1/m}) ⊂ M^+(Ω_{1/n}) ⊂ . . . ⊂ M^+(Ω), this implies (19) Lemma 3.2. If I(μ) = ∫ Ω f_0dμ, I^∗ = inf_Q I(μ) and I^∗_n = inf_{Qn} I(μ), then lim_{n→∞} I^∗_n = I^∗.

Proof. From Lemma 3.1, for n > m we have −∞ < inf_Q I(μ) = I^∗ ≤ inf_{Qn} I(μ) = I^∗_n ≤ inf_{Qm} I(μ) = I^∗_m.

Therefore the sequence {I^∗_n} is non-increasing and bounded below; it converges, to a number c ≥ inf_Q I(μ). Suppose that c > inf_Q I(μ). Then there is a v ∈ Q such that c > I(v) ≥ inf_Q I(μ). (20)

By Lemma 3.1 there is an h ∈ N such that v ∈ Q_h. We have I(v) ≥ inf_{Qh} I(μ) = I^∗_h. Then I(v) ≥ c and this is a contradiction to (20). Thus c = inf_Q I(μ)

274 S. Effati et al.

Lemma 3.3. Let m, n ∈ N with m > n, I_n(μ) = ∫ Ω_{1/n} f0dμ and I(μ) = ∫ Ω f_0dμ.

Then lim_{n→∞} inf_Q I_n(μ) = inf_Q I(μ).

Proof. Since f_0 is non-negative on [0, 1) and I_n(μ) < I_m(μ) < . . . < I(μ) = ∫ Ω f_0dμ, it follows that inf_Q I_n(μ) ≤ inf_Q I_m(μ) ≤ . . . ≤ inf_Q I(μ). (21) Thus, the sequence {inf_Q I_n(μ)} is increasing and bounded from above; so

lim_{n→∞} inf_Q I_n(μ) = sup_n ( inf_Q I_n(μ) ) = inf_Q I(μ)

(for the second equality see (21))

Theorem 3.1. If I_n(μ) = ∫ Ω_{1/n} f0dμ and I(μ) = ∫ Ω f_0dμ, then

lim_{n→∞} inf_{Qn} I_n(μ) = inf_Q I(μ).

Proof. From Lemmas 3.2 and 3.3 we have lim_{n→∞} inf_{Qn} I(μ) = lim_{n→∞} inf_Q I_n(μ) = inf_Q I(μ)

and since inf_Q I_n(μ) ≤ inf_{Qn} I_n(μ) ≤ inf_{Qn} I(μ).

Thus lim_{n→∞} inf_{Qn} I_n(μ) = inf_Q I(μ) and the statement is proved

Remark 3.1. Note that Ω here is not a compact space. For the compact case Rubio in [13] has shown that Q is weak^∗-compact. But in our situation, by using the Banach-Alaoglu Theorem, one can show that Q actually is weak^∗-compact.

4. Approximation

We now estimate the optimal control by a nearly-optimal piecewise constant control. We first assume n be a large number n = n_0. Then we minimize the functional

I_{n0} (μ) = ∫ Ω_{1/n0} f_0dμ

over a subset of M^+(Ω_{1/n0} ) which is defined by requiring only a finite number of the constraints in (18) to be satidfied (still infinite-dimensional). This will be achieved by choosing countable sets of functions whose linear combinations are dense in the appropriate spaces, and then selecting a finite number of them. In the first step, we

Infinite-Horizon Optimal Control Problems 275

obtain an approximation to the optimal measure μ^∗ by a finite combination of atomic measures, that is from [13: Theorem A.5] μ^∗ has the form

μ^∗ = N∑ i=1 α^∗_i δ_z∗_i (α_i ≥ 0, z^∗_i ∈ Ω 1_{n0} ).

Here δ_z is the unitary atomic measure characterized by δ_z(F ) = F (z) where F ∈ C_{00}(Ω_{1/n0} ) and z ∈ Ω_{1/n0} . Then we construct a piecewise constant control function corresponding to the finite-dimensional problem. Therefore in the infinte-dimensional linear programming problem (17) with restriction defined by (18) we shall consider only a finite number M_1 of the functions ϕ of the type ϕ_1 = y_1, ϕ_2 = y_2, ..., ϕ_n = y_n ϕ_{n+1} = y^2_1, ϕ_{n+2} = y^2, ...

and, also, only a finite number of functions ψ^k (k = 1, 2, ..., M_2) defined in (16), when the functions ψ in (16) are of the form sin(2πrθ), 1 − cos(2πrθ) (r ∈ N) are considered. Also, only a finite number L of functions f of the type

f_s(θ) = { 1 if θ ∈ J_s 0 otherwise with J_s = ( s − 1 L , s L ) (s = 1, . . . , L) will be considered. The set Ω_{1/n0} = J_{1/n0} × A × U will be covered with a grid, where the grid will be defined by taking all points in Ω_{1/n0} as

Z_j = ( θ_j , y_{1j} , y_{2j} , . . . , y_{nj} , v_{1j} , v_{2j} , . . . , v_{kj} ) ; the points in the grid will be numbered sequentially from 1 to N. Of course, we only need to construct the control function, since the trajectory is then simply the corresponding solution of the differential equation (12), which can be estimated numerically. Thus, instead of the infinite-dimensional linear programming problem (17) with restriction defined by (18) can be approximated by the following linear programming problem which Z_i for i = 1, . . . , N belongs to a dense subset Ω_{1/n0} .

The linear programming problem consists of minimizing the linear form N∑ j=1 α_jf_0(Z_j )

over the set α_j ≥ 0, subject to N∑ j=1 α_j ϕ^g_i (Z_j ) = Δϕ_i (i = 1, ..., M_1) N∑ j=1 α_j ψ^k(Z_j) = 0 (k = 1, ..., M_2) N∑ j=1 α_j f_s(t_j) = a_f (s = 1, ..., L).

276 S. Effati et al.

Therefore, by solving this problem, we get the coefficients α_j (j = 1, ..., N), and then we construct a piecewise constant control function; that is, from analysis Rubio (see [13]) we obtain the piecewise constant control function v, and then from (12) obtains the trajectory function y.

5. Numerical example

Consider the problem

inf^1_2 ∫_∞ 0 (x^2(t) + αu^2(t)) dt,

α constant, subject to x^{′′}(t) = −x^′(t) + u(t) where x(0) = x^′(0) = 0.1 and lim_{t→∞} x(t) = lim_{t→∞} x^′(t) = 0. Suppose x_1(t) = x(t), x_2(t) = x^′(t), and α = 4. Then the above problem transform into the form

inf^1_2 ∫_∞ 0 (x^2_1(t) + 4u^2(t)) dt

subject to x^′_1(t) = x_2(t) x^′_2(t) = −x_2(t) + u(t) }

where x_1(0) = x_2(0) = 0.1 and lim_{t→∞} x_1(t) = lim_{t→∞} x_2(t) = 0. Using the Euler- Lagrange equations (see [17]), we obtain the optimal paths as

x_1(t) = [ 0.1 + ( 0.1 + 0.1 √ 2 ) t ] exp ( −t √ 2 )

x_2(t) = [ 0.1 − ( 0.1 + 0.1 √ 2 ) t √ 2 ] exp ( −t √ 2 ) . Now by a suitable change of variable in (5), the problem is transformed into the variational problem inf ∫ [0,1) π 4 (y^2_1(θ) + 4v^2(θ)) sec^2 (_π 2 θ ) dθ subject to y^′_1(θ) =^π_2 y_2(θ) sec^2 (_π 2 θ ) y^′_2(θ) =^π_2 (−y_2(θ) + v(θ)) sec^2 (_π 2 θ ) }

where y_1(0) = y_2(0) = 0.1 and lim_{θ→1}− y_1(θ) = lim_{θ→1}− y_2(θ) = 0.

Let θ ∈ J_{1/n0} = [0, 1 −^1_{n0} ],^1_{n0} = 0.01, and y(θ) = [y_1(θ), y_2(θ)] ∈ A = A_1 × A_2, where A_1 = [0, 0.1] and A_2 = [−0.08, 0.1]. And let the set J_{1/n0} = [0, 1 −^1_{n0} ] be divided into 15 equal subintervals, the sets A_1, A_2 and U = [−1, 1] be devided into 10 equal subintervals, so that Ω_{1/n0} = J_{1/n0} × A × U is devided into 15000 equal subsets. We assumed Z_p = (θ_p, y_{1p} , y_{2p} , v_p) (p = 1, . . . , 15000)

Infinite-Horizon Optimal Control Problems 277

where

p = i + 10(j − 1) + 100(k − 1) + 1000(l − 1) ( i, j, k = 1, . . . , 10 l = 1, . . . , 15 ) ,

y_{1p} = 1 100 (i), y_{2p} = − 1 10 + 2 100 (j), v_p = −1 + 2 100 (k)

θ_p = 0.8 10 (l) for l = 1, . . . , 10 0.9 + 0.02(l − 10) for l = 11, . . . , 14

0.99

15 (l) for l = 15, M_1 = 2, M_2 = 8 and L = 15. In this example, the optimal value of the cost function is 0.1102. Graphs of the piecewise constant control function and the trajectory functions can be seen in Figure 1 - 3.

Figure 1: Piecewise constant optimal control

Figure 2: Solid line precise solution Figure 3: Solid line precise solution (ooooo represents approximate solution) Note. One should note that we have not discussed the rate of accuracy near the end point: that is when the index is making larger, we get a better accuracy, but what is the rate of this accuracy?

This problem needs more work and we appreciate the referees for evaluate suggestions and especially for this note which brings to our attention.

278 S. Effati et al.

References

[1] Aubin, J. P. and F. H. Clarke: Shadow prices and duality for a class of optimal control problems. Siam J. Control 17 (1976), 567 – 587.

[2] Blot, J. and P. Michel: First-order necessary conditions for infinite-horizon variational problems. J. Optim. Theory Appl. 88 (1996), 339 – 364.

[3] Burghes, D. N. and A. Graham: Introduction to Control Theory Including Optimal Control. Chichester: Ellis Horwood 1980.

[4] Carlson, D. A. and A. Haurie: Infinite-Horizon Optimal Control (Lect. Notes Econ. Math.

Systems: Vol. 290). Berlin: Springer-Verlag 1987.

[5] Choquet, G.: Lectures on Analysis. New York: Benjamin 1969.

[6] Effati, S. and A. V. Kamyad: Solution of boundary value problems for linear second order ode’s by using measure theory. J. Anal. 6 (1998), 139 – 149.

[7] Ekeland, I.: Some variational problems arising from mathematical economics. Lect. Notes Math. 1330 (1988), 1 – 18.

[8] Farahi, M. H., Rubio, J. E. and D. A. Wilson: The optimal control of the linear wave equation. Int. J. Control 63 (1995), 833 – 848.

[9] Gass, S. I.: Linear Programming. New York: McGraw-Hill 1985.

[10] Kamyad, A. V., Rubio, J. E. and D. A. Wilson: Optimal control of multidimensional diffusion equation. J. Optim. Theory Appl. 70 (1991), 191 – 209.

[11] Michel, P.: On the transversality condition in infinite-horizon optimal problems. Econometrica 50 (1992), 976 – 985.

[12] Pontryagin, L. S., Boltyanski, V. S., Gamkrelidze, R. V. and E. F. Mischenko: The Mathematical Theory of Optimal Processes. New York: Wiley Intersci. 1962.

[13] Rubio, J. E.: Control and Optimization. The Linear Treatment of Non-Linear Problems.

Manchester (U.K.): Univ. Press 1986.

[14] Rubio, J. E.: The global control of nonlinear elliptic equations. J. Franklin Inst. 330 (1993), 29 – 35.

[15] Rudin, W.: Real and Complex Analysis. Madison (USA): Math. Univ. Wisconsin 1966. [16] Smirnov, G. V.: Transversality condition for infinite-horizon problems. J. Optim. Theory Appl. 88 (1996), 671 – 688.

[17] Treves, F.: Topological Vector Spaces, Distributions and Kernels. New York - London:

Acad. Press 1967.

[18] Wilson, D. A. and J. E. Rubio: Existence of optimal control for the diffusion equation. J.

Optim. Theory Appl. 22 (1977), 91 – 100.

[19] Ye, J. J.: Nonsmooth maximum principle for infinite-horizon problems. J. Optim. Theory Appl. 76 (1993), 485 – 500.

Received 30.12.1998; in revised form 05.10.1999