S. V. Vostokov, P. M. Vinnik

VYQISLENIE QISLA PREDSTAVLENI` �LEMENTOV POL˚ GF(p) V VIDE SUMMY l-YH STEPENE`

1. Vvedenie. NastoØwaØ rabota ØvlØetsØ obobweniem raboty

[1] na sluqaæ predstavleniØ fflementov summami proizvol~nyh stepeneæ, a ne summami kvadratov. Ispol~zuemye metody i poluqennye rezul~taty, v celom, analogiqny metodam i rezul~- tatam [1], odnako poØvlØetsØ svoØ specifika, svØzannaØ s tem, qto vewestvennoe kvadratiqnoe rasxirenie polØ Q zamenØetsØ rasxireniØmi polØ Q bol~xeæ stepeni, kotorye ØvlØ¸tsØ podrasxireniØmi maksimal~nogo vewestvennogo podpolØ Q(ζ_p)^+ krugovogo polØ Q(ζ_p).

Itak, pust~ zadany l > 1, p – prostoe qislo, takoe qto p ≡ 1 mod l, natural~noe k ¿ 2. Qerez R = F^{∗l}_p oboznaqaetsØ podgruppa l-stepeneæ mul~tiplikativnoæ gruppy polØ. DlØ l¸bogo b ∈ F_p oboznaqim qerez t_b qislo naborov (α_a)_{a∈R}, takih qto α_a ∈ {0, 1, . . . , k − 1} i ∑ a∈R α_aa = b. Oqevidno, qto esli c ∈ bR,

to t_c = t_b, to est~ t_b zavisit tol~ko ot klassa smeßnosti bR

v Fp. Qerez r, n2, . . . , n1, z budet oboznaqat~sØ tb, esli b ∈ R,

b ∈ N_2, . . . , b ∈ N_l, b = 0 sootvetstvenno (N_2, . . . , N_l – ffto klassy smeßnosti nevyqetov l-oæ stepeni). Polagaem A = z + r ∑ a∈R ζ^a_p + n_2 ∑ a∈N2 ζ^a_p + . . . + n_l ∑ a∈N_l ζ^a_p . F = Q^{( ∑}_{a∈R} ζ^a_p^);

L = Q(ζp)^+ ;

– = min(k mod p, −k mod p).

2. Pust~ p = 1 + 2lm dlØ nekotorogo m ∈ N (ffto zavedomo tak

dlØ neqetnogo l). 68

VYQISLENIE QISLA PREDSTAVLENI` 69

Teorema 1.

1) Esli k ≡ 0 mod p, to r = n_2 = . . . = n_l = z.

2) Esli k – vyqet l-oæ stepeni po modul¸ p, to r = n_2 = . . . = n_l = z − 1.

3) Esli k – nevyqet l-oæ stepeni po modul¸ p, to togda N_{L/F} (ξ^2–) = A, gde ξ– = ζ^1

�–_{2p}

(1 + ζ_p + . . . + ζ–^{−1}_p ) – odna iz obrazu¸wih gruppy C_+ krugovyh edinic polØ L.

Dokazatel~stvo. V toqnosti kak v [1], rassmotrim algebru Q[x]/(x^p − 1) i gomomorfizm

σ : Q[x]/(x^p − 1) → Q(ζp),^(gde ζp = e^{2πip )},

takoæ, qto σ(x) = ζ_p.

Predstavim T = ∏ a∈R ( 1 + x^a + . . . + x^{(k−1)a} ) ∈ Q[x]/(x^p − 1)

v vide mnogoqlena t_0 + t_1x + . . . + t_{p−1}x^{p−1} stepeni ne vyxe p − 1. Togda t_b dlØ b = 0, 1, . . . , p − 1 budut sovpadat~ s temi, kotorye my vveli v punkte 1. Pust~ σ(T ) – obraz T pri gomomorfizme σ. Togda, s odnoæ storony, σ(T ) = A. S drugoæ storny,

σ(T ) = ∏ a∈R ( 1 + ζ^a_p + . . . + ζ^{(k−1)a}_p ) = ∏ a∈R 1 − ζ^{ka}_p 1 − ζ^a_p . Legko proverit~, qto σ(T ) = 0, 1 dlØ sluqaev 1), 2) teoremy 1.

V sluqae 3) soglasno [2, Lemma 8.1]

ξ_i = ζ^1

�i_{2p} ( 1 + ζ_p + . . . + ζ^{i−1}_p )

70 S. V. VOSTOKOV, P. M. VINNIK pri 1 < i <^p_2 i −1 ØvlØ¸tsØ obrazu¸wimi gruppy C_+ polØ

L = Q(ζp)+. Tak kak −1 ØvlØetsØ vyqetom, to (1 < – <^p_2 )

ξ^2– = ( ζ^{− (} –�1)_2

+ ζ^{− (}

–�1)_{2 +1} + . . . + ζ^{− (}

–�1)_{2 −1} + ζ^(

–�1)_2 )_2 = = – + (– − 1)(ζp + ζ^{−1}_p ) + (– − 2)(ζ^2_p + ζ^{−2}_p ) + . . . + +2 ( ζ^(–^{−2)} p + ζ^{−(}–^{−2)} p ) + ( ζ^(–^{−1)} p + ζ^{−(}–^{−1)} p ) = = ( 1 + ζ_p + ζ^2_p + . . . + ζ^(–^{−1)}_p )( 1 + ζ^{−1}_p + ζ^{−2}_p + . . . + ζ^{−(}–^{−1)}_p ) = = 1 − ζ^k_p 1 − ζ_p · 1 − ζ^{−k}_p 1 − ζ^{−1}_p . �lementy ζ^{ai}_p + ζ^{−ai}_p i ζ^{bi}_p + ζ^{−bi}_p dlØ a, b ∈ R/ ± 1 i l¸bogo i soprØßeny nad F . Pofftomu

N_{L/F} (ξ^2– ) = ∏ a∈R/±1 ( 1 − ζ^{ak}_p 1 − ζ_p · 1 − ζ^{−ak}_p 1 − ζ^{−a}_p ) = ∏ a∈R ( 1 − ζ^{ak}_p 1 − ζ^a_p ) = A. 3. Pust~ teper~ l = 2^αl0, gde (l0, 2) = 1, α ¿ 1, p = 1 + lm,

(m, 2) = 1, m > 1.

Teorema 2.

1) Esli k ≡ 0 mod p, to r = n_2 = . . . = n_l = z.

2) Esli k – vyqet l-oæ stepeni po modul¸ p, to r = n_2 = . . . = n_l = z − 1.

3) Esli k – nevyqet l-oæ stepeni, no vyqet 2^{α−1}l_0-oæ stepeni po modul¸ p, to r = n_2 = . . . = n_l = z + 1.

4) Esli k – nevyqet 2^{α−1}l_0-oæ stepeni po modul¸ p, to togda N_{L/F1} (ξ^2–) = A^2, gde ξ– = ζ^1

�–_{2p}

(1 + ζ_p + . . . + ζ–^{−1}_p ) – odna iz obrazu¸wih gruppy C_+ krugovyh edinic polØ L F_1 = Q( ∑ a∈R1 ξ^a_p ), gde R_1 – podgruppa vyqetov stepeni

2^{α−1}l_0.

Dokazatel~stvo. DeæstvuØ kak v teoreme 1, nemedlenno imeem

σ(T ) = 0; 1 v sluqaØh 1) i 2) sootvetstvenno. Oqevidno, qto v

VYQISLENIE QISLA PREDSTAVLENI` 71 usloviØh teoremy – 1 ØvlØetsØ nevyqetom l-oæ stepeni, no vyqetom 2^{α−1}l_0-oæ stepeni po modul¸ p. Pofftomu v sluqae 3 imeem:

σ(T ) = ∏ a∈R ( 1 − ζ^{ak}_p 1 − ζ_p ) = ∏ a∈R ( 1 − ζ^{−(−ak)} p 1 − ζ_p ) = tak kak −k – vyqet l-oæ stepeni, to = ∏ (−ka)∈R (1 −^1_ζ�_{akp} ) ∏ a∈R (1 − ζ^a_p ) = ∏ b∈R (ζ^b_p − 1) ∏ a∈R (1 − ζ^a_p ) ∏ b∈R (ζ^b_p) =

= (−1)^{card R} ∏ a∈R (ζ^b_p) = (−1)^p

�1_l ζ P_{b2R b} p . Tak kak_{p−1} ∑ i=1 i^l = l · ∑ b∈R b, i tak kak p | p−1∑ i=1 i^l po teoreme Xtaudta, to v sluqae 3 okonqatel~no imeem: σ(T ) = = (−1)^p

�1_l

= −1.

V sluqae 4 pust~

A_1 = ∏ a−vyqet 2α�1_{l0} stepeni 1 − ζ^{ka}_p 1 − ζ^a_p =

= ∏ a−vyqet

2αl0 stepeni 1 − ζ^{ka}_p 1 − ζ^a_p · ∏ b−nevyqet

2αl0 stepeni,

no vyqet 2^α�^1l0 −stepeni

1 − ζ^{kb}_p 1 − ζ^b_p =

= ∏ a−vyqet

2αl0 stepeni 1 − ζ^{ka}_p 1 − ζ^a_p · ∏ −b−vyqet 2αl0 stepeni 1 − ζ^{−k(−b)} p 1 − ζ^{−(−b)} p = A^2.

Tak kak p = 1 + 2 · (2^{α−1}l_0)m, to po teoreme 1 A_1 = N_{L/F1} (ξ^2– ).

72 S. V. VOSTOKOV, P. M. VINNIK Takim obrazom, N_{L/F1} (ξ^2–) = A^2.

Zameqanie. Esli

A(k) = σ(T (k)) = ∏ a−vyqet

2αl0 stepeni 1 − ζ^{ka}_p 1 − ζ^a_p ,

to A(k) = −A(−k). Zameqanie. Poskol~ku obwee koliqestvo summ dlØ razliqnyh b ∈ Z/pZravno k^{p�1}2 , to imeet mesto ravenstvo z+^{p−1}_l (r+n2 +. . . +

+n_i) = k^p

�1_l

. Ots¸da i iz ravenstv teorem 1 i 2 legko nahodØtsØ r, n_2, . . . , n_l i z. Literatura

1. G. V. Abramov, P. M. Vinnik, Vyqislenie qisla predstavleniæ fflementov kol~ca Z=dZv vide summy kvadratov. — Zap. nauqn. semin. POMI 227 (1995), 5–8.

2. L. C. Washington, Introduction to cyclotomic fields. New York 1982.

Vostokov S. V., Vinnik P. M. The numbers of representations of elements of GF(p) as sums of lth degrees

The numbers of representations of elements of the field GF(p) as sums of invertible l degrees are calculated in this paper under the condition that each l degree occurs in the sum less than k times. The problem reduces to some calculations in cyclotomic fields. The results obtained are formulated in elementary form.

Postupilo 20 fevralØ 1997 g. S.-Peterburgskiæ gosudarstvennyæ universitet

Baltiæskiæ gosudarstvennyæ tehniqeskiæ universitet