V. I. Mysovskih, A. I. Skopin SVO`STVA VLOȷENI˚ NEPRIMARNYH PODGRUPP SIMMETRIQESKO` GRUPPY STEPENI VOSEM^

V rabote issledovany tipy podgrupp stepeni vosem~ v simmetriqeskoæ gruppe S_8, otliqnyh ot p-podgrupp. Pod tipom podgruppy ponimaetsØ naibolee sil~noe iz sledu¸wih svoæstv: slabaØ normal~nost~ [11], veernost~ ([1, 2]), polinormal~nost~ i paranormal~nost~ ([1, 3]), pronormal~nost~ i abnormal~nost~ ([8, 9, 1]), maksimal~nost~, normal~nost~, kotorym obladaet podgruppa v S_8. Sleduet otmetit~, qto issledovaniØ provodilis~ dlØ izuqeniØ voprosa ob ffkvivalentnosti ponØtiæ polinormal~nosti i paranormal~nosti v koneqnoæ gruppe. V svØzi s fftim p-podgruppy ne rassmatrivalis~, poskol~ku dlØ nih ffti ponØtiØ sovpada¸t [4]. Otmetim, qto tipy vseh podgrupp v simmetriqeskih gruppah ne vyxe sed~moæ stepeni issledovany v rabote [5].

Spisok klassov soprØßennyh podgrupp stepeni 8 v S_8 vzØt nami iz raboty [10] i my sohranili porØdok sledovaniØ podgrupp v nem, no ispol~zovali bolee sovremennye oboznaqeniØ. Rabota provodilas~ na komp~¸tere, v ramkah sistemy komp~¸ternoæ algebry GAP [12]. Interesno otmetit~, qto nezavisimoe postroenie rassmatrivaemyh nami podgrupp v GAP pokazalo polnotu spiska Millera [10]. Issledovanie svoæstv vloßeniØ fftih podgrupp v gruppu S_8 provodilos~ na osnove programm na Øzyke GAP, razrabotannyh na osnove opisannyh v [7] algoritmov. Privodimyæ dalee spisok tipov podgrupp po-suwestvu ØvlØetsØ prodolßeniem provedennoæ vruqnu¸ raboty, anonsirovannoæ v priloßenii k [6]. �ti vyqisleniØ podverglis~ maxinnoæ pereproverke s ispravleniem nekotoryh obnarußennyh netoqnosteæ.

OboznaqeniØ podgrupp zdes~ takie ße, kak i v [5], no znaqitel~naØ qast~ podgrupp zadana pri pomowi poroßda¸wih podstanovok. Tablica sostoit iz pØti stolbcov. V pervom ukazan porØdok podgruppy, vo vtorom – ee nomer sredi ravnoporØd- 124

SVO`STVA VLOȷENI˚ NEPRIMARNYH PODGRUPP 125

kovyh, v tret~em – oboznaqenie podgruppy. Qetvertyæ stolbec soderßit informaci¸ o porØdke i nomere normalizatora podgruppy v S_8, qto pozvolØet identificirovat~ ego s toqnost~¸ do soprØßennosti. Toqnoe znaqenie normalizatora moßet byt~ legko naædeno v sisteme GAP. Nakonec, v pØtom stolbce ukazan tip podgruppy v S_8. Poskol~ku svoæstva veernosti i slaboæ normal~nosti nikak ne svØzany, pri otsutstvii paranormal~nosti upominaem oba svoæstva. Sokrawenie sl.n. oznaqaet slabu¸ normal~nost~, a nsn – ee otsutstvie.

Neprimarnye podgruppy stepeni 8 v S_8

p No. podgruppa p No.n svoæstvo

6 1 ⟨(123)(456)⟩· S_{78} 72(3) ne veerna, nsn 2 A(⟨(123456)⟩ · S_{78}) 24(1) ne veerna, nsn 3 ⟨(123)(456),(12)(45)(78)⟩ 24(1) paranormal~na 4 ⟨(123)(456),(14)(26)(35)(78)⟩ 72(3) ne veerna, nsn 12 1 ⟨(123456)⟩ · S_{78} 24(1) veernaØ, sl.n.

2 ⟨(123)(456),(12)(45)⟩ · S_{78} 24(1) paranormal~na 3 ⟨(123)(456),(14)(26)(35)⟩· S_{78} 72(3) veernaØ, nsn 4 ⟨(123456),(14)(23)(56)(78)⟩ 24(1) veernaØ, sl.n. 5 ⟨(123456)(78),(13)(46)⟩ 24(1) paranormal~na 6 ⟨(123456)(78),(14)(23)(56)⟩ 24(1) veernaØ, sl.n. 7 ⟨(123)(567),(12)(34)(56)(78)⟩ 48(16) ne veerna, sl.n.

15 1 ⟨(12345)(678)⟩ 120(1) pronormal~na 18 1 ⟨(123)⟩ · ⟨(456)⟩ · S_{78} 144(2) pronormal~na 2 A(S_{123} S_{45}) · ⟨(678)⟩ 72(1) ne veerna, nsn 3 ⟨(123), (456), (12)(45)(78)⟩ 144(2) pronormal~na 4 ⟨(142536)(78),(123)⟩ 72(3) ne veernaØ, nsn 24 1 ⟨(142536),(12)(56)⟩ · S_{78} 24(1) paranormal~na 2 A_{1234} · ⟨(56)(78)⟩ 192(1) ne veerna, nsn 3 ⟨(123), (34)(56)(78)⟩ 192(1) ne veerna, nsn 4 ⟨(1234)(5678),(12)(56)⟩ 48(16) paranormal~na 5 ⟨(1324)(56)(78),(15)(26)(78)⟩ 96(4) pronormal~na 6 ⟨(1324)(78),(12)(35)(46)(78)⟩ 96(4) pronormal~na 7 ⟨(135246)(78),(12)(78)⟩ 96(4) pronormal~na 8 ⟨(135)(246),(12)(34)⟩ · S_{78} 96(4) pronormal~na 9 ⟨(123)(567),(12)(34)(56)(78),(15)(26)(37)(48)⟩ 48(16) veernaØ, sl.n. 10 ⟨(145)(236),(1526)(3748)⟩ 48(17) paranormal~na 11 ⟨(123)(567),(12)(34)(56)(78),(16)(25)(37)(48)⟩ 48(16) veernaØ, sl.n.

30 1 ⟨(12345)⟩ · S_{678} 120(1) pronormal~na 2 A(L_{12345} ) · ⟨(678)⟩ 120(1) pronormal~na 3 ⟨(12345)(678),(14)(23)(67)⟩ 120(1) pronormal~na 36 1 A(S_{123} S_{45})S_{678} 72(1) veernaØ, nsn 2 A(S_{123} S_{456})S_{78} 144(2) pronormal~na

126 V. I. MYSOVSKIH, A. I. SKOPIN

3 A(S_{123} S_{456}S_{78}) 144(2) pronormal~na 4 ⟨(123456),(135)⟩ · S_{78} 72(3) veernaØ, nsn 5 ⟨(135)(246),(1234)(56)(78)⟩ 144(2) pronormal~na 6 ⟨(142536)(78),(12)(45)⟩ 144(2) pronormal~na 7 ⟨(142536),(12)(45)(78)⟩ 72(3) veernaØ, nsn 8 S_{123} · ⟨(456)⟩ · S_{78} 72(1) veernaØ, nsn 48 1 S_{1234} · ⟨(56)(78)⟩ 192(1) veernaØ, nsn 2 A_{1234} S_{56}S_{78} 192(1) veernaØ, sl.n. 3 A_{1234} · ⟨(5678)⟩ 192(1) veernaØ, sl.n. 4 A_{1234} K_{1234} 576(1) ne veerna, nsn 5 A(S_{1234} S_{56})S_{78} 96(1) veernaØ, nsn 6 ⟨(1324), (12)(35)(46)⟩· S_{78} 96(4) pronormal~na 7 ⟨(1324)(56),(15)(26)⟩ · S_{78} 96(4) pronormal~na 8 A(S_{1234} · ⟨(5678)⟩) 192(1) paranormal~na 9 A(S_{1234} S_{56}S_{78}) 192(1) paranormal~na 10 ⟨(123), (34)(56)(78),(34)(57)(68)⟩ 192(1) veernaØ, nsn 11 ⟨(135)(246),(14)(23)(78),(12)(34)(56)⟩ 96(4) pronormal~na 12 ⟨(135)(246),(14)(23)(78),(12)(34)(56)(78)⟩ 96(4) pronormal~na 13 ⟨(135)(246),(14)(23), (12)(34)(56)(78)⟩ 96(4) pronormal~na 14 ⟨(123)(567),(124)(568),(12)(34)⟩ 576(2) ne veerna, nsn 15 ⟨(135246),(12)⟩ · S_{78} 96(4) pronormal~na 16 ⟨(1234)(5678),(12)(56),(15)(26)(37)(48)⟩ 48(16) paranormal~na 17 ⟨(145)(236),(13682457)⟩ 48(17) paranormal~na 56 1 ⟨(12)(34)(56)(78),(2354786)⟩ 168(2) paranormal~na 60 1 A(L_{12345} )S_{678} 120(1) pronormal~na 2 L_{12345} · ⟨(678)⟩ 120(1) pronormal~na 3 A(L_{12345} S_{678}) 120(1) pronormal~na 72 1 S_{123}S_{456} S_{78} 144(2) pronormal~na 2 ⟨(135)(246),(1234)(56)⟩ · S_{78} 144(2) pronormal~na 3 ⟨(142536),(12)(45)⟩ · S_{78} 144(2) pronormal~na 4 ⟨(142536),(1425)(36)(78)⟩ 144(2) pronormal~na 5 ⟨(142536)(78),(1425)(36)(78)⟩ 144(2) pronormal~na 6 ⟨(142536)(78),(1425)(36)⟩ 144(2) pronormal~na 96 1 S_{1234} S_{56}S_{78} 192(1) paranormal~na 2 S_{1234} · ⟨(5678)⟩ 192(1) paranormal~na 3 S_{1234} K_{5678} 576(1) veernaØ, nsn 4 ⟨(135246),(12), (13)(24)⟩ · S_{78} 96(4) abnormal~na 5 A_{1234} (S_{56}§S_{78}) 192(1) veernaØ, sl.n. 6 ⟨(123)(56),(34)(5768)⟩ 192(1) paranormal~na 7 ⟨(123)(5768),(34)(56)⟩ 192(1) paranormal~na 8 A(S_{1234} (S_{56}§S_{78})) 192(1) paranormal~na 9 ⟨(1234)(5678),(1243)(67)⟩ 192(2) paranormal~na 10 ⟨(163527)(48),(1526)(3748)⟩ 192(2) veernaØ, sl.n. 11 ⟨(1648)(2537),(1527)(3648)⟩ 576(2) veernaØ, nsn 12 ⟨(138247)(56),(145)(236),(12)(34)⟩ 384 pronormal~na 120 1 L_{12345}S_{678} 120(1) abnormal~na 2 ⟨(125)(364),(35)(46)⟩ · S_{78} 240 pronormal~na

SVO`STVA VLOȷENI˚ NEPRIMARNYH PODGRUPP 127

3 A(⟨(132654),(13)(26)⟩ · S_{78}) 240 pronormal~na 144 1 A_{1234} A_{5678} 1152 pronormal~na 2 (S_{123}§S_{456})S_{78} 144(2) abnormal~na 168 1 ⟨(1234567),(12)(34)(57)(68)⟩ 336 paranormal~na 2 ⟨(12)(34)(56)(78),(2354786),(357)(468)⟩ 168(2) paranormal~na 180 1 A_{12345} · ⟨(678)⟩ 720(1) pronormal~na 192 1 S_{1234} (S_{56}§S_{78}) 192(1) paranormal~na 2 ⟨(1234)(5678),(1243)(67),(15)(26)(37)(48)⟩ 192(2) paranormal~na 3 ⟨S_{12}S_{34}S_{56}S_{78}, (135)(246),(357)(468)⟩ 384 pronormal~na 4 ⟨A(S_{12}S_{34}S_{56}S_{78}), (135)(246),(57)(68)⟩ 384 pronormal~na 5 ⟨A(S_{12}S_{34}S_{56}S_{78}), (135)(246),(1728)⟩ 384 pronormal~na 240 1 ⟨(132654),(13)(26)⟩ · S_{78} 240 abnormal~na 288 1 S_{1234} A_{5678} 576(1) veernaØ, nsn 2 A(S_{1234} S_{5678}) 1152 pronormal~na 3 ⟨A_{1234}A_{5678} , (15)(26)(37)(48)⟩ 576(2) veernaØ, nsn 336 1 ⟨(1234567),(12)(34)(56)(78),(34)(58)(67)⟩ 336 maksimal~na 360 1 S_{12345} · ⟨(678)⟩ 720(1) pronormal~na 2 A_{12345} S_{678} 720(1) pronormal~na 3 A(S_{12345} S_{678}) 720(1) pronormal~na 384 1 ⟨S_{12}S_{34}S_{56}S_{78}, (135)(246),(37)(48)⟩ 384 maksimal~na 576 1 S_{1234} S_{5678} 1152 pronormal~na 2 ⟨A(S_{1234} S_{5678}), (15)(26)(37)(48)⟩ 1152 pronormal~na 3 ⟨A(S_{1234} S_{5678}), (1526)(37)(48)⟩ 1152 pronormal~na 720 1 S_{12345} S_{678} 720(1) maksimal~na 2 A_{123456} S_{78} 1440 pronormal~na 3 A(S_{123456} S_{78}) 1440 pronormal~na 1152 1 ⟨S_{1234}S_{5678} , (15)(26)(37)(48)⟩ 1152 maksimal~na 1344 1 ⟨(1453786),(17)(45),(12)(34)(56)(78)⟩ 1344 paranormal~na 1440 1 S_{123456} S_{78} 1440 maksimal~na (8!)/21 A_{12345678} 8! normal~na 8! 1 S_{12345678} 8! normal~na

Provedennye vyqisleniØ pokazali, qto kaßdaØ polinormal~- naØ podgruppa stepeni 8 v S_8 ØvlØetsØ i paranormal~noæ. Sluqaæ podgrupp stepeni vosem~ po sravneni¸ s podgruppami v S_k,

k 6 7 (sm. [5]), dostavlØet bol~xoe qislo primerov paranor-

mal~nyh, no ne slabo pronormal~nyh podgrupp. V to ße vremØ v S8 vozraslo koliqestvo neveernyh podgrupp, qto svØzano s uveliqeniem qisla promeßutoqnyh podgrupp i usloßneniem rexetok.

Obwee qislo neprimarnyh podgrupp stepeni 8 v S_8 ravno 110. Sredi nih imeetsØ 11 neveernyh podgrupp, 21 veernaØ, no ne polinormal~naØ, 21 paranormal~naØ, no ne slabo pronormal~naØ, 46 pronormal~nyh, 4 abnormal~nyh, 5 maksimal~nyh i 2 normal~nye podgruppy.

128 V. I. MYSOVSKIH, A. I. SKOPIN

Literatura

1. M. S. Ba, Z. I. Boreviq, O raspoloßenii promeßutoqnyh podgrupp.

Kol~ca i lineænye gruppy. - Sb. nauqn. trudov. Krasnodar (1988), 14–41.

2. Z. I. Boreviq, O raspoloßenii podgrupp. Zap. nauqn. semin. LOMI 94 (1979), 5–12.

3. Z. I. Boreviq, O. N. MacedonskaØ, O rexetke podgrupp. Zap. nauqn.

semin. LOMI 103 (1980), 13–19.

4. P. V. Gavron, L. ı. Kolotilina, O podgruppah v T -gruppah. Zap. nauqn.

semin. LOMI 103 (1980), 62–65.

5. P. V. Gavron, V. I. Mysovskih, O podgruppah simmetriqeskih grupp stepeni ne prevoshodØweæ semi. Kol~ca i matriqnye gruppy. - Sb. nauqn. trudov. Ordßonikidze (1984), 35–42.

6. V. I. Mysovskih, Polinormal~nye podgruppy. DissertaciØ, Leningrad 1990.

7. V. I. Mysovskih, Testirovanie podgrupp koneqnoæ gruppy na svoæstva vloßeniØ tipa pronormal~nosti. Zap. nauqn. semin. POMI 236 (1997).

8. K. Doerk, T. Hawkes, Finite soluble groups. Berlin–New York, 1992. 9. B. Huppert, Endliche Gruppen I. Springer-Verlag, 1967.

10. G. A. Miller, Memoir on the substitution-groups whose degree does not exceed eight. Am. J. Math. 21 (1899), 287–338.

11. K. H. Müller, Schwachnormale Untergruppen:eine gemeinsame Verallgemeinerung der normalen und normalizatorgleichen Untergruppen. Rend. Semin. Mat. Univ. Padova 36 (1966), 129–157.

12. M. Schönert et al, GAP – Groups, Algorithms and Programming. Lehrstuhl D für Mathematik, RWTH, Aachen, Germany, fifth edition, 1995.

Mysovskikh V. I., Skopin A. I. Embedding properties of non-primary subgroups of the symmetric group of degree eight.

The paper is devoted to investigation of some subgroup embedding properties for

110 subgroups of the symmetric group on eight letters. We deal with those non-primary

subgroups whose degree is exactly eight. The results were obtained by using of the

computer algebra system GAP. They are summarized in a form of the table. We found

out that every polynormal subgroup is at the same time also paranormal.

Postupilo 22 oktØbrØ 1997 g. S.-Peterburgskiæ gosudarstvennyæ universitet

S.-Peterburgskoe otdelenie Matematiqeskogo instituta im. V. A. Steklova RAN