G. I. Bißanova

O KLASSIQESKO` RAZREXIMOSTI ODNOMERNYH ZADAQ SO SVOBODNO` GRANICE` FLORINA, MASKETA–VERIGINA I STEFANA PosvØwaetsØ pamØti AnatoliØ Petroviqa Oskolkova

Vvedenie

V nastoØweæ stat~e rassmatriva¸tsØ odnomernye zadaqi so svobodnymi granicami, a imenno zadaqi Florina, Masketa– Verigina i Stefana, v vesovyh prostranstvah Gel~dera v malom po vremeni.

Naibolee polno izuqena zadaqa Stefana. ImeetsØ bol~xoe koliqestvo rabot, v kotoryh issleduetsØ klassiqeskaØ razreximost~ zadaqi, stabilizaciØ, ustoæqivost~ rexeniæ. Sredi nih raboty L. I. Rubinxteæna [1], A. Fridmana [2], I. I. Danil¸- ka [3, 4], V. Kaænera [5], B. Xermana [6], V. V. Puhnaqeva [7], A. Fazano i M. Primiqerio [8], A. M. Meærmanova [9], B. V. BaziliØ i V. ı. Xelepova [10, 11], S. V. SaleØ [12], E. I. Kima i G. I. Bißanovoæ [13, 14] i dr. Podrobnu¸ bibliografi¸ moßno naæti v rabotah [1–3, 9].

Znaqitel~no bolee korotku¸ istori¸ imeet zadaqa, sformulirovannaØ V. A. Florinym v stat~e 1951 g., v kotoroæ issledovalis~ processy fil~tracii ßidkosti v poristyh telah. Voprosy suwestvovaniØ i edinstvennosti klassiqeskogo rexeniØ odnofaznoæ odnomernoæ zadaqi Florina izuqalis~ T. D. Ventcel~ [16], Nguenom Din Qi [17], D. M. Saæonsom i R. Martinom [18]. Asimptotiqeskoe povedenie rexeniØ pri t → ∞ rassmatrivalos~ I. V. Boqarovoæ [19], a takße v rabotah [17, 18].

OdnomernaØ zadaqa Masketa–Verigina, opisyva¸waØ, kak i zadaqa Florina, fil~traci¸ ßidkosti v poristoæ srede, byla sformulirovana N. N. Veriginym v 1952 g. v stat~e [20]. Im bylo naædeno toqnoe avtomodel~noe rexenie dvuhfaznoæ zadaqi 30

O KLASSIQESKO` RAZREXIMOSTI 31 s rassoglasovaniem naqal~nyh i kraevyh dannyh i vyroßdeniem oblasti naqal~nogo suwestvovaniØ odnoæ iz faz, analogiqnoe toqnomu avtomodel~nomu rexeni¸ zadaqi Stefana, poluqennomu Stefanom [21, s. 260], v qastnosti, uravnenie svobodnoæ granicy vyraßalos~ v vide x = 2β √ t, gde β – poloßitel~nyæ koren~ nekotorogo transcendentnogo uravneniØ. Odnako ran~xe, v 1946 g., M. Masketom [22] byli vyvedeny v trehmernom sluqae usloviØ na svobodnoæ granice vida

Φ1 = Φ2, c1D_nΦ1 = c2D_nΦ2, D_tF − c1_,2∇Φ1_,2∇F = 0,

gde Φ_1, Φ_2 – neizvestnye funkcii, F (x, y, z, t) = 0 – uravnenie svobodnoæ granicy, n – normal~ k neæ, ∇ = (_∂ ∂x ,^∂_{∂y} ,^∂_{∂z} ) . Suwestvovanie i edinstvennost~ rexeniØ odnomernoæ zadaqi Masketa–Verigina issledovali L. I. Rubinxteæn [23], L. I. Kamynin [24, 25], V. Falks, R. B. G¸nter [26], A. Begmatov [27], L. �vans [28, 29], A. Fridman [29], Irena Pavlov [30], A. M. Meærmanov [31], L. Dßin [32]. V rabote [29] rassmatrivalos~ takße asimptotiqeskoe povedenie rexeniØ pri t → ∞.

Sleduet otmetit~, qto osnovnym metodom rexeniØ odnomernyh zadaq so svobodnoæ graniceæ ØvlØetsØ metod integral~nyh uravneniæ.

V nastoØweæ rabote zadaqi Florina, Masketa–Verigina i Stefana budut izuqeny v vesovyh gel~derovskih prostranstvah

C^l_s(Q_T ), s 6 l, s vesom v vide stepeni t, vvedennyh v rassmo-

trenie V. S. Belonosovym [33]. Issledovanie zadaq v fftom prostranstve pozvolØet rassmatrivat~ rexeniØ u(x, t), proizvodnye kotoryh D^k_t D^r_xu mogut imet~ osobennost~ pri t = 0 vida t^{−ν} ,

ν =^{2k+r−s}_2 , s < 2k + r 6 [l], qto daet vozmoßnost~ ponizit~ porØ-

dok usloviæ soglasovaniØ naqal~nyh i kraevyh dannyh za sqet umen~xeniØ qisla s, a v sluqae s = l poluqit~ avtomatiqeski rezul~taty issledovaniæ v prostranstve Gel~dera C^{l,l/2}_{x t} (^¯Q_T ).

V fftom prostranstve obwie naqal~no-kraevye zadaqi dlØ paraboliqeskih uravneniæ i sistem izuqalis~ V. S. Belonosovym [33, 34], T. I. ZelenØkom [33], V. A. Solonnikovym [35– 37], A. G. HaqatrØnom [36], E. V. Domanovoæ [38], G. I. Bißanovoæ [37, 39], zadaqi so svobodnymi granicami issledovali V. V. Puhnaqev [7], G. I. Bißanova [40, 41].

32 G. I. BIȷANOVA

§1. Postanovka zadaq. Osnovnye rezul~taty Qtoby razliqat~ rassmatrivaemye zadaqi, budem pripisyvat~ indeks k, prinima¸wiæ znaqeniØ 1, 2, 3, k funkciØm w_k =

{u^{(k)}_1 , u^{(k)}_2 , α_k(t)} – rexeniØm zadaq Florina (k = 1), Masketa–

Verigina (k = 2) i Stefana (k = 3) sootvetstvenno. Inogda dlØ sokraweniØ zapiseæ fftot indeks budem opuskat~.

Pust~ Ω = (0, b), b > 0, γ(t)-krivaØ x = α(t), α(0) = α_0, 0 <

α_0 < b, priqem α_0, b − α_0 > d_0 = const > 0. Oboznaqim Q^{(1)}_T = {(x, t)|0 < x < α(t), t ∈ (0, T )}, Q^{(2)}_T = {(x, t)|α(t) < x < b, t ∈ (0, T )}, Ω1 = (0, α0), Ω2 = (α0, b), Q_T = Ω_T = Ω × (0, T ), Ω(^m)_T = Ω_m × (0, T ), Γ_T = {(x, t)|x = γ(t), t ∈ [0, T ]}, S(1)_T = {0} × [0, T ], S(2)_T = {b} × [0, T ], S_T = {α_0} × [0, T ], σ_T = (0, T ), D_T = R^1.

Poloßim π = {x| |x − α_0| < d_0, x ∈ Ω}, Π_m = Ω_m ∪ π, π_T =

π × (0, T ), Π^{(m)}_T = Π_m × (0, T ), m = 1, 2.

Pust~ L_m – paraboliqeskiæ operator vtorogo porØdka L_m ( x, t, ∂ ∂x , ∂ ∂t ) = ∂ ∂t − a_m(x, t) ∂^2 ∂x^2 − b_m(x, t) ∂ ∂x − c_m(x, t), kofffficienty kotorogo udovletvorØ¸t usloviØm

a_m(x, t) ¿ a_0 = const > 0 ∀(x, t) ∈ Π̄^{(m)}_T , m = 1, 2, a_1(x, t) ≠ a_2(x, t) ∀(x, t) ∈ π̄_T . Sformuliruem zadaqi Florina, Masketa–Verigina i Stefana, otliqa¸wiesØ drug ot druga tol~ko usloviØmi na svobodnoæ granice. TrebuetsØ opredelit~ funkcii u^{(k)}_1 (x, t), u^{(k)}_2 (x, t) i

α_k(t), udovletvorØ¸wie sledu¸wim paraboliqeskim uravneni-

Øm, naqal~nym i graniqnym usloviØm:

L_mu^{(k)}_m = f_m(x, t) v Q^{(m)}_T , m = 1, 2, (1.1) u^{(k)}_m | |_{t=0} = u_{om}(x) v Ω_m, α_k | |_{t=0} = α_0, (1.2)

u^{(k)}_1 | |_{S(1)T} = p_1(t), u^{(k)}_2 | |_{S(2)T} = p_2(t) (1.3)

i usloviØm soprØßeniØ na svobodnoæ granice Γ_T v zadaqe Florina (k = 1)

u^{(1)}_1 = u^{(1)}_2 = g(x, t), (1.4)

O KLASSIQESKO` RAZREXIMOSTI 33 λ_1(x, t) ∂u^{(1)}_1 ∂x − λ_2(x, t) ∂u^{(1)}_2 ∂x = g1(x, t), (1.5)

v zadaqe Masketa–Verigina (k = 2)

u^{(2)}_1 = u^{(2)}_2 + g(x, t), (1.6) λ_1(x, t) ∂u^{(2)}_1 ∂x + g1(x, t) = λ2(x, t) ∂u^{(2)}_2 ∂x + g2(x, t) = − dα_2 dt (1.7)

i v zadaqe Stefana (k = 3)

u^{(3)}_1 = u^{(3)}_2 = g(x, t), (1.8) λ_1(x, t) ∂u^{(3)}_1 ∂x − λ_2(x, t) ∂u^{(3)}_2 ∂x = − dα_3 dt + g1(x, t). (1.9)

Zameqanie. Vmesto usloviæ (1.3) moßno rassmotret~ usloviØ s

proizvodnoæ po x ili s proizvodnoæ po vremeni.

Zadaqi Florina (1.1)–(1.5), Masketa–Verigina (1.1)–(1.3), (1.6), (1.7) i Stefana (1.1)–(1.3), (1.8), (1.9) budut izuqeny v vesovom prostranstve Gel~dera. Privedem ego opredelenie [33, 35].

Pust~ l – neceloe poloßitel~noe qislo, s 6 1. Pod C^l_s(Q_T ) budem ponimat~ banahovo prostranstvo funkciæ u(x, t), ime¸wih koneqnu¸ normu

|u|^{(l)}_{s,QT} = sup_{t<T} t^{l−s2} [u]^{(l)}_Q′_t + + ∑ s<2j_0+j<l sup_{t<T} t^{2j0 +j−s2} |D^{j0}_t D^j_xu|Ω+

+ { |u|^{(s)}_{QT} , s ¿ 0 o, s < 0 , gde [u](^l)_{QT} = ∑ 2j_0+j=[l]

[D^{j0}_t D^j_xu](^{l−}[^l])_{x,QT} + ∑ o<l−2j_0−j<2 [D^{j0}_t D^j_xu]

(^{l−2j0 −j}_2 ) t,Q_T , [v](^α)_{x,QT} = sup (x,t),(z,t)∈Q̄_T |v(x, t) − v(z, t)| |x − z|^{−α}, [v](^α)_{t,QT} = sup (x,t)(x,τ)∈Q̄_T |v(x, t) − v(x, τ )| |t − τ |^{−α}, Q^′_t = Ω × (_t 2 , t ) , |u|^{(s)}_{QT} – norma prostranstva Gel~dera C^{s, s2}_{xt} (^¯Q_T ).

34 G. I. BIȷANOVA

Pod C^{l/2}s (σ_T ) (σ_T = (0, T )) budem ponimat~ banahovo prostranstvo funkciæ u(t), ime¸wih koneqnu¸ normu |u|^{(l/2)}_{s,σT} = sup_{t<T} t^{l−s2} ∑ o<l−2j_0<2 [D^{j0}_t u]

(^{l−2j0}_2 ) σ^′_t +

+ ∑ s<2j_0<l sup_{t<T} t^{2j0 −s2} |D^{j0}_t u| + { |u|^{(s/2)}σ_T , s ¿ 0 o, s < 0 , gde σ^′_t = (_t 2 , t ) , |u|^{(s/2)}σ_T – norma prostranstva Gel~dera C^{s/2}(σ̄_T ).

Pri s = l ffti prostranstva sovpada¸t s prostranstvami Gel~- dera C^{l, 12}_{xt} (^¯Q_T ) i C^{l/2}(σ̄_T ). Pri s ¿ 0 opredelim^∘C^l_s(Q_T ) i^∘C^{l/2}s (σ_T ) kak podprostranstva funkciæ iz C^l_s(Q_T ) i C^{l/2}s (σ_T ) sootvetstvenno, udovletvorØ¸wih usloviØm D^k_t u | t=0 = 0, 2k 6 s. Pri s < 0

poloßim^∘C^l_s(Q_T ) = C^l_s(Q_T ),^∘C^{l/2}s (σ_T ) = C^{l/2}s (σ_T ).

V §3 nam potrebuetsØ sledu¸waØ lemma.

Lemma 1.1 (ob ffkvivalentnosti). [35]. V prostranstve^∘C^{l/2}s (σT )

norma |u|^{(l/2)}s,σ_T ffkvivalentna norme ‖u‖^{(l/2)}_{s,σT} = sup_{t<T} t^{l−s2} ∑ 0<l−2j_0<2 [D^{j0}_t u]

(^{l−2j0}_2 ) σ^′_t + sup t<T t^{−s/2}|u|. Opredelim sledu¸wie banahovy prostranstva funkciæ.

Pust~

B^{2+l}_{s,l} (Q_T ) = C^{2+l}_s (Q^{(1)}_T ) × C^{2+l}_s (Q^{(2)}_T ) × C^{1+l/2}_s (σ_T ),

B^{2+l}_{s,k} (Q_T ) = C^{2+l}_s (Q^{(1)}_T ) × C^{2+l}_s (Q^{(2)}_T ) × C^{3+l2}_{s+1}(σ_T ), k = 2, 3,

– prostranstva rexeniæ w_k = {u^{(k)}_1 , u^{(k)}_2 , α_k} zadaq Florina (k = 1), Masketa–Verigina (k = 2) i Stefana (k = 3);

H^{2+l}_{s,k} (Q_T ) = H^{2+l}_{s,k} (Q_T ) × C^{1+l/2}_s (σ_T ) × C^{1+l/2}_s (σ_T ),

H^{2+l}_{s,2} (Q_T ) =

= C^l_{s−}2(Π(1)_T )×C^l_{s−}2(Π(2)_T )×C2+^l_s (Q_T )×C1+^l_{s−}1(π_T )×C1+^l_{s−}1(π_T ),

H^{2+l}_{s,k} (Q_T ) =

= C^l_{s−}2(Π(1)_T )×C^l_{s−}2(Π(2)_T )×C2+^l_s (Q_T )×C2+^l_s (Q_T )×C1+^l_{s−}1(π_T ),

O KLASSIQESKO` RAZREXIMOSTI 35 k = 1, 3, est~ prostranstva s fflementami {h_1, ..., h_7} i {h_1, . . . , h_5}

sootvetstvenno.

Analogiqno vvedem prostranstva funkciæ^∘B^{2+l}_{s,k} (Q_T ),^∘H^{2+l}_{s,k} (Q_T ), ∘ H^{2+l}_{s,k} (Q_T ), naprimer, ∘ B^{2+l}_{s,l} (Q_T ) =^∘C^{2+l}_s (Q^{(1)}_T ) ×^∘C^{2+l}_s (Q^{(2)}_T ) ×^∘C^{1+l/2}_s (σ_T ).

Zameqanie. V opredelenii prostranstv B^{2+l}_{s,k} (QT ), H^{2+l}_{s,k} (QT ),

H^{2+l}_{s,k} (Q_T ) ukazany oblasti opredeleniØ funkciæ Q_T , Q^{(m)}_T , Π^{(m)}_T , π^{(m)}_T , kotorye v §2 budut zameneny na Ω_T , Ω^{(m)}_T , S_T , v §3 – na D_T , D^{(m)}_T , S_T .

Normy vektorov w_k, h_k v fftih prostranstvah opredelØ¸tsØ kak summy norm ih komponent, naprimer, |w_k|_B2+l_{s,l (QT )} = 2∑ m=1 |u^{(1)}_m |^{(2+l)}_{s,Q(m)T} + |α_1|^{(1+l/2)}_{s,σT} ,

|w_k|_B2+l_{s,l (QT )} = 2∑ m=1 |u^{(k)}_m |^{(2+l)}_{s,Q(m)T} + |α_k|^{( 3+l2 )}s,σ_T , k = 2, 3.

Privedem usloviØ, kotorym budut udovletvorØt~ dannye zadaq Florina, Masketa–Verigina i Stefana.

A_1) Kofffficienty operatorov L_m prinadleßat prostranstvu

C^{1+l}_{s−1}(Π^{(m)}_T ), λ_m ∈ C^{2+l}_s (π_T ), priqem λ_m ¿ λ_0 = const > 0 ∀(x, t) ∈ π̄_T , m = 1, 2.

A_2) Kofffficienty operatorov L_m prinadleßat prostranstvu C^{1+l, 1+l2} x t (Π̄(^m)_T ), λ_m ∈ C2+^{l,}1+^{l/}2 x t (π̄_T ), priqem λ_m ¿ λ0 ∀(x, t) ∈ π̄_T , m = 1, 2.

B_1) u_{0m}(x) ∈ C^{1+s}(^¯Ω_m), f_m(x, t) ∈ C^{1+l}_{s−1}(Π^{(m)}_T ). p_m(t) ∈ C^{3+l2}_{1+s}(σ_T ),

g(x, t) ∈ C^{3+l}_{1+s}(Q_T ), g_i(x, t) ∈ C^{2+l}_s (π_T ), m = 1, 2, i = 1, 2.

B_2) u_{0m}(x) ∈ C^{3+l}(^¯Ω_m), f_m(x, t) ∈ C^{1+l, 1+l2}_{x t} (^¯Π^{(m)}_T ), p_m(t) ∈

C^{3+l2} (σ̄_T ), g(x, t) ∈ C^{3+l, 3+l2}_{x t} (Q̄_T ), g_i(x, t) ∈ C^{2+l,1+l/2}_{x t} (π̄_T ), m = 1, 2, i = 1, 2.

V) D_xu_{0m}(x) − D_xg(x, 0) | |_{x=α0} ≠ 0, m = 1, 2,

D_xu_{01}(x)D_xu_{02}(x) | |_{x=α0} ¿ d_1 = const > 0

36 G. I. BIȷANOVA v zadaqe Florina;

D_xu_{01}(x) − D_xu_{02}(x) − D_xg(x, 0) | |_{x=α0} ≠ 0, D_xu_{02}(x) − D_xu_{01}(x) | |_{x=α0} ¿ d_1

v zadaqe Masketa–Verigina; D_xu_{0m}(x) − D_xg(x, 0) | |_{x=α0} ≠ 0, D_xu_{0m}(x) | |_{x=α0} 6 −d_1, m = 1, 2,

u_{01}(x) > g(x, 0) v Ω_1, u_{02}(x) < g(x, 0) v Ω_2, p_1(t) > g(0, t), p_2(t) < g(b, t) ∀t ∈ [0, T ] v zadaqe Stefana.

Sformuliruem teoremy, kotorye sostavlØ¸t osnovnoe soderßanie nastoØweæ raboty.

Teorema 1.1. Pust~ l – neceloe poloßitel~noe qislo, sk < s 6

2 + l, s1 = 1, s_k = max(1, l), k = 2, 3, i vypolneny usloviØ A1), B1)

V), a takße usloviØ soglasovaniØ porØdka

[_{1+s} 2 ] na granicah Γ_T , S^{(m)}_T , m = 1, 2.

Togda naædetsØ takoe T_0 : 0 < T_0 6 T , qto kaßdaØ iz zadaq (1.1)–

(1.9) imeet edinstvennoe rexenie w_k(x, t) = {u(^k)1 (x, t), u(^k)2 (x, t), α_k(t)} ∈ B^{3+l}_{1+s,k}(Q_{T0} ), dlØ kotorogo pri vseh t 6 T_0 spravedliva ocenka |w_k|_B3+l_{1+s,k(Qt)} 6 c_1 (_2∑ m=1 (|f_m|(1+^l)_{s−}

1,Π^{(m)}_t

+ |u0_m|(1+^s)Ω_m + |p_m|

(^{3+l}_2 ) 1+s,σ_t )+

+|g|(3+^l)1+_{s,Qt} + I1_{,k} ) , k = 1, 2, 3, I_{1,k} = |g_1|^{(2+l)}_{s,πt} , k = 1, 3, I_{1,2} = 2∑ i=1 |g_i|^{(2+l)}_{s,πt} . (1.11)

Iz fftoæ teoremy, esli poloßit~ s = 2 + l, avtomatiqeski vytekaet teorema o razrewimosti zadaq v prostranstve Gel~dera.

O KLASSIQESKO` RAZREXIMOSTI 37 Oboznaqim

B^{3+l}_k (Q_T ) = C^{3+l, 3+l2}_{x t} (Q̄^{(1)}_T ) × C^{3+l, 3+l2}_{x t} (Q̄^{(2)}_T ) × C^{2+l/2}(σ̄_T ), k = 2, 3,

B^{3+l}_1 (Q_T ) = C^{3+l, 3+l2}_{x t} (Q̄^{(1)}_T ) × C^{3+l, 3+l2}_{x t} (Q̄^{(2)}_T ) × C^{3+l2} (σ̄_T ).

(1.12)

Teorema 1.2. Pust~ l – neceloe poloßitel~noe qislo. Pust~ vy-

polneny usloviØ A_2), B_2), V, a takße usloviØ soglasovaniØ porØdka

[_{3+l} 2 ] na granicah Γ_T , S^{(m)}_T , m = 1, 2.

Togda naædetsØ takoe T_0 : 0 < T_0 6 T , qto kaßdaØ iz zadaq

(1.1)–(1.9) imeet edinstvennoe rexenie w_k = {u(^k)1 (x, t), u(^k)2 (x, t), α_k(t)} ∈ B^{3+l}_k (Q_{T0} ), k = 1, 2, 3, dlØ kotorogo pri vseh t 6 T_0 spravedliva ocenka

|w_k|^{3+l}_{Bk} (Q_t) 6 c_2

(_2 ∑ m=1 (|f_m|(1+^l)

Π^{(m)}_t

+|u0_m|(3+^l)Ω_m +|p_m| 3+l 2 σ_t )+|g| (3+l) Q_t + I2,k ) ,

I_{2,k} = |g_1|^{(2+l)}_{πt} , k = 1, 3, I_{2,2} = 2∑ i=1 |g_i|^{(2+l)}_{πt} . Pust~ v zadaqah (1.1)–(1.9) pravye qasti uravneniæ (1.1) i zadannye funkcii v usloviØh (1.4)–(1.9) na svobodnoæ granice ravny nul¸:

f_m = 0, m = 1, 2, g = 0, g_i = 0, i = 1, 2. (1.13)

Teorema 1.3. Pust~ l – neceloe poloßitel~noe qislo, sk < s 6

2 + l, s1 = 1, s_k = max(1, l), k = 2, 3. Pust~ kofffficienty operato-

rov L_m i funkcii λ_m podqinØ¸tsØ usloviØm A_1), ili A_2), ili oni ØvlØ¸tsØ postoØnnymi i vypolneny usloviØ V).

Togda pri l¸byh funkciØh u_{0m} ∈ C^s(Ω̄_m), p_m ∈ C^{1+l/2}s (σ_T ), m = 1, 2, udovletvorØ¸wih usloviØm soglasovaniØ porØdka [_s 2 ] na granicah Γ_T , S^{(1)}_T i S^{(2)}_T , naædetsØ takoe T_0 : 0 < T_0 6 T , qto kaßdaØ iz zadaq (1.1)–(1.9) imeet edinstvennoe rexenie w_k(x, t) = {u^{(k)}_1 (x, t), u^{(k)}_2 (x, t), α_k(t)} ∈ B^{2+l}_{s,k} (Q_{T0} ), dlØ kotorogo pri vseh t 6 T_0 spravedliva ocenka |w_k|_B2+l_{s,k (Qt)} 6 c_3 2∑ m=1 (|u0_m|(^s)Ω_m + |p_m|(1+^{l/}2)_{s,σt} ), k = 1, 2, 3.

38 G. I. BIȷANOVA

Zameqanie. Iz fftoæ teoremy sleduet, qto pri l ∈ (0, 1), 1 <

s = 1 + μ < 2, μ ∈ (0, 1), porØdok usloviæ soglasovaniØ na Γ_{T0} , S^{(m)}_{T0} , m = 1, 2 vo vseh treh zadaqah raven nul¸, svobodnaØ grani-

ca γ_1(t) v zadaqe Florina prinadleßit prostranstvu C^{1+μ}2 (σ̄_{T0} ), to est~ ona ØvlØetsØ krivoæ LØpunova. (V zadaqah Masketa– Verigina i Stefana svobodnaØ granica imeet gladkost~ vyxe: α_k(t) ∈ C^{1+μ/2}(σ̄_{T0} ). Krome togo, proizvodnye D_tu^{(k)}m , D^2_xu^{(k)}m ,

k = 1, 2, 3, m = 1, 2 D_tα_1 mogut imet~ osobennost~ pri t = 0 po-

rØdka t^{μ−12} .

Pri vypolnenii usloviæ (1.13), esli poloßit~ s = 2 + l, spravedliva teorema o razreximosti vseh treh rassmatrivaemyh zadaq v prostranstvah B^{2+l}_k (Q_{T0} ) (sm. (1.12)).

Teorema 1.4. Pust~ l – neceloe poloßitel~noe qislo, koffffici-

enty operatorov L_m i funkcii λ_m podqinØ¸tsØ usloviØm A_2) ili oni ØvlØ¸tsØ postoØnnymi i vypolneny usloviØ V).

Togda pri l¸byh funkciØh u_{0m} ∈ C^{2+l}(Ω̄_m), p_m ∈ C^{1+l/2}(σ_T ), m = 1, 2, udovletvorØ¸wih usloviØm soglasovaniØ porØdka 1 + [_l 2 ] na granicah Γ_T , S^{(1)}_T i S^{(2)}_T , naædetsØ takoe T_0 : 0 < T_0 6 T , qto kaßdaØ iz zadaq (1.1)–(1.9) imeet edinstvennoe rexenie w_k = {u^{(k)}_1 (x, t), u^{(k)}_2 (x, t), α_k(t)} ∈ B^{2+l}_k (Q_{T0} ), k = 1, 2, 3, dlØ kotorogo pri vseh t 6 T_0 spravedliva ocenka

|w_k|_B2+l_{k (Qt)} 6 c_4 2∑ m=1 (|u0_m|(2+^l)Ω_m + |p_m|(1+^{l/}2)_{σt} ).

§2. Nelineænye zadaqi Florina, Masketa–Verigina i Stefana Rassmotrim zadaqi Florina (k = 1), Masketa–Verigina

(k = 2) i Stefana (k = 3) (1.1)–(1.9). Dokaßem Teoremu 1.1.

Pri pomowi zamen neizvestnyh funkciæ

u^{(k)}_m = v^{(k)}_m + g(x, t), k = 1, 3, m = 1, 2, (2.1)

u^{(2)}_1 = v^{(2)}_1 + g(x, t), u^{(2)}_2 = v^{(2)}_2 (2.2)

my svedem zadaqi (1.1)–(1.9) k zadaqam s odnorodnymi uslovi- Ømi (1.4), (1.6), (1.8) na svobodnoæ granice; v^{(k)}m = 0, k = 1, 3;

O KLASSIQESKO` RAZREXIMOSTI 39

v^{(2)}_1 = v^{(2)}_2 na Γ_T . Zatem preobrazuem poluqennye zadaqi k za-

daqam s nulevymi naqal~nymi dannymi. DlØ fftogo postroim vspomogatel~nye funkcii V^{(k)}m (x, t) ∈ C^{3+l}_{1+s}(D_T ), k = 1, 2, 3; β_1(t) ∈

C^{3+l2}_{1+s}(σ_T ) i β_k(t) ∈ C^{2+l/2}_{2+s} (σ_T ), k = 2, 3, po sledu¸wim naqal~nym

usloviØm:

V^{(k)}_m | |_{t=0} = ~u_{0m}(x) − ~g(x, 0) ∈ C^{1+s}(D), D^i_tV^{(k)}_m | |_{t=0} = (~u^{(k)}_m )^{(j)}(x)−

−~g^{(j)}(x) ∈ C^{1+s−2j}(D), k = 1, 3, m = 1, 2, k = 2, m = 1;

V^{(2)}_2 | |_{t=0} = ~u_{02}(x) ∈ C^{1+s}(D), D^j_t V^{(2)}_2 | |_{t=0} = (~u^{(2)}_2 )^{(j)}(x) ∈ C^{1+s−2j}(D); β_k | |_{t=0} = 0, D^j_t β_k | |_{t=0} = α^{(j)}_k , gde j = 1, . . . , [_{1+s} 2 ] pri k = 1; j = 1, . . . , 1 + [s/2] pri k = 2, 3, znak ∼ oznaqaet gladkoe prodolßenie funkcii vo vse prostranstvo

D = R^1, funkcii (u^{(k)}_m )^{(j)}(x) = D^j_t u^{(k)}_m | |_{t=0}, qisla α^{(j)}_k = D^j_t α_k | |_{t=0} opredelØ¸tsØ iz uravneniæ (1.1) i pri vyvode usloviæ soglasovaniØ na svobodnoæ granice; g^{(j)}(x) = D^j_t g(x, t) | |_{t=0}. Potrebuem,

qtoby dlØ postroennyh funkciæ byli spravedlivy ocenki

|V^{(k)}_m |^{(3+l)}_{1+s,DT} 6 c_1 ( |f_m|^{(1+l)}_{s−1,Π(m)T} + |u_{0m}|^{(1+s)}_{Ωm} ) + I^{(k)}_m ) , (2.3)

I^{(k)}_m = |g|^{(3+l)}_{1+s,QT} , k = 1, 3, m = 1, 2, k = 2, m = 1, I^{(2)}_2 = 0,

|β_1|^{( 3+l2 )}_{s+1,σT} 6 c_2

(_2 ∑ m=1 (|f_m|(1+^l)_{s−}

1,Π^{(m)}_T

+ |u0_m|(1+^s)Ω_m ) + |g|(3+^l)1+_{s,QT} ) (2.4) |β_k|^{(2+l/2)} s+2,σ_T 6 c3 ( |f_1|^{(1+l)}_{s−1,Π(1)T} + (k − 2)|f_2|^{(1+l)}_{s−1,Π(2)T} + |u_{01}|^{(1+s)}_{Ω1} +

+(k − 2)|u02|(1+^s)Ω_2 + |g1|(2+^l)_{s,πT} ) , k = 2, 3. (2.5)

Zametim, qto v pravoæ qasti (2.5) pri k = 2 ne budet vtorogo i qetvertogo slagaemyh.

Predstavim funkci¸ α_k(t) v vide

α_k(t) = α_0 + β_k(t) + ρ_k(t), (2.6)

gde ρ_k(t) – novaØ neizvestnaØ funkciØ.

Voz~mem poloßitel~noe qislo δ_0 < d_0/4. (Napomnim, qto α_0,

b − α_0 > d_0.) Pust~ χ(λ) – gladkaØ sreza¸waØ funkciØ, ravnaØ

40 G. I. BIȷANOVA edinice pri |λ| < δ_0 i nul¸ pri |λ| ¿ 2δ_0 i ime¸waØ ocenku |D^rχ| < c_r δ^{−r}_0 . Opredelim preobrazovanie koordinat po formule

x = z + χ(z − α_0)(β_k(t) + ρ_k(t)), (2.7)

Preobrazovanie (2.7) rassmotrim kak uravnenie, opredelØ¸- wee neØvno z kak funkci¸ x i t. Pri dostatoqno malom T_1 ∈ (0, T ] naædutsØ takie postoØnnye 0 < d_2 < 1, d_3 > 0, qto budet vypolnØt~sØ neravenstvo

d_2 6 ∂x ∂z = 1 + χ^′(z − α0)(β_k + ρ_k) 6 d3 ∀t ∈ [0, T1],

i togda suwestvuet rexenie z = η(x, β_k +ρ_k) uravneniØ (2.7), ime- ¸wee proizvodnye l¸bogo porØdka po x, a po t stol~ ße gladkoe, kak summa β_k(t) + ρ_k(t), krome togo, z = x − β_k − ρ_k pri |z − α_0| < δ_0 i z = x pri |z − α_0| ¿ 2δ_0 i t = 0.

Takim obrazom, obratnyæ perehod k peremennoæ x osuwestvitsØ po formule

z = x − χ(η(x, β_k + ρ_k) − α_0)(β_k (t) + ρ_k(t)) ∀t ∈ [0, T_1]. (2.8)

Legko videt~, qto preobrazovanie (2.7) perevodit svobodnu¸ granicu α_k(t) v toqku α_0, neizvestnye oblasti Q^{(m)}_{T1} – v fiksirovannye Ω^{(m)}_{T1} .

DlØ sokrawennoæ zapisi formul vvedem oboznaqeniØ F (z, t) ∘ χ(β + ρ) = F (z + χ(β + ρ), t) = F^′(z, t), F ∘ χβ = F^{′′}(z, t), F ∘ χ(β + ρ^∗) = F^∗(z, t), (2.9)

znaki^′,^{′′}, ∗ u differencial~nyh operatorov budut oznaqat~, qto ih kofffficienty preobrazony po formulam (2.9). Oqevidno, pri

|z − α_0| ¿ 2δ_0 F^′ = F^{′′} = F^∗ = F (z, t).

Posle zameny neizvestnyh funkciæ (2.1), (2.2), (2.6), preobrazovaniØ koordinat koordinat (2.7) i ewe odnoæ zameny

v_m(z + χ(β + ρ), t) = Θ^{(k)}_m (z, t) + V^{′′}_m(z, t), m = 1, 2, (2.10)

my poluqim nelineænye zadaqi na nahoßdenie funkciæ w_k(z, t) =

{Θ^{(k)}_1 (z, t), Θ^{(k)}_2 (z, t), ρ_k(t)}, k = 1, 2, 3, udovletvorØ¸wih paraboli-

qeskim uravneniØm

P^′_m(z, t, D_z, D_t; ρ_k, –)Θ^{(k)}_m − 1 –^{χDz (V ′′m + g′ + Θ(k)m ) dρk}dt^{= F ′m,k(z, t),}

O KLASSIQESKO` RAZREXIMOSTI 41 v fiksirovannyh oblastØh Ω^{(m)}_T , k = 1, 3, m = 1, 2, k = 2, m = 1;

P^′_2Θ^{(2)}_2 − 1 –^{χDz (V ′′2 + Θ(2)2 )} dρ_2 dt = F^′2_,2(z, t) v Ω(2)_T ; (2.11)

nulevym naqal~nym usloviØm, kraevym usloviØm

Θ(^k)1 | |_{S(1)T} = ψ^{(k)}_1 (t), Θ^{(k)}_2 | |_{S(2)T} = ψ^{(k)}_2 (t) (2.12)

i sledu¸wim usloviØm soprØßeniØ na granice S_T = {α_0} × [0, T ]:

Θ_m = −V^{′′}_m, m = 1, 2, E^′_1(z, t, D_z; –)w ≡ λ^′_1 – ∂Θ_1 ∂z − λ^′_2 – ∂Θ_2 ∂z = φ^′1(z, t); (2.13)

v zadaqe Florina (k = 1),

Θ1 − Θ2 = V^{′′}2 − V^{′′}1 , E^′1(z, t, D_z; –)w = φ^′2(z, t) E^′_2(z, t, D_z, D_t; –)w ≡ λ^′_1

–^{Dzθ1 +} dρ_2 dt = φ^′4(z, t) (2.14)

v zadaqe Masketa–Verigina (k = 2) i

Θ_m = −V^{′′}_m, m = 1, 2, E^′_3(z, t, D_z, D_t; –)w ≡ λ^′_1 –^{Dzθ1 −} λ^′_2

–^{Dz Θ2 +} dρ_3 dt = φ^′3(z, t) (2.15)

v zadaqe Stefana (k = 3). Zdes~

P^′_m = ∂ ∂t − 1 –^{2 a′mD2z +} ( 1 –^{3 a′mD2χ(βk + ρk) −} 1 –^{χDtβk −} 1 –^{b′m} ) − c^′_m; F^′_{m,k} = f^′_m − P^′_m(V^{′′}_m + g^′), k = 1, 3, m = 1, 2, k = 2, m = 1,

F^′_{2,2} = f^′_2 − P^′_2V^{′′}_2 ; φ^′_1 = g^′_1 + 1 – 2∑ m=1 (−1)^mλ^′_mD_z(V^{′′}_m + g^′);

φ^′_2 = −g^′_1 + g^′_2 − 1 –^{(λ′1Dz(V ′′1 + g′) − λ′2Dz V ′′2 );} φ^′_4 = −g^′_1 − D_tβ − 1 –^{λ′1Dz (V ′′1 + g′);} φ^′_3 = g^′_1 − D_tβ + 1 – 2∑ m=1 (−1)^mλ^′_mD_z(V^{′′}_m + g^′);

ψ^{(k)}_m = p_m − (g + V_m) | |_{S(m)T} , k = 1, 3, m = 1, 2, k = 2, m = 1;

ψ^{(2)}_2 = p_2 − V_2 | |_{S(2)T} ; – = 1 + D_zχ(β_k(t) + ρ_k(t)).

42 G. I. BIȷANOVA

DlØ dal~neæxego issledovaniØ zadaq (2.11)–(2.15) nam potrebu¸tsØ sledu¸wie tri lineænye zadaqi Florina, Masketa–Verigina i Stefana na nahoßdenie neizvestnyh funkciæ w_k(x, t) = {v^{(k)}_1 , v^{(k)}_2 , ρ_k(t)}, udovletvorØ¸wih paraboliqeskim uravneniØm

L_mv^{(k)}_m − q^{(k)}_m (x, t)χ(x − α_0) dρ_k dt = F_m(x, t) v Ω(^m)_T , m = 1, 2,

(2.16) nulevym naqal~nym usloviØm, graniqnym usloviØm

v^{(k)}_1 | |_{S(1)T} = ψ_1(t), v^{(k)}_2 | |_{S(2)T} = ψ_2(t) (2.17)

i usloviØm soprØßeniØ na granice S_T = {α_0} × [0, T ]:

v^{(1)}_m = φ_m(x, t), m = 1, 2, λ_1(x, t) ∂v^{(1)} ∂x − λ_2(x, t) ∂v^{(1)}_2 ∂x = φ3(x, t), (2.18)

v lineænoæ zadaqe Florina (k = 1),

v^{(2)}_1 − v^{(2)}_2 = φ_1(x, t), λ_1(x, t) ∂v^{(2)}_1 ∂x − λ_2(x, t) ∂v^{(2)}_2 ∂x = φ2(t), λ_1(x, t) ∂v^{(2)}_1 ∂x + dρ_2 dt = φ3(x, t) (2.19)

v lineænoæ zadaqe Masketa–Verigina (k = 2)

v^{(3)}_m = φ_m(x, t), m = 1, 2, λ_1(x, t) ∂v^{(3)}_1 ∂x − λ_2(x, t) ∂v^{(3)}_1 ∂x + dρ_3 dt = φ3(x, t). (2.20)

v lineænoæ zadaqe Stefana (k = 3).

Teorema 2.1. Pust~ l – neceloe poloßitel~noe qislo, sk < s 6

2 + l, s1 = 2, s_k = max(2, l), k = 2, 3. Pust~ kofffficienty opera-

torov L_m i funkcii q_m prinadleßat prostranstvu C^l_{s−2}(Ω^{(m)}_T ), λ_m ∈ C^{1+l}_{s−1}(S_T ) i vypolneny usloviØ

q^{(1)}_1 q^{(2)}_2 ¿ d_1 = const > 0 na S_T (k = 1), q^{(2)}_2 − q^{(2)}_1 ¿ d_1 na S_T (k = 2), q^{(3)}_m 6 −d_1 na S_T (k = 3), m = 1, 2.

(2.21)

O KLASSIQESKO` RAZREXIMOSTI 43

Togda pri l¸bom vektore h_k = {F_1, F_2, φ_1, φ_2, φ_3, ψ_1, ψ_2} ∈ ∘ H^{2+l}_{s,k} (Ω_T ) kaßdaØ iz lineænyh zadaq (2.16)–(2.20) imeet edin-

stvennoe rexenie w_k = {v^{(k)}_1 , v^{(k)}_2 , ρ_k}, prinadleßawee prostran-

stvu^∘B^{2+l}_{s,k} (Ω_T ), dlØ kotorogo spravedliva ocenka

|w_k| ∘_{B 2+ls,1 (ΩT )} 6 c_{3+k}|h_k| ∘_{H 2+ls,k (ΩT )}, k = 1, 2, 3 (2.22)

Teorema budet dokazana v §3. Zamatim tol~ko, qto veliqina T zdes~ proizvol~na.

ObratimsØ k zadaqam (2.11)–(2.15). Opredelim vektory h^′_k po pravym qastØm uravneniæ i usloviæ na granicah S^{(m)}_T , S_T h^′_k(z, t; –) = {F^′_{1,k}, F^′_{2,k}, −V^{′′}_1 | |_{ST} , −V^{′′}_2 | |_{ST} , φ^′_k | |_{ST} , ψ^{(k)}_1 , ψ^{(2)}_2 }, k = 1, 3,

h^′_2 = {F^′_{1,2}, F^′_{2,2}, V^{′′}_2 − V^{′′}_1 | S_T , φ ′ 2 | S_T , φ ′ 4 | S_T , ψ (2) 1 , ψ^{(2)}_2 }.

(2.23) Predstavim vektor h^′_k(z, t; –) v vide

h^′_k(z, t; –) = h^{′′}_k(z, t; –_0) + (h^′_k(z, t; –) − h^{′′}_k(z, t; –_0)), (2.24)

gde – = 1 + Dz χ(βk(t) + ρk(t)), –0 = 1 + Dz χβk(t).

Po postroeni¸, v silu usloviæ soglasovaniØ i na osnovanii lemm 2.2–2.6 o proizvedenii i kompozicii funkciæ iz vesovogo prostranstva Gel~dera [40, s.23] vektor-funkciØ h^{′′}_k prinad-

leßit prostranstvu^∘H^{3+l}_{1+s,k}(Ω_{T1} ). Krome togo, v paraboliqeskih uravneniØh (2.11) kofffficienty pri proizvodnyh D_tρ udovletvorØ¸t usloviØm (2.21) Teoremy 2.1

D_z(V^{′′}_1 + g^{′′})D_z (V^{′′}_2 + g) | |_{t=0} z=α_0 = D_zu01(z)D_z u02(z) | |_{z=α0} ¿ d_1 > 0, k = 1,

D_z V^{′′}_2 − D_z (V^{′′}_1 + g^{′′}) | |_{t=0} z=α_0 = D_zu02(z) − D_z u01(z) | |_{z=α0} ¿ d_1, k = 2,

D_z (V^{′′}_m + g^{′′}) | |_{t=0} z=α_0 = D_zu0_m(z) | |_{z=α0} 6 −d_1, k = 3, m = 1, 2.

Budem dokazyvat~ Teoremu 1.1 v dva fftapa, kak v rabotah [40,

41], snaqala v prostranstve^∘B^{2+l}_{s,k} (Ω_{T0} ), zatem – v^∘B^{3+l}_{1+s,k}(Ω_{T0} ).

Teorema 2.2. Pust~ l – neceloe poloßitel~noe qislo, sk < s 6

2 + l, s1 = 1, s_k = max(1, l), k = 2, 3, i vypolneny usloviØ Teore-

my 1.1. Togda naædetsØ takoe T_0 : 0 < T_0 6 T_1, qto kaßdaØ iz zadaq

44 G. I. BIȷANOVA

(2.11)–(2.15) imeet edinstvennoe rexenie w_k = {Θ(^k)1 , Θ(^k)2 , ρ_k} ∈ ∘ B^{2+l}_{s,k} (Ω_{T0} ), dlØ kotorogo spravedliva ocenka |w_k| ∘_{B 2+ls,k (Ωt)} 6 c_7|h^{′′}_k| ∘_{H 2+ls,k (Ωt)} ∀t ∈ (0, T_0), k = 1, 2, 3. (2.25) Dokazatel~stvo. V paraboliqeskih uravneniØh i usloviØh na

svobodnoæ granice S_T vydelim lineænye vyraßeniØ s pomow~¸ toßdestva P^′_m(·; ρ, –) = P^{′′}_m(·; 0, –_0) + (P^′_m − P^{′′}_m) i t.p. (Napomnim, qto F^′ = F ∘ χ(β + ρ), F^{′′} = F ∘ χβ.) Zatem, ostaviv v levyh qastØh uravneniæ i usloviæ na S_T lineænye vyraßeniØ i perenesØ v pravye qasti ostal~nye slagaemye, predstavim zadaqi (2.11)– (2.15) v operatornoæ forme

B_kw_k = h^{′′}_k + N w_k, k = 1, 2, 3,

gde B_k – lineænye operatory, k primeru,

B_2w_2 = {P^{′′}_1 (·; 0, –_0)Θ_1 − 1 –0^{χDz (V ′′1 + g′′)Dtρ; P ′′2 (·; 0,} –^{0)Θ2−} − 1 –0^{χDzV ′′2 Dtρ; Θ1 − Θ2} | |_{ST1} ; E^{′′}_1 (·, –_0)w_2 | |_{ST1} ; E^{′′}_2 (·; –_0)w_2 | |_{ST1} ; Θ1 | |_{S(1)T} 1 ; Θ2 | |_{S(2)T} 1 }, N_k – nelineænye operatory, vektory h^{′′}_k opredelØ¸tsØ po for-

mulam (2.23), (2.24).

Na osnovanii Teoremy 2.1 i ocenki (2.22) moßem zapisat~

w_k = B^{−1}_k h^{′′}_k + B^{−1}_k N_kw_k, |w_k| ∘_{B 2+ls,k (Ωt)} 6 c_8 ( |h^{′′}_k| ∘_{H 2+ls,k (Ωt)} + |N_kw_k| ∘_{H 2+ls,k (Ωt)} ) , t ∈ (0, T_1), (2.26) gde B^{−1}_k – obratnyæ k B_k operator.

Pri malom T_0 k uravneni¸ (2.26) primenim princip sßima¸wih otobraßeniæ, na osnovanii kotorogo sleduet, qto ono imeet edinstvennoe rexenie w_k, prinadleßawee prostranstvu ∘ B^{2+l}_{s,k} (Ω_{T0} ) i udovletvorØ¸wee ocenke (2.25) (sm. [40, 41]).

O KLASSIQESKO` RAZREXIMOSTI 45

Teorema 2.3. Pust~ l – neceloe poloßitel~noe qislo, sk < s 6

2 + l, s1 = 1, s_k = max(1, l), k = 2, 3 i vypolneny usloviØ Teore-

my 1.1. Togda naædetsØ takoe T_0 : 0 < T_0 6 T_1, qto kaßdaØ iz zadaq (2.11)–(2.15) imeet edinstvennoe rexenie w_k = {Θ^{(k)}_1 , Θ^{(k)}_2 , ρ_k}, prinadleßawee prostranstvu^∘B^{3+l}_{1+s,k}(Ω_{T0} ), dlØ kotorogo spravedliva ocenka

|w_k| ∘_{B 3+l1+s,k(Ωt)} 6 c_9|h^{′′}_k| ∘_{H 3+ls+1,k(ΩT1 )} ∀t ∈ (0, T_0), k = 1, 2, 3. (2.27)

Dokazatel~stvo. V predyduweæ teoreme bylo dokazano suwe-

stvovanie i edinstvennost~ rexeniæ zadaq (2.11)–(2.15) v prostranstve^∘B^{2+l}_{s,k} (Ω_{T0} ), k = 1, 2, 3. Oboznaqim ffti rexeniØ qerez

w^∗_k = {Θ^{(k)∗}_1 , Θ^{(k)∗}_2 , ρ^∗_k} i vmesto zadaq (2.11)–(2.15) rassmotrim

sledu¸wie zadaqi s “zamoroßennymi” kofffficientami i pravymi qastØmi. TrebuetsØ naæti funkcii w_k = {Θ^{(k)}_1 , Θ^{(k)}_2 , ρ_k}, udovletvorØ¸wie paraboliqeskim uravneniØm

P^∗_m(z, t, D_t; ρ^∗, –^∗)Θ^{(k)}_m − 1 –^{∗ χDz(V ′′m + g∗ + Θ(k)∗m )} dρ_k dt = F^∗_{m,k}(z, t) k = 1, 3, m = 1, 2, k = 2, m = 1, v Ω^{(m)}_T ;

P^∗_2 Θ^{(2)}_2 − 1 –^{∗ χDz (V ′′2 + Θ(2)∗2 )} dρ_2 dt = F^∗2_,2(z, t) v Ω(2)_T ; (2.28)

nulevym naqal~nym usloviØm, kraevym usloviØm

Θ(^k)1 | |_{S(1)T} = ψ^{(k)}_1 (t), Θ^{(k)}_2 | |_{S(2)T} = ψ^{(k)}_2 (t) (2.29)

i usloviØm soprØßeniØ na granice S_T :

Θ_m = −V^{′′}_m, m = 1, 2, 1 –^∗ 2∑ m=1 (−1)1+^mλ^∗_m ∂Θ_m ∂z = φ^∗1(z, t) (2.30)

v zadaqe Florina (k = 1),

Θ1 − Θ2 = V^{′′}2 − V^{′′}1 , 1 –^∗ 2∑ m=1 (−1)1+^mλ^∗_m ∂Θ_m ∂z = φ^∗2(z, t) λ^∗_1 –^{∗ ∂Θ1}∂z^{+ dρ2}dt^{= φ∗4(z, t)} (2.31)

46 G. I. BIȷANOVA v zadaqe Masketa–Verigina (k = 2),

Θ_m = −V^{′′}_m, m = 1, 2, 1 –^∗ 2∑ m=1 (−1)1+^mλ^∗_m ∂Θ_m ∂z + dρ_3 dt = φ^∗3(z, t), (2.32)

v zadaqe Stefana (k = 3).

Znak^∗ oznaqaet kompozici¸ funkciæ i kofffficientov operatorov po formule (2.9): F^∗ = F ∘ χ(β + ρ^∗), –^∗ = 1 + Dχ(β + ρ^∗).

My poluqili lineænye zadaqi vida (2.16)–(2.20). Vektor h^∗_k, sostavlennyæ iz pravyh qasteæ uravneniæ i usloviæ (2.28)– (2.32), prinadleßit prostranstvu^∘H^{3+l}_{1+s,k}(Ω_{T0} ), kofffficienty operatorov P^∗_m(·; ρ^∗, –^∗) i λ^∗_m – prostranstvam C^{1+l}_{s−1}(Ω_{T0} ) i

C^{2+l}_s (S_{T0} ) sootvetstvenno. Na osnovanii Teoremy 2.1 kaßdaØ iz

zadaq (2.28)–(2.32) imeet edinstvennoe rexenie, kotoroe oboznaqim qerez w^{∗∗}_k . Ono prinadleßit^∘B^{3+l}_{1+s,k}(Ω_{T0} ) i udovletvorØet ocenke |w^{∗∗}_k | ∘_{B 3+l1+s,k(Ωt)} 6 c_{10}|h^{∗∗}_k | ∘_{H 3+ls+1,k(Ωt)} 6 c_{11}|h^{′′}_k| ∘_{H 3+ls+1,k(Ωt)} ∀t ∈ (0, T_0), gde postoØnnaØ c_{11} zavisit ot ρ^∗_k, T_0 6 T_1, T_0 opredeleno v Teoreme 2.2, T_1 – pri vyvode obratnogo preobrazovaniØ koordinat (2.8). No po Teoreme 2.2 rexeniem zadaq (2.28)–(2.32) ØvlØetsØ i funkciØ w^∗_k ∈^∘B^{2+l}_{s,k} (Ω_{T0} ). Tak kak rexenie w^∗_k edinstvenno, to ono sovpadaet s w^{∗∗}_k , no togda rexenie zadaq (2.11)–(2.15)

w^∗_k prinadleßit prostranstvu^∘B^{3+l}_{1+s,k}(Ω_{T0} ) i podqinØetsØ ocenke

(2.27).

Zaverxim dokazatel~stvo Teoremy 1.1. VspominaØ zameny (2.10), (2.6)–(2.8) i (2.1), (2.2), poluqim vyraßeniØ

u^{(k)}_m (x, t) = g(x, t) + Θ^{(k)}_m (x − χ(η(x, β_k + ρ_k) − α_0)(β_k + ρ_k), t)+

+V (^k)_m (x − χ(η(x, β_k + ρ_k) − α0)ρ_k, t), k = 1, 3, m = 1, 2, k = 2, m = 1;

u^{(2)}_2 (x, t) = Θ^{(2)}_2 (x − χ(η(x, β_2 + ρ_2) − α_0)(β_2 + ρ_2), t)+ +V (2)2 (x − χ(η(x, β2 + ρ2) − α0)ρ2, t), v kotoryh funkcii, stoØwie v pravyh qastØh, na osnovanii lemm o kompozicii funkciæ iz vesovogo prostranstva Gel~dera [40]

O KLASSIQESKO` RAZREXIMOSTI 47 udovletvorØ¸t ocenkam

|Θ^{(k)}_m (x − χ(β_k + ρ_k), t^{(3+l)}_{1+s,Qt} 6 c_{12}|Θ^{(k)}_m (z, t)|^{(3+l)}_{1+s,Ωt} ,

|V_m(x − χρ_k, t)|^{(3+l)}_{1+s,Qt} 6 c_{13}|V^{(k)}_m (z, t)|^{(3+l)}_{1+s,Dt} , t 6 T_0,

priqem konstanty c_{12}, c_{13} zavisØt ot funkciæ β_k i ρ_k.

Itak, rexeniØ zadaq (1.1)–(1.9) w_k(x, t) = {u^{(k)}_1 , u^{(k)}_2 , ρ_k} prinadleßat prostranstvam B^{3+l}_{1+s,k}(Ω_{T0} ), k = 1, 2, 3. Dalee, prinimaØ vo vnimanie ocenki (2.27) funkciæ Θ^{(k)}_1 (z, t), Θ^{(k)}_2 (z, t), ρ_k(t) i ocenki (2.3)–(2.5) funkciæ V^{(k)}m , β_k, a takße uqityvaØ, qto funkcii h^{′′}_k opredelØemye formulami (2.23), (2.24), oceniva¸tsØ vyraßeniem, nahodØwimsØ v pravoæ qasti neravenstva (1.11), poluqim trebuemu¸ ocenku (1.11).

Teorema 1.1 dokazana.

Dokazatel~stvo Teoremy 1.3 sostoit iz odnogo fftapa – Teoremy 2.2. Otliqie ot dokazatel~stva Teoremy 1.1 zakl¸qaetsØ v tom, qto vspomogatel~nye funkcii V^{(k)}m (x, t) i β_k nahodØtsØ v klassah C^{2+l}_s (D_T ), k = 1, 2, 3 i C^{1+l/2}s (σ_T ), k = 1, C^{3+l2}_{s+l} (σ_T ), k = 2, 3 sootvetstvenno.

Toqno tak ße moßno dokazat~ teoremy o razreximosti odnofaznyh zadaq Florina i Stefana, analogiqnye Teoremam 1.1– 1.4.

Otmetim, qto Teoremy 1.1–1.4 budut imet~ mesto i dlØ kvazilineænyh paraboliqeskih uravneniæ

K_mu_m = ∂u_m ∂t − a_m(x, t, u_m, D_xu_m) ∂^2u_m ∂x^2 − b_m(x, t, u_m, D_xu_m) dlØ s_k < s 6 2+l, s_1 = 2, s_k = max(2, l), k = 2, 3 i pri usloviØh, qto a_m(x, t, p, q), b_m(x, t, p, q) ∈ C^{1+l} po peremennym x, p, q i a_m(x, t, p, q), b_m(x, t, p, q) ∈ C^{1+l2} po peremennoæ t.

§3. Model~nye lineænye zadaqi Florina, Masketa–Verigina i Stefana

Dokaßem Teoremu 2.1 o razreximosti zadaq (2.16)–(2.20). Dokazatel~stvo provedem, kak v [39–42], pri pomowi regulØrizatora R^{(k)}h_k = {R^{(k)}_1 h_k, R^{(k)}_2 h_k, R^{(k)}_3 h_k}. DlØ ego postroeniØ nußno naæti rexeniØ vseh model~nyh zadaq, voznika¸wih pri lokal~- nom rassmotrenii ishodnyh zadaq (2.16)–(2.20), a imenno: zadaq

48 G. I. BIȷANOVA na prØmoæ s usloviØmi soprØßeniØ (2.18)–(2.20), zadaqi Koxi i pervoæ graniqnoæ zadaqi na poluprØmoæ. OdnoznaqnaØ razreximost~ v prostranstvah^∘C^{2+l}_s zadaq Koxi i s graniqnym usloviem pervogo roda ustanovlena v rabotah [33–36]. Izuqim model~nye zadaqi soprØßeniØ.

Pust~ D_1 = {x|x < 0}, D_2 = {x|x > 0}, D = R^1, D^{(m)}_T = D_m ×

(0, T ), D_T = D × (0, T ), R_T = {0} × [0, T ], σ_T = (0, T ).

TrebuetsØ opredelit~ funkcii u_1(x, t), u_2(x, t) i ρ(t), udovletvorØ¸wie uravneniØm ∂u_m ∂t − a^2_m ∂^2u_m ∂x^2 − q^{(k)}_m dρ dt = f_m(x, t) v D(^m)_T , m = 1, 2, (3.1)

naqal~nym usloviØm u_m | t=0 = 0 v D_m, m = 1, 2, ρ | t=0 = 0 (3.2)

i usloviØm soprØßeniØ na granice R_T :

u_m = g_m(x, t), m = 1, 2, λ_1 ∂u_1 ∂x − λ_2 ∂u_2 ∂x = g3(x, t), (3.3)

v lineænoæ zadaqe Florina (k = 1),

u_1 − u_2 = g_1(x, t), λ_1 ∂u_1 ∂x − λ_2 ∂u_2 ∂x = g2(x, t), λ_1 ∂u_1 ∂x + dρ ∂t = g3(x, t) (3.4)

v lineænoæ zadaqe Masketa–Verigina (k = 2) i

u_m = g_m(x, t), m = 1, 2, λ_1 ∂u_1 ∂x − λ_2 ∂u_2 ∂x + dρ dt = g3(x, t), (3.5)

v lineænoæ zadaqe Stefana, gde konstanty podqinØ¸tsØ uslovi- Øm λ_m > 0, q^{(1)}_1 q^{(1)}_2 > 0 (k = 1),

q = q^{(2)}_2 − q^{(2)}_1 > 0 (k = 2), q^{(3)}_m < 0, m = 1, 2 (k = 3).

(3.6)

Dokaßem, qto rexeniØ w_k = {u^{(k)}_1 , u^{(k)}_2 , ρ_k} fftih zadaq udovletvorØ¸t ocenke |w_k| ∘_{B 2+ls,k (DT )} 6 c_1|h_k| ∘_{H 2+ls,k (ΩT )}, k = 1, 2, 3, (3.7)

O KLASSIQESKO` RAZREXIMOSTI 49 gde h_k = {f_1, f_2, g_1, g_2, g_3}.

Preobrazuem zadaqi (3.1)–(3.5). DlØ fftogo postroim vspomogatel~nye funkcii ω^{(k)}m (x, t)(x, t) ∈^∘C^{2+l}_{s,k} (D_T ), opredelØemye kak rexeniØ sledu¸wih zadaq: ∂ω^{(k)}m ∂t − a^2_m ∂^2ω^{(k)}m ∂x^2 = f_m(x, t) v D(^m)_T , m = 1, 2, k = 1, 2, 3, (3.8)

ω^{(k)}_m = g_m na R_T , k = 1, 3, m = 1, 2, (3.9)

ω^{(2)}_1 = ω^{(2)}_2 + g_1, λ_1

∂ω^{(2)}_1 ∂x − λ_2 ∂ω^{(2)}_2 ∂x = g2 na R_T , k = 2. (3.10)

Na osnovanii rabot [33–36, 43] zadaqi (3.8)–(3.10) razreximy, a ih rexeniØ podqinØ¸tsØ ocenkam 2∑ m=1 |ω^{(k)}_m |^{(2+l)}_{s,D(m)T} 6 c_{1+k}

(_2 ∑ m=1 |f_m|^{(l)}_{s−2,D(m)T} + I_k )

I_k = 2∑ i=1 |g_i|^{(2+l)}_{s,RT} , k = 1, 3, I_2 = |g_1|^{(2+l)}_{s,RT} + |g_2|^{(1+l)}_{s−1,RT} .

(3.11)

Teper~ v zadaqah (3.1)–(3.5) proizvedem zameny

u^{(k)}_m = q_mv^{(k)}_m + ω^{(k)}_m + q_mρ_k, k = 1, 3, u^{(2)}_m = v^{(2)}_m + ω^{(2)}_m + q_mρ_2, (3.12)

gde v^{(k)}m – novye neizvestnye funkcii. V rezul~tate ffti zadaqi preobrazu¸tsØ k sledu¸wim: ∂v_m ∂t − a^2_m ∂^2v_m ∂x^2 = 0 v D^{(m)}_T , m = 1, 2, (3.13)

v^{(1)}_m + ρ_1 = 0, m = 1, 2,

λ_1q_1

∂v^{(1)}_1 ∂x − λ_2q_2

∂v^{(1)}_2 ∂x = Φ1(t) na R_T (k = 1)

(3.14)

v^{(2)}_1 − v^{(2)}_2 = (q_2 − q_1)ρ_2(t), λ_1

∂v^{(2)}_1 ∂x − λ_2 ∂v^{(2)}_2 ∂x = 0,

λ_1

∂v^{(2)}_1 ∂x + dρ_2 dt = Φ2(t) na R_T (k = 2),

(3.15)

50 G. I. BIȷANOVA v^{(3)}_m + ρ_3 = 0, m = 1, 2,

λ_1q_1

∂v^{(3)}_1 ∂x − λ_2q_2

∂v^{(3)}_2 ∂x + dρ_3 dt = Φ3(t) na R_T (k = 3)

(3.16) gde Φ_k = g3 − λ1

∂ω^{(k)}_1 ∂x + λ2

∂ω^{(k)}_2 ∂x | | | |_{RT} , k = 1, 3, Φ^2 = g^3 − λ^1

∂ω^{(2)}_1 ∂x | | | |_{RT} , |Φ_k|^{( 1+l2 )}s,σ_T 6 c_5 ( |ω^{(k)}_1 |^{(2+l)}_{s,D(1)T} + |2 − k||ω^{(k)}_2 |^{(2+l)}_{s,D(2)T} + |g_3|^{(1+l)}_{s−1,ST} ) . (3.17) Takim obrazom, nußno ustanovit~ sledu¸wie neravenstva dlØ funkciæ v^{(k)}m , ρ_k, k = 1, 2, 3: 2∑ m=1 |v^{(1)}_m |^{(2+l)}_{s,D(m)T} + |ρ_1|^{(1+l/2)}_{s,σT} 6 c_6|Φ_1|^{( 1+l2 )}s,σ_T , (3.18) 2∑ m=1 |v^{(k)}_m |^{(2+l)}_{s,D(m)T} + |ρ_k|^{( 3+l2 )}s,σ_T 6 c_7|Φ_k|^{( 1+l2 )}s,σ_T , k = 2, 3, (3.19)

iz nih (s uqetom formul (3.12) i ocenok (3.17), (3.11)) budut sledovat~ trebuemye ocenki (3.7).

Naædem funkcii v^{(k)}m , ρ_k v Øvnom vide.

Lemma 3.1. Pust~ vypolneny usloviØ (3.6). Togda rexeniØ lineæ-

nyh zadaq Florina, Masketa–Verigina i Stefana (3.13)–(3.16) ime- ¸t vid

v^{(k)}_m (x, t) = t∫ 0 Φ_k(τ )G(^k)_m (x, t − τ )dτ, 1, 2, 3; (3.20)

ρ_k(t) = − t∫ 0 Φ_k(τ )G(^k)_m (0, t − τ ), k = 1, 3;

ρ_2(t) = t∫ 0 Φ2(τ )G(2)(0, t − τ )dτ ), (3.21) gde G^{(1)}_m = sgn q_m 1 –1^√πt^{exp} ( − x^2 4a2_mt ) ; (3.22)

O KLASSIQESKO` RAZREXIMOSTI 51

G^{(2)}_m = (−1)^{1+m} a_m–_2 λ_m t∫ 0 |x| + a_m–_2u 2a_m √ π(t − u)^3 exp ( − (|x| + a_m–2u)2 4a2_m(t − u) ) du, (3.23)

G^{(2)} = t∫ 0 –2u 2 √ π(t − u)^3 exp ( − –^2u^2 4(t − u) ) du ≡ 1 q (G(2)1 (0, t) − G(2)2 (0, t)),

G^{(3)}_m = − t∫ 0 |x| + a_m–_3u 2a_m √ π(t − u)^3 exp ( − (|x| + a_m–3u)2 4a2_m(t − u) ) du. (3.24)

Dokazatel~stvo. K zadaqam (3.13)–(3.16) primenim preobrazo-

vanie Laplasa ~F (p) ≡ L[F ] = ∞∫ 0 F (t)e^{−pt} dt i v oblasti izobraßeniæ naædem funkcii ~v^{(k)}m , ~ρ_k

~v^{(1)}_m (x, p) = sgn q_m 1 –1^√p^{~Φ1(p)e−} √ p|x|/a_m ,

~ρ_1(p) = −sgn q_m 1 –1^√p^{~Φ1(p),} –^{1 =}

λ_1 a_1

|q_1| + λ_2 a_2 |q_2|; (3.25)

~v^{(2)}_m (x, p) = (−1)^m –^2 a_m p + –2^√p^{~Φ2(p)e−} √ p|x|/a_m ,

~ρ_2(p) = 1 p + –2^√p^{~Φ2(p),} –^{2 = q} ( a_1 λ_1 + a_2 λ_2 )_{−1} , q = q_2 − q_1;

(3.26)

~v^{(3)}_m (x, p) = − 1 p + –3^√p^{~Φ3(p)e−} √ p|x|a_m , ~ρ_3(p) = 1 p + –3^√p^{~Φ3(p),} –^{3 =} –^{1.}

(3.27)

Pol~zuØs~ formulami dlØ obratnyh preobrazovaniæ Laplasa [44, s. 200, form. (4); s. 220, form. (6)], srazu poluqim originaly funkciæ (3.25)–(3.27) L^{−1}[~v^{(k)}m ] = v^{(k)}m i L^{−1}[~ρ_k(p)] = ρ_k v vide (3.20), (3.21).

52 G. I. BIȷANOVA

Neposredstvennoæ proverkoæ netrudno ubedit~sØ, qto postroennye funkcii (3.20), (3.21) udovletvorØ¸t vsem usloviØm zadaq (3.13)–(3.16) sootvetstvenno.

DlØ funkciæ Grina (3.23), (3.24) ime¸t mesto sledu¸wie ravenstva:

D_tG^{(2)}_m (x, t) = − –^2 x 2λ_m √ πt^3 exp ( − x^2 4a2_mt ) + (−1)^m–2a_mD_xG(2)_m ,

D_tG^{(3)}_m (x, t) = (−1)^{m+1} x 2a_m √ πt^3 exp ( − x^2 4a2_mt ) + +(−1)^m–3a_mD_xG(3)_m .

(3.28) Ih legko moßno poluqit~, proizvedØ v integralah (3.23), (3.24) zamenu peremennoæ integrirovaniØ t − u = u_1.

Lemma 3.2. Funkcii Grina G^{(k)}m (x, t), k = 2, 3, m = 1, 2, lineæ-

nyh zadaq Masketa–Verigina i Stefana, opredelØemye formulami

(3.23), (3.24), podqinØ¸tsØ ocenkam

|G^{(k)}_m (x, t)| 6 c_8(1 + √ T ), (3.29)

|D^r_t D^β_x G^{(k)}_m (x, t)| 6 c_9(T )(x^2 + t^2)^{− r+β2} exp ( −δ^2_1 x^2 + t^2 t ) , (3.30)

gde kofffficient c_9 zavisit ot T ffksponencial~no.

Dokazatel~stvo. Ocenka (3.29) ustanavlivaetsØ srazu posle za-

meny peremennoæ integrirovaniØ^{(−1)mx+}–^{k am u}_{2am}√_{t−u} = z. DlØ vyvoda neravenstva (3.30) proizvedem v integralah (3.23), (3.24) zamenu peremennoæ integrirovaniØ t − u = u_1. Teper~ legko poluqaem

|D^r_t D^β_x G^{(k)}_m (x, t)| 6 c_{10} t∫ 0 u^{− 2+r+β2} exp ( −δ^2 x^2 + t^2 − 2tu u ) du 6 6 c10 exp^(−δ^2^{A2 + t2}_{2t} + 2δ^2T^) t∫ 0 A u^{3/2} 1 Au^{r+β−1}2 exp ( −δ^2

A^2 2u ) du, gde A^2 = x^2 + t^2, otkuda posle primeneniØ neravenstva x^pe^{−δ2x2} 6 c_p, p ¿ 0, x > 0

O KLASSIQESKO` RAZREXIMOSTI 53 poluqim trebuemu¸ ocenku.

Itak, dlØ funkciæ v^{(k)}m , ρ_k naædennyh v vide (3.20), (3.21), ustanovim ocenki (3.18), (3.19).

FunkciØ Grina G^{(1)}m (3.22) lineænoæ zadaqi Florina (3.13), (3.14) vyraßaetsØ qerez fundamental~noe rexenie uravneniØ teploprovodnosti, pofftomu na osnovanii rabot [33–36, 42, 43] ocenka (3.18) dlØ funkciæ v^{(1)}m spravedliva, priqem pri 0 < s 6

2 + l. No togda iz pervogo usloviØ soprØßeniØ (3.14) budet sle-

dovat~ ocenka (3.18) i dlØ funkcii ρ_1 (k = 1).

Rassmotrim lineænu¸ zadaqu Masketa–Verigina (k = 2) (3.13), (3.15). Pokaßem, qto dlØ vyvoda neravenstva (3.19) pri

k = 2 dostatoqno ustanovit~ ocenku

|ρ_2|^{( 3+l2 )}_{s+1,σT} 6 c_{11}|Φ_2|^{( 1+l2 )}_{s−1,σT} . (3.31)

Deæstvitel~no, iz tret~ego usloviØ soprØßeniØ (3.15) avtomatiqeski budet sledovat~ ocenka dlØ proizvodnoæ D_xv^{(2)}_1 | |_{RT} |D_xv^{(2)}_1 ||_{x=0}|^{( 1+l2 )}_{s−1,σT} 6 c_{12}|Φ_2|^{( 1+l2 )}_{s−1,σT} . (3.32)

V silu vtorogo usloviØ soprØßeniØ (3.15) ocenke (3.32) budet podqinØt~sØ i proizvodnaØ D_xv^{(2)}_2 | |_{RT} , no togda funkcii v^{(2)}_m (x, t)

m = 1, 2, kak rexeniØ uravneniæ teploprovodnosti (3.13), budut

prinadleßat~ prostranstvu^∘C^{2+l}_s (D^{(m)}_T ) i udovletvorØt~ neravenstvu

|v^{(2)}_m |^{(2+l)}_{s,D(m)T} 6 c_{13}|D_xv^{(2)}_m |_{x=0}|^{( 1+l2 )}_{s−1,σT} 6 c_{14}|Φ_2|^{( 1+l2 )}_{s−1,σT} .

Takim obrazom, pri vypolnenii (3.31) ocenka (3.19) pri k = 2 budet imet~ mesto.

ObratimsØ k lineænoæ zadaqe Stefana (k = 3) (3.13), (3.16). Pust~ dlØ ee rexeniØ spravedliva ocenka

|ρ_3|^{( 3+l2 )}_{s+l,σT} + |D_xv^{(3)}_m |_{x=0}|^{( 1+l2 )}_{s−1,σT} 6 c_{15}|Φ_3|^{( 1+ l}2)_{s−1,σT} , (3.33)

togda v silu predyduwih rassußdeniæ budet spravedliva ocenka (3.19) i pri k = 3.

Itak, dlØ dokazatel~stva ocenok (3.18), (3.19) ustanovim neravenstva (3.31), (3.32). DlØ fftogo, prinimaØ vo vnimanie Lemmu 1.1 ob ffkvivalentnosti norm, ocenim moduli |ρ_k|, k = 2, 3, i

54 G. I. BIȷANOVA |D_xv^{(3)}m |_{x=0}| i poluqim neravenstva

[(D^{ν−}1_t Φ_k ∗ D_tG(^k)_m )|_x=0]

(^{3+l−2ν}_2 ) s+1−2ν,σ_t 6 c16|Φk| (^{1+l}_2 ) s−1,σ_t, 1 + l < 2ν < 3 + l; k = 2, 3;

[(D^ν_t Φ3 ∗ D_xG(3)_m )|_x=0]

(^{1+l−2ν}_2 ) s−1−2ν,σ_t 6 c17|Φ3| (^{1+l}_2 ) s−1,σ_T , l − 1 < 2ν < 1 + l, gde [F ]

(^a_b ) b,σ_T = sup t<T t^{a−b2} [F ]^{( ab )}_σ′_t , a ∈ (0, 1), a > b, σ^′ = ( t 2 , t ) . DlØ zaverxeniØ dokazatel~stva Teoremy 2.1 ocenim svertki (3.21). Vvedem oboznaqeniØ α = l − [l], r = s − [l], γ =^1_2 (2 + α − r). Oqevidno pri l < s 6 2+l budem imet~ sootnoxeniØ α < r 6 2+α,

α ∈ (0, 1).

Pust~ φ(t) ∈^∘C^{α2}_{r−2}(σ_T ), ψ(t) ∈^∘C^{1+α2}_{r−1} (σ_T ).

Lemma 3.3. Pust~ l < s 6 2 + l. Spravedlivy ocenki

[(ψ ∗ D_tG(^k)_m )|_x=0]

(^{1+α}_2 ) r−1,σ_t 6 c18|ψ| (^{1+α}_2 ) r−1,σ_t , (3.34)

[(φ ∗ D_tG(^k)_m )|_x=0]

(^α_2 ) r−2,σ_t 6 c19|φ| (^α_2 ) r−2,σ_t , (3.35)

[(ψ ∗ D_xG(3)_m )|_x=0]

(^{1+α}_2 ) r−1,σ_t 6 c20|ψ| (^{1+α}_2 ) r−1,σ_t , (3.36)

[(φ ∗ D_xG(3)_m )|_x=0]

(^α_2 ) r−2,σ_t 6 c21|φ| (^α_2 ) r−2,σ_t , (3.37)

|(Φ_k ∗ G^{(k)}_m )|_{x=0}|_{σt} 6 c_{22}t^{1+s2} |Φ_k|^{( 1+l2 )}_{s−1,σt} , k = 2, 3, (3.38)

|(Φ_3 ∗ D_xG^{(3)}_m )|_{x=0}|_{σt} 6 c_{23}t^{s−12} |Φ_3|^{( 1+l2 )}_{s−1,σt} . (3.39)

Dokazatel~stvo. DlØ vyvoda ocenok (3.34), (3.35) rassmotrim

potencial p_1(t) = (η ∗ D_tG^{(k)}m |_{x=0}), η ∈^∘C^{α+ν2}_{r−2+ν} (σ_T ), ν = 0, 1. Predstavim ego v vide

p_1(t) = t∫ 0 (η(τ ) − η(t))D_tG(^k)_m (0, t − τ )dτ + η(t) t∫ 0 D_r G^{(k)}_m (0, τ )dτ.

O KLASSIQESKO` RAZREXIMOSTI 55 Poloßiv, dlØ opredelennosti, t_1 < t, sformiruem raznost~

Δ1 = t^γ (p1(t) − p1(t1)) = t^γ (^t∫ t_1

(η(τ ) − η(t))D_tG(^k)_m (0, t − τ )dτ +

+ t_1∫ (η(τ ) − η(t1))dτ t∫ t_1

D^2_{t2} G^{(k)}_m (0, t_2 − τ )dt_2+

+(η(t) − η(t1))G(^k)_m (0, t − t1) + η(t1) t∫ t_1

D_r G^{(k)}_m (0, τ )dτ )

i ocenim ee, pol~zuØs~ ocenkami (3.29), (3.30) funkcii Grina. Imeem

|Δ_1| 6 c_{24}M t^γ t∫ t_1 (t − τ )^{α+ν2 −}1τ^{−γ} dτ +

+c25M t^γ t∫ t_1 dt_2 t_1∫

0 (t1 − τ )^{α+ν2} τ^{−γ} (t2 − τ )^−2dτ + c26M (t − t1)^{α+ν2} +

+c27M1t^γ t^{r−2+ν2} t∫ t_1 τ^{−1+ α+ν2} τ^{− α+ν2} dτ, gde M = [η]^{( α+ν2 )}_{r−2+ν,σt} , M_1 = [η]^{( α+ν2 )}_{r−2+ν,σt} .

Vo vtorom integrale, umnoßiv qislitel~ i znamenatel~ na

t_2, predstavim t_2 v qislitele v vide t_2 = t_2 − τ + τ i primem vo

vnimanie, qto t/2 6 t_1 6 t. Budem imet~

|Δ_1| 6 c_{28}M_1(t − t_1)^{α+ν2} + c_{29}M t^{γ−1}× × t_1∫

0 τ^{−γ} dτ t∫ t_1

(t2 − t1)^−1+^{α+ν2} dt2 +t^{τ−α2} t∫ t_1 dt_2 t_1∫

0 (t2 − τ )^−2+^{α+ν2} dτ 6 6 c30M1(t − t1)^{α+ν}2 , ν = 0, 1.

Ots¸da pri ν = 1 sleduet ocenka (3.34), pri ν = 0 – (3.35). Ocenki (3.36) i (3.37) vyteka¸t iz ocenok (3.34) i (3.35) v silu

56 G. I. BIȷANOVA ravenstva (3.28). Deæstvitel~no, sformiruem sledu¸wee vyraßenie, sostoØwee iz svertok funkcii η s Ødrami iz (3.28):

(η ∗ D_tG(3)_m (x, t) = (−1)^m t∫ 0 η(τ ) x 2a_m √ π(t − τ )^3 ×

× exp ( − x^2 4a2_m(t − τ ) ) dτ + (−1)^m–_3a_m(η ∗ D_xG^{(3)}_m )(x, t).

Ustermiv x k nul¸, budem imet~ ravenstvo

(η ∗ D_tG(3)_m )(0, t) + η(t) = (−1)^m–3a_m(η ∗ D_xG(3)_m )(0, t), (3.41)

iz kotorogo s uqetom (3.34) i (3.35) srazu poluqim trebuemye ocenki (3.36), (3.37).

Ustanovim neravenstvo (3.38) dlØ potenciala p_2(t) =

(Φ_k ∗ G(^k)_m )(0, t). PrivlekaØ ocenku funkcii Grina (3.29), poluqa- em |p_2(t)| 6 c_{31}|Φ_k|^{( 1+l2 )}_{s−1,σt} t∫ 0 τ^{s−12} dτ 6 c_{22}t^{1+s2} |Φ_k|^{( 1+l2 )}_{s−1,σt} .

DlØ vyvoda ocenki (3.39) predstavim rassmatrivaemyæ potencial p_3(t) = (Φ_3 ∗ G^{(3)}m )(0, t) v vide

p_3(t) = t∫ 0 [Φ3(τ ) − Φ3(t)]D_xG(3)_m (0, t − τ )dτ +

+Φ3(t) t∫ 0 D_xG^{(3)}_m (0, t − τ )dτ ≡ J_1 + J_2.

Ocenim integral J_1. V sluqae l < 1 imeem

|J_1| 6 c_{32}M_2 t∫ 0 (t − τ )^{1+l2 −}1τ^{− 2+l−s2} dτ =

= c32M2t^{s−12} B ( 1 + l 2 , s − l 2 ) (l < s 6 2 + l),

gde B(·, ·) – beta-funkciØ �ælera, M_2 = |Φ_3|^{( 1+l2 )}_{s−1,σt}.

O KLASSIQESKO` RAZREXIMOSTI 57 Esli l > 1, a znaqit i s > 1, to poluqim

|J_1| 6 c_{33} t∫ 0 (t − τ )^−1dτ t∫ τ |Φ^′(τ_1)|dτ_1 6

6 c34M2 t∫ 0 (t − τ )^−1dτ t∫ τ τ^{−1+ s−12} 1 dτ_1 6 c_{35}M_2 t∫ 0 τ^{s−32} dτ 6 c_{36}M_2t^{s−12} .

V J_2 zamenim svertku (1 ∗ D_xG^{(3)}m )(0, t) po formule (3.41) i primenim ocenku (3.29) funkcii G^{(3)}m , ffto dast

|J_2| 6 c_{37}M_2t^{s−12} .

Takim obrazom, neravenstvo (3.39) ustanovleno. Teorema 2.1 dokazana polnost~¸.

Literatura 1. L. I. Rubinxteæn, Problema Stefana. Riga, Zvaægzne, 1967. 2. A. Fridman, UravneniØ s qastnymi proizvodnymi paraboliqeskogo tipa.

M, Mir, 1968.

3. I. I. Danil¸k, Zadaqa Stefana. — Uspehi Mat. Nauk 40, No. 5 (1985), 133–185.

4. I. I. Danil¸k, O processe kristallizacii pri obrazovanii garnisaßa.

— Mat. Fizika 17 (1975), 99–111.

5. W. T. Kyner, An existence and uniqueness theorem for a nonlinear Stefan problem. — J. Math. Mech. 8, No. 4 (1959), 483–498.

6. B. Sherman, Free boundary problems for the heat equation in which the moving interface coincides initially with the fixed face. — J. Math. Anal. Appl. 33, No. 2 (1971), 449–465.

7. V. V. Puhnaqev, O zadaqe Stefana, voznika¸weæ v odnoæ modeli fflektriqeskogo vzryva provodnikov. — Tr. seminara S. L. Soboleva No. 2 (1976), 69–82.

8. A. Fasano, M. Primicerio, General free boundary problems for the heat equation I, II, III. — J. Math. Anal. Appl. 57 (1977), 694–723; 58 (1977), 202–231; 59 (1977), 1–14.

9. A. M. Meærmanov, Zadaqa Stefana. Novosibirsk, Nauka, 1986. 10. B. V. Bazaliæ, V. ı. Xelepov, Ob asimptotiqeskom povedenii rexeniØ odnoæ zadaqi Stefana. — DAN USSR. Ser. A No. 12 (1978), 1059–1061.

58 G. I. BIȷANOVA 11. B. V. Bazaliæ, V. ı. Xelepov, Ocenki skorosti stabilizacii rexeniØ zadaqi Stefana. — DAN USSR. Ser. A No. 4 (1981), 4–6.

12. S. V. Saleæ, O skorosti shodimosti svobodnoæ granicy k predel~nomu znaqeni¸ v odnoæ zadaqe Stefana. — DAN USSR. Ser. A No. 6 (1981), 19–23.

13. E. I. Kim, G. I. Bißanova, IssledovaniØ vtoroæ graniqnoæ zadaqi Stefana pri malyh znaqeniØh vremeni. — Vestn. AN KazSSR No. 6 (1981), 76–86.

14. E. I. Kim, G. I. Bißanova, Ob odnom klasse integrodifferencial~nyh uravneniæ. — Vestn. AN KazSSR No. 5 (1982), 38–48.

15. V. A. Florin, Uplotnenie zemlØnoæ sredy i fil~traciØ pri peremennoæ poristosti s uqetom vliØniØ svØzannoæ vody. — Izv. AN SSSR. OTN No. 1 (1951), 1635–1649.

16. T. D. Ventcel~, Ob odnoæ zadaqe so svobodnoæ graniceæ dlØ uravneniØ teploprovodnosti. — DAN SSSR 131, No. 5 (1960), 1000–1003.

17. Nguen Din Qi, Ob odnoæ zadaqe so svobodnoæ graniceæ dlØ paraboliqeskogo uravneni. — Vestn. Mosk. un-ta. Ser.I. Matematika, mehanika No. 2 ((1966)), 40–54; No. 5 (1966), 51–62.

18. D. M. Syons, R. H. Martin, A moving boundary problem modelling diffusion with nonlinear absorption. — J. Differ. Equat. 51, No. 2 (1984), 267–294.

19. I. V. Boqarova, Ob asimptotike rexeniæ odnoæ zadaqi so svobodnoæ graniceæ dlØ uravneniØ teploprovodnosti. — DAN SSSR 143, No. 2 (1962), 259–261.

20. N. N. Verigin, Nagnetanie vØßuwih rastvorov v gornye porody v celØh povyxeniØ proqnosti i vodonepronicaemosti osnovaniæ gidrotehniqeskih soorußeniæ. — Izv. AN SSSR. OTN No. 5 (1952), 674–687.

21. A. N. Tihonov, A. A. Samarskiæ, UravneniØ matematiqeskoæ fiziki.

M, Nauka, 1972.

22. M. Muskat, Russkiæ perevod: M., L., GNTI NGTL, 1949, The flow of homogeneous fluids throwgh porous media. Michigan, 1946.

23. L. I. Rubinxteæn, O rexenii zadaqi N. N. Verigina. — DAN SSSR

113, No. 1 (1957), 50–53.

24. L. I. Kamynin, O suwestvovanii rexeniØ zadaqi Verigina. — ȷurn.

vyq. mat. i mat. fiziki 2, No. 5 (1962), 833–858.

25. L. I. Kamynin, O lineænoæ zadaqe Verigina. — DAN SSSR 150, No. 6 (1963), 1210–1213.

26. W. Fulks, R. B. Guenther, A free boundary problem and an extention of Musket’s model. — Acta Math. 122, No. 3/4 (1969), 273–300.

27. A. Begmatov, Ob asimptotiqeskih rexeniØh nekotoryh ploskih zadaq fil~tracii i diffuzii so svobodnoæ graniceæ. — Kraevye zadaqi dlØ differencial~nyh uravneniæ (1973), 135–144.

O KLASSIQESKO` RAZREXIMOSTI 59

28. L. S. Evans, A free boundary problem: the flow of two immiscible fluids in a one dimensional porous medium I, II. — Indiana Univ. Math. J. 26, No. 5 (1977), 915–932; 27, No. 1 (1978), 93–111.

29. L. S. Evans, A. Friedman, Regularity and asymptotic behavior of two immiscible fluids in a one-dimensional porous medium. — J. Differ. Equat. 31, No. 3 (1979), 366–391.

30. Irena Pavlov, O zadaqe so svobodnoæ graniceæ razdela dlØ paraboliqeskih

uravneniæ. — Contr. and cybern. 7, No. 4 (1978), 19–37.

31. A. M. Meærmanov, O razreximosti zadaqi Verigina v toqnoæ postanovke. — DAN SSSR 253, No. 3 (1980), 588–591.

32. L. Jin, The one-dimensional Verigin problem. — J. Part. Differ. Equat. 4 No. 2

(1991), 74–96.

33. V. S. Belonosov, T. I. ZelenØk, Nelokal~nye problemy v teorii kvazilineænyh paraboliqeskih uravneniæ. Novosibirsk, 1975.

34. V. S. Belonosov, Ocenki rexeniæ paraboliqeskih sistem v vesovyh klassah Gel~dera i nekotorye ih priloßeniØ. — Mat. sb. 110, No. 2 (1979), 163–188.

35. V. A. Solonnikov, Ob ocenke maksimumov moduleæ proizvodnyh rexeniØ odnorodnoæ paraboliqeskoæ naqal~no-kraevoæ zadaqi. — Preprint LO- MI, R–2–77 (1977), 3–20.

36. V. A. Solonnikov, A. G. HaqatrØn, Ocenki rexeniæ paraboliqeskih naqal~no-kraevyh zadaq v gel~derovskih normah. — Tr. MIAN SSSR 147 (1980), 147–155.

37. G. I. Bißanova, V. A. Solonnikov, O razreximosti naqal~no-kraevoæ zadaqi dlØ paraboliqeskogo uravneniØ vtorogo porØdka s proizvodnoæ po vremeni v graniqnom uslovii v vesovom gel~derovskom prostranstve funkciæ. — Algebra i Analiz 5, No. 1 (1993), 99–134.

38. E. V. Domanova, Ocenki rexeniæ paraboliqeskih sistem v vesovyh gel~derovskih klassah pri otsutstvii usloviæ soglasovaniØ. — Teoremy vloßeniØ i ih priloßeniØ k zadaqam mat. fiziki (1989), 70–85.

39. G. I. Bißanova, Rexenie v vesovom prostranstve Gel~dera naqal~no-kra-evoæ zadaqi dlØ paraboliqeskogo uravneniØ vtorogo porØdka s proizvodnoæ po vremeni v uslovii soprØßeniØ. — Algebra i Analiz 6, No. 1 (1994), 62–92.

40. G. I. Bißanova, Issledovanie razreximosti v vesovom gel~derovskom prostranstve funkciæ mnogomernyh dvuhfaznyh zadaq Stefana i nestacionarnoæ fil~tracii Florina dlØ paraboliqeskih uravneniæ vtorogo porØdka (zadaqi Koxi–Stefana i Koxi–Florina). — Zap. Nauqn. Semin. POMI 213 (1994), 14–47.

60 G. I. BIȷANOVA 41. G. I. Bißanova, Rexenie v vesovom gel~derovskom prostranstve funkciæ mnogomernyh dvuhfaznyh zadaq Stefana i Florina dlØ paraboliqeskih uravneniæ vtorogo porØdka v ograniqennoæ oblasti. — Algebra i Analiz 7, No. 2 (1995), 46–76.

42. O. A. LadyßenskaØ, N. N. Ural~ceva, V. A. Solonnikov, Lineænye i kvazilineænye uravneniØ paraboliqeskogo tipa. M, Nauka, 1967.

43. G. I. Bißanova, Ocenki rexeniØ n-mernoæ zadaqi soprØßeniØ dlØ uravneniØ teploprovodnosti v vesovyh gel~derovskih normah, I, II. — Izv. AN RK. Ser. fiz.-mat. No. 5 (1992), 7–13; No. 1 (1993), 11–17.

44. G. Beætmen, A. �rdeæi, Tablicy integral~nyh preobrazovaniæ. M, Nauka, 1969.

Bizhanova G. I. On the classical solvability of one-dimensional free boundary Florin, Muskat–Verigin and Stefan problems.

Three one-dimensional free boundary problems (Florin, Muskat– Verigin and Stefan) for the second order parabolic equations are studied. The theorems of existence and uniqueness for the solutions in Holder spaces for small time are proved, the coercive estimates for the solutions are obtained.

Postupilo 2 oktØbrØ 1996 g.

Institut teoretiqeskoæ i prikladnoæ matematiki Nacional~noæ Akademii nauk Respubliki Kazahstan, g.Alma-Ata