N. M. Bogol¸bov ALGEBRAIQESKI` ANZAC BETE I MODEL^ TE`VISA–KAMMINGSA

§1. Vvedenie

Vzaimodeæstvie odnomodovogo polØ izluqeniØ s sistemoæ N dvuhurovnevyh atomov opredelØetsØ gamil~tonianom

Hd = ωa^†a + 1 2 (ω + Δ) N∑ j=1 σ^z_j + a^† N∑ j=1 σ^−_j + a N∑ j=1 σ^+_j , (1) v kotorom boze operatory a^†, a opisyva¸t pole izluqeniØ, a matricy Pauli σ^z_j , σ^±_j : [σ^−_i , σ^−_j ] = σ^z_j δ_{ij} , σ^±_j ] = ±σ^±_j δ_{ij} ØvlØ¸tsØ atomnymi peremennymi. �nergiØ fotonnoæ mody ravna ω, nevozmuwennaØ ffnergiØ atoma ravna ±^1_2 (ω + Δ), postoØnnaØ Δ > 0 nazyvaetsØ rasstroækoæ, a konstanta vzaimodeæstviØ normirovana na edinicu.

V teorii sverhizluqeniØ model~ (1) izvestna kak model~ Dike [1], a v kvantovoæ optike kak model~ Teævisa–Kammingsa [2]. Qastnyæ sluqaæ N = 1 sootvetstvuet modeli Dßeæsa–Kammingsa [3]. Model~ (1) oqen~ populØrna i intensivno issleduetsØ poqti 40 let. ˚ privedu neskol~ko stateæ, v kotoryh ispol~- zovalis~ razliqnye podhody k rexeni¸ problemy [4–9], bolee podrobnyæ spisok literatury moßno naæti, naprimer, v [10– 11]. V fftoæ stat~e my budem nazyvat~ (1) – model~¸ Teævisa– Kammingsa (T–K).

Legko proverit~, qto operator qisla vozbußdeniæ

M = S^z + a^†a, (2)

i operator Kazimira

S^2 = S^+S^− + S^z (S^z − 1) (3)

kommutiru¸t meßdu soboæ i s Hd (1):

[Hd, M] = [ Hd, S^2 ] = 0. (4) 66

ALGEBRAIQESKI` ANZAC BETE 67 V formulah (2), (3) my vveli operatory polnogo spina S^z = 1 2 ∑_N j=1 σ^z_j , S^± = ∑_N j=1 σ^±_j s perestanovoqnymi sootnoxeniØmi [S^+, S^−] = 2S^z , [S^z , S^±] = ±S^± . V dal~neæxem my budem rassma-

trivat~ gamil~tonian H = Hd − ωM:

H = ΔS^z + ( a^†S^− + aS^+ ) . (5)

Otvety dlØ (1) poluqa¸tsØ fflementarnym peresqetom. Prostranstvo sostoØniæ modeli H = H_B ⊗ C^2_1 ⊗ . . . ⊗ C^2_N razlagaetsØ po neprivodimym predstavleniØm su (2) so spinom S i qislom vozbußdeniæ M : H_N = ⊗^{N/2}_S¿_0Y (N, S) ⊗^∞_{M=0} H(N, S, M − S). Zdes~ Y (N, S) = N !(2S + 1) {(_1 2 N + S + 1 ) ! (_1 2 N − S ) ! }_{−1} ØvlØetsØ vyroßdeniem predstavleniØ D_S v redukcii (D 1_2 )^N .

Iz (4) sleduet, qto operatory H, M i S^2 diagonalizu¸tsØ odnovremenno: H | Φ^σ_{S,M} ⟩ = E_{S,M} | Φ^σ_{S,M} ⟩, M | Φ^σ_{S,M} ⟩ = (M − S) | Φ^σ_{S,M} ⟩, S^2 | Φ^σ_{S,M} ⟩ = S(S + 1) | Φ^σ_{S,M} ⟩,

0 6 M <∞, 0 6 S 6^N_2 . (6)

V tradicionnom podhode [2–6] zadaqa na sobstvennye znaqeniØ (6) rexaetsØ podstanovkoæ | Φ^σ_{S,M} ⟩ = M∑ m=0 A^σ_{S,M,m}(S^+ )(a^†)^{M −m} | Ω_S ⟩. (7)

Vakuumnoe sostoØnie | Ω_S ⟩ opredelØetsØ soglasno | Ω_S ⟩ =| 0⟩ | S, −S⟩; a | 0⟩ = 0; S^− | S, −S⟩ = 0, S^z | S, −S⟩ = −S | S, −S⟩, 0 6 S 6 N 2 , (8) priqem S^2 | Ω_S ⟩ = S(S + 1) | Ω_s⟩, a M | Ω_S ⟩ = −S | Ω_S ⟩. Poslednie dva uravneniØ v (6) vypolnØ¸tsØ avtomatiqeski, a pervoe privodit k raznostnomu uravneni¸ na amplitudy A^σ_{S,M,m}: {E_{S,M} − Δ(m − S)} A^σ_{S,M,m} = = (m + 1)(2S − m)A^σ_{S,M,m+1} + (M + 1 − m)A^σ_{S,M,m−1}. (9)

68 N. M. BOGOLıBOV

V fftoæ stat~e my prodemonstiruem, qto model~ T–K rexaetsØ s pomow~¸ algebraiqeskogo anzaca Bete [12–14]. Sobstvennye ffnergii i amplitudy volnovoæ funkcii vyraßa¸tsØ qerez korni uravneniæ Bete. DlØ norm sobstvennyh vektorov i srednih znaqeniæ nabl¸daemyh budet poluqeno determinantnoe predstavlenie.

§2. Rexenie modeli

Opredelim L-operator L(λ) = ( −X^z (λ) X^+(λ) X^− (λ) X^z (λ) ) , (10)

s matriqnymi fflementami

X^z (λ) = 1 2 ( −2 S^z λ − λ + Δ ) , X^+(λ) = a^† −

S^+ λ , X^− (λ) = a − S^− λ , a λ ∈ C. �tot L-operator udovletvorØet kommutacionnomu sootnoxeni¸

[L_1(λ), L_2(μ)] = [r(λ, μ), L_1(λ), L_2(μ)] ; (11)

s r-matriceæ r(λ, μ) = 1 λ − μ Π. (12)

My ispol~zovali standartnye oboznaqeniØ L_1 ≡ L⊗I, L_2 ≡ I ⊗L, a Π operator perestanovki: Πx ⊗ y = y ⊗ x, ∀x, y ∈ C^2. Uravnenie (11) ØvlØetsØ linearizovannoæ versieæ bilineænogo sootnoxeniØ R(λ, μ)T_1(λ)T_2(μ) = T_2(μ)T_1(λ)R(λ, μ) [7, 15]. Operatory

X^z (λ), X^+(λ), X^− (λ) udovletvorØ¸t perestanovoqnym sootnoxe-

niØm [ X^+ (λ), X^− (μ) ] = 2 λ − μ (X^z (λ) − X^z (μ)) ; [ X^z(λ), X^± (μ) ] = ± 1 λ − μ ( X^± (λ) − X^± (μ) ) ; [ X^+(λ), X^+(μ) ] = [ X^− (λ), X^−(μ) ] = [X^z (λ), X^z (μ)] = 0.

(13)

ALGEBRAIQESKI` ANZAC BETE 69 Zametim, qto Tr L(λ) = 0. Pervyæ netrivial~nyæ spektral~nyæ invariant t(λ) = 1 2 Tr L^2(λ) = (X^z (λ))^2 + 1 2 X^+(λ)X^− (λ) + 1 2 X^−(λ)X^+ (λ); (14)

udovletvorØet sootnoxeni¸

[t(λ), t(μ)] = 0 (15)

pri proizvol~nyh λ, μ. Poslednee sootnoxenie sleduet iz (13). Kommutativnost~ (15) moßno proverit~ ishodØ iz Øvnogo vida t(λ): t(λ) = λ^{−2}S^2 − λ^{−1}H + ( Δ^2 4 + 1 2 + M ) − Δ 2 λ + λ^2 4 , (16)

gde M ffto operator qisla vozbußdeniæ (2), a S^2 operator Kazimira (3). Operator H ØvlØetsØ gamil~tonianom modeli Teævisa–Kammingsa (5). L-operator udovletvorØet svoæstvam simmetrii:

e^αS^2 L(λ)e^{−α}S^2 = L(λ).

Operator X^+ (λ) moßno sqitat~ operatorom roßdeniØ kvaziqasticy

MX^+(λ) = X^+ (λ)(M + 1) (17) S^2X^+(λ) = X^+ (λ)S^2. (18)

Sobstvennu¸ funkci¸ spektral~nogo invarianta t(λ) estestvenno iskat~ v standartnoæ dlØ algebraiqeskogo Bete anzaca forme [7]:

| Φ(λ_1, λ_2, . . . , λ_M )⟩ = M∏ j=1 X^+(λ_j ) | Ω_S ⟩, (19)

s vakuumom | Ω_S ⟩ (8). Soglasno opredeleni¸

X^z (λ) | Ω_S ⟩ = x(λ) | Ω_S ⟩ = 1 2 ( 2 S λ − λ + Δ ) | Ω_S ⟩, X^−(λ) | Ω_S ⟩ = ( a − S^− λ ) | Ω_S ⟩ = 0,

(20)

70 N. M. BOGOLıBOV i t(λ) | Ω_S ⟩ = k(λ) | Ω_S ⟩ = { λ^2 4 − Δ 2 λ + ( Δ^2 4 + 1 2 − S ) + λ^{−1}ΔS + S(S + 1)λ^{−2} } | Ω_S ⟩. (21)

Vakuumnoe sobstvennoe znaqenie k(λ) spektral~nogo invarianta vyraßaetsØ qerez vakuumnoe sobstvennoe znaqenie operatora

X^z (λ). Iz (13) sleduet, qto [ X^+(λ), X^− (λ) ] = 2 ∂ ∂λ X^z (λ) (22)

i sledovatel~no,

t(λ) | Ω_S ⟩ = ( (X^z (λ))^2 − ∂ ∂λ X^z (λ) ) | Ω_S ⟩ = ( x^2(λ) − ∂ ∂λ x(λ) ) | Ω_S ⟩. VolnovaØ funkciØ (19) ØvlØetsØ simmetriqnoæ funkcieæ svoih argumentov, t.k. [X^+(λ), X^+(μ)] = 0. Iz (17), (18) i (8) sleduet qto M | Φ(λ_1, λ_2, . . . , λ_M )⟩ = (M − S) | Φ(λ_1, λ_2, . . . , λ_M )⟩, S^2 | Φ(λ_1, λ_2, . . . , λ_M )⟩ = S(S + 1) | Φ(λ_1, λ_2, . . . , λ_M )⟩.

(23)

Neposredstvennym vyqisleniem proverØetsØ, qto

t(λ) | Φ(λ_1, λ_2, . . . , λ_M )⟩ = Θ_M (μ) | Φ(λ_1, λ_2, . . . , λ_M )⟩+ + M∑ j=1 f_j μ − λ_j | Φ(λ_1, . . . , λ_{j−1}, μ, λ_{j+1} . . . , λ_M )⟩, (24) gde Θ_M (μ) = x^2(μ) − ∂ ∂μ x(μ) − 2 ∑ j 1 μ − λ_j x(μ) − ∑ k≠j 1 λ_j − λ_k (25) i f_j = x(λ_j ) − M∑ k≠j 1 λ_j − λ_k . (26)

Zdes~ x(λ) ffto vakuumnoe sobstvennoe znaqenie operatora (20). Esli vse kofffficienty f_j ravny nul¸, to | Φ(λ_1, λ_2, . . . , λ_M )⟩

ALGEBRAIQESKI` ANZAC BETE 71 ØvlØetsØ sobstvennym vektorom t(μ). Sootvetstvu¸wie uravne- niØ x(λ_j ) = M∑ k≠j 1 λ_j − λ_k . (27)

nazyva¸tsØ uravneniØmi Bete, a sobstvennye znaqeniØ t(μ) rav- ny Θ_M (μ) = x^2(μ) − ∂ ∂μ x(μ) − 2 M∑ j=1 x(μ) − x(λ) μ − λ_j . (28)

DlØ dokazatel~stva (24) my dolßny, kak obyqno, peremestit~ v (14) operator t(μ) sleva napravo qerez operatory X^+ ispol~- zuØ perestanovoqnye sootnoxeniØ (13) i [ t(λ), X^+(μ) ] = 2 λ − μ { X^+(λ)X^z (μ) − X^+(μ)X^z (λ) } , kotorye sleduet iz (13) i (14). Posle pervogo xaga my poluqim t(μ) | Φ{λ_j}⟩ = k(μ) | Φ{λ_j }⟩ − ∑ j X^+(λ_1) . . . X^+(λ_{j−1}) 2 μ − λ_j × { X^+(λ_j )X^z (μ) − X^+(μ)X^z (λ_j) } X^+(λ_{j+1}) . . . X^+(λ_M ) | Ω_S ⟩,

gde | Φ{λ_j }⟩ ≡| Φ(λ_1, λ_2, . . . , λ_M )⟩. PeremewaØ teper~ operatory

X^+ napravo po pravilu (13) i deæstvuØ imi na vakuum soglasno

(20) my, v rezul~tate, poluqim: k(μ) | Φ{λ_j }⟩− ∑ j 2 μ − λ_j x(μ) | Φ{λ_j}⟩ + ∑ k^j>j 2 μ − λ_j 1 μ − λ_k | Φ{λ_j}⟩− ∑ k^j>j 2 μ − λ_j 1 μ − λ_k | Φ(λ_1, . . . , λ_k, μ, λ_{k+1}, . . . , λ_M )⟩+ ∑ j 2 μ − λ_j x(λ_j ) | Φ(λ_1, . . . , λ_{j−1}, μ, λ_{j+1}, . . . , λ_M )⟩+ ∑ k^j>j 2 μ − λ_j 1 μ − λ_j | Φ(λ_1, . . . , λ_{j−1}, μ, λ_{j+1}, . . . , λ_M )⟩+ ∑ k^j>j 2 μ − λ_j 1 λ_j − λ_k | Φ(λ_1, . . . , λ_k, μ, λ_{k+1}, . . . , λ_M )⟩.

72 N. M. BOGOLıBOV Ravenstva ∑ k≠j 1 u_k(u_k − u_j) = − ∑ k<j 1 u_ku_j , 1 (u − λ)(u − μ) = 1 λ − μ ( 1 u − λ − 1 u − μ ) , privodØt k okonqatel~nomu rezul~tatu (24): t(μ) | Φ{λ_j }⟩ = k(μ)−2 ∑ j 1 μ − λ_j x(μ)− ∑ k≠j 1 λ_j − λ_k | Φ{λ_j}⟩+

2 ∑ j 1 μ − λ_j x(λ_j )− ∑ k≠j 1 λ_j − λ_k | Φ(λ_1,. . ., λ_{j−1}, μ, λ_{j+1},. . ., λ_M )⟩. PodstavlØØ Øvnoe vyraßenie dlØ x(λ) (20) v uravnenie (27) my poluqim uravnenie Bete dlØ modeli Teævisa–Kammingsa: 2S λ_n − λ_n + Δ − M∑ j=1 j≠n 2 λ_n − λ_j = 0, (29)

gde 0 6 S 6^N_2 , a sobstvennye znaqeniØ (28) spektral~nogo invarianta (14) ravny:

Θ_M (μ) = S(S + 1)μ^{−2} − μ^{−1} −SΔ − 2S M∑ j=1 1 λ_j + ( Δ^2 4 + 1 2 + (M − S) ) − Δ 2 μ + μ^2 4 . (30)

Kak sleduet iz (16), vyqet Θ_M (μ) v prostom pol¸se μ = 0 est~ sobstvennaØ ffnergiØ modeli: E_{S,M} = −S Δ + 2 M∑ j=1 1 λ_j = Δ(M − S) − M∑ j=1 λ_j, (31)

my vospol~zovalis~ ravenstvom ∑_M n,j=0(λn − λj) = 0 qtoby vyve-

sti poslednee ravenstvo. Kofffficient pri μ^{−2} raven S(S + 1), a

ALGEBRAIQESKI` ANZAC BETE 73 sobstvennoe znaqenie operatora (2) ravno (M −S) v sootvetstvii s (23).

Rassmotrim polinom, postroennyæ po kornØm uravneniæ Bete: P (λ) = C M∏ j=1 (λ_j − λ), (32)

gde C^{−1} = ∏_M j=1 λ_j . Iz zadaqi na sobstvennye znaqeniØ (25) sle-

duet, qto fftot polinom udovletvorØet differencial~nomu uravneni¸ vtorogo porØdka

P^{′′}(λ) − 2x(λ)P^′(λ) + 2 M∑ j=1 x(λ) − x(λ_j) λ − λ_j P (λ) = 0, (33)

a uravneniØ Bete (27) ØvlØ¸tsØ uravneniØmi na nuli fftogo polinoma P (λ_j) = 0:

P^{′′}(λ_j ) − 2x(λ_j)P^′(λ_j ) = 0.

DlØ vyvoda uravneniØ (33) iz (25) sleduet vospol~zovat~sØ ravenstvami: P^{′′}(λ) P (λ) = M∑ j,k=0 j≠k 1 λ − λ_j 1 λ − λ_k = 2 M∑ j,k=0 j≠k 1 λ_j − λ_k 1 λ − λ_j ,

P^{′′}(λ_k) P^′(λ_k) = 2 M∑ j=0 j≠k 1 λ_k − λ_j .

S pomow~¸ ravenstva 2 ∑_M j=1 x(λ)−x(λ_j ) λ−λ_j = λ −1(E_{S,M} + ΔS) − M , kotoroe est~ sledstvie sootnoxeniæ (16), (21) i (23), uravnenie (33) privoditsØ k vidu:

λP^{′′}(λ) + (λ^2 − Δλ − 2S)P^′(λ) + (E_{S,M} + ΔS − M λ)P (λ) = 0. (34)

Ots¸da sleduet al~ternativnaØ formulirovka zadaqi na sobstvennye znaqeniØ dlØ modeli Teævisa–Kammingsa: sobstvennye ffnergii E_{S,M} opredelØ¸tsØ iz usloviØ suwestvovaniØ polinomial~nyh rexeniæ stepeni M bez kratnyh korneæ uravneniØ

74 N. M. BOGOLıBOV (34). Polinom (32) ØvlØetsØ proizvodØweæ funkcieæ amplitud A^σ_{S,M,m} (7): P (λ) = C M∏ j=1 (λ^σ_j − λ) = M∑ j=1 A^σ_{S,M,m}λ^m, qto sleduet iz opredeleniØ (19): | Φ{λ^σ }⟩ = C M∏ j=1 ( λ^σ_j a^† − S^+ ) | Ω_S ⟩ = ∑ A^M_{S,m,σ} (S^+ )^m(a^†)^{M −m} | Ω_S ⟩ =| Φ^σ_{S,M} ⟩.

Indeks σ v fftih formulah oboznaqaet razliqnye nabory po modul¸ gruppy perestanovki korneæ Bete (29). Differencial~- noe uravnenie (34) svoditsØ k raznostnomu uravneni¸ (9), i ffto ustanavlivaet sootvetstvie rassmatrivaemogo podhoda s tradicionnym (7).

§3. Normy i srednie znaqeniØ

SostoØnie, soprØßennoe (19), ravno

⟨Φ(λ_1, . . . , λ_M ) |= ⟨Ω_S | M∏ j=1 X^−(λ_j ), (35)

gde ⟨Ω_S | – dual~nyæ psevdovakuum: ⟨Ω_S |=| Ω_S ⟩^†, ⟨Ω_S | Ω_S ⟩ = 1, ⟨Ω_s | X^+(λ) = 0, a {λ_j} ffto rexeniØ uravneniæ Bete (29). SoprØßennyæ vektor (35) ØvlØetsØ sobstvennym dlØ t(μ) (14):

⟨Φ(λ_1, . . . , λ_M ) | t(μ) = Θ_M (μ)⟨Φ(λ_1, . . . , λ_M ) |

s sobstvennym znaqeniem (30). Vektora (19) i (35) ortogonal~ny ⟨Φ(λ^σ 0_1 , . . . , λ^σ 0_M ) | Φ(λ^σ_1 , . . . , λ^σ_M )⟩ = 0,

esli nabory rexeniæ ne sovpada¸t: {λ^σ0_j } ≠ {λ^σ_j }. DlØ dokazatel~stva fftogo utverßdeniØ dostatoqno rassmotret~ matriqnyæ fflement ⟨Ω_S | M∏ j=1 X^− (λ^σ

0_j )t(μ) M∏ j=1 X^+ (λ^σ_j ) | Ω_S ⟩

ALGEBRAIQESKI` ANZAC BETE 75 i uqest~, qto Θ_M (μ, {λ^σ0_j }) ≠ Θ_M (μ, {λ^σ_j }) [14].

Normy vektorov Bete ravny

⟨Φ(λ_1, . . . , λ_M ) | Φ(λ_1, . . . , λ_M )⟩ = det ^f , (36)

gde ^f matrica s matriqnymi fflementami f_{nj} = 2S λ^2_n

+ 1 − ∑ k≠n 2 (λ_n − λ_k)^2 δ_{nj} + 2 (λ_n − λ_j)^2

. (37)

Dokazatel~stvo ravenstva (36) osnovano na standartnoæ sheme KMOZ. Sleduet zametit~, qto forma (36) ØvlØetsØ standartnoæ dlØ integriruemyh modeleæ [14, 16]. DlØ togo qtoby sdelat~ ffto sootvetstvie bolee prozraqnym, dostatoqno pokazat~, qto matriqnye fflementy (37) est~ vtorye proizvodnye deæstviØ F : ∂2 ∂λ_n∂λ_j F = fnj, pri uslovii qto uravneniØ ffkstremuma ∂ ∂λ_n F = fn, f_n = 0 ffto uravneniØ Bete. V rassmatrivaemom sluqae F = −2S M∑ k=1 ln | λ_k | + 1 2 M∑ k=1 λ^2_k − Δ M∑ k=1 λ_k + M∑ k,j=1 k≠j ln | λ_k − λ_j |, (38)

i uravnenie f_n = 0 est~ (29).

Qtoby vyqislit~ srednee operatora S^z na sobstvennom vektore | Φ(λ_1, λ_2, . . . , λ_M )⟩ sleduet zametit~, qto variaciØ parametra Δ privodit k: ⟨S^z ⟩ = ⟨Φ | S^z | Φ⟩ ⟨Φ | Φ⟩ = ∂E_{S,M} ∂Δ . �to ravenstvo pozvolØet vyqislit~ srednee znaqenie qerez rexeniØ uravneniØ Bete. Vospol~zovavxis~ vyraßeniem (31) dlØ sobstvennoæ ffnergii poluqim: ⟨S^z ⟩ = M − S − M∑ j=1 ∂λ_j ∂Δ . Differencirovanie (29) po Δ daet M∑ j=1 f_{nj} ∂λ_j ∂Δ = 1,

76 N. M. BOGOLıBOV gde f_{nj} ffto (37) i, sledovatel~no, ⟨S^z ⟩ = M − S + det ^ϕ det ^f . Matrica ^ϕ ravna

^ϕ = 0 1 . . . 1 1 f_{11} . . . f_{1M} . . . . . . . . . . . . . . . . . . . . . . . . 1 f_{M1} . . . f_{MM} .

Srednee znaqenie qisla fotonov ravno ⟨a^†a⟩ = M − S − ⟨S^z ⟩ = det ^ϕ det ^f , tak kak ⟨M⟩ = M − S (23).

§4. Model~ Teævisa–Kammingsa s nelineænost~¸ qetvertogo porØdka V stat~e [19] my primenili KMOZ k rexeni¸ modeli s gamil~tonianom

H_c = ΔS^z + (a^†S^− + aS^+) + ca^†aS^z , (39)

gde c > 0 est~ postoØnnaØ vzaimodeæstviØ, poslednee slagaemoe v gamil~toniane privodit k meßurovnevym atomnym perehodam, zavisØwim ot qisla fotonov, i opisyvaet pofftomu xtarkovskiæ sdvig. Kogda c = 0, (39) perehodit v model~ Teævisa–Kammingsa. UravneniØ Bete (29) i spektr modeli (31) byli poluqeny v predele c → 0 sootvetstvu¸wih vyraßeniæ dlØ modeli (39). Meßdu tem, poslednie byli poluqeny po standratnoæ sheme algebraiqeskogo Bete anzaca [12, 13]. Matrica monodromii modeli (39)

T (λ) = ( A(λ) B(λ) C(λ) D(λ) ) , (40)

ALGEBRAIQESKI` ANZAC BETE 77 gde A(λ) = ( cλ − cΔ − 1 − c^2a^†a ) ( 1 − c S^z λ ) + c^2 λ S^−a^†, D(λ) = c^2 λ aS^+ − ( 1 + c λ S^z ) , C(λ) = − c λ S^− + ca ( 1 − c λ S^z ) , B(λ) = c(a^† + cS^+ ) − c(1 + cΔ)

S^+ λ + c^2a^† S^z λ − c^3a^†a S^+ λ , udovletvorØet bilineænomu sootnoxeni¸

R(λ, μ)T_1(λ)T_2(μ) = T_2(μ)T_1(λ)R(λ, μ), (41)

s racional~noæ R-matriceæ R(λ, μ) = I + c λ − μ Π. Gamil~tonian (39) i operator qisla vozbußdeniæ (2) vyraßa- ¸tsØ qerez matricu perehoda τ (λ):

τ (λ) = Tr T (λ) = cλ − ( c^2M + cΔ + 2 ) + c^2 λ H_c.

Issleduem bilineænoe sootnoxenie (41) v predele malyh konstant vzaimodeæstviØ c → 0. Razloßenie matricy monodromii (40) ravno

T (λ) = −I + c~L(λ) + O(c^2) (42)

s L-operatorom ~L(λ) = ( λ − Δ +^{Sz}_λ a^† −^{S+}_λ a −^S �_λ −^{Sz}_λ ) . (43)

PodstavlØØ razloßenie (42) v bilineænoe sootnoxenie (41) i sobiraØ qleny pri pervoæ stepeni c moßno ubedit~sØ, qto Loperator (43) udovletvorØet lineænomu kommutacionnomu sootnoxeni¸ (11). Poskol~ku (11) invariantno otnositel~no preobrazovaniØ ~L(λ) → ~L(λ) − 1 2 (λ − Δ)I, my v rezul~tate poluqim L-operator (10) modeli Teævisa– Kammingsa.

78 N. M. BOGOLıBOV

§5. Zakl¸qenie Model~ Teævisa–Kammingsa ØvlØetsØ prosteæxeæ model~¸ kvantovoæ nelineænoæ optiki, rexaemoæ algebraiqeskim anzacem Bete. Bolee sloßnye modeli rassmotreny v rabotah [17–19].

�ta rabota byla podderßana Rossiæskim Fondom fundamental~nyh issledovaniæ (proekt No. 95–01–00476a) i grantom

No. R3C300 Meßdunarodnogo Fonda.

Literatura

1. R. H. Dicke,, Coherence in spontaneous radiation process. — Phys. Rev. 93 (1954), 99.

2. M. Tavis, F. Cummings,, Exact solution for an N-molecule-radiation-field Hamiltonian. — Phys. Rev. 170, No. 2 (1968), 379–384.

3. E. T. Jaynes, F. W. Cumming,, — IEEE 51 (1963), 89.

4. Y. K. Wang, F. T. Hioe,, Phase transition in the Dicke model of superradiance.

— Phys. Rev. A 7, No. 3 (1072), 831–836.

5. K. Hepp, E. H. Lieb,, On the superradiant phase transition for molecules in a quantized radiation field: the Dicke maser model. — Annals of Phys. 76 (1973), 360–404.

6. G. Sharf,, Time evolution of a quantum mechanical maser model. — Annals of Phys. 83 (1974), 71–102.

7. M. Gauden,, La fonction d’onde de Bethe. Masson, Paris (1983).

8. S. A. Fedotov,, Primenenie metoda funkcional~nogo integrirovaniØ v teorii sverhizluqeniØ. — Zap. nauqn. semin. LOMI 161 (1987), 146–154.

9. V. N. Popov, V. S. ˚runin,, Kogerentnye kollektivnye ØvleniØ v sverhprovodimosti i nelineænoæ optike. Izd-vo S.-Peterburgskogo universiteta, SPB (1994).

10. R. K. Bullough, N. M. Bogoliubov, N. Nayak, B. V. Thompson,, Cavity Q.E.D.:

Fundamental theory of micromaser and measurements of its cavity field. Quantum measurements in optics, ed P. Tombesi and D. F. Walls, New-York, Plenum Press (1992), 129–149.

11. E. I. Aliskenderov, A. S. Xumovskiæ, Ho Qung Zung, Kvantovye ffffekty vzaimodeæstviØ atomov s radiacionnym polem. — �QA˚ 24, No. 2 (1993), 409–462.

12. L. D. Faddeev,, Quantum inverse scattering method. — Sov. Sci. Rev. Math.

Phys. 1 (1981), 107–160.

13. N. M. Bogol¸bov, A. I. Izergin, V. E. Korepin,, KorrelØcionnye funkcii integriruemyh sistem i kvantovyæ metod obratnoæ zadaqi. Izd-vo “Nauka”, Moskva (1992).

14. V. E. Korepin, N. M. Bogoliubov, A. G. Izergin,, Quantum Inverse Scattering Method and Correlation Functions Cambridge University Press (1993).

15. E. K. Sklyanin,, Separation of variables. — Progr. Theor. Phys. Suppl. 118 (1995), 35–60.

ALGEBRAIQESKI` ANZAC BETE 79

16. V. E. Korepin,, Calculations of norm of Bethe wave functions. — Comm. Math.

Phys. 86 (1982), 391–418.

17. V. I. Rupasov,, Vklad v teori¸ sverhizluqeniØ Dike. Toqnoe rexenie kvaziodnomernoæ kvantovoæ modeli. — ȷ�TF 83 (1982), 1711–1723.

18. N. M. Bogoliubov, A. V. Rybin, J. Timonen,, An integrable q-deformed model for bosons interacting with impurities. — J. Phys. A 27 (1994), L363–L367.

19. N. M. Bogoliubov, R. K. Bullough, J. Timonen,, Exact solution of generalised Tavis–Gummings models. (to appear in J. Phys. A)

20. N. M. Bogol¸bov,, Toqnoe rexenie modeli treh svØzannyh oscillØtorov s xtarkovskoæ nelineænost~¸. — Zap. nauqn. semin. POMI 224 (1995), 122–128.

Bogoliubov N. M. Algebraic Bethe anzatz and the Tavis–Cummings model.

The N -atoms-radiation-field model is solved for its eigenvalues and eigenstates by the Algebraic Bethe anzatz and the comparison with the traditional approach is established. The eigenenergies and the amplitudes of the wave function are expressed through the solutions of the Bethe equations. The determinant representation of the norms of the wave functions and of the expectation values are obtained. The algebraic approach establish the connections of the cinsidered model with the other exactly solvable models.

Postupilo 17 maØ 1996 g.

S.-Peterburgskoe otdelenie Matematiqeskogo instituta im.V. A. Steklova RAN